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A theoretical study of domain walls in uniaxial displacive ferrodistortive systems is presented.
We start from a generalized Langevin equation of motion for the movements of the ions, which
includes dissipative terms and external fields, in addition to anharmonic and strain-force terms.
We obtain large- and small-amplitude solutions corresponding to domain walls and the usual
soft-mode phonons, respectively. We show that apart from translation the domain walls are ab-
solutely stable solutions of our equation and that in external fields they reach a unique terminal
velocity. The linear dependence of the velocity on the field allows us to define a temperature-
dependent mobility which is related to the diffusion coefficient for the wall. Furthermore, we
calculate analytically the dynamic structure factor due to domain walls and soft-mode phonons.
We find that the Brownian motion of the domain walls leads to a very narrow Rayleigh peak.
As we show in the second paper of this series, our model is useful in correlating and interpret-

ing experiments in this field.

I. INTRODUCTION

In this article we investigate the dynamics of
domain walls in certain systems that exhibit structural
phase transitions. Such a phase transformation is as-
sociated with an instability in the lattice displacement
pattern when a crystal is cooled below its critical tem-
perature 7,. From the many materials found to un-
dergo such transitions, several classes have been
identified.’2 We restrict our study to displacive cry-
stals whose lattice displacements change only gradual-
ly between neighboring unit cells.

Our theory describes domain-wall motion and its
effect on scattering below T,. This contrasts with the
many studies of these materials near their critical
point.>~® In the ferrodistortive regime the systems
display two (or more) degenerate ordered states
corresponding to different displacement patterns.
Depending on preparation, the crystal may be entirely
in a state of uniform structure, or in a state with
coexisting domains,’ separated by walls.

Experimentally, domain walls may be observed in a
number of ways: although they may be very narrow,
their position in a crystal can be seen optically, either
directly!® if the medium is optically active, or general-
ly by the use of an etching agent.!! The effects of
domain-wall motion can be seen in scattering'? ! and
polarization'* '3 experiments. Due to the intrinsic in-
terest of multidomain crystals and their use in elec-
tronic applications,!®!” many such experiments have
been carried out in recent years.

Here, we develop a model which allows us to
correlate and interpret many of the observations. A
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complete theoretical description of domain walls is
quite difficult since the walls are large-amplitude dis-
tortions of high energy. Perturbation and mode-
mode coupling techniques,'® while quite successful in
describing low-amplitude fluctuations, are inadequate
in treating domain walls.!>? We choose therefore a
simple model which allows a clear conceptual under-
standing of both the large- and small-amplitude
dynamics involved. The second article in this series
demonstrates in detail how our model can be inter-
preted and successfully applied to ferroelectric cry-
stals.

The essential features of our model are as follows:
We employ a single degree of freedom to describe
the collective ferrodistortive displacement
corresponding to the soft mode.!"*'"%* The overall
crystalline anharmonicity produces the soft mode and
also couples this vibrational degree of freedom to
many other lattice modes. For this reason we
dispense with a Hamiltonian formulation appropriate
to conservative systems'® 2 and begin with an equa-
tion of motion incorporating the essential
phenomenological behavior. Our equation of motion
may be viewed as the projection from the set of all
lattice vibrational modes onto one component u of
the soft mode. The interaction between this degree
of freedom and the rest of the lattice is introduced
through a force derived from an anharmonic
crystalline-field potential, a random fluctuating force,
and a damping term: The anharmonic potential is
characteristic of the average coupling when all other
lattice ions assume their equilibrium positions. In the
soft-mode model this effective potential is tempera-
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ture dependent.!'2 The fluctuating force and damp-
ing are related to the thermal motion of the lattice,
and account for the nonconservative, dissipative na-
ture of the mode. The lattice modes are thus as-
sumed to constitute a bath in the usual Langevin
sense.?* We allow also for coupling to an external
(electric) field.

So as to perform all of our calculations analytically,
we specialize the model to one spatial dimension. As
we shall see in the second paper of this series, (see
‘following paper) one can account for a variety of phy-
sical phenomena in ferrodistortive systems despite
this restriction. Thus when we consider a point x on
the spatial axis X, we are in fact referring to an entire
plane of atoms through x, normal to X. For ease of
discussion in the following sections we sometimes
refer to a mass m in a unit cell centered at point x.
However, for physical applications one must keep in
mind that the displacements are due to the collective
motion of atoms in planes, which can be described as
the movement of effective particles of mass m.
Moreover, domain walls are not merely segments of
a line as the simple one-dimensional formalism sug-
gest at first glance, but rather volumes whose surfaces
have such small curvature as to be treated as planes.

Other one-dimensional equations of motion have
been proposed by Aubry,?? and Krumhans! and
Schrieffer!? for crystals undergoing structural phase
transitions. Our model differs substantially from
these in three ways. First, our dissipative model
leads to a damped domain-wall motion. For a fixed
applied field the walls have a unique terminal veloci-
ty.2%" In contrast, the walls in conservative models ac-
celerate to acoustic velocities for any applied field.

Second, our model is designed for three-dimensional .

uniaxial ferrodistortive materials. Our spatial coordi-
nate is normal to the ordering axis, domain walls are
parallel to this axis® !* and the displacement refers to
the positions of planes of atoms. Other models have
been generally restricted to quasi-one-dimensional
systems and have assumed that the spatial coordinate
lies along the ordering axis and that the domain walls
are normal to the axis.. Third, we assume that
domain walls are not equilibrium excitations, but
long-lived metastable states. The number of walls is
taken to be constant and depends on the history of
the sample. The domain walls of our theory are
high-energy features which are not readily created or
destroyed thermally except very near T,.

This work addresses questions related to other
fields. There is a formal analogy between domain
walls in ferroelectrics and the ferromagnetic Bloch
domain walls, which were studied extensively?’; also
the description of one-dimensional dislocations is
similar.?® However, as pointed out in Ref. 29, there
are considerable differences in the behavior of fer-
roelectric and of Bloch domain walls, understandably
so0, since the microscopic interactions responsible for

them are physically very different. From the theoret-
ical side our work is akin to a number of recent treat-
ments of the damped-soliton problem?®; however, the
approaches are in each case different from ours (see
reference citation for further comments).

The paper is structured as follows: In Sec. II we
discuss the motion of domain walls in uniaxial,
displacive ferrodistortive materials and introduce our
equation of motion. We indicate the physical origin
of each of the terms in the equation and remark that
in structure it corresponds to a generalized Langevin
equation. In the following Secs. III-V, we derive the
dynamical properties of domain walls in the model
and obtain expressions for a number of experimental-
ly accessible quantities.

Section III considers the macroscopic motion of a
domain wall in the presence of an external field. We
show that a wall initially accelerated by an external
field attains a terminal velocity of propagation. At
low external field this velocity is linearly proportional
to the field and vanishes at zero field. This allows us
to define a mobility. We also examine the stability of
the planar domain walls to small perturbations in the
displacement coordinate. We find that due to the ex-
plicit inclusion of damping (providing an energy-

- dissipating mechanism), the domain wall is absolutely

stable to all perturbations apart from a shift in posi-
tion. This marginal stability is a consequence of the
translational invariance of our equation of motion.
From the stability analysis we explore the interaction
between the quasiharmonic excitations and the
domain walls. With each domain wall the density of
phonon states changes since two-phonon modes be-
come bound to it. The first mode corresponds to the
translational mode of the wall while the second one is
an oscillating perturbation of the domain-wall profile.
In Sec. IV we consider in detail the effect of ther-

" mal fluctuations on the domain wall in the absence of

an external field. We show that the mean position of
the wall undergoes Brownian motion. We derive the
form of the diffusion coefficient for the domain wall
and demonstrate its simple relation to the wall mobili-
ty. The wall, which is the Brownian particle of a gen-
eralized Langevin equation, is a large-amplitude,
coherent, nonlinear modulation of the individual os-
cillator displacements. '

In Sec. V we derive the form of the dynamic struc-
ture factor S (k, w) for ferrodistortive systems both in
the absence and presence of domain walls. S (k, w)
decomposes into contributions from the Brownian
motion of the domain walls, from the bound-state os-
cillation of the wall, and from the soft-phonon mode.
We derive the temperature dependence of the central
peak, which is the dominant elastic-scdttering feature
below 7.. We prove that Brownian motion of
domain walls does not contribute significantly to the
critical scattering. We also deduce the temperature
dependence of the domain-wall transport coefficients.
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In Sec. VI we summarize our results. Analytical
details are presented in two appendices. In Appendix
A we show that both short-range electrostatic interac-
tions and crystalline-elastic-strain effects lead to
equations of motion for thé displacement which are
formally identical. In Appendix B we provide the cal-
culation of S (k, w).

In the second article we show how the model can
be applied to two prototypic ferroelectric materials,
lead germanate, and antimony sulphoiodide. The
model parameters are determined from available ex-
perimental data and are shown to have reasonable
values. Using no adjustable parameters we calculate
for lead germanate the wave number and tempera-
ture dependence of the low-temperature central peak
in the neutron-scattering spectra. The domain-wall
width, in PbsGe;0;, derived from the central-peak
intensity data,!? is also determined. These results are
in quantitative agreement with experimental data.

The integrated intensity of this peak is shown to
depend linearly on the (temperature-independent)
domain-wall density. The calculated wall density
agrees well with the average domain size observed
directly in other samples. The temperature depen-
dences of the domain-wall diffusion coefficient and
mobility are obtained. This mobility, together with
the calculated wall density, yields a correct order-of-
magnitude estimate of the polarization switching
time. For SbSI we evaluate the temperature and
pressure dependence of the low-temperature central
peak and compare it to the available data.

II. THE MODEL

This work is concerned with uniaxial ferrodistortive
crystals below their critical temperature. We restrict
ourselves to displacive materials, in which the lattice
deformation changes gradually from one unit cell to
the next.2! In these substances one finds that adja-
cent domains have opposite polarization, aligned with
the ferrodistortive axis z. Such domains are separat-
ed by 180° walls, which lie parallel to 2.° We consid-
er, for simplicity, planar walls normal to a direction X
(%L %). Then, since the displacement pattern associ-
ated with the soft mode is the same in each plane
perpendicular to X, the overall displacement of the
whole crystal can be described by a single function
u(x,t), where x measures the distance along X.

Our basic assumption is that the soft-mode dis-
placement pattern at a position x; is given by the fol-
lowing equation of motion:

9%u (x;,1) du (x;,0)
m——812 +mA Y
— C[u (XH_l,t) +u (X,'__l,t) —2u (x,',t)]

=R(x,0) +F(x,0) . Q1)

+ Au (x;,1) + BuP(x;,t)

In Eq. (2.1) m represents an effective mass, Au + Bu?

is the force due to the anharmonic crystalline poten-
tial V (u),

V() =5 A ++Bu*, (4 <0, B>0) . (2.2)
Clu(xisn,t) +ulxi_y,t) =2u(x;,1)]

is the electrostatic (see Appendix A) and strain force
due to the neighboring particles, m A\ (du/d¢)
represents the damping, R (x;,¢) denotes a random
fluctuating force due to the remaining lattice degrees
of freedom, and F(x;t) represents an external force.
Since we restrict ourselves to displacive ferrodistor-
tive systems, we can use the continuum representa-
tion of the lattice, to obtain an equation of motion
for u(x,1),
.

mg»lzi +ma 4 4 4y +Bu3—mco2—ai'i

dt ot Bx?

=R +F(x0) , -(23)

where mc¢ = CP%, and /is the unit-cell length (see
Ref. 31).

Equation (2.3) extends the ‘equation of motion
derived by Aubry,? and Krumhansl and Schrieffer!®
from a Hamiltonian model for one degree of freedom
in a one-dimensional lattice,

o%u : 0’u »
mey +Au + Bu® — ”'IC(%W =0 . 2.4

Since Eq. (2.4) is derived for a conservative system,
it does not contain the dissipative term m A (du/9¢)
and the fluctuating force R (x,7). These terms take
account of the nonconservative nature of the soft-
mode degree of freedom and its coupling to the other
lattice vibrations. We show below that these terms
produce significant changes in the allowed solutions
of Eq. (2.3) as compared with Eq. (2.4), and are
essential for the treatment of domain-wall motion in
external fields. However, the common terms in Egs.
(2.3) and (2.4) have similar meaning. The anhar-
monic force Au + Bu? originates from an interaction
between the relevant degree of freedom and the cry-
stal lattice and has a form Eq. (2.2) appropriate to
crystals undergoing a structural phase transition. The
coupling term, mcé (8%u/dx?), accounts for elastic
strain effects between neighboring unit cells, so that
¢g corresponds to a velocity.

Since the structures of Eqs. (2.3) and (2.4) are
similar, it is useful to state briefly some of the results
obtained by Krumhansl and Schrieffer,!? and Au-
bry.20

The interaction potential ¥ (1) has below T, two
degenerate minima at ¥ = +u,, where
uo=(A|/B)'2. In a homogeneous domain
(8%u/8x2=0), u(x,t) = +u, are steady-state solutions
of Eq. (2.4) and correspond to the two degenerate or-
dered states of the crystal. Moreover, Eq. (2.4) has
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many interesting solutions in terms of the moving
coordinate £,

E=(x—v)Q —v¥cd) 2 | 2.5)

Of these, the most relevant are the domain-wall solu-
tions

u, = ugtanh(af) , 2.6)
where
a=(A4|/2m)/co=w,/cq . 2.7

Single domain walls, joining domains where u = ug or
u = —uy, are free to move with any speed between zero
and co. In the low-amplitude limit the usual phonon
modes are also solutions of Eq. (2.4),

u () = tug+du(f), with

su(¢) =AsinQat+¢) , (2.8)
where

E=(x =)W -1, v>¢p .

The energy of the traveling wave solutions is velo-
city dependent and is found by substituting Eq. (2.8)
in the Hamiltonian of Ref. 19. Krumhansl and
Schrieffer,'? and Currie et al.,3? have calculated the
equilibrium statistical mechanics both exactly and
phenomenologically (both methods give the same
result) and interpreted and exact thermodynamic
functions in terms of linear (phonon) and highly
nonlinear (domain-wall) contributions.

"~ As outlined in the Introduction, in applications to
ferrodistortive materials one has to consider the cry-
stal to be in a long-lived metastable state rather than
in true equilibrium. This assumes that the time scale
on which the domain-wall number changes is much
longer than the period of the individual oscillators.
Thus, the thermal motion of the individual particles
is in equilibrium with the lattice. Equation (2.3) can
be viewed as a generalized Langevin equation in
space and time. In Eq. (2.3), the motion of the dis-
placement u (x,¢) results in energy dissipation into
the remaining lattice modes. The presence of these
modes in turn produces a fluctuating force on u (x,t).
In the usual manner,” we assume that this force,

R (x,t), is random in time and position along the
one-dimensional lattice, and is Markovian. Denoting
the equilibrium average by ( ), we have

(R(x0) =0, 2.9)
(RXDR', D)y =Cdlx—xD8(t—1¢) . (2.10)

Whenever the fluctuating force R (x,t) appears in a
linear equation of motion, we assume that the
fluctuation-dissipation theorem? holds, so that the
coefficient C of Eq. (2.10) is given by

C=2kgTm\l , Q@11

where kg is the Boltzmann constant, m \ is the fric-
tion coefficient of Eq. (2.3), and /is the lattice con-
stant.

In the following sections we derive some conse- .
quences of the nonlinear Langevin equation (2.3)
with particular reference to the dynamics of the
domain walls.

III. MOTION IN A FIELD

In this section we investigate some of the macro-
scopic properties described by our Langevin equation
(2.3); by macroscopic properties we mean those
characteristics which are described by an equilibrium
ensemble average or time average of this equation.
Taking the equilibrium average of Eq. (2.3), we ob-
tain i

2
m—a—é%L +m>\—a—§‘7>— +A4(u)y+Bu)’

2
—F(x,1) —mc&a—&gl =0, (3.1)

where (R (x,1))0 from Eq. (2.9), and we have set
(u®y = (u)3. This last approximation assumes that
fluctuations, v — (u), are small and thus Eq. (3.1) is
restricted to temperatures well below 7.

For some constant applied field E, and coupling
constant (or effective "charge") e* each oscillator has
an additional potential energy, Ve,

Ve=—ue*E . (3.2)

This assumes a linear coupling to the displacement.
The coefficient e* describes the strength of the cou-
pling between the field and displacement. -Our equa-
tion of motion (3.1) becomes

a’a(t:;) +mx QU A ) +B @)

2
—e"'E—mc&—%ﬁu—zL=0 .. 33)

To find solutions of constant velocity we transform to
the moving coordinate s,

A 1/2

m{cg —v?) G =)

Letting = (u)/uo, we obtain from Eq. (3.3)

d_27)_+ ’.@.+ — 3 [
a2 TV gt +E'=0 , 3.4)
where

vi=avlm/(cg —v) 4|12,

E'=e*EB'?|4|732, and —co<s<oo .
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Equation (3.4) has the form

&y dn ey o 3.5
ds? ' Tds ) ’ G.5)
where

F(p)=—(—a)(n—=>b)(n—c), a<c<b .
Equation (3.4) has the unique bounded solution®

n(s) =a +(b—a)ll +exp(8s)]7" , 3.6)
where

B=(b—a)/2'? ,
and v' must have the value

V=22""2(a +b-2c)

3.7
=+2712(=3¢) . 3.7

The last relation follows from a + b + ¢ =0 since
from Eq. (3.4) there is no term in 7% in F(y).

Equation (3.5) is well known in the contexts of po-
pulation genetics®* and nonequilibrium chemical sys-
tems.’> More generally, when F(n) is not a third-
order polynomial in n, but there are still three dis-
tinct values of n for which F(x) =0, Aronson and
Weinberger®® have shown that Eq. (3.5) has exactly
one solution at a unique value of v'.

The profile n(s) of Eq. (3.6) is a traveling domain
wall with velocity given by

mavim(cg —v)|A]1712=(2)"12(=3¢) . (3.8)

For small external field E (E' << 1), it is simple to
show that ¢ == —E', and therefore
E 1
mavim (3 =Dl = 35 (3.9)
The field and hence the velocity have been assumed
to be small (v << ¢g), so that Eq. (3.9) gives
12 )

b= 3¢o B o

AA| [2m
=pe*E ' (3.10)
where we have defined the domain-wall mobility u as

12

3co | B
=—"|— (3.11)

FoNT4T [2m

For an applied field the domain wall moves with a
unique constant velocity determined by the field. In
the absence of a field, the domain wall is stationary;
this is the only possible solution. For no external
field, Eq. (3.1) is

8% (u)
ar

m

9 (u)
+mASEE A ()

+B(u)3—mc&a—;g§)— =0 . (3.12)

For a steady state we have
2
A(u)+B (u)’—mc&a—a<—l;—2— -0 .
X

This has the steady-state solutions of interest
12
141
B

and (3.13)
W) =+u,(x —xo) ;

(u) =tug=+=

u, (x) = uptanh(ax) , (3.14)

These stationary solutions are clearly the same as
those obtained if damping is absent. The domain-
wall solution u, (x) is but one of the class obtained
without damping factor in Ref. 19. There it was
shown that domain walls moving with any constant
velocity between zero and ¢, satisfy the equations of
motion. We find, however, that when the damping
coefficient does not vanish all solutions of Ref. 19,
except that stationary ones, are transient and disap-
pear.

Equation (3.10) shows a linear response of the wall
velocity to the field. We envisage a wall, initially at
rest, accelerating in the field to some terminal veloci-
ty. The shape of the wall gradually distorts into its fi-
nal form, with faster walls having a steeper slope [see
Eq. (3.6) and Fig. 1]. _

In order to prove the last remarks, we now show
that the wall [Eq. (3.6)] is a stable solution®’ of Eq.
(3.3), that is, any small perturbation of the wall will
eventually vanish, rather than grow or persist. Until
now we have only shown that the wall is a solution of
the ordinary differential Eq. (3.5). We now verify
that, for reasonable initial conditions, the system

e ——

L I 1 L
-2 -1 [o] | 2

FIG. 1. Domain profile n, Eq. (3.6), at rest ( ) and
moving at a terminal velocity of ¥/cg= +0.7% in an applied
field (--), vs ax, Eq. (2.7). Note that the moving wall is
steeper at its center and that the asymptotic values are shift-
ed by the field.
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given by Eq. (3.3) will approach its terminal form.
The case of zero field is first discussed in detail and a
qualitative discussion of the stability of the domain-
wall solution in an external field is presented. In the
absence of an external field, we can write the dis-
placement u (x,t),

u(x,t)‘= u,(x) +du(xt) , (3.15)

where we assume that at time ¢ =0 the wall is local-
ized at x =0. ’
For small deviations the linearized equation of mo-
tion is
2 2
m 0“du odu 2 0°du

+mA—— —mc
o2 ot 0 x?

+2|4](1 —%sechzax)au =0, (3.16)

where we have used Eqs. (3.3) and (3.14). This
equation can be solved by recognizing that the related
equation

— +2]4|1 —-sechz(ax)] —mco%

6

=0
a Ly

3.17

is exactly soluble.’
Letting y (x,t) =e'“'f (x), gives

3 9’
—mo? +2|4|[1 - 3 sech*(ax)] —mcd——|f =0 .
dx?

(3.18)

Equation (3.18) has the form of a Schrédinger equa-
tion with a potential of the form —sech?(ax). Figure
2 depicts this potential and the eigenfunctions of the
associated Schrodinger equation. There are two
bound states and an infinite set of continuum solu-
tions given by

yl(x,t)=eiw1'fl(x) ,
‘w1=0, f;=N,sech?(ax) , (3.19)
Y2060 =" “2fy(x),

=3 2, =N sinh(ax) ) 3.20
wi . J2 ?cosh2(ax) (3.20)

2¢

d2

d2

ds; ds) | io
d2 +2/w| at +Ia)1)\sl+)\—d— ,»l'f|+

+f dlm

FIG. 2. Plot of the potential ¥ (ax) [——] in the effective
Schrédinger equation (3.18). Also shown are the two
bound-state eigenfunctions y;(ax) [---] and y;(ax) [----]
drawn over their corresponding energies. The drawings are
made for |A]=1, =272 and m =1.

iw ’
ynx,t)=e 'lfl(x), w,=4ws+m212 ,

3.21
filx) = N,e”‘_""[3 tanh?(ax) — (1 +/2) 3.21)

+3iltanh(ax)], —o</<o ,

and w?=|4|/2m. N, is a normalization factor. The
continuum functions, f;(x), correspond to plane

waves distorted in the region of the potential. Both
bound states correspond to disturbances localized on

the domain wall.
The normalization factors N; are defined by, for

the bound states,

I (3.22a)
for the continuum states,
—_— * =
lim 2Lf fifitde=1 . (3.22b)

Since the normalized functions f;(x) are the eigen-
vectors of an Hermitian operator, they form a com-
plete, orthonormal set for bounded functions g (x).
We use this fact to set

du(x,t) =s1()y1(x,t) +5,(t)yy(x,1)
+ T s omten (3.23)

Substituting this expansion in Eq. (3.16) and using
Eq. (3.17) gives

d d iw
+2iw32 +jwphs, + AT g,

dt

+2m,——+:w,xs, x———-] ""'f,(x)- . (3.24)
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Then by the orthonormality of the {f;(x)}, we have

d’s ds
sz+()\+2iwj)’—d-:—.+iwj)\sj=0, i=1,2,1 .(3.25)

This has the general solutions

5_/(1) = C1€~71’+ Cze_yzl
, (3.26)
yi2=iw;+5 N £ (N2 —40)']

Eiw/+p.1_2 .

From Eq. (3.19) to Eq. (3.26) we see that du(x,t) is
a linear combination of terms e "%, (x), k =1,2.
The real parts of w; and. u, are strictly positive unless
;=0 and then u, is zero. The first bound state has
w; =0. Therefore, the perturbation du (x,t) —0 as

t — oo except for the component of du (x,t) associat-
ed with the lowest bound state y;(x). So,

u(x,t)lj u,(x) +Cw(x)

[see Eq. (3.26) for w; =0],, where y, is given by

du,
n=022 a=Gugon

o
Therefore, we have

u(x,t)lj u,(x +C3), C;=C,0 , 3.27

since only small perturbations are considered. We
see that the ground-state perturbation y,(x) involves
translating the domain wall uniformly. Clearly, in
our infinite one-dimensional model the position of
the wall [that value of x where u, (x) =0] is arbitrary
and u,(x) is indistinguishable from u, (x + C3).
There is no restoring force which will return the
domain wall to its original position. The translational
invariance of Eq. (3.12) leaves the position of the
domain wall indeterminate. In all other respects the
wall is stable due to the inclusion of damping.

The stability of traveling waves in the presence of a
field follows in a similar manner. Setting
u(x,t) =u,(£) +8u(¢,t) we arrive at an equation for
du (¢,t) analogous to Eq. (3.16). This can be solved
in similar fashion to give solutions for 8u(§,t) which
in moderate fields vanish as ¢ — oo.

The macroscopic dynamics and structure of moving
domain walls described by this model can be tested
by measurement of wall mobility. The linear
response in wall velocity with applied field, Eq. (3.9),
can be used to estimate the damping coefficient . In
Sec. IV we investigate further dynamical properties of
the domain walls and relate these to the damping
coefficient.

IV. DIFFUSION OF A DOMAIN WALL

In Sec. III we have shown how the inclusion of en-
ergy dissipation from the degree of freedom u (x,t)
led to a domain wall whose average velocity vanished
in the absence of any driving field. However, this
average velocity takes no account of the random fluc-
tuating force R (x,t), since (R (x,t)) =0. Here, we
demonstrate that the effect of this force is to move
the domain wall in random fashion, so that while
(v) =0, the velocity autocorrelation function
(v(¢)v(0)) does not vanish.

Consider now Eq. (2.3) for the displacement
u(x,t). We recall that in the absence of an external
field (u) =u,(x), Eq. (3.14) so that we set

u(x,t) =u,(x) +6ulxt) . 4.1)

For small fluctuations, Eq. (2.3) can be linearized to
obtain, in similar fashion to Eq. (3.16),

20U B0 _mczi) du

6 o ot ax? +2'A |[1 _‘S€Ch2(ax)]
xdu=R(xt) . (4.2)

We can again expand 8u (x,¢) in terms of the set of
functions {y;(x,)} and find an equation correspond-

. ing to Eq. (3.25),

d’s
dtj +(x +21w1)——+lw,)\sj

[T LRy e ax=00 . @3

where j =1,2,l The first member of this basis set y,
is associated with translation of the wall. Since all
other y,’s are orthogonal to y;, they do not contribute
to the displacement of the wall as a whole. Concen-
trating on the y; term alone, Eq. (4.3) becomes

(w;=0),
dzsl
+
dr?
Then, as in Eq. (3.27)

dsl _
- 0:(0) . (4.4)

u(xt) = uy () +3, () @ Lo

=u,(x + Qs,(1), )12

0O=Guda)? ,  (4.5)

since s;(2) is assumed small compared to o'
Now, we define this position of the domian wall as

that value of the coordinate x,, (¢) for which
u(x,(2) =0 . (4.6)

This corresponds to the center of the wall. Then,
from Eq. (4.5)
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x, () =~Qs,(1) , @7

since we chose [see Eq. (3.14)] u,(0) =0. The in-
stantaneous wall velocity is v(¢) such that

_dx, () dsi (1)
v(t) = i Q il (4.8)
and, with Eq. (4.4),
“”(‘) () =—00,(0) 4.9)

From Egs. (2.9), (2.10), and (4.3) we obtain,
(0:1()) =0, (4.10)

@00 =5 [ [ nene)

X (R (x,t)R (x',1")) dx dx'

=—%8(t—t') (4.11)
m
so that, using Egs. (2.7), (2.11), and (3.17),
0@ =L (-1 @1)
where we defmed

Equations (4.9), (4.10), and (4.12) are the
Langevin equations® describing the Brownian motion
of the domain wall through the lattice. The diffusion
coefficient associated with this motion is given by the
Einstein relation®

D=f" (()v@)di= ""i 4.14)
since, from Eq. (4.9),%°

v() == [ () dr 4.15)
and thus, with Eqs. (4.10) and (4.11),

(v (0) = k”fe—“ : (4.16)

The diffusion coefficient D and the mobility of the
wall in a field, Eq. (3.11), are therefore related by

D “‘—kBT— .
1% Uo

(4.17)

The wall-position autocorrelation function follows
directly from Eq. (4.16):

([x (1) = x,,(0)]%) =2[(x, (0)x,(0)) — (x, (1) x,(0))]
=2 j;fdn J;Tl dry{v(r)v(0))
=2D T+"’—ﬂ—;\:l (4.18)

The diffusive and forced motions of the wall are
both determined by the damping of the individual os-
cillators. Unlike the usual retardation of a particle
moving in a fluid, the force is not acting directly on
the coordinate of motion x, but rather on u (x,t)
through the damping proportional to the velocity of
the ion displacement. The ion displacement need not

“be aligned with the coordinate axis x; still the

cooperative motion experiences the same damping
and is characterized by the effective mass m*.

While the wall motion is clearly a consequence of
the cooperative ion displacements, we consider the is-
sue in reverse. What effect does this diffusing wall
have on the fluctuating ion positions? The natural
quantity to evaluate is the fluctuation or power spec-
trum for the system since this is measured in a light
or neutron-scattering experiment. In Sec. V we con-
sider this fluctuation spectrum in a crystal at low
temperature, and low density of domain walls ran-
domly distributed throughout the system.

V. DYNAMIC STRUCTURE FACTOR

This section gives the results for the dynamic
structure factor for a crystal composed of many
domains, randomly distributed. We require that each
domain be sufficiently large so that the domain walls
do not interact, corresponding to an ideal gas. This
limitation is necessary in order to employ the results
of Sec. III where it was assumed that each wall resid-
ed in an effectively infinitely long system. Since the
walls are localized to within several unit cells, the
noninteracting planar wall limit obtains when each
domain is on average some few thousands of lattice
constants across. The fact that the domain walls are
randomly distributed ensures that all average proper-
ties are translationally invariant.

We start by considering the displacement correla-
tion function

SOox't) = (ux,ulx',t)) . (5.1)

This quantity is related to the density correlation
function which is measured in neutron-scattering ex-
periments. The displacement correlation function can
also be observed in light scattering experiments
which probe the time- and space-dependent polariza-
tion correlation function, provided that u is a devia-
tion from a nonsymmetrical state or that the refrac-
tive index is not an even function of w.

Since Eq. (5.1) is time and translationally invariant
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S=Sk-x"t—t) . (5.2)

To evaluate the contribution of u (x,¢) to the scatter-
ing intensity, we calculate S (k, w),

S(k, w) =lim2Re [fwe”(’"")S (kt—t)d(—1)| »
0 0

Z=w+tie

, (5.3a)

where
Skt —1") =f_: etk (x—x")
X (u(ulx',t))d(x —x" , (5.3b)

and k and w are the changes in the wave number and
frequency of the scattered particles, respectively; k is
related to the scattering angle. The total observed
scattering intensity contains contributions proportion-
al to S(k, w). For comparison, we first consider the
case where there are no domain walls. Such a situa-
tion would be realized if the crystal were first subject-
ed to a high static field. Setting

u(x,t) = tuyg+du(xt) , (5.4)
we have
W,ulx',t)y =u$ + Gulx,t)dulx',t))y . (5.5

The fluctuation 8u (x,t) obeys the linearized equation
of motion

2 2
B0u  y\ B 3 88U o4 lsu =R (x0)

" 3 ot dx

(5.6)

where u¢ =|A|/B was used. Equation (5.6) leads to
the dynamic structure factor for phonons

C/m?

Sk, w) =
ko) = 0T T 2
.7
+Q2m)2ud (k) s(w)
where we have C =2kgTmi\, Eq. (2.11), and
wd(k) = llﬁl ek (5.8)

In Eq. (5.7) the second term simply represents the
single Bragg scattering peak in the forward direction
associated with the homogeneous crystal. The first
term represents the scattering from the phonon
modes with frequencies wy(k) of the one-
dimensional chain of oscillators. The phonon contri-
bution S;(k, w) is sketched in Fig. 3. Depending on
A the phonon spectrum istoverdamped (maximum at
=0 for large \) or underdamped (with two distinct
maxima). Eq. (5.7) fulfills the two sum rules

kg TI

1L (- __ kell .
H) =5 [ stk o) do o ol (5.9)
and
ho =2 [T askwde=221 (510

27 V- m

where only the first term in Eq. (5.7) was considered.
The phonon dispersion relation is given by

wd(k) =J1 (k) /1 (k) . (5.11)

Now we return to the problem posed by the pres-
ence of domain walls. In the limit of low-wall density
we can assume that their form is that derived in Sec.
111, where each wall resided in a system of infinite
extent. Around a wall centered at x =x, we set

u(x,1) =u,(x —xo) +8u(xt) . (5.12)

To find du (x,t) we expand it in terms of the set
;(x —x0)} [see Eq. (3.19) to Eq. (3.23)], and solve
the Eq. (4.3) for the time-dependent coefficients
S/(f).

As shown in Sec. III the set {y;} contains two
bound states and an infinite number of continuum
states. In Appendix B we calculate S(k, w). The
continuum states obey the same dispersion relation as
Eq. (5.8) and, in the limit of low-wall density, reduce
to the usual phonon modes [see Eq. (5.7)]. The con-
tribution from the second bound state y, and for the
part of S(k, w) due to the first bound state are
presented. The dynamic structure factor is

Sk, w) =Sk, w) +S2(k, w) +S3(k, ) , (5.13)

S3

I(arbitrary units)

e N
E=—"1 | | [~=-
-50 -40 -30-20 -I0 O 10 20 30 40 50
w (cm™)

FIG. 3. Sketches of the two contributions S| (k, w) [----]
Eq. (5.14) and S3(k, ) [ 1 Eq. (5.16) for a fixed k
value chosen so that the Rayleigh peak has a width 2Dk? =2
cm™~!. The phonon frequency and.damping have been set to

wy(k) =30 cm~! and A =10 em™!, respectively. The relative
intensities of §y and S are arbitrary in this plot.
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where
C/m?
S (k, s 5.14
‘( w = [w? —wo(k)lz + N2w? ( )
2
S, (k, w) =nw—3— lk—sech[z-l£
20| 2a
C/m? :
(W =3w)2+2\? ' (5.15)
__2DK*
S;(k, w)—nw[ csc h[ ] o (DK
(5.16)

and n, is the number density of domain walls (the
inverse of the average domain length).

We discuss now the contributions to the scattering
intensity due to the bound states. S;(k, w) arises
from the mode of frequency (3)"2w, [Eq. (3:20)],
which is an asymmetric modulation of the domain
wall (see Fig. 2). Since this is a local mede, its fre-
quency is independent of k. The line shape of this
mode is determined by the same damping as the pho-
non modes [see Eq. (5.14)]. The integrated intensity
of this peak is low in comparison with that of the soft

.mode. We have

R
1) == [ 51k ) do

]

w wik? kgTl
~ Mw k" Xp [forsmall——]

kTl

w}m

2a a2 wlm

v mk (5.17)

Here « is the reciprocal-wall length so that k is at
most of the order of a(k ~1073 A~! for light and
k <0.1 A1 for neutron scattering). However we
have n, << a, so that I, << I,(0).

The term S3(k, w), arising from the Brownian mo-
tion of the wall, is a quasielastic Lorentzian peak
(with a maximum at w =0) similar to the usual Ray-
leigh peak encountered in scattering from fluids.
This feature has a line shape of width 2Dk2. For
light scattering, where k is very small, this central
peak is extremely narrow in comparison with the
phonon peak. In neutron scattering, k is of the order
of o still if D is sufficiently small the linewidth 2Dk?
remains below experimental resolution. When the
linewidth is very narrow the peak height is large,
since the integrated intensity is

2
w__1 (7 = | 20T
13 = 2 f_wS3(k, w) dw l CSCh 2(1
=4nw—,u§, for small k (5.18a)
k
—gn, 220 4y (5.18b)

ADk?

Thus, when Dk? is very small and the wall density n,,
is not too low, the central peak may be intense in
comparison with the phonon mode. Contributions to
the dynamic structure factor are illustrated in Fig. 3
for particular values of the model parameters that
yield a clearly distinguishable central peak and an un-
derdamped phonon mode.

The second-order phase transformation for ferro-
distortive materials occurs in association with a soft-
phon?n mode whose frequency for kK =0 vanishes at
T. as

wd(T)/wg() =(T.—T)/T. . (5.19)

Also, in first-order phase transformations below T,
the frequency of a particular phonon mode obeys

wd(T)/wd0) =(Ty ~T)/Ty=t, , (5.20)

with T, > T.. At T, the quantity w¢(T) drops
discontinuously. Equation (5.20) includes Eq. (5.19)
for T,=T..

The static lattice displacement pattern is also tem-
perature dependent,

u (T)/ug 0) =t, . 5.21)

The empirical behavior [Egs. (5.20) and (5.21)] is
incorporated in our phenomenological model by set-
ting .

A(D)/A0) =1, . (5.22)

This yields a temperature-dependent barrier in the
double minimum crystalline potential ¥V (u) [see Eq.
(2.2)]. The barrier shrinks as T — T, from below
and vanishes at 7.

It is easily seen from Eq. (4.13) that the effective
mass of the domain wall is

m*(T)/m*(0) =" (5.23)
and the domain-wall width d (=a™) is given by

d(T) _, i

20 (5.24)

as T — T, from below.

Using Eqgs. (5.22) and (5.23) we can determine the
temperature dependence of the transport coefficients
D and p, and hence of the total dynamic structure
factor, assuming A(T) to be known. We obtain
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ks

_ T -32
D(T)=Ty; O N (5.25)
and
_ -l 2110(0)
WD) = N (5.26)

The temperature dependence of the important
features of S(k, w) can now be deduced. The in-
tegrated intensity of the phonon peaks /; increases as
Tt;! while the integrated intensity of the central peak
I; decreases as ¢, [see Eq. (5.18a)]; here, we assume
that the wall density does not change. The central
Rayleigh peak derived here will be the dominant
feature in the scattering spectrum at low tempera-
tures, where it appears as a very narrow, very intense
mode. In the framework of the linear analysis this
Brownian wall motion does not contribute to the criti-
cal scattering (7 =T,). The central peak obtained
herein appears to correlate very well with the low-
temperature spectrum of ferrodisplacive crystals.!?

V. CONCLUSION

We have studied the dynamics of domain walls in
uniaxial displacive ferrodistortive materials. We in-
troduced a phenomenological Langevin equation of
motion for the displacement field. This equation has
terms deriving from an anharmonic double well po-
tential, a damping and random fluctuating force
through which energy is dissipated, a spatial coupling
arising from elastic strain or electromagnetic interac-
tions, and an external field. The coefficient of the
harmonic part of the potential term and the damping
coefficient depend parametrically on temperature and
pressure. The low-amplitude solutions to the equa-
tion of motion reproduce all of the characteristics of
the soft-mode optical phonons. The large amplitude
solutions correspond to walls between differently or-
dered domains. The domain boundaries are coherent
features which are absolutely stable with respect to
small fluctuations and whose average shape depends
on the mean velocity at which they propagate through
the crystal. The wall solutions are obtained by treat-
ing the nonlinearity exactly and not as a perturbation
of a harmonic crystal. The nonlinearity also gives
rise to an interaction between the soft-mode phonons
and the walls resulting in two-phonon states becom-
ing bound to each wall. One bound state gives rise to
an oscillation of the wall profile while the second one
is associated with wall translation. We show that the
domain-wall dynamics are those of a Brownian parti-
cle in a bath. In the absence of a field the wall un-
dergoes a diffusive motion for which we calculate the
corresponding diffusion coefficient D. In an external
field the wall reaches a terminal velocity proportional
to the applied field from which we determine the mo-
bility . The constants u and D are linearly related;

this follows from the fluctuation dissipation law. Our
theory shows how these transport coefficients for the
macroscopic domain walls are derivable from the
parameters of the microscopic phenomenological
equation of motion. Combining the exact results for
the classes of large and small amplitude excitations
we calculate analytically the dynamic structure factor
corresponding to these solutions. We find that the
diffusive Brownian motion of the domain walls leads
to a Rayleigh quasielastic peak whose width at wave
vector k is 2Dk2. The next paper shows how all
these theoretical results compare with the observed
properties of two classes of ferroelectric substances.
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APPENDIX A

Our equation of motion (3.3) may be readily
viewed as arising from the strain forces in the crystal.
In this Appendix we show that the inclusion of elec-
trostatic interactions leads to precisely the same form
for Eq. (3.3), but with renormalized coefficients.
Hence, our solution is more general than the struc-
ture of Eq. (3.3) may suggest.

Consider eW (uy,...,u;,...) to be the electrostatic
potential energy due to the ions at positions
uy,...u;,... . The total electrostatic field at u; is

Eexi+ Eng (A1)

with E.,, the external field and E,, the field due to
the neighboring atoms. In the following we assume
that the potential W decays very rapidly with dis-
tance, so that only the next neighbors contribute.

If the displacements from equilibrium are small,
the total energy associated with ; is

W

21
—eE it — e | ————| qtti1
e 2 | duy du; Y

W

mlequ,~+llu,~ . (A2)



19 DYNAMICS OF DOMAIN WALLS IN FERRODISTORTIVE .. . 1. .. 3641

Because of the translational symmetry of the crystal

;W __ W
Ou,_lau, ed 6u,6u,-+l ed

and we set
' 4

=K .
2 aui_l au,- leq
Moreover,
uioy + = (o — ) — (= wpy) +2u

which in the continuum limit corresponds to
29%u/9x* +2u(x). Equation (A2) thus has the form

2, 8%u 2
—eEeu —ex|lPu— +2u (A3)
0x

Since the Euler-Lagrange equations of motion are

d9L_o9L 9| 8L
dt 9 Ou  3x|9(du/dx)

& 9L

T |3 @ujand | a9

Eq. (A3) leads to additional terms in Eq. (3.3). A
simple way to account for them is to change

meg — med +2el*c (A5
A—A —delx | ©(A6)
E—E., . (A7)

One should remark that Eq. (A6) also leads to a
change in T, [see Eq. (5.22)].

APPENDIX B

To calculate the dynamic structure factor we set
u(xt) =u,(x —xo)+dul(xt) . (B1)

We expand su(x,t) in terms of the set {y;(x —x¢)}
appropriate to a wall centered at x = x, [see Eq.
(3.19) to Eq. (3.23)] and solve the Eq. (4.3) for the
time-dependent coefficients s;,(z). The solution is

J

5(8) ==(y; =y
x (7 [l o0 dr
7 [ g dr 82)
where ‘
yi2=iw;+ 3£\ —40})!?)
Tresting (B3)

Now, to calculate the correlation (5u(x,t)du(x';t")
we expand 8u (x',t') in the basis set {y;*(x' —x)}.
Denoting the expansion (3.23) in abbreviated form

sulx',t) = f5, (0 (¢ x0,t) dj (B4)
we have

@u G0 8u (x'0) x = ([ 510y Caxo0) di
X f 5 (D *(x' %0, dj)

(BS)
where ( >"o represents an equilibrium average over

all degrees of freedom except the position x, of the
domain wall. Clearly, we have

(du (x,1)8u (x’,t’))x0=ffy,-y, *(s;(t) s;* () didj .
(B6)

Using Eq. (B2) the properties of the random fluctuat-
ing force and the orthonormality of the set {y;}, we
find

—iw;(1—t)

(si()s,* (1)) =3ye T(t=1t) , (B7)
where
T,(t~1t)=(ut—ud™!
—palt—1) =y (=)
x | € -£ C . ®
M2 M 2m

and 3§ is the Kronecker delta function. Thus we
have

(8u(x,t)8u(x',t’))xo= Lf10c = x0) f1(x" = x)1 Ty (¢ — ") + [f2(x — x¢) fo(x" = x)1 To(z — 1)

+ [T~ i =D T =) di » O ®9

Finally, we regain the translational invariance of the sytem by averaging over the domain-wall position xo. We

have

@Su(x,)du(x',t)) = 1!1_1'.1‘1»—21[‘— f_l; (du (x,t)8u(x’,t')b),‘0 dxy , (B10)
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where L is the length of the lattice. Then for small but nonvanishing domain-wall density n, we write

Bu(x,t)du(x',t")y =n, f.: L1 = x0) f1(x" = x0) Ty + f2(x — x0) f2,(x" — x0) Tl dxq

o

We can now readily evaluate the power spectrum S (k, ). Let us consider first the second term in Eq. (B11) as-
sociated with the continuum basis functions. From Eq. (3.21) we see that the continuum functions f; are com-

. ifalx—xg) . ..
posed of a plane wave term e'j 70 and a part localized to the domain wall. In the limit as L — o

1 rt (ot .
gﬂﬁf%f"(x—xo)f’ (x "XQ) (I'X() di . (B11)

L fL [ —xq) f;* (x" — xq) dx, ~-L fL eVex) gy = g¥ale—x) (B12)
2L JL T 0. L ey 0
Then, the contribution to S(k, w) from the second term is
2Re J;m e =g (t—1t") f: dj f_: e k=X oialx=x) g(x —x') Ty(t —1")
=2Re [, e at~1) [ i T =5 — ko)
~2Re [ 5O T, (1~ 1) dt 1)

Integrating we obtain

C/m* ’ (B13)
[w? — wd(k)]? + \2e? .

Sl(k, (1)) =

as v}/, =w2(4 +k*/a?) = wf(k). Here we have used the definitions (2.7) and (5.8).

We have simply regained the same phonon spectrum that appears when domain walls are absent. The neglect
of the localized part of the modes f;(x —xo) was equivalent to ignoring the small perturbation of the usual pho-
non modes caused by a low density of domain walls.

Now, the first term in Eq. (B11) is associated with oscillations of # (x,¢) which are localized to the wall, as can
readily be seen from Eqgs. (3.19) and (3.20) for f, and f,. These two contributions are phonon modes arising
from the presence of domain walls. Their contributions toS (k, ») are given by S,(k, w) and S;(k, w), correspond-
ing to the modes f, and f,, respectively,

S3,2(k, w) =2 RCJ; e"’(‘_") Tl,2(t -—t')nw f—-oo f‘mfl.z(x —X())fl_z(xl ——xo)e“"‘("""') dXod(X —x') (B14)

=2Re [[" 50T, 30~ my | F a0 (B15).

where Fy5(k) is the Fourier transform of f1,5(x), Let us now consider the first discrete term

Fi (k) =f°° e f 5 (x) dx . (B16) S3(k, »). From Eq. (B7) T!(t —1t') is given Aby
—o - (51(t)s1(¢)), which, according to Eq. (4.7) is related
The second mode, associated with f5, is an asym- to {x,(1)x,(¢)); thus T)(¢ —t') grows linearly with
metric fluctuation of the wall with frequency w,, "~ (¢—1) at long times [see Eq. (4.18)]. However,
wy = (3)"w;, (see Fig. 2). Its contribution to S (k, ») since
is Sz(k, w), )

Su <wuy, (Bdulx,)du(x',t))y <ué
n,C/m?

$alk @) = S T (ra)?

| Fy(k)|? the correlation function cannot grow indefinitely. We
have already encountered this problem in Sec. I1I;
there our equation for du (x,¢), Eq. (4.2), was valid
only for small du. At large times ¢ —¢' the wall moves
considerably and du (x,¢) must be large near the wall.
-1 While this does not affect our evaluation of the velo-
+ (xw)2] . (B17) city autocorrelation in Sec. IV, here we must find
some other means of evaluating the displacement au-

= _C__377kzsech2ﬂﬁ
"'m? 243 2a

|

2
2 3w

W — ———
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tocorrelation. In Eq. (4.5), the wall motion is
described by

du,,
o for small s,(t) | (B18)

ulx,t) =u,(x) + Qs,(1)
=u,(x + Qs,(1)

=u,(x —x,()) . (B19)

The breakdown of Eq. (B18) for large s,(¢) causes
the divergence of T((r —¢'). We assume that Eq.
(B19) applies regardless of whether s,(¢) is large or
small. Equation (B19) is an appropriate description
of the domain wall when all fluctuations of the
domain wall are ignored except its diffusing position.
Such fluctuations are accounted for by the usual pho-
non modes in the limit as n, —0, and by the second
discrete term. Therefore, we now consider the con-
tribution to S (k, w) stemming from the term

S3(k, w). Using Eqgs. (B19) and (5.3b) we have

Sstkyt =) =ny [ e [ = Dy () +xol) G’ = Ly () +x0]) ) dxod (x —x7) (B20)

A simple change of variables, y =x'— [x,, (¢") + x,]
and z=(x —x') +y — [x,(6) —x, (¢)], gives

—iklx,, ()=x, ()]

Sy(k,t — 1) = n,|u, (k) | (e )y, (B21)
where
w0 = [ u () e ax
.m wk
=—iug— cschl——— (B22)
a 2a

—iklx, (D-x,, ("]
To calculate (¢ " *

Eq. (4.8) follows:

(e—lk [x,, (0 —x, ("]

) we observe that from

y= (exp[—ik fr,!v(-r) d‘r])

—t'
= (e‘xp[—ik J; v(7) dT]) .
(B23)
The last expression can be evaluated readily if we as-
sume R (x,), Egs. (2.9) to (2.11), to be a Gaussian

process. Then only the second cumulant, K,(t —¢')
is nonvanishing, and*

Cxo-ie [ v ar)=e " w20

-

where
t—t' m
Kt =0y ==k [ dry [ dna(r () v(n)
t—t' T Ay —=74)
=—k2D)\j; dnfo drye 12

-\e=1) 1 l

=—k2D[(t -t +£ . (B25)

=—k2D(t—1t) fort—1t' >\ . (B26)

Thus, for time differences larger than A~! we have

(e—/k[xw(r)—xw(l')l> — e~ DK2=1) (B27)

S;(k,t —t') is then given by

Syt — ') = ny |, (k) |2e=PK2C =00 (B28)
Finally, the frequency transform S;(k, ) iis, using
Eq. (B22)

2Dk?
w? + (Dk?)?
(B29)

zk

2 2
ugm
S;3(k, ») =m=— cschzl »
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