
PHYSICAL REVIE% 8 VOLUME 19, NUMBER 1 JANUARY 1979

A new theory of the spin-Peierls transition with special relevance to
the experiments on TTFCuBDT
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We develop a new theory of the spin-Peierls transition in spin-1/2 Heisenberg chains, treating
the phonons in a mean-field random-phase approximation (RPA) as in previous work, but cal-
culating the relevant response functions of the spin system using the procedure of Luther and
Peschel. We show that the RPA on the phonons (and therefore our whole calculation) should
be good for the experimentally important system tetrathiafulvalenium bis-cis- (1,2-

perfluoromethylethylene-1, 2-dithiolato)-copper (TTFCuBDT). It is also exact for a model sys-
tem in which planes of atoms perpendicular to the chains are constrained by lattice forces to
move together: we have derived some exact results for the spin-Peierls transition in this model
system. We find a new linear dependence of the transition temperature T, on the spin-phonon

coupling, and an enhancement of T, and also of the rate of phonon softening above T, . Predic-
tions of some other signatures of the transition, such as the specific-heat jump ratio, are
however not much changed from previous work. Exact results are found for the leading depen-
dence of the ground-state energy E and gap b, in the excitation spectrum on the lattice distortion
S: S S4~', S S'~'.

I. INTRODUCTION

The magnetic phase transition observed at 12 'K
by Jacobs et al, "in tetrathiafulvalenium his-cis-

(1,2-perfluoromethylethylene-1, 2-dithiolato)-copper
(known as TTFCuBDT) was very successfully treated
by the authors as a spin-Peierls transition in one-
dimensional spin-

2
Heisenberg chains. The

spin-Peierls transition is most easily understood as
the instability of a uniform chain of antiferromagneti-
cally interacting spins towards a dimerized
spin-singlet ground state. It is a lattice instability
driven by the magnetic interactions. The nomencla-
ture arises from the similarity of the Hamiltonian,
when transformed to a pseudofermion representa-
tion, to a (spinless) fermion system undergoing the
conventional Peierls transition. In one-dimensional
systems it is well known that fluctuations are likely to
be very important, and for the conventional Peierls
case there is a growing understanding of the special
importance of a careful treatment of interaction
eAects in one-dimension. Perhaps the most surpris-
ing feature of the experiment was then that these
eA'ects did not seem important. Instead the very sim-

ple treatment by Pytte' in terms of a mean-field
theory of the phonons together with 'a Hartree ap-
proximation on the pseudofermion system was suc-
cessful in quantitatively accounting for the results.

The situation was apparently complicated by the
observations of Moncton et al. ,

4 which suggest that
the softening of the phonon leading to the phase

transition is three-dimensional, and persists to very
much higher temperatures than expected; in fact to
220 'K which should be compared with the transition

temperature T, = 12 'K and with the strength of the
magnetic interactions J = 77 'K. We show that the
assumption of a three-dimensionally softened phonon
pre-existing the magnetic interactions (as suggested
by these observations) which is then further softened
at low temperatures by the magnetic interactions, al-
lows us to account for the mean-field character of the
transition and much of the agreement with simple
theories. However, although the phonons niay be
treated by a mean-Geld theory, the one-dimensional
nature of the spin (pseudofermion) system remains
very important, and the Hartree treatment will not be
a good approximation. ' The theory of the pseudofer-
mions can be markedly improved by using the close
similarity of the pseudofermion representation of a
one-dimensional Heisenberg chain to the exactly
soluble Luttinger-Tomanaga ' model pointed out by
Luther and Peschel. Using this we predict quite a
difII'erent dependence of the transition temperature on
the spin-phonon coupling constant than the Hartree
calculation, and for the particular system under con-
sideration (TTFCuBDT) a reduction in the coupling
constant consistent with the known T, . We believe
that this combined with the pre-existing soft phonon
may account for the absence of important phonon
fluctuation corrections to the magnetic susceptibility
above T„ leading to the observed agreement between
experiment and the Bonner-Fisher9 theoretical predic-
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tions. Our calculations also predict an enhanced
softening of the phonon above T,. To calculate pro-
perties below T, we perform a Ginzburg-Landau ex-
pansion. This turns out to have the same form as
given by the Hartree approximation, but in terms of
an order parameter scaled by a factor JJ/T, . Thus
thermodynamic properties such as the specific-heat
jump and susceptibility should be roughly the same
as the BCS-like values predicted by Pytte's' calcula-
tions, accounting for the rather good agreement with
experiment given by this oversimple theory.
Nevertheless in comparison with this theory we
predict a lattice distortion for a given coupling con-
stant and T/T, reduced by a factor of order QT, /J.
Finally we calculate new results at absolute zero for
the dependence on the lattice distortion parameter 8
of the energy of the spin system for a static lattice
distortion (Eccg'('), and of the gap in the excitation
spectrum (h~g'(').

Although we ~rite this paper with special reference
to the experimentally important TTFCuBDT (and
possibly the corresponding gold compound), the new

calculations on the spin system are independent of
the specihc features of this system. Thus we calcu-
late the general response of a one dimensional spin- —,

Heisenberg chain with nearest neighbor interactions
to a small lattice distortion assuming only that the
dynamics of the lattice may be neglected in this cal-
culation. The calculation of the spin-Peierls transi-
tion is then exact for a simple model system of one
dimensionally interacting spin chains immersed in a
three-dimensional lattice in which the spring con-
stants along the chain direction are much smaller
than the spring constants in the planes perpendicular
to the chains. These planes then move as a unit and
the mean-field random-phase approximation (RPA)
treatment of the phonon becomes exact. That the
approximation is reasonable for TTFCuBDT follows
from the pre-existing soft phonon, which can indeed
be thought of as favoring a particular planar motion
of the molecules. The relevance of the calculation to
other systems (and in particular in calculating T, for
a lattice distortion) will depend on the validity of this

approximation, possibly resting on quite difterent ar-

guments.

The plan of the paper is as follows. In Sec. II we
introduce the pseudofermion representation of the
Hamiltonian and briefly describe the calculation of
Pytte that has been used to account fog the experi-
mental results. %e then describe in Sec. III the spe-
cial features of the TTFCuBDT system that justify
the mean field, random-phase approximation treat-
ment of the phonons. Section IV contains an outline
of our treatment of the spin system that takes better
account of the one-dimensional nature of the spin in-

teractions. A comparison of the consequences of this
treatment with both experiment and the theory of

Pytte is given in Sec. V. Section VI summarizes our
understanding of the spin-Peierls transition particu-
larly in TTFCuBDT. A more careful discussion of
the mathematical procedures is relegated to the Ap-
pendices.

II. FORMULATION AND THE PYTTE TREATMENT

%e take the Harniltonian for the system to be that
of a set of noninteracting chains (a) of total N spins
(spin = T) where the spins within each chain in-

teract with a nearest-neighbor antiferromagnet
Heisenberg interaction

(

H = QJ(I, I+1; n) S( S(+( (2.1)

x Xg(q(q)e '

where (I~~ (q() is the component of the phonon wave
vector q parallel (perpendicular) to the chain direc-
tion, R is the position of the o.th chain, s is the
spacing along the chain, and g (q) is a coupling con-
stant possibly weakly q dependent. For future use we
define an anisotropic XY-Z Hamiltonian in which the
uniform spin coupling is of the form

H = J(. g (S('S("+( + S(S(+()

+ J, X S('Sf+(
I

(2.3)

1t is helpful to transform the spins to a (spinless)
pseudofermion representation using the Jordan-
Wigner' transformation. As will be seen we can
then make use of the growing understanding of one-
dimensional fermion systems. The transformation on
each chain is

I—1

S( = exp i m g a;ta; a(t = (—S( )t (2.4)

~here the exponential "counting" factor is needed to
give the correct fermion anticommutation rules
between operators on different sites. The anticom-
mutation rules then have the usual form within each
chain:

(a(t, a() = 5(( (a(t, a(. ) = 0 = (a(,a()t

We assume a linear dependence of J(I,I+1;n) on lat-
tice distortion so that in the presence of phonons
described by normal coordinates Q(q) the spin-wave
coupling is given writing

J(l, I+1; u) = J + II
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Although apparently a rather complicated transforma-
tion, for the operators of importance in a spin-Peierls
transition the representation is very simple:

1S(' = ——+ a( a(, S(+S(+i = a( a(+$ (2.5)

Jfo X &kak ak
k

(2.6)

and

1
Hjllt + X V(q)a„+,a„. ~ak ak

kk'q
(2.7)

It is to be noted that the z and x,y components in

the spin Hamiltonian are treated in rather different
ways. Thus the x,y part leads to a two-fermion
("kinetic energy") term in the pseudofermion Hamil-
tonian; the z part leads to a four-fermion ("interac-
tion") term. Similarly in the coupling to phonons the
x,y part leads to a familiar two-fermion —phonon ver-
tex; the z part to a more complicated four-fermion-
phonon vertex. It is the treatment of the four-
fermion terms that is difficult in this formulation.
These terms are just those that distinguish
the Heisenberg from the exactly soluble XY model.

In the absence of phonons the pseudofermion
Hamiltonian transformed to k space is (following
Pytte')

Hf = Hp + H&gt

where

The same factorization of the four-fermion —phonon
terms leads to the coupling to the phonons

Hl h
= g g (k, q) Q (q) a„ak,1

N
(2.10)

where g(k, q)= ip[—sinka —sin(k —q)a]g(q). In
these expressions

p =1 — X—nkcoska
2
N „

is a renormalization factor arising from the z spin in-
teractions in this Hartree approximation, and is ap-
proximately constant p = 1.64 at low temperatures
T && J. The approximation thus leads to a Hamil-
tonian that is the same as for the XY model, except
for a multiplication of the energy scale by the factor
p

The fermion Hamiltonian Eq. (2.9) gives, " with
remarkable accuracy, the ground-state energy and
low-lying spin-wave excitation frequencies of the uni-
form Heisenberg chain. The fermion-phonon cou-
pling Eq. (2.10) is reminiscent of the Frohlich Hamil-
tonian for the Peierls system": thus, here too, the
singularity in the pseudofermion response at 2k'.
should soften the phonon frequency Q(q) at q =2k'.
(Kohn anomaly) leading to a phase transition (albeit
at zero temperature for an ideally one-dimensional
system). For a half-filled band the new phase is the
dimerized state.

A random-phase treatment gives for the softening
of the phonon

Here ek=J(coska —1), V(q) =Jcosqa, and

aP = /exp( ikls) akt—1

N

Q'(q) = Qoz(q) + II(q, Q)

where

(2.11)

n„=(e "+1) 'PE
(2.8)

where Ek=pJcoska is the one-fermion energy of the
approximate Hamiltonian then given:

Hg = X Ekakak (2.9)

For the moment we have specialized the discussion
to a single chain, and all wave vectors are along the
chain direction; we return to a collection of chains
later. In zero magnetic field (S,) =0 and hence the
free-fermion band is half-filled with Fermi wave vec-
tor kk-=m/2s. The Jordan-Wigner transformation
leading to this Hamiltonian is exact.

The approximation used by Bulaevskii" for the
uniform chain, and extended by Pytte' to the cou-
pling to a lattice distortion, is to perform the usual
Hartree factorization on the four-fermion terms tak-
ing averages in the undistorted state:"

. (ak ak') nkgkk' ~

with

11(q, Q) = —pig(k, q) I' 11(k,q, Q)
k

(2.12)

II(k, q, Q) is the usual RPA polarizability "bubble"

II(k, q, Q) = (nk —n„)/(Q —Ek, + E„), (2 13)

and Qo(q) is the phonon frequency in the absence of
the spin interactions. At low temperatures the polari-
zability II(q = 2k', Q = 0) diverges as ln J/T. The
transition temperature is given by setting 0 to zero
in Eq. (2.11). Hence the RPA-Hartree calculation
predicts a static distortion at q = 2kF below a finite
transition temperature T, —J exp( —1/ h.), where
x —lg(2k/) l /JQO(2k/)

This approach was used rather successfully" to ex-
plain the first measurements of the phase transition
in TTFCuBDT. The results must be seriously doubt-
ed, however, since the importance of the one-
dimensional nature of the system is not fully taken
into account. In particular the Hartree factorization
underestimates the importance of the four-fermion
interaction terms on the divergent 2k& polarizability.
In addition, for a one-dimensionally softened pho-
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RPA

Jordan-Wigner transformation leading to a pseudofer-
mion representation for three-dimensionally interact-
ing spins: the "fermion" operators defined on
different chains in general commute instead of an-
ticommuting. This however leads to no problems
providing the interactions do not change the total
spin of each chain twhich our general Hamiltonian
Eq. (2.1) satisfies]. Then for any states ij of interest

2kF

(c)

and within this manifold the anticommutation rules
are obeyed. Thus in this somewhat special case, we
can map the n chain problem onto a three-
dimensional pseudofermion system, but one in which
the bands and interaction depends only on the com-
ponent of the wave-vector along the chain. For all of
our work, except that justifying the RPA, the
transverse fermion wave vector merely provides a
convenient way of counting the chains. It should be
noted that a system with interactions S; .

S&&

between chains n and P cannot be mapped in this
way onto a corresponding fermion problem.

2kF

III. PHONON SOFTENING AND THE

MEAN-FIELD TREATMENT

FIG. 1. (a) Dyson's equation; (b) The random-phase

approximation; (c) and (d) two second-order contribu-

tions to the expansion of (a). The full (dotted) lines are

noninteracting Green's functions for one (two)

fermion(s); the light (heavy) zig-zags are noninteracting

(exact) phonon Green's functions.

non, Auctuation effects should be important, and the
mean-field (random-phase) treatment of the phonons
would be inadequate. In the following sections we
show that the three-dimensional softening of the
phonon suggested by the measurements of Moncton
et al. 4 in fact justifies the mean-field, random-phase
treatment of the phonons. %e then proceed to treat
the pseudofermions beyond the Hartree approxima-
tion to give a much better account of the effect of the
interaction terms.

First we must describe the procedure used to im-
merse the noninteracting spin chains in a three-
dimensional lattice. The fermion Hamiltonian, Eqs.
(2.6) and (2.7), is for a single chain. In the RPA the
response of n chains is simply n times the response of
one chain, and no further work is required. However
to study the validity of RPA it is necessary to look in
greater detail at the interaction of a collection of
chains with three-dimensional phonons. The slight
complication is that (as far as we know) there is no

The diffuse x-ray scattering measurements of
Moncton et al. on TTFCuBDT show a pronounced

peak structure at the (—,, 0, -', ) corner of the

primitive unit cell —that wave vector at which a Bragg
peak appears below T,. This peak persists up to 225
'K, where a second structural transition occurs. %e
interpret the peak as due to diffuse scattering of a
relatively soft phonon at this wave vector. At first
sight it would be tempting to identify this softening
with a pretransitional effect. However the softening
persists up to temperatures greater than the charac-
teristic magnetic interaction temperature (J = 77 'K).
Furthermore it is three dimensional (i.e. soften-
ing about a point in reciprocal space, rather than on a
plane as characteristic of one-dimensional softening),
whereas the magnetic interaction is thought to be
one-dimensional —an interpretation strongly borne
out by the excellent agreement of the susceptibility
with the Bonner-Fisher~ one-dimensional calcula-
tions. %e are hence forced to conclude that the
effect is not solely due to the spin interactions. %e
will therefore take the bare phonon frequency to in-
clude this softening-assumed essentially temperature
independent —and calculate the additional effects at
low temperatures due to the spin interaction. Unfor-
tunately the bare phonon spectrum Qo(q) is not
given in detail by these measurements. %e will take
for the spectrum near the point qo = (—, , 0, —,),

(3.1)
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D=D +Dna (3.2)

where Do is the noninteracting Green's function

D, (q, n) = [n' —n,'(q) +1~] 0.3)

and II is the exact polarizability of the spin
(pseudofermion) system. The random-phase
approximation corresponds to taking the polarizability
to be that calculated in the absence of fermion-
phonon coupling, i.e., in diagrammatic language it is
the "bubble" containing no phonon lines [Fig. 1(b)]
(for simplicity we neglect the four fermion interac-
tions in this section). For a one-dimensional fermion
system there is no general "Migdal's theorem" to sug-
gest RPA should be valid: the diagrams neglected in
RPA are also logarithmically divergent in one-
dimension. "However, as pointed out by Chui
et al. ' in a slightly diQ'erent context, the diagrams
not contained in the RPA expansion [the simplest ex-
ample is probably Fig. 1(c)] involve a summation
over the coordinates of the internal phonon Green's
function. In our case, as may be seen by evaluating
Fig. 1(c), this introduces small factors of order

'(qo + qL)

o(qo + qL)

g'(qo)

Qo(qo)
(3.4)

together with logarithmic corrections, relative to the
RPA diagram of the same order [Fig. 1(d) for the ex-
ample lc] which does not involve a summation over
the internal phonon. In Eq. (3.4) ( ),„ indicates an

average over wave vectors qj transverse to the chain
direction, and qo is the soft-phonon wave vector.
The magnitude of expression (3.4) depends on the
amount of softening of the bare phonon, not yet
known in detail. It should be, at worst, 0.3
corresponding to the minimum softening estimated
above. Thus although the diagrams not kept in RPA
are also logarithmically divergent, they are reduced in

The simplest interpretation of the experiments is that
the scattering is mainly from a single-phonon branch.
Then the assumption that for temperatures large
compared with the phonon frequency a scattering in-

tensity proportional to Qo2(q) (as expected for diff'use

scattering), suggests that Qo~ is at least a factor of 3
smaller than given by a typical phonon frequency.
Note that contributions to the background from other
modes will increase the estimate of this factor. From
the width of the scattering peaks we estimate

g,h
—10 A. We use this pre-existing soft phonon to

justify the mean-field random-phase approximation
except for a critical region near T„which we estimate
to be small using the Ginzburg criterion. '

The phonon frequency in the presence of the spin
interactions is given by the pole of the exact phonon
Green's function D(q, Q ) given by Dyson's equation
[Fig. 1(a)]

magnitude by the important momentum dependence
of the e6'ective interaction due to the phonons. The
usual argument for truly one-dimensional systems
with momentum-independent interactions, that the
diagrams left out in RPA are in fact of the same
magnitude as the RPA diagrams and just such as to
suppress the transition temperature to zero tempera-
ture, is not true here. In this case we may use RPA
to discuss qualitatively the transition, and if the
parameter (3.4) is sufficiently small to give a good
quantitative description, as well.

Near enough to the transition temperature predict-
ed by RPA, the "pile up" of contributions from the
small denominators of the phonon Green's functions
in "fluctuation" diagrams" will however invalidate the
RPA. Within this critical region the mean-field treat-
ment will not be good. A quantitative estimate of the
mean-field character of the transition is given by the
Ginzburg parameter'

c = l
32m ACgo3

(3.5)

o, = 2 [o ~' (J/T, ) f]', (3.6)

where f is the fraction of the reciprocal unit cell
(volume &s) occupied by the pre-existing soft pho-
non [to half height in Qo (q)], that is (2/(oh) / Vs.
From the estimate of g,h we find o, —0.04. Thus
except for a rather small region —0.04T, near T, a
mean-field treatment should be good, and in particu-
lar we expect the RPA to be good. Note the small
value of e, comes from the small parameter
f —0.02: in the absence of a pre-existing, three-
dimensionally soft phonon e, would be of order l.
The Ginzburg criterion gives only a rough estimate
for the critical region; nevertheless experiments '
also seem to indicate a critical width of this order.

IV. CALCULATION OF POLARIZABILITY

With the encouragement of the theoretical
justification for the RPA of Sec. III, we now attempt
to calculate the polarizability II—the linear response
of the spin system to the phonon coupling —more ac-

curately than was previously thought useful. From
the form of the pseudofermion Hamiltonian and the

in three dimensions, which is an estimate of the frac-
tional width near T, where such fluctuations are im-
portant. In this expression 4C is the specific-heat
jump per volume at T„and go is the coherence
length. Here we take hC from experiment".
hC = 1.0N (T,/J) with N the number of formula
weights per volume, and leave comparison with
theory to later. For go we use the inverse width of
the pre-existing soft phonon g,h (this neglects any ad-
ditional narrowing parallel to the chain direction near
T, which makes o, even smaller). This yields



19 A NEW THEORY OF THE SPIN-PEIERLS TRANSITION WITH. . . 407

work of Solyom' and Luther and Peschel 0 it-is clear
that the four-fermion interactions will lead to a polar-
izability more divergent as T 0 than the ln J/Tof
the Hartree approximation. A quantitative treatment
is made dificult since the interactions —J, are of the
same size (in the Heisenberg limit) as the bandwidth
—J~', and the range of the potential is comparable to
the inverse Fermi wave vector: there are no obvious
small parameters on which to base a perturbation
theory.

Our method of calculation of the phonon-induced
transition is based on the work of Luther and Peschel
on the uniform Heisenberg chain. Their method is
to approximate the pseudofermion Hamiltonian by
the exactly soluble Luttinger-Tomanaga model. The
basic idea is that responses that are divergent due to
anomalous infrared properties of the Fermi sea (note
in the Hartree approximation 0 is divergent due to a
constant density of states for zero-energy 2kF excita-
tions across the Fermi sea) can be approximately cal-
culated by modelling the Hamiltonian with a soluble
form that maintains the essential features (Fermi
velocity, interaction potential matrix elements) in the
region near the Fermi surface leading to the infrared
divergence. Within the model the four-fermion in-
teractions can be exactly included, and no perturba-
tion expansion is needed. In addition the response to
the phonon coupling can, even in practice, be very
easily calculated. On the other hand the approxima-
tions used are in general rather uncontrolled. For
smail values of J,/Jz we would expect the physics to
be dominated by excitations near the Fermi surface,
and an approximation preservirig the properties near
the Fermi surface should be good. But for J, —J&

excitations well away from the Fermi surface are also
involved, and the validity of the approximation is not
so clear. In the particular case of the Heisenberg lim-

it, however, it is possible to test the accuracy by com-
parison with some exactly known results. Alterna-
tively one may choose the parameters of,the model
Hamiltonian to reproduce these results, and this, it
will be seen, allows an exact calculation of some
quantities of interest, providing certain "universality"
assumptions are valid. Other results will depend on
details of the Hamiltonian, such as band structure
and wave vector dependence of the potential, that we
have been forced to approximate: such results will

be only approximate. In particular numerical prefac-
tors are found to depend on a high momentum cutoff
needed to give finite answers.

It will be clear from the above discussion that we
approach the Heisenberg limit from an XY-Z model;
that is, it is assumed that the limit J,/Jj I from
below may be taken and that it correctly gives the
Heisenberg behavior. This procedure is somewhat
dangerous, since for any J,/J~ greater than one there
is a gap in the excitation spectrum, and at suSciently
low temperatures the behavior is Ising-like. However

exact results ' show that the long-wavelenith excita-
tion spectrum in the Heisenberg case is linear, as in
the XYlimit22 (J,/Jq = 0). Therefore we follow pre-
vious approaches in treating the Heisenberg. chain as
a continuation from the XYchain, but calculate the
effect of the Z interactions in a better approximation
than previous work.

We will not go through the derivation of the
Luttinger-model approximation to the Heisenberg
chain in detail here: some more details are in Ap-
pendix A, and the procedure has been described be-
fore in the literature. A brief list of the approxima-
tions may be useful however. The (exact) pseudofer-
mion Hamiltonian is Eq. (2.6). The cosine energy
band of Ho is first replaced by linear bands maintain-
ing the correct velocity v~ at the Fermi surface. It is
convenient for computational purposes to consider
two sets of fermions (1 and 2) each with a linear
band extending to + ~ with velocities v~, and —v~,

respectively. All the levels below the Fermi level are
filled in the noninteracting ground state and the Fer-
mi wave vector is fixed by the total spin:

S' = (st/m —2)N (4.1)

H h
= Xg(q)(1 —e'')Q(q)

x x e' "SI St+t
I

(4.2)
t

The relevant polarizability is therefore

II(q, cu) = ~g(q)(1 e"*)~ J
—dt e'"' X e '"

x [-t8(t) &[(S, S„,)„(S, S,), ])] .
(4.3)

A similar approximation is to replace the interaction
V(q) by V(0) = J for scattering near the Fermi sur-
face (q = 0) and by V(m/s) = —J for scattering
across the Fermi surface (q = 2kF = mls) This.
latter term corresponds to backward scattering but it
can be rewritten as forward scattering for these
spinless fermions [Fig. 2(a)]. In addition fermion
umklapp scattering processes [Fig. 2(b)] are canceled
by the exchange interaction [Fig. 2(c)], and are not
important. This helps justify the replacement of the
periodic band structure by linear bands.

These approximations lead to a Hamiltonian essen-
tially that of the Luttinger model, which has been
shown to be exactly soluble by Mattis and Lieb. ' The
detailed form is written in the Appendix. We note
here merely a slight difference between our expres-
sion and that of Luther and Peschel, due to their
neglect of scattering events with momentum transfer
of order zero. This leads to differences in some of
the calculations, but the final results for the Heis n-

berg limit are not altered.
The fermion-phonon coupling is of the form'
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FIG. 2. Approximations in deriving the Luttinger-
Tomanaga representation (see text). The curly line denotes
the four-fermion interaction; (d) should be compared ivith
the "exchange" diagram in Fig. 1(c).

-k +k

OJ & GPt

FIG. 3. (a) Normal and (b) Umklapp processes contribut-
ing to II for noninteracting fermions. Here
SG 2ms —4k~ is zero for a half-filled band.

It is here we must be rather careful to include the
phonon-fermion umklapp processes. Note first that
replacing the sum in Eq. (4.3) by an integral

e-iqls ~ e-iqx, W1
dx
s

gives the polarizability II,(q, ~) we would calculate
for a continuum, linear band model. For the original
periodic band structure the correct polarizability to in-

clude phonon umklapp processes is

ularly easy, and it is then rather straightforward to
evaluate the response function required using the
procedure of Luther and Peschel: we do this in Ap-
pendix A. For convenience we define a retarded "en-

ergy response function" by

X,(x=ls, t) = —ie(t) ([(S, S, ,)„(S S,), ]) (4 5)

We calculate this to be
2 cos(2kFx)

X,(x, t) = —e(t)9s'
(2m a)2

II(2kF+sq, au) = II, (2kF+Sq, ay)

+ II, (2kF+5G Sq, —cu)—(4.4)

' 1/4e-e
$2x [Q(ct x)Q(ct+x)] —' s x
A

where SG = 2n/s —4kF in general and is zero in the
half-filled case. The two processes contributing in
the noninteracting. limit are shown in Fig. 3, and the
generalization is obvious. For the important 2kF,
zero-frequency polarizability for the half-filled band
Eq. (4.4) leads to an additional factor of 2 in the
divergent response compared with a band well away
from half full. The consequent strong enhancement
of the transition temperature for the half-filled case is
well known.

The transformation to the pseudofermion represen-
tatjon of adjacent spin operators in Eq. (4.2) is partic-

x sin [sgn(ct —x) + sgn(ct+x)]
4e (4.6)

where Q(y) = (c/muT) sinh(mTy/c), a is a cutoff'
parameter of order s/m, c is the renormalized Fermi
velocity, and 8 is a characteristic exponent, and we
have dropped terms leading to higher-order contribu-
tions to the 2kF Fourier transfor'm. In deriving this
result we have used ihe rotational invariance of the
Heisenberg Hamiltonian to relate the parts of X, in-
volving S' to the more easily calculated transverse
components. The resulting Eq. (4.6) is only strictly
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correct for ~x + cr~ && n.
T~~e exponent 8 in the Heisenberg limit is calculat-

ed by the methods of Luther and Peschel to be 0.85
(see Appendix A). However it is believeds that the
correct answer here is 8 = 1. This result is necessary
for the equality of the calculated' long distance
behavior of the simple correlation functions
(S'(x)S'(0) ) and (S'(x)S*(0)) required by the rota-
tional symmetry of the exact Heisenberg Hamiltoni-
an, and is also suggested by the relationship of XYZ
chains to the Baxter model. The important as-
sumption is that although 8 is not given accurately by
the Luttinger-model approximation, the relationship
between the exponents of various divergent correla-
tion functions (scaling relations), given by the model
in terms of 8, are also true for the exact Hamiltonian.
After fixing 8 by known properties of simple correla-
tion functions, we can evaluate the exponents for the
more complicated ones of interest exactly.

Similarly we estimate c = 1.15 Js, smaller by about
25% than the value of the long-wavelength spin-wave

speed —,m Js given by the exact calculations of des

Cloiseaux and Pearson. "
The procedure we adopt, to best make use of the

known results, is to use the calculated answers to
give the form of the response function in terms of 8
and c, and then to substitute the exact values 8 = 1,
c = —, m Js. %e may be quite confident that this gives

the correct exponents for the divergent polarizability
(our most important results) and hope also to get
some useful information on its functional form (at
least at large distances) and numerical prefactors,
although the latter will probably not be accurate. The
hope is clearly that the Luttinger type Hamiltonian
does give a good representation for the divergent
small ~, q, T behavior, but that the vF and potential
matrix element may be changed from the naive
values used by renormalizing effects from scattering
processes well away from. the Fermi surface. As far
as we know this has not been justified.

We then find for the Heisenberg chain (8 = 1) for
q near 2kF,

II, (q, co) = —0.37
1

ru+c (q 2kF)—
x I& 2' T

and Ii(0) = 0.590. In particular for the half-filled

band, and taking q 2kF, so~:

II(2k, 0) =0.26 x 4~ g(2kF)~'T ' . (4.9)

This result is independent of the renormalization of
the Fermi velocity c/vF and is only weakly dependent
on the choice of cutoff' (the prefactor varies by less
than 20% for cutoffs over the range
0.3 & n /s & 1.4: for the sake of definiteness we
make the natural choice n = s/vr).

Hence we find that for the Heisenberg case the 2kF
polarizability diverges as T ' rather than the lnJ/T
predicted by the Hartree approximation. The theory
predicts for the inbetween (easy plane) case
0&J&J&,

II(2kF, O) —(1/J) (J/T) ' (4.10)

with e given by eq. (A17b):

g = —', + (I/m) sin ' (J,/Ji) (4.11)

For the XYlimit (S = 2) the logarithmic dependence

is exact.

V. CONSEQUENCES

In this section we show the consequences of our
better calculation of the polarizability. %e will em-
phasize the qualitative changes from the results of
earlier work —that is those that depend on parameters
of the system such as J, T, etc. As we have seen nu-

merical prefactors will probably not be accurately
given by our calculations. It turns out that many
results are changed by factors involving T,/J. In a
truly weak coupling system (T,/J « 1) this would

give very large effects; in TTFCuBDT the ratio is

only one sixth and hence only relatively small, but
probably measurable, differences arise. It is interest-
ing, however, that many thermodynamic quantities
are given (to within factors of order unity) by essen-
tially the same expressions as in the Hartree ap-

proach, even though the underlying microscopic ex-
pansion is quite different.

where

co c (q 2kF)x f, 2' T T

/, (k) = e'~(sinh x) '~2 dx
2m

(4.7)

(4.8)

l

A. T, and above

As the temperature is reduced the phonons be-
come progressively softened until at T, a phonon fre-
quency becomes zero. This will be for the 2kF- n/s
phonon: '

0 = 0 (2kF) = IIO(2k@) + II(2kF, O, T) (5.1)

The enhanced divergence of the polarizability we

find, gives a larger transition temperature for a given
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coupling constant, and a quite different linear depen-
dence on the coupling constant. In terms of the di-
mensionless coupling constant A. = 4g'/m JQo with

g = g(n/s) result (4.9) gives

T/J =08 z . (5.2)

This should be compared with the result given by the
Hartree approach T,/J = 1.4 exp( —0.6/X) (Ref. 27).

In practice A. is estimated from the measured T,:
thus for TTFcuBDT we find a smaller coupling con-
stant (X = 0.19) than the Hartree approach
(A. = 0.29). Because of possible errors in the numeri-
cal factors the ratio (J/T, )/ln(1. 4J/T, ) —3 may give
a better guide to the magnitude of the change. %e
remark in passing that the apparent absence of pho-
non corrections to the Bonner-Fisher~ susceptibility
may be understood from the small average spin-
phonon coupling constant, which again is A. reduced
by roughly Qp(2kF)/(Qp), „due to summation over
the Brilliouin zone. For example a high-temperature
expansion gives for the susceptibility

and

b = 7g(3)/gw' .

(5.6)

In our calculation the second-order terms are al-

ready known, since to this order

where 4 is the "order parameter" proportional to the
lattice distortion in the Ginzburg-Landau region,
h = p,H gives the coupling to a magnetic field to
lowest order in h2, 0. is an energy, and q and b are
numbers to be calculated. The specific-heat jurnp,
decrease in susceptibility, depression of T, by a mag-

netic field and growth of the order parameter are
then all given, using obvious manipulations, to lead-

ing order in (1 —T/T, ) by a, 6 and g.
For the Hartree calculation 5 may be chosen as the

gap in the pseudofermion spectrum 5 = pro with lko

the "bare gap" dp = 2gg/JW (for the half-filled band

case). The expansion Eq. (5.5) is then BCS-like with

u = —N(0) T,~ = NT,2/2ml J

yT= ————1+—x $ 2
(1 cosg)1 1 J 1 lg(q) I

4 8 T 2J
q

Aq2

F = —, Q'I Qp' + II(T)]

Expanding H about T, then gives

(s.7)

j. J 3m'
1 +

4 8 T 16
(5.3) NT

P —P 8
2mJ

T ~0 J
Tc Tc Tc

(5.8)

where A. is a weighted average of the coupling con-

stant over the zone.
Also arising from the enhanced divergence of the

polarizability we find an enhanced rate of softening of
the 2kF phonon. Thus near T„

Q' = Qp' (T/T, —1) (5.4)

(cf. the Hartree result Q2=Qp2(T/T, —I)/ln(1. 4J/T, ).
The slope is increased by a factor ln(1.4J/T, ) which

although only about 2 in TTFCuBDT, should provide

a test of our theory if more accurate measurements

of the phonon spectrum are made. There are similar

effects on the narrowing of the phonon dip near T„
but comparison with experiment is complicated by

possible additional narrowing along the chain direc-

tion due to the wave vector dependence of the polari-

zability.

S. Seioe but close to T,

To describe the thermodynamic properties in this

region we take advantage of the mean-field behavior
and use a Ginzburg-Landau expansion for the free
energy:

F = ~(—(1 —T/T, ——,
'

~(h/T, )'l(&/T, )'

(s.s)

~here do is again the same "bare gap" proportional to
0. Note the additional factor of J/T, due to the
enhanced divergence of II. The further terms in the
expansion may be calculated in principle from more
complicated correlation functions: the first term (in
hp2) is given by 11; the second (in b,p~) involves a
nonlinear response to the lattice distortion given by a
four-point correlation function. An analysis of this,
and higher terms (Appendix B) shows the expansion
parameter to be 5 = JJ/T hp.'the series is then as
Eq. (5.5) with b (and successive coefficients) pure
numbers. This then gives

n = 0.8 NT2/2n J (s.9)

close to (—30% larger than) the Hartree result. The
value of coeScient b is bard to evaluate, and in any
case will be cutoff dependent in our theory: we have
not attempted to calculate it. However we may con-
clude that the form of the Ginzburg-Landau expan-
sion, and hence the thermodynamic quantities includ-
ing 4 mentioned above are essentially the same as in
the Hartree approach (to within factors of order unity
we have not evaluated): however the relationship of
6 to the lattice distortion is changed and at a given
T/T, and for a given coupling constant g the magni-
tude of the lattice distortion is of order JT,/J small-
er than predicted by the Hartree theory.

The coupling to the magnetic field to leading order
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in b may also easily be calculated by approaching T,
from above. The effect of a magnetic field (chosen
in the z direction) is to change the total z spin and
hence the pseudofermion filling. Thus 2kF is no
longer equal to the wave vector of the lattice distor-
tion which, at least in not too large fields, will remain
at w/s. Thus the change in the polarizability II from
which q is calculated is essentially a "gradient" term.
To leading order in 02,

(5.10)

I t)'II T t)II
t)iI t) T

(5.11)

and using eq. (5.7) for the energy or directly calculat-
ing the depression in T, gives for q the very simple
result

{5.12)

Computing g „from the expression for II, Eq. (4.7)
yields

(g )z = —,
' x 1.8 (c/wT)', (5.13)

where the numerical prefactor comes from ratios of
the integrals Ii(0), Ii (0), and Ii (0). Note that any
numerical prefactors in 0 and dependence on the
cutoff' cancel in the ratio giving g2: the result
depends only on the form of the correlation func-
tions. We may then hope that this result is quantita-
tively accurate. These calculations give q = 0.18
where we have used the exact spin wave velocity
c = —m Js. The Hartree result gives the usual one-

2

dimensional BCS form for g;„:

(5.14)

leading to q 0.12. Comparison with experiment is
made dificult by an apparent inconsistency of the ex-
periments with relationships predicted by the
Ginzburg-Landau expansion. Thus calculating q
from the measured susceptibility decrease belo~ T„'
and the measured specific-heat jump' leads to

0.25 (Ref. 28); on the other hand from the
direct measurements of the depression of T„2~ ap-
parently well 5t by an H' dependence, we ~ould esti-
mate q = 0.43. These di6'erences may simply indi-
cate the inaccuracy of these rather dificult experi-
ments. Note however our result is 50'/o larger than
the Hartree result, in better agreement with experi-
meat.

where 8(2kF) = (2/ns) p, H/J. In this last expression
we have used the zero-temperature susceptibility in
the undistorted state9 X~ - (I/m') N p'/J. Introduc-
ing an "intrinsic correlation length" in the usual way,

~ NUMERICAL CALC ULATIONS
{OUFFY ANO BARR)
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I""IG. 4. Decrease in energy of spin system for a lattice
distortion S 2gQIMNJ. The points are from the numeri-
cal calculations of Du5'y and Barr (Ref. 35) using

s =- (1—a)/(1+a) and /tE/J=)s&/(I+a) —
2 en[, i, where
1

6p and a are the parameters of Ref. 33.

C. The incommensurate" transition

The spin-Peierls system provides a particularly in-
teresting example of a one-dimensional (pseudo-)
fermion system in that the filling of the band can be
changed simply by changing the. total spin with an ap-
plied magnetic field. As the filling is changed, initial-
ly the umklapp processes still favor the distortion at
wave vector n/s This is. no longer exactly at 2k',
the singular point of the fermion response, and T, is
reduced. This is just the depression of T, by a mag-
netic field described for small H by q. At a critical
filling, and a corresponding critical T„ the transition
temperature to a phase with lattice distortion at a
wave vector q W n/s rises above that calculated for
the commensurate state. The transition is then to a
phase with lattice distortion at wave vector q which
moves continuously away from n/s as the filling is
further changed, until eventually q becomes equal to
2kF for the filling, with a transition temperature
corresponding to a coupling constant X. reduced to
ane-half the initial value: umklapp processes no
longer contribute. This qualitative description follows
from the work of Leung on the Peierls system.
Bray3' has applied these calculations to the spin-
Peierls problem described- in the Hartree approxima-
tion. The description neglects the smaller energies
that may lock the wave vector q to other commen-
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surate values 2m/ns with n A 2.
If there were no pre-existing phonon softening

parallel to the chain direction (which does not destroy
the validity of RPA) it is straightforward to repeat
Leung's calculations, but using our polarizability
relevant to the spin-Peierls system Eqs. (4.4),
(4.7). The use of the polarizability Eq. (4.7) is not
exact for fillings away from half-filled, but seems a
reasonable approximation for p,H/J small. This pro-
cedure leads to rather similar predictions (cf. Bray" )
for the critical magnetic field (pH, /T, o = 1.4) and
corresponding transition temperature (T,/T, o = 0.77
where T,o is the transition temperature in zero field)
at which the transition wave vector begins to move
away from rr/s. For large enough fields, however, T,
would saturate at —, T,o, corresponding to the linear

dependence on coupling constant (Bray would find

T,/T, o-T,o/J).
Unfortunately, for TTFCuBDT the pre-existing

softening of the phonon parallel to the chain at wave
vector n/s gives an additional pinning energy at this
wave vector. However from Eq. (5.12) and the value
of q (either experimental or theoretical estimate),
and our estimate of (~hah

below Eq. (3.1), it seems that

(„is significantly larger than g,'h. Under these condi-
tions the additional pinning is not too large: for ex-
ample, taking q = 0.25 we estimate a critical transi-
tion temperature of about T,/T, o

= 0.74, correspond-
ing to a magnetic field p,H/T, o

= 1.6 which is about
150 kG for TTFCuBDT. There is now no expecta-
tion that T, will saturate at —,T,o. These estimates

must be treated with caution, since our estimate of
the depression of T, by a magnetic field is apparently
too small by about a factor of 2 compared with the
direct measurements.

D. Zero teinperature

By developing the perturbation expansion in the
lattice distortion to all orders, it is possible to derive

,new results for the zero-temperature dependence of
the greund-state energy and excitation energy gap on
the lattice distortion. These results are probably most
convincingly shown by homogeneity requirements on
the long-wavelength dependence of zero-temperature
correlation functions, as used by Luther and Peschel
in a different context. This is done in Appendix B.
In this section we will derive the results more heu-
ristically, but using already introduced quantities.

It is natural to identify the expansion parameter in
the (infinite order) Ginzburg-Landau expansion
h = QJ/T, hs as the real energy gap in the excitation
spectrum near T,. At low temperatures a similar re-
lationship between the actual gap ~ and the "bare"

gap 40 would be expected, but with the T„which
enters near the transition as the cutoff in the infrared
divergences due to the thermal occupation factor,

presumably replaced by the actual gap 5, which as-
sumes this role at low temperatures:

6 —(J/iL)' ' 6 (5.15)

Q2
~J—1/3 g4/3

J (5.16)

Thus we arrive at the new and interesting result that
the leading term in the spin dimerization energy of a
spin- —, Heisenberg chain is proportional to the lattice

distortion to the power 3. This result is rather close

to the approximate bounds on this energy recently
calculated by renormalization group techniques. ' It
is also, perhaps rather surprisingly, in rather good
agreement with numerical calculations of the energy
of a dimerized Heisenberg chain done, for rather
large distortions, by Duffy and Barr" (see fig. 4).

VI. SUMMARY

We have developed a new theory of the spin-
Peierls transition in Heisenberg chains, in which we
follow previous work' in using the random-phase ap-
proximation for the spin-phonon coupling, but in
which wc calculate the response of the spin system to
a lattice distortion in a much better approximation-
one that, for the first time, includes the important
differences between the Heisenberg and XY interac-
tions. We use the Jordan-Wigner transformation to a
pseudofermion representation as in the previous
work, but take account of the large four-fermion in-
teractions by an approximate, but nonperturbative,
method that should incorporate the essential physics.
We find the relevant linear response of the spin sys-
tem to diverge as T ' at low temperatures, compared
with lnJ/T of the Hartree approach used before.
This leads to a linear dependence of the transition
temperature T, on the coupling constant, and an
enhancement of T, for a given coupling constant.
Other quantities, such as the gap in the excitation
spectrum and the energy of the spin system for a
given lattice distortion and coupling constant, are also
predicted to be enhanced. These results follow from
our calculation of the divergent response of the spin
system to a lattice distortion Q, which we have done

This gives 5 —J' LLO
'. the energy gap. at zero tem-

perature scales as the lattice distortion to the power
2
3'

The energy of the spin system at zero temperature
is proportional to

eQ l Q'

dg'J dg"n, ",
where II~ is the polarizability calculated with an al-

ready present lattice distortion Q. Again we assume
II~ is of the form given by replacing the infrared
cutoff Tin Eq. (4.9) by the real gap 5, leading to
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in detail to order Q' and in outline only to higher
orders. Nevertheless, predictions of characteristic
"signatures" of the transition, such as the specific heat
jump, decrease in magnetic susceptibility and tem-
perature dependence of the lattice distortion (normal-
ized to zero temperature), are not significantly altered
from the Hartree approach. [Also it should be
remarked that the coupling constant is usually not
known a priori and must be estimated from the
measured transition temperature. This has the un-
fortunate consequence that in comparing our predic-
tions with those of the Hartree calculation, and using
the coupling constant estimated within each theory
from the known T,/J, many of the enhancement fac-
tors are typically of order lnJ/T, rather than some
power of J/T, as might at first be expected, and con-
sequently less easy to detect. ] The underlying mi-
croscopic description of the transition is quite
different, however. For example, the instability driv-
ing the spin-Peierls transition —the decrease in the
zero temperature energy of the spin system due to a
static lattice distortion Q—goes as Q4t' instead of the
Q' lnQ of the Hartree calculation of Pytte. '

The relevance of our calculation falls into two
parts. First we have developed the theory of the
spin-Peierls transition for a model system of chains
of spin-

2
with nearest-neighbor antiferromagnet

Heisenberg interactions within the chains, immersed
in a three-dimensional lattice in which planes of
atoms (not parallel to the chain directions) are con-
strained by large lattice forces to move together.
This latter feature validates the RPA mean-field
treatment of the phonons.

Second we suggest our calculations should give a
good description of the observed transition in
TTFCuBDT. We briefly describe the important
results that justify this claim (Jacobs et a/. ' have
covered some of these points in more detail).
Although an investigation of the crystal structure
suggests no obvious one dimensionality, the very
good agreement between the measured magnetic sus-
ceptibility and the Bonner-Fisher calculations is evi-
dence for the spin-

2
chains interacting one-

dimensionally and with an isotropic interaction. The
corresponding gold compound (which has a similar J
and crystal structure) follows2 these predictions right
down to 2 'K-where again, 'presumably, a spin-
Peierls transition occurs. Since the magnetic interac-
tions in the two compounds are probably quite simi-
lar, this puts a low limit on the spin interactions that
are not one-dimensional or not isotropic (or at least
are Ising-like). The linear specific heat's at lower
temperatures also confirms the one-dimensionality of
the spin system. There is also the question of wheth-
er the transition is in fact driven by the spin interac-
tions, rather than simply being a lattice-driven distor-
tion on which the spins ride. Apart from the

unlikelihood of such a phonon driven transition at
these low temperatures, the best argument against
this is that the specific-heat jump and entropy change
at the transition are indeed found' to be roughly as
calculated for the magnetic transition.

Finally we have shown that the pre-existing soft
phonon in TTFCuBDT leads us to expect a mean-
field transition well described by the RPA. Other au-
thoII's have used an essentially one-dimensional for-
malism, but have justified the absence of fluctuation
corrections by the rather vague assertion that the sys-
tem is "really" three-dimensional. . We have sho~n
the specific features of the phonon spectrum that
make this true. The importance of the role played by

. the pre-existing softening of the phonon leads to the
speculation that a less dramatic softening in the
corresponding gold compound could account for both
the lowered transition temperature (despite the simi-
lar J) snd the apparently greater width of the critical
region. Extending this idea, the absence of other
good examples of a simple spin-Peierls transition
could be because without the coincidence of an al-
ready soft phonon the transition temperature is
depressed (by the smaller coupling constant and by
the greater influence of the one dimensionality)
below that of a transition driven, for example, by
small three-dimensional spin coupling.
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(2.5)] we are left with response functions to calculate
involving four-fermion creation and annihilation
operators but no "ordering" operators

exp m Xajta, .

H =Ho+H',

HO Jis x k(01kQlk 0 jkQ2k)i
k

(A3)

This Appendix will deal with evaluating such expecta-
tion values of products of fermion operators. (Note
that if instead of using the rotational invariance we
evaluated the correlation functions involving S'
directly, then much more complicated expectations of
products of six and eight fermions would be needed.
Such a calculation would be dificult, but ~ould pro-
vide some insight into the degree to which the ap-
proximations leading to the Luttinger Hamiltonian
violate the rotational invariance of the original Ham-
iltonian. %e have not done this, but have shown
that the leading divergence of the 2kF polarizability is
indeed calculated to have the same exponent. )

The approximations described in Sec. IV lead' to
the Hamiltonian in terms of "1"and "2"operators
with

2J,
tanh 2P =—

m.Jg + J,
(AS)

and the Hamiltonian

HD = c X p~(k) p~( —k) + p2( —k) p2(k)
2%

k&O

(A9)

with c the renormalized Fermi velocity

(where L ¹ is the length of chain) obeys the
same commutation relations with' the density opera-
tors as does H0, and we may replace Ho by T to leave
a Hamiltonian quadratic in density operators. The
operators p~(k) and p2( —k) [more strictly (2sr/L)'~2

p~ (k)/Jk and (?sr/L)'~' p2( k)—/Jk] are raising
operators for the noninteracting Hamiltonian Ho (or
1). The Hamiltonian may be diagonalized by the
(unitary) transformation

p&(k) p~(k) cosh P, + p2(k)sinh $

(A7)

P2(k) p~(k) cosh f, + Pt(k)slnh @

where p is chosen so that the P~P2 cross terms in Eq.
(AS) vanish. In our case this leads to

and c=Jys 1+ J,

+JAN

'2 1/2
2 ~z

Jg
(A10)

H' = —J, X p)(q) p)(—q)
N

+ p2(q) p2( —q) + 4pi(q) p2(-q)

where p~ and p2 are density operators defined by

(A4)

(where we have dropped an infinite constant in HD).
Note again the discrepancies with Ref. 8.

In order to calculate correlation functions we must
replace the lattice-site fermion operators involved in
Eq. (Al) by their continuum counterpart, consistent
with the infinite linear bands, deAned by

Pl(q) = g ql k+q~lk
k

P2(q) = g afk+ ~2k
k

satisfying a boson algebra:

[p~(—k), p~(k')] = [p2(k'), p2( —k)]
kL

~kk'2'
[p&(k), p2(k')l = 0.

(AS)

(A6)

T = Jqs g p~(k)p~( —k) + p2( —k)p2(k)
k)0

(For a more careful definition and proof of these pro-
perties see Mattis and Lieb. ') Note the difference
between our expression Eq. (A4) and that of Luther
and Peshel' [Eq. (7)], who left out contributions
from scattering events with momentum transfer of
order zero [c.f. also Ref. (7)].

As first noted by Mattis and Lieb' the operator

y, ,(x) = (L) '" $ a, ,„e'~
k

(A11)

The correct procedure to preserve the important ma-
trix elements is, as in the derivation of the approxi-
mate Hamiltonian, to replace each al by
Js [P~(x) + &2(x)] with x=sl.

The calculation of the correlation functions is
fraught with divergences due to the lack of a high-
momentum cutoff, both in the single-particle spec-
trum and in the potential. For the results of interest
to us —the leading divergence (for example in I/7)
of the polarizability —it is possible to introduce the
cutoff in a rather controlled way as a high-
momentum cutoff in the interaction potential in H' (a
momentum-dependent coefFicient in H' still leads to
an exactly soluble problem). The cutoff in the one-
particle spectrum (which introduces some formal but
probably physically unimportant problems in defining
the boson representation that leads to the particularly
easy method of solution) is only needed to look at
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less divergent terms. . Since, however, for the physi-
cal problem of interest the cuto6's must be of the
same order we will use just one cuto5' parameter
a —s. We then use the approximate operator
transformation of Luther and Peschel and Mattis:

where A and 8 are linear combinations of boson crea-
tion and annihilation operators [essentially p~ 2 (+
k)].

It is found that all the correlation functions involve
an exponent 8 defined by

y)(x) ~ e F ' = Ot(x),
ikFX + y$(x)

42m a

y (x) e F ' = 02(x),
42ma

(A12) 2e=e '@=

1/2

3 J,1+—
m Jj

1
g

m Jx

(A17a)

lim
(x—x')/a

(Ot(x), 0&(x') } = 0 for x & x' (A13)

and the fermion anticommutation rules are essential-
ly preserved for separations greater than 0..' Since
however we will take a finite n —s, the method
breaks down for correlation functions involving
operators of one kind (i.e., I or 2) at positions too
close together (i.e., & n). With these restrictions a
general (nonvanishing) .correlation function in P
operators can be written in terms of 0 operators.

The unitary transformation Eq. (A7) that diagonal-
izes the density-operator Harniltonian leads to the re-
placement

@~ cosh P —$2sinh $,

(A14)

$2 cosh $ —$~ sinh P,

and time evolution is then obtained by simply noting
that

where @~ 2(x)=+ X p~ 2(k) e '~k ' e ~~"~~2 with
k

the lower (upper) sign going with the @2 (Qt) opera-
tor. In the limit a 0 the O~ and 02 obey the same
commutation rules with the density operators as gt
and P2. In addition

which gives 8 = 0.85 for the Heisenberg antifer-
romagnetic J,/Jj = 1. Results relating eigenvectors
of the transfer matrix of the two-dimensional Baxter
model at T, to those of the quantum XY-Z chain
under consideration, combined with exact results on
the Baxter model suggest that in fact

28 =1+—sin
2
m Jg

(A17b)

yielding e = I for J,/J~ = 1. It is interesting that
with our slight modification to the approximate Ham-
iltonian the expansions of Eqs. (A17a) and (A17b) in
small J,/Jz agree to second order (in contrast to the
agreement only to first order found in Ref. 8).
Further discussion of the diN'erence between the
value of 8 evaluated from the Luttinger model and
that required to satisfy exact results for the spin
chain is contained in Ref. 37. Therein it is concluded
that one should indeed expect a renormalization of
the coupling constants on taking the continuum limit
(that is on replacing the cosine bands by linear bands
with, a cutoff). There also the scaling relationship
leading to the Eq. (A17b) is derived. As mentioned
in the text the result 8 = I for J,/Jz = 1 also follows
from rotational-invariance arguments.

In addition, from Eq. (A10) we see that the contin-
uum theory predicts a renormalized Fermi velocity

IHD t $](z) IHD t @)(x ct)
e e' e =e

iHD t @2(x) —IHD t qb2(x+ct)
De 2 e D

(A15) c 1.15J, (A18a)

eA B eA +B+(A~B]/2

and

(eA) e(A )/2 (A16)

in keeping with the interpretation of excitations travel-

ling to the right and left, respectively. Expectation
values are now trivially calculated in the diagonalized
free-boson density matrix by factorizing the "1"and
"2" parts of the correlation function and making li-

beral use of the identities

for the Heisenberg antiferromagnet (Jq = J, = J) in

contrast to the exact long wavelength spin wave velo-
city"

c = —J =.1.57J.7r
S ' S' (Algb)

As stated in the text we use the form of the correla-
tion functions calculated from the Luttinger model in
terms of c, 8, and u, and use expressions (A17b) and
(A18b) for the numerical values.

For reference we calculate a general equal-time
correlation function in the 1 and 2 operators
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(Qt (at) Qq (a2) Qt (a„)Qt(b~) ft(b„)Qj(c)) Qj(c )$2(d))" Qz(d„))

= (2e'n) " exp[ikF( —X a; + X b; + X c; —X d,)]
n mg Q (a aj) Q(b' bj) g Q (c cj)Q(d dj)

i&J i&J
n n m m

II IIQ( -b) II II Q(;-d, )

e+ 1/4e

i-1 J-1 i 1 J 1

Q (a( dj) Q (—bi cj)—
Q (a, cj) Q (—b; dj)— X (A19)

where the . is

i'" ' sgn (a&, . . . , a„,b~, . . . , b„)

sgn (c~, . . . , c,d~, . . . , d )

and
' 1/2

Q(y) = 1+ y, sinh
7F TP c

(A20)

sgn(xt, ...,xk) is (—1)~ where P is the number of in-

terchanges of the x s to get to decreasing order, and
none of the a;, b;, c;, or d; are equal. The phas|;-
factor form is valid only for a11 a;, bJ and c;, dJ

separations large compared with m. The correlation
function at different times is only slightly more

dificult to work out. The result for the correlation
function given by the replacement P(x) p(xi, t,)
etc. , is the same as Eq. (A19), with the replacement
Q(x) [Q(x; ct) Q(—x,+ct)]', where now the phase
factor depends on ordering of operators and the rela-
tive positions and times,

With these general results it is straightforward to
evaluate X,. It turns out that to leading order the ex-
pectation values in Eq. (Al) are identical (the
difference is related to a 2kF pair response of the fer-
mion system, not divergent for the sign of interaction
relevant here). The dominant part of X,(x, t) [i.e.,
that which will lead to the dominant small-eo, q —2kF
and T part of II(q, cu)], is given by the above
methods to be

X,(x, t) = —i —s e(t) ([Qj~(x,t)gz(x+s, t), fj(0, 0)$, (s, 0)])

= —9 e(t) cos 2kFx
2 'Tp 0!

2
~ 1/4e-e

1+ '-

0!

t

x [Q (ct x) Q (ct+—x)] ' "sin [sgn(ct —x)+sgn(ct+x)]
4e (A21)

c
ANT (A22)

where we have explicitly evaluated the phase factors, and the expression is not strictly valid for ~x + ct
~

~ a.
Note that except for the s in the arguments, the expectation value in Eq. (A21) is the same as the divergent 2kF
,density-density response function calculated by Luther and Peschel. ' The presence of the s merely gives rise to

,)

the additional (1 + s'/a )'j4' ' factor. Since rotational-invariance arguments have been used to include the z
spin terms (leading to the factor 9/4) Eq. (A21) is only strictly valid for the Heisenberg chain.

The Fourier transform is easily done by substituting u-ct —x, v =ct+x to give near q =2kF
2—1/ 1/4e —e

9 co (q 2kt;) c as+(—q 2—kF)c—II,(q, ro) = —(g(q)(1 —e"') (' (s/c) 1+ x Is Iq
A' 2mT 2mTj !

where

, t eo

Ie(k) = e'~(sinh x) ' (A23)

For g & —' the small ~x + ct
~

region does not contri-
bute significantly to the integrals and expression Eq.

(A21) is suIIIcient. We should remark that for 8=—
2

(the noninteracting fermions, XY limit) the more ex-
act form of the phase factor must be retained, and
Eq. (A22) with 8 =

z (and multiplied by 9 since
there are now no z spin terms) is not the correct
form. The final result for the Heisenberg chain is
given by 8 = 1, and is quoted in the text.
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APPENDIX B

In this Appendix we develop the Ginzburg-Landau
expansion to arbitrary order, and derive the zero-
temperature results quoted in Sec. V.

The real energy gap 5 in the excitation spectrum at
zero temperature is identified as determining the
long-distance behavior of correlation functions
through the (long) characteristic length'9 vF/5 (cf. at
higher temperatures the temperature provides the
infra-red cutoff and determines the characteristic
correlation length vt:/T). This is calculated by
developing the correlation function as a perturbation
expansion in the lattice displacement, and using scal-
ing (homogeneity) arguments (as done by Luther
and Peschel in a diff'erent context). Since the free
energy (energy at zero temperature) is given by

t Q +Q'

F=„, dg', dg" IIo., (Bl)

&X(t)X(O) &, = &X,(t)X,(O) &

where

(B2)

and

Xtt(t) = U'(t)X(t) U(t)

~here IIQ is the linear-response function to a static
increment in Q, it is convenient to develop the per-
turbation expansion for IIQ. This is given by the
correlation function Eq. (4.3) but now with averages
taken in the distorted state. The expansion is given
by going to the interaction representation for any
operator X

dt' g (q) (I e'~') Q—(q) X e'~' St(t') ' St+I(t )
N t

with T the time-ordering operator. The averages and

time dependences after these substitutions are taken
in the undistorted state. Developing U(t) in a power

series gives the perturbation series in g. Although a

detailed evaluation of such a series for the rather
, general correlation function is clearly impractical, . us-

ing the general expression for the form of the expec-
tation of an arbitrary product of pseudofermion

operators at different points found in Appendix A
and then scaling out the variables from the integrals
involved, it is rather straightforward to calculate the
leading dependence. This is easiest for the terms in-

volving only transverse components of the spin, but
we have also shown terms from the z components
lead to the same form. Thus at T = 0 we find

2—1/e
' ' &2—1/2e 2n

II@(2kt; + Sq, u) = 0) —~ X c„J sSq „~ " J s5q
(B3)

where c„are numbers, and we have not distinguished between s and 0,. Requiring the long-wavelength depen-
dence to be of the form

IItt(2kF + 5q, ~ = 0)— 1

s5q

2—1/e

(B4)

(BS)

with g = vFIA (the form of the factor multiplying f comes from the known divergence for d = 0), and compar-

ing with the series expansion leads to the identification

t 1/(2 —e/2)

J J
The value 8 = I gives 6 —J' 5, . Rewriting Eq. (84) in the form

4e/(4e-1) -2
2

IIo (2kF+gq) —~
J J f'((sq)

and taking the sq~ limit gives
' 4e/(4e —1)—2

2

IIo (2kF) —~
J J
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where the constant f'(0) has been absorbed in the proportionality constant. Equation (87) then gives for the
zero-temperature energy of dimerization of the spin system

4e/{4e-&)

hE —%J (88)
L r

0

which reduces to E —M '~'/J. ,"~' for iJ = 1. Remember 5, is proportional to the lattice distortion Q.
Note that t) =

~
(noninteracting fermions) is a special case. Then the first term of the series Eq. (83) is not of

the form written, but instead contains logarithmic corrections, and must be treated separately.
The form of the finite-temperature, 2k' polarizability is given simply by replacing Sq in Eq. (83) with T/c.

Equation (81) can then be used to develop the Ginzburg-Landau expansion to arbitrary order.
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