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Exact renormalization group equations for the two-dimensional Ising model
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By explicit construction we show the existence of an exact renormalization group for triangular Ising
models with only nearest-neighbor interactions. The recursion relations take the form of a set of three
quasilinear first-order partial differential equations for the interactions. We determine a nontrivial fixed point
and study the linearized flow around it. This yields the specific-heat exponent a = 0, in agreement with the
Onsager and Houtappel solutions, and demonstrates universality. The free energy is expressed as the
trajectory integral of an explicitly given function of the interactions.

I. INTRODUCTION

The fundamental idea of the renormalization
group (RG) approach to critical phenomena is to
calculate the partition function of a system by
successively thinning out its degrees of freedom.
To this end an iteration procedure is set up in
each step of which a certain fraction of the vari-
ables of the system is summed out. Upon such a
partial trace operation a new system appears,
similar to the original one, but with fewer degrees
of freedom and with different, renormalized, in-
teraction constants. The mapping of the original
set of interaction constants, say, R, onto a re-
normalized set K' constitutes an RG transforma-
tion. Renormalization theory shows that the criti-
cal properties of a system are directly related $o
the fixed-point properties of the RQ transforma-
tion, and that properties of the system away from
criticality can be obtained by studying the RG
transformation along its trajectory in K space.

If in one iteration step a finite fraction of all
degrees of freedom is summed out, then the RQ
transformation will be a discrete transformation,
and the trajectory in K space will be a discrete
sequence of points. If, on the other hand, i.n each
iteration only an infinitesimal fraction of the de-
grees of freedom is summed out, then the RG
transformation will take a differential form and
lead to a continuous flow in K space. Formal
properties of the RQ are most easily discussed if
one has the equations in differential form. For
such discussions one may consult the articles by
Wilson' and Wegner and Houghton, ' and the re-'
views by Wilson and Kogut, Wilson, Ma, ' Fisher,
and Wegner. ' Practical calculations with differ-
ential RQ equations have, almost without excep-
tion, ' been carried out in momentum space. In
one iteration one integrates on an infinitesimal
shell' of wave numbers q just below some cutoff
wave number q =A, or, alternatively, use& Wil-
son's method' of incomplete integration.

In contrast to these momentum-space methods,
the real-space approach' is directly inspired upon
Kadanoff's original block-spin ideas": it offers
a technique of calculating the renormalized inter-
actions between the block spins. Since a block
always contains an integer number of spins, the
block-spin method necessarily leads to discrete '

RQ transformations. In practice the block-spin
procedure cannot be carried through except in
certain simple cases." For the other cases of
interest several approximation schemes have been
developed' and extensively used.

The purpose of this paper is to show that real-
space renormalization can be cast in differential
form. That this is feasible was already reported
in a short letter. " The intuitive idea, expressed
in Sec. II, is to map a given lattice system into a
system with infinitesimally larger lattice- spacing,
and thus out of registry with the first. In Sec. III
we show how on the basis of this idea exact differ-
ential RQ equations can be obtairied for a triangu-
lar Ising model. Our. equations for this model in-
volve only three nearest-neighbor interactions,
K„K„and K,. When deriving the equations we
are led to consider these interactions as position-
dependent quantities. Thus our basic RG recur-
sion relation, Eq. (3.16), is a set of three coupled
partial differential equations for the functions K;
(i = 1, 3, 3). The independent variables are the two
spatial coordinates r and a parameter t which
measures the distance along the RQ trajectory.
In Sec. IV we discuss various properties of the
equations. In Sec. 7 we find a nontrivial fixed-
point solution. The fixed point corresponds to a
nonhomogeneous lattice. In Sec. VI we expand the
RQ equations about the fixed point such as to ob-
tain a linear flow problem. We isolate the eigen-
value equation in the temperature direction and
find that it has a unique eigenvalue y~ =1, in
agreement with the exact results by Onsager" and
Houtappel. '4 The corresponding space of eigen-
functions is infinitely degenerate. We interpret
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this feature as an expression of universality within
the cia.ss of triangular Ising lattices with aniso-
tropic nearest-neighbor interactions. In Sec. VII
we derive an expression for the free energy as the
trajectory integral over an explicitly given function
of the interactions. In Sec. VIII we present our
conclusions and several further comments.

II. INTUITIVE BACKGROUND

We intend to construct a real-space RG trans-
formation which reduces infinitesimally the num-
ber of degrees of freedom. Our idea is to accom-
plish this by relating the Hamiltonians of two sirn-
ilar lattices which differ infinitesimally in lattice
constant. To be specific we consider a triangular
lattice Z of Ising spins 2, which has la,ttice con-
stant a and the shape of an equilateral triangle
with side of length L. Hence there are L/a+1
lattice sites along each side. This system will be
mapped onto a similar triangular lattice Z', also
of length L, but with one less lattice site along
each side. Thus the lattice constant of 2' is larger
than that of 2 by the fractional amount 5a/a = a/
(L —a). The number of spins in 2 and 2' also
differ by a fra, ction of order a/L, which becomes
infinites imal in the limit I -~. Figure I shows
the systems 2 and J', denoted by circles and
crosses, respectively.

Let s and s' stand for the spin configura. tions on
,C and g', respectively. Suppose that a Hamilto-
nian K(s) is given on g. The mapping of 3C(s) onto
the renormalized Hamiltonian R'(s') on 2' then
takes the usual form"

83". (&') I} s& s e3'(~)

Here P(s', s) is a projection operator (weight fac-
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FIG. 1. Triangular lattices 2 (the unrenormalized sys-
tem: circles) and Z' (the renormalized system: crosses)
have sides of equal length I.. 2 has one more lattice site
along each side than 8'.

tor) that satisfies the normalization condition

g P(s', s) =1 (2.2)

in order that the transformation preserve the par-
tition function. We remark that the present for-
mulation allows for X and X' to conta, in spin-inde-
pendent terms. Now let us introduce the Hamilto-
nian R,(s', s) of the combined primed and un-
primed systems as

eKg(& 8) P(gr s) 3'Is) (2.2)

The transformation (2.1) together with the normal-
ization condition (2.2) can then be written in the
symmetric form

7

S
(2.4a)

(2.4b)

Equations (2.4) show that the coupling Hamilto-
nian K,(s', s) induces the RG transformation. The
form of X,(s', s) is at our disposal, and we shall
choose a local Hamiltonian, coupling only nearby
spins. Intuitively we expect that pairs of primed
and unprimed spins which are quite close to one
another, such as occur near the vertices in Fig. 1,
should be coupled more strongly by $C, than pairs
which are not so close, as in the center. Thus we
are prepared to allow for spatia. lly dependent cou-
pling constants in X,. This is, in fact, the only
way to express that the spatial relationship be-
tween the two lattices g and g' varies from place
to place.

From Eqs. (2.4) it is clear that if 3C, were sym-
metr ic in s and s', then K' would equal X and the
RG transformation would reduce to the identity.
Homever, if K, fails infinitesimally from being
symmetric in s and s', then it will generate an
infinitesimal difference between K' and K, and
therefore a flow in Hamiltonian space. It turns
out that the infinitesimal deviation from symmetry
which is needed is provided precisely by the spa-
tial gradients of the coupling constants. When the
couplings vary only apprecia, bly over distances of
the order I, , then K'-K becomes small of the
order a/L, and therefore infinitesimal in the limit
I.-~. The spatial dependence of K, will lead us
to consider Hamiltonians K and X' that are also
spatially dependent. It is in the space of such
Hamiltonians that we shall be a,ble to construct
differential RG equations and study fixed points
and. other flow properties.
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III. CONSTRUCTION OF THE RENORMALIZATION

EQUATIONS

We shall now make concrete the ideas discussed
in Sec. II and actually construct a set of differen-
tial RG equations. It is instructive to do this in
three steps. We first couple the two systems

'
shown in Fig. 2, which have the same lattice con-
stant a. They are governed by the spatially de-
pendent Hamiltonians X (s) and X(s'). The trans-
formation from 3C(s) to 3C(s') results from two ap-
plications of the standard star-triangle transfor-
mation, "'"which here, due to the space depen-
dence of the interactions, yields new and interest-
ing results. The second step is to uniformly dilate
the lattice of crosses by a factor L/(L —a), so that
we obtain the situation of Fig. 1. This operation
transforms 3C(s') to the renormalized Hamiltonian
X'(s'), so that at this point the desired equations
governing the Hamiltonian flow are obtained.
Lastly we derive the boundary conditions appro-
priate to the flow equations, thereby completing
the construction of our RG transformation.

A. Star-triangle flow equations
I

We begin by considering a given Hamiltonian
X(s) on the lattice 2 (circles) of Fig. 2. We shall
map this Hamiltonian onto a new one 3C(s') defined
on Il (crosses). We consider the case in which
X(s) contains only nearest-neighbor interactions
and, in the light of Sec. II, shall allow these to be
spatially dependent. Thus we take Z(s) to be of
the form

3C(s) = g [K,(R)s(R —ae,)s(R- ae, )

+K,(B)s(R-ae, )s(R —ae, )

+K,(R)s(R —ae, )s(R —ae, )] . (3.1)

Here 5~" indicates that the vector R—=(X, Y) runs

FIG. 2. Triangular lattices Z (circles) and 2 (crosses)
have sides of lengths L and L-a, respectively. A uni-
form dilation by a factor L/(L —a) carries 2 over into
the lattice 8' of Fig. 3.. The bonds shown (solid lines)
are the couplings p; of the coupling Hamiltonian 3Ct,

through the centers of all up-triangles of g, and
we have introduced the vectors e, defined by

e, =(0, ——,'v 3),
e, =(-,',—,', v 3), (3.2)

e, =(- —,', —,'v 3)

[see Fig. 3(a)). The relation between the index i
of the interactions K, (and of the couplings P, to
be introduced shortly) and their orientation in
space is shown in Fig. 3(b). Note that each K, has
been labeled by the coordinate R of the center of
the up-triangle to which it belongs.

We must now specify a Hamiltonian X,(s', s)
which couples the spins s and s' and can be made
to satisfy the condition (2.4b). Once this is done
the transformed Hamiltonian K will follow from
Eq. (2.4a), where it takes the place of X'. We take
X,(s', s) of the form

3C,(s', s) =g"[p,(R)s(R-ae, )+p,(R)s(R-ae, )+p, (R)s(R —ae, )]s'(8) —g g(p, (R),p, (R),p, (R)). (3.3)

Note that, apart from a spin-independent term,
X,(s', s) is just the Hamiltonian of a honeycomb
lattice with spatially dependent nearest-neighbor
couplings p;. Each p,. has been labeled by the co-
ordinate of the center of the upward pointing star
to which it belongs. Equation (2.4b) imposes a re-
lation between the p's and the E's. Upon summing
out the primed spins we find the connection

K,.(R) =F(p,.(R),g, (R),p, (R)), t,f, a cyclic, (3.4a)

F(&„u„p.)
cosh(pq+p2+ps) cosh( —Pz+p2+p3)
cosh(p, -p, +P,)cosh(P, +p, —p, )

'

(3.4b)

and
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p . K2

K3,
'

/

FIG. 4. Bonds p; (solid
lines} involved in the cal-
culation of the interactions
E; (dashed lines) in a tri-
angle of 8 centered at R.
Also shown is a triangle
of 2, centered at R-ae&
(dotted lines) .

FIG. 3. (a) Vectors e&, e2, e3. (b) The spatial orienta-
tion of the interactions K; and the couplings p;.

8 (P\ t P2!P3)

= ln2+ —,
' in[cosh:(p, +p, +p,) cosh(-p, +P, +P,)

x cosh(p, -p, +p, ) cosh(p, +P, —P,)] .

(3.6)

Equation (3.4) is the well-known star-triangle (ST)
transformation. "'" Here it relates, for every up-
triangle of g, a triplet of couplings p to a triplet
of 'interactions K. Ln this paper we shall limit
ourselves to non-negative values of the K; and the

PjO

With the coupling Hamiltonian K,(s', s) now com-
pletely determined we substitute it into Eq. (2.4a)
(with X' replaced by 36) a,nd carry out the sum on
the spins s. The result is a triangular lattice Ha-
miltonian X(s ) on g with nearest-neighbor inter-
actions K, (R). Our convention for assigning co-
ordinates to the K,. is analogous to the one adopted
for the K, , i.e. , each bond K; will have the coordi-
nate R corresponding to the center of the up-tri-
angle of g of which it is a part. Every K&(R) is
generated by a ST transformation in which three
P bonds enter with three different coordinate ar-
guments. Upon tracing these back (see, e.g. , Fig.
4) we find

K(s') = g [K,(R)s'(R —ae,)s'(R —ae, ) +K,(R)s'(R —ae,)s'(R- ae,)+K,(R)s'(R-ae, )s'(R —ae, )t

g(P, (R+ ae, ),P,(R ~ ae, ),P,(R+ ue, )) —P g(P, (R),P,(R),P,(R)),
R

(3.6)

where

K, (R) =F(P,.(R+2ae, ),P~(R+ae, +ae,..),

P~(R+ae,. +ae,)), i,j,k cyclic. (3.7)

In Eq. (3.6) the first summation (no superscript)
runs through the centers of the up-triangles of g,
and the second summation (superscript 0) runs
through all lattice sites of g.

The Hamiltonians K of Eq. (3.1) and K of Eq.
(3.6) both describe triangular lattices with inho-
mogeneous nearest-neighbor couplings. A discus-
sion of the spin-independent term that arises in
Eq. (3.6) will be postponed until Sec. VII. We shall
now focus on the relationship between the interac-
tions K; and K-. The transformation from the K;
to the K& is given implicitly by Eqs. (3.4) and (3.7).
Let us now assume that the three functions P,(R)

vary on a scale set by a large distance L»a.
Then R can be considered a continuous variable
and in Eq. (3.7) we can Taylor expand the P, about
R and F about (p, (R),p/(R), p, (R)). Comparison
with Eq. (3.4a) then yields

K;(R) =K)(R)+& g (e,. +e,}Q;g ~ VP, O(a'/L'),
1

(3.8)

where

l l

The matrix Q and its inverse occur repeatedly in
subsequent calculations. Their elements are given
explicitly in Appendix A. The gradient of p, in Eq.
(3.8) is easily converted into the gradients of the
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K& by means of

Vpg —Q Q,)VKq. (3.10)

Since the &P„and therefore also the &K&, are of
order 1/I-, we see from (3.8) and (3.10) that K, (R)
differs from K, (R) only by terms of order a/L.
This sets the scale for the rate of change along the
trajectory obtained by iterating Eqs. (3.8) and
(3.10). We therefore define the. successive iterates
of three initial functions K&(R) by

K((R, 0) =K,(R), (3.11a)

K,.(R, f) =K, (R, f —a/L)+a g (e,ye, )Q„Q,~~ ~ VK&
l

+0(a'/L'), i = 1, 2, 3. (3.11b)

Vfe shall now consider the K, as functions of a re-
scaled coordinate r=- R/L. Upon setting 5t =a/L, —

Taylor expanding Eq. (3.11b) in a/L, and taking
the limit of vanishing a/L, we obtain

%e notice that the linear dimension of the lattice
Q is smaller than that of 2 by a factor (L —a)/L.
Therefore we expect to obtain a renormalization
transformation by scaling up to the size of P.
This means performing an isotropic dilation of the
crossed lattice in Fig. 2 by a factor L/(L —a) with
respect to the origin (chosen in the center of the

lattice), so that we obtain the situation of Fig. 1.
This dilation carries the couplings K; at R to
[L/(L —a )]R. We therefore define the senora
lized couplings K,' by

K, (r./(L . a)]R) =K,.(R) . (3.14)

We shall combine this equation with Eqs. (3.8) and
(3.10). Taylor expanding in a/L and using that
VK,' and VK; are equal to leading order in a/L we
find for K';(R) the expression

K, (R) =K,(R)+a g g (e, +e,)Q, ,Q„' ~ VK,
j 2

Q a
R. e PK. +

' &~ '} —~5, VK,. '=i 2 3
g

'
y

~ y t
I

with the set of two matrices D given by

(3.i2)

D„(K)= g (e, + e, )Q, ,Q-„'. (3.13)
l

In Eq. (3.13) and in what follows, K is shorthand
for the triplet (K„K»K,). The operator V in Eq.
(3.12) now differentiates with respect to r. We
sha. ll refer to the three equations (3.12) as the
star triangl-e flow equations They were. derived
without reference to the particular shape of the
h, ttice of Fig. 2, and hence apply, just as well, to
any infinite triangular lattice system in which a
characteristic length L exists. For given initial
conditions at t = 0 they determine the trajectory
(K,(r, t), K,(r, t), K,(r, t)) of an inhomogeneous tri-
angular Ising spin- —,

' system in the space of func-
tion triplets (K,(r), K,(r), K,(r)). For various rea-
sons (e.g. , in connection with inhomogeneities,
temperature gradients) it may be of interest to
study Eq. (3.12}. However, this equation is not

an RQ equation. To construct RQ recursion rela-
tions we must carry out one further step, which
will subtly alter the form of Eq. (3.12).

(3.16)

If we define iterates of the transformation (3.15)
in analogy to Eqs. (3.11), and as before take the
limit a/L 0 with a/L = 5t and R/L = r, we arrive
at the differential recursion relations

sK;(r, f)
Bt

D" &K -r &K.
U J (3.16)

where D is given by Eq. (3.13). Equations (3.16}
are our RQ flow equations. They differ from the
ST flow equa, tions (3.12) by the dilation term
-r ~ &K;. The parameter t, which measures the
distance along the RQ trajectory, is easily shown
to be related to the areal density of degrees of
freedom p by

p(&) = p(0)s ". (3.17)

Equations (3.16) have to be solved for given initial
conditions at t =0, within an equilateral triangle
with side of unit length centered at the origin.
From their construction it is clear that Eqs. (3.16)
make no sense beyond the border of this domain.
Therefore, it only remains to specify the appro-
priate boundary conditions.

B. Isotropic dilation

The above transformation from 3C(s) to 3C(s'} re-
lates two Hamiltonians on large but finite triangu-
larly shaped lattices. The lattice J has the same
lattice constant as g, so that the transformation
X-K preserves the density of degrees of freedom.
In this way it differs crucially from an HQ trans-
formation, which dilutes the degrees of freedom.

C. Boundary conditions

Let us denote the lower, right, and left boundar-
ies of the triangular domain by the indices 1, 2,
and 3, respectively. The presence of the boundar-
ies does not affect the inverse ST transformation
that carries K(s) to K,(s', s). However, when we
transform from X,(s', s) to K(s'), each bond K; on
the ith edge arises from the summation on an un-
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primed spin that is connected by only two bonds, a
P, and a P» bond (i,j,k cyclic), to the rest of the
lattice. If the bonds K, on the ith edge are to be
given by the same equation (3.V) which applies in
the interior, we must impose the boundary condi-
tions

p,. =0 on the ith edge. (3.18)

IV. SOME PROPERTIES OF THE RG EQUATIONS

A. Transformation properties

The RG equations (3.16) have been formulated
for the three functions K;. On several occasions
it will be useful to write them in other variables.
Let in general X, , where j = 1, 2, 3, be a new set
of variables defined. in terms of the K,- by some
nonlinear transformation. Then one easily veri-
fies that the functions X, satisfy the RG equations

From Eqs. (3.18) and (3.4) we obtain in terms of
the K variables the equivalent boundary conditions

K, =K» = 0 on the ith edge, i,j,k cyclic. (3.19)

These are all the boundary conditions that we can
derive mathematically. In Sec. IV we shall see
that for solutions of physical interest these bound-
ary conditions necessarily lead to singular beha-
vior near the edges and at the vertices.

we refer to Syozi. " One defines the variables P'~

and K& by

sinh2p, . = 1/sinh2K, ,

sinh2P, =1/sinh2K, , j =1,2, 3.
(4.5a)

(4.5b)

u; = sinh2K& sinh2K» (4.Va)

v, = (sinh2P, .sinh2P») , i,j,k cyclic. (4.7b)

With the aid of some algebra Eqs. (3.4) can be
rewritten equivalently as

The variables K& and p; are pairwise dual in the
usual sense of duality for Ising models, and so are
the variables K,. and P,-. One can show" that the E,.
are again the ST transforms of the P, . We express
the cycle of transformations between K, P, K, and

p in shorthand notation as

K =R~T(p), p =Rv(K), K =R~T(p), p =Rv(K) .

(4.6)

Inspection. shows that the product transformation
R»RD maps high values K onto low values K, and
conversely. Similarly Rv R T is a weak-coupling-
strong-coupling transformation for the hexagonal
lattice.

The star-triangle equations (3.4) take a partic-
ularly simple and useful form in terms of the new
variables u; and v; defined by

4jB"~ VX& —r' VX.

with B;& given by

(4.1)

or

v, = k'(u)u, .

u,. =k'(v)v, ,

(4.8a)

(4.8b)

Bo= BX; ~K
BK ~™BX

m j
(4.2)

A special case of such a transformation is the
(inverse) star-triangle transformation itself, by
which we can convert the K,- into the p;. In view
of Eqs. (4.1), (4.2), and (3.10), we find for the p
variables the equations

]' = g (Q 'DQ);y ~ &Pg —r &P& ~ (4.3)

By inserting the explicit expression (3.13) for D
we obtain the property

(Q 'DQ)(q=D~g . (4.4)

B. Invariant subspace 8

1. Duality

The analysis of the HG equations is facilitated if
we utilize the well-known duality relation between
the triangular and the hexagonal lattice. %e there-
fore begin this subsection by a brief summary of
the relevant formulas. For a detailed discussion

K,. =K, , x=1, 2, 3,
P 0 P 0

I)-V] ~

k'=1

2-12 3

i=1,2, 3,

Q +Q2gQ3 = 1 ~

v~+v2+v3= 1

(4.10a)

(4.10b)

(4.10c)

(4.10d)

(4.10e)

(4.10f)

2. RG equations and duality

The RG equations for the K, can be constructed
according to the general formulas given above.

where

k-'(x) =x', +x,'+x,'+ 2x,xp,
+ 2[(x, +xp, )(x, +xp, )(x, +x,x,)]'~'. (4.9)

We note that k'(u) =k '(v). Points in K,Kp, space
that are invariant under R»RD will be of special
interest. From Eqs. (4.5) and (4.V)-(4.9) one de-
rives t;hat such points satisfy the following rela-
tions, which are all equivalent,
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For the derivatives sK,./sK, . one finds by chain
rule differentiation either via the P~ or via the P~
the express ions

BK,. — tanh2P&
Qgy t nh2K ~ (4.11)

tanh2K, .
tanh2P )

respectively, where Q,, =—SK,./Sp, -. By symmetry
one also has the analogs of Eqs. (4.11) and (4.12)
that arise when all barred variables are replaced
with unbarred ones, and vice versa. Upon using
ail these equations in Eqs. (4.1) and (4.2) with X
=K, and employing the expression (3.13) for D,
one finds that the K,. satisfy the RG equations

(4.12)

= g D;,.(K} ~ %;—r ~ &K; . (4.13)
j

Here the matrices D have the same functional form
as before, but now depend on the arguments K in-
stead of K." Hence the RG flow nPexator com-
mutes with the transformation R»R~. In pa, rticu-
lar, if at t =0 we have that K,.(r, 0) =K', (r, 0) for all
r and for i = j., 2, 3, then this property remains .true
for all t &0. Thus by the equivalence of Eqs.
(4.10a) and (4.10e), we have found a class & of
triplets of functions, viz. ,

3
& =((K,(r},K,(r), K,(r)) P u, (r) = I), (4.14)

which is invariant under the flow. We remark that
Eq. (4.10e) is precisely the condition found by Hou-
tappel and others" for the critical surface in

K] K2 K3 space of an inf inite homogeneous trian-
gular Ising model. Therefore, the systems in class
(: are characterized by the fact that for every r
they are locally critical (in Houtappel's sense), but
with a critical triplet. of interactions that varies
with r. We shall refer to relation (4.10e) as Hou-
tappel's surface. Similarly, Eq. (4.10f), which is
an alternative characterization of 6, is Houtap-
pel's equation for the critical surface inP] P2 P3
space of an infinite homogeneous hexagonal Ising
model.

The commutation of the HG flow and R»R& im-
plies that if (K,*(r),K,*(r),K,*(r)) is a fixed-point
solution (i.e., satisfies BK((r)/st =0), then

(K,*(r),K,*(r),Kf(r)) is also a fixed point solution.
Therefore fixed points come in pairs. An excep-
tion are those in class 6, which are invariant un-
der RsTRD. If one assumes that only one nontrivi-
al fixed point exists, then it should be located in
C. However, duality arguments cannot help
us to actually determine such a fixed point. In
Sec. V we shall show by explicit verification that

does. indeed contain a fixed-point solution.

C. Boundary conditions and duality

We can now extend our discussion of the bound-
ary conditions. If we write Eq. (4.8b) in the form
sinh2K; =h(v)/sinh2P;, we see that we have the
equivalence

K = P =0i

as long as

0& k'&~.

(4.15)

(4.16)

This restriction on k' is natural: the cases k'=0
and k'=~ correspond to degenerate situations
where some of the interactions are infinite or
zero, so that the lattice is not truly two dimen-
sional. We shall henceforth assume that 0 &k'&~
for all r. Equation (4.15) then implies that the
boundary conditions (3.18) are equivalent to the
boundary conditions

K,.=~ on the ith edge. (4.17)

0 &(u,. +u~)' &~ on the ith edge. (4.18)

D. Matnces D

In this subsection we collect some properties of
the matrices D that will be helpful in later calcu-
lations. We define the normal vector $ =($„$„$,)
to Houtappel's surface by

8 g u,
l

=2A cosh2K, .(sinh2K, .+sinh2K~), i,j,h cyclic,

(4.19)

where A is a normalization factor that need not be

From Eqs. (4.5) and (4.15) we see that the pair of
equations (3.19) and (4.17) is invariant under the
transformation R»R~ so that the two solutions
K(r, f) and K(r, f) satisfy the same boundary condi-
tions.

A special consequence of the combined boundary
conditions (3.19) and (4.17) is that, e.g. , limK, (r)
does not exist as r approaches one of the bottom
vertices of the domain. This limit is infinite along
the bottom edge, but is zero along the other edges.
Therefore, solutions to the flow equations which in
addition satisfy 0 &k'&~ are necessarily highly
singular in the vertices. Equation (4.16) guaran-
tees, however, that at the vertices and near the
edges such solutions still represent two-dimen-
sional systems, albeit in the limit of extreme an-
isotropy. To conclude this subsection we mention
that on the edges we can express condition (4.16)
and the boundary conditions together in terms of
the u; as

u, =0,
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specified. From the definition of the class 6 we
have that

P $,&K,. =0 for allK=—(K„K„K,)c &. (4.20)

g g (,.D,, ~ VK, =O, KC e.
i J

This is true if and only if $ is a left eigenvector
of both components of D, i.e., if there exists a
vector p, such that

(4.21)

g $;D ~= p)J, j=1,2, 3; KE e. (4.22}

With the aid of the explicit expressions for $ and
D one can verify Eq. (4.22) and calculate p, . In
fac t, one has a stronger result which may be
stated as follows. Define

D,', = —&3D;,. ~ e, ——,'&36;, , l = 1, 2, 3. (4.23)

The three matrices D' are not independent, but
satisfy the relation

The invariance of & under the flow can be ex-
pressed as 5~, ),BK;/.Bt= 0 for all Kc 8. With Eqs.
(3.16) and (4.20) this gives

Q g)'q, =.pq, , i =123; I =123; Kc g .

(4.30)

which in Cartesian coordinates takes a form anal-
ogous to Eq. (4.22). In conclusion we remark that
Eqs. (4.22)-(4.30) depend on r only through the K;.

V. FIXED-POINT SOLUTION

g D;, ~ &K, —r ~ &K,. = 0 . i = 1, 2, 3,
j

(5.1)

which satisfies the boundary conditions (3.19) and
(4.17). We note that any set of space-independent
constants (K'„Ko»Ã,') satisfies Eqs. (5.1) but not
the boundary conditions.

A nontrivial fixed point is most easily described
in terms of the u, of Eq. (4.7a) and the vector e;
of Eq. (3.2). Inspection of the boundary conditions
(4.18) and the condition u, +u, +u, =1 which defines
class and consideration of points of special sym-
metry (center, vertices, midpoints of edges) sug-
gest a fixed point in 6 given by

A fixed-point solution of the RG flow equations
(3.16) is by definition a solution (K~(r), K~(r), K,*(r))
of

(4.24)g D,'., =-VS6,, .
l

Corresponding to Eq. (4.23) we have the inverse
relation

u~(r) = —,
' —2r ~ e, , i =1,2, 3.

The corresponding expression for K&(r) is

(-,' —2r ~ e,

(5.2)

D;; = —-', v 3 Q O', Je, .
l

(4.25) . i,j, k cyclic. (5.3)

The stronger result is that g is a left eigenvector
of each of the three D', i.e. ,

p, ( = g &3(Q) —1)

so that

(4.27)

p, = u, e, . (4.28)

Q (,D,', = p, ,$~, j =1,2, 3; I =1,2, 3; Kc e.
(4.26)

For the eigenvalues p, , we find in Appendix B

One easily verifies that expressions (5.2) and (5.3)
satisfy their respective boundary conditions. ith
the aid of straightforward but tedious algebra we
can show (see Appendix C) that Eq. (5.3) is indeed
a solution of Eq. (5.1), so that we h; ve found a
nontrivial fixed point in 6. In Fig. 5 we show a
qualita, tive plot of the contour lines of K,*(r).
Those of K,"(r) and K,*(r) are obtained by rotating
the domain over -', m and -', m', due to the triangular
symmetry of Eqs. (5.2) and (5.3). We see that the
fixed-point solution describes a lattice which is
isotropic triangular in the center of the domain,
but deforms continuously away from the center,

In subsequent calculations it is sometimes useful
to employ a vector g defined by

44. (4.29)

In view of the special relation (4.4) between D and
its transpose we have from Eqs. (4.26) and (4.29)
that

/
/

/
/

/
/

FIG. 5. Qualitative contour maps of the fixed-point
functions a f' (r) and Zf (r).
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r=2 g (r ~ e,)e, , (5.4)

we obtain

(5.5)

where the asterisk denotes evaluation at the fixed
point.

and becomes extremely anisotropic near the edges.
In particular, along a straight line from the cen-
ter to a vertex, the lattice deforms from trian-
gular to square.

We note that if we combine Eqs. (5.2) and (4.28)
and use the identity

The analysis of the eigenvalues and eigenfunc-
tions of T~ is simplified by our knowledge of the
invariant subspace & discussed in Sec. IV. In
terms of the variables (t we have that the linear
subspace tangent to~ in K~ and defined by

P $&(r)g,.(r) =0 for all r, (6.5)

(m, () =f d~ P (;(~)(;(~(, (6.6)

where the integral is on the triangular domain.
The subspace of functions y such that

is invariant under T*. Let us introduce the scalar
product

VI. LINEARIZED FLOW AROUND THE FIXED POINT
V &(r) =f(r)h~'(r), (6.7)

' '= gr,*,(r, )y, ,

with the operator T~ given by

T(~ = (Dfj —r6;y) ~ V+ Q I( VKg+ ~

(6 2)

(6.3)

In RG theory the physically observable critical
properties of a system are related to the behavior
of the linearized flow around the fixed point. There
is, in particular, a direct connection between, the
critical exponents y of a system and the eigenval-
ues X of the linearized transformation. For the
case of a discrete RG transformation with rescal-
ing factor b the connection

(6.i)
is well known. " To see ho% the y arise in the
present case we consider a small deviation (t(, (r)
from the fixed-point solution K,*(r). It is a
straightforward matter to linearize the RG flow
equations (3.16) about K*. After rearranging in-
dices we find that $ evolves according to the equa-
tion

Q ~Pfh~ =Xf&f, i = I, 2, 3, (6.8)

which is a set of three necessarily equivalent
equations for the scalar function f(r). The ex-
pression for T ~ is obtained via an integration by
parts (see Appendix D, where also the conditions
for the boundary terms to vanish are investigated).
Substitution of the result in Eq. (6.8) gives us the
eigenvalue equation

. yf(*= —g V'[f$; (Df~ —r~; )]

where f is arbitrary, is then orthogonal to the
subspace characterized by Eq. (6.5), and hence is
invariant under the adjoint operator T~. On the
basis of general RG arguments we expect the
fixed-point solution to be stable withiri the space
8, but unstable in directions away from it. We are
first of all interested in the behavior of the flow
in the unstable (temperaturelike) directions,
wllich for the adjoint flow problem correspond to
vectors cp of the type (6.7). Therefore we consider
the eigenvalue problem

The asterisk denotes again evaluation at the fixed
point. One not. ices that T* is the sum of a differ-
ential operator and an ordinary matrix. If T~ acts
during &t, the result is that an initial deviation

(r, 0) is map.ped onto a deviation (t, (r, St) given

by

(t,.(r, zt) = P (5,, +at T+,)g, (r, 0)+0(at' ), (6.4)

which corresponds to a transformation with re-
scaling factor b =1+M. By using this value of b

in Eq. (6.1) we see that the ejgenvalues X of the
linear operator in Eq. (6.4) have the form X= 1

+sty. It follows that the critical exponents y are
the eigenvalues of T ~, a relation of a type well
known for differential BQ equations. "

(6.9)

If we now employ Eqs. (4.22) and (5.5), we find
that the first member on the right-hand side of
Eq. (6.9) vanishes. The remaining eigenvalue
equation is trivially solved. Labeling the eigen-
functions by a parameier p we can write

f;(r) = &(r p). —

The corresponding eigenvalues are given by

(6.io)

(6.ii)

which should be independent of j. Upon inserting
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the explicit expression for D one can show (see
Appendix E) that

(6.12)

for all p. We conclude that in the temperature di-
rection there is an infinitely degenerate eigenvalue
y;=—y ~ = 1. The value 1 agrees with the exact re-
sults first obtained by Onsager" and Houtappel, "
viz, o. =2 —d/yr=0 (where d=2 is the dimension
of the system). In fact, Eq. (6.12) is a statement
of universality, since for different values of p the
fixed-point solution (5.3) describes different criti-
cal systems, which by (6.12) all have the exponent
QT, = 1.

F ~ has an asymptotic expansion of the type

Lg,{g(g))=—(— f{X(r))+—f {g(c))co(l).

(7.4a)

Here f is the free energy per spin averaged over
the triangular domain. The analogous expansion

is

F, .g(R))
g 2

K'r +,K' r +0 1,
(7.4b)

VII. FREE ENERGY

Quite generally a differential RG equation leads
to an expression for the free energy as an integral
along an BG trajectory. " In this section we shall
derive the formulas appropriate to our case.

The equivalence of the Hamiltonians of Eqs.
(3.1) and (3.6) means that

s) eggs') e3", (s')

st
(v. 1)

The second equality holds trivially because X and
K' describe the same system, the difference con-
sisting only in the labeling of the interaction con-
stants. We define Fz{K(R))as the reduced free
energy (i.e., the logarithm of the partition func-
tion) of a: Hamiltonian with couplings K;(R) and
with zero spin-independent term, defined on a tri-
angular lattice with side of length L. By taking
the logarithm of Eq. (7.1) and using the explicit
expressions for X and X, we obtain

F,(Z(R)}—F, .(f{(R))= (a/L)G, (A (R)), (V.2)

where Fz refers to the lattice of circles (g) and

F~, to the lattice of crosses (2), and where

—G,(If'(R)}

0
g(P, (R+ae,),P,(R+ ae,),P,(R+ ae, ))

R

—P g(P, (R),P.(R),P.(R)). (7.3)

Here Q runs through all sites of g and g" through
all sites of g. Equation (7.2) is an exact difference
equation for the unknown free-energy functional
F~. We shall derive a differential equation from
it by expansion in powers of aL, as in Sec. III.
In the limit a/L-0 the interactions K,.(R) converge
to continuous functions which, after scaling the
coordinates down to the domain of the unit triangle,
we denoted as K;(r). We shall assume here that

where we used that in rescaled coordinates the
K,. and K,' are the same functions. I,et in a way
analogous to Eqs. (7.4) the functional cd(r)) be
defined by

G,PC(R)) =- —
~

c(Z(r))+ O(L/a) .L) 2

(v.5)

We substitute Eqs. (7.4) and (7.5) into Eq. (7.2),
divide by ,'(L/a), and ta—ke the limit a/I. -0. Tak-
ing into account that K'(r, f) =K(r, / +a/L), we ob
tain

(v.6)

which is the desired differential equation: for the
average free energy per spin. The solution

fan%(r,

t))

e ('-"[c/Z(r, ~)} 2fI'A-(r), -)}td~

+f(A (r, ~)) (7.7)

reduces for ( =0 the free energy of the initially
given system.

From Eq. (7.3) and the definition (7.5) we can
find an explicit expression for the inhomogeneous
term c in Eq. (7.6). We rescale the spatial coor-
dinates in the first sum of Eq. (7.3) by a factor
1/L and those in the second sum by 1/(I. —a).
Both sums can then be converted into integrals
over the unit triangle. Expanding in a/L, as in
Sec. III, we find that the leading order terms can-
cel. We assume without rigorous justification that
a similar cancellation occurs for the errors that
we make in passing from sums to integrals. The
result, then, is that c(Z(r)} takes the form

c{gtc))=-;&3 gr gg .vg Fq „e, .cg,),
(v.a)

where we used that Bg/Bp, =Q„„with I, m, n cyclic.
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Substitution of Eq. (7.8) into Eq. (7.7) yields our
final result, namely, an expression for the free
energy as the trajectory integral of an explicitly
given function. The integral can in principle be
calculated once the trajectory K(r, t) has been
solved from the RG equations. As a special case
the fixed-point free energy follows trivially from
Eq. (7.7) as

f/K*(r)} = ~ c(K*(r)}. (7.9)

Finally, the additivity of the free energy guaran-
tees that for arbitrary initial state K(r) the ex-
pression for f obtained from (7.7) and (7.8) should
be equal to the average over the domain of Houtap-
pel's free energy f„(K„K„K,) for a homogeneous
system, '4 i.e.,

f/'(r)} =-', v3 dP'fH(K, (r), K,(P), K3(r)). (7.10)

Thus one obtains in principle- the Onsager and

Houtappel expressions for the free energy by eval-
uating Eq. (7.7) for a homogeneous initial state.

VIII. CONCLUSION

We have constructed exact RQ equations, Eqs.
(3.16), for the triangular spin-2 Ising model with
three. nearest-neighbor interactions K, . The very
existence of such equations is a remarkable fact
for which there was no g priori evidence. Per-
haps the most unexpected feature that arises in
the derivation of the equations is that the inter-
actions have to be considered as functions of a
spatial coordinate r, confined to a triangular do-
main. The flow operator D in the RQ equations
results from a local transformation of the lattice,
based on the standard star-triangle transforma-
tion. As a consequence, the matrices D&&, de-
fined by Eq. (3.13) together with Eqs. (3.9) and

(3.4), are nonlinear but analytic functions of the
interactions. The RG equations resemble classi- '

cal equations of motion, as was hypothesized by
Wilson in an early discussion of, the renormali-
zation group.

An analytic solution of the RQ equations seems
out of reach, except possibly for certain special
initial states. However, we have determined a
nontrivial fixed-point solution, Eq. (5.3), which
describes a particular space-dependent state.
The fixed point lies in an invariant critical sub-
space 6, defined by Eq. (4.14), which is most
easily located by a duality argument. We showed
the fixed point to be unstable in the temperature-
like directions (i.e. , the directions away from C)

with eigenvalue y~ = 1, in agreement with the
classical results of Onsager and Houtappel. The
infinite degeneracy of this eigenvalue is an ex-

pression of universality within the class of aniso-
tropic nearest-neighbor Hamiltonians on the tri-
angular lattice.

Our approach has the characteristics of all RG
methods'. it focuses on the critical properties of
the system, which are the. first to emerge from
the calculation. Only in the Sec. VII did we con-
sider the free energy over the whole tempera-
ture range, and expressed it as the trajectory in-
tegral of an explicitly given function. This in-
tegral expression is just a starting point. Fur-
ther investigation might show that iq certain spec-
ial cases it can be evaluated analytically.

Even our treatment of the fixed- point properties
of the equations has not been complete. In partic-
ular, one would like to know the stability proper-
ties of the fixed point (5.3) with respect to per-
turbations in the critical subspace. Also, one
would like to study the flow around any other fixed
points that can be found; of special interest are the
two trivial ones atK* ='0 and K*=~, which one
expects to be the attractors of the flow outside the
critical subspace.

Many questions of a mathematical nature re-
main. First, the validity of the differential equa-
tions rests upon certain smoothness conditions on
the functions K, and P&. It would be good to 4.ave
a better idea of these conditions, especially in
view of the singular behavior enforced by the
boundary conditions. Second, once the equations
are established, it remains to rigorously deter-
mine their properties. The mathematical litera-
ture offers few results that are ready to apply.
It would surely be interesting to have some gen-
eral statements on the evolution of given initial
states. Especially, an initial state that is sub-
critical for some r and supercritical for other r
(in the sense of Sec. IV B2) will supposedly be the
object of competition between the two trivial fixed
points. An unanswered question is whether such
competition will lead to the appearance of discon-
tinuities in the solution, a phenomenon known to
occur quite generally for hyperbolic equations.

Finally we would like to remark on a few exten-
sions of our work that we have considered, and on
some further connections. It is natural to attempt
to construct RQ equations for a magnetic field
term added to the Hamiltonian. However, we have
not succeeded in finding a finite set of closed equ-
ations for the odd interactions. On the other
hand, several other models can be solved by our
methods. The seemingly trivial one-dimensional
Ising model is instructive, as not suprisingly the
RG transformation can be carried out in full de-
tail, even in the presence of a magnetic field, and
the free energy and correlation functions can be
calculated. In one dimension the RG procedure
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leaves one with an extra degree of freedom per
lattice site, which one can exploit by demanding
that the Hamiltonians X and X' (but not X,) be
translationally invariant. Another instructive
case is the two-dimensional Gaussian model,
which will be discussed in a separate publication. 24

At first sight application of our method to the
square Ising lattice does not seem possible. We
should like, however, to draw attention to a, re-
markable paper by Baxter and Enting, "who cal-
culate the partition function of the homogeneous
Ising model using only the star-triangle trans-
formation. In their argument these authors em-
ploy a transformation tha, t carries a hexagonal
lattice to a square lattice. It appears that simi-
lar lattice restructuring transformations can be
used to convert a not necessarily homogeneous
square lattice, and probably any planar lattice,
into a triangular lattice. Via this indirect way
the methods of this paper also apply to other two-
dimensional lattices.

The points of view of Baxter and Enting's paper
on the one hand, and of our RG approach on the
other, are strongly divergent. The important
common feature is that both demonstrate that the
star-triangle transformation contains all that is
needed to determine the free energy. One would
guess, therefore, that RG flow equations will exist
for @py system to which a star-triangle transfor-
mation applies. Whether one can also find such
equations for other systems is an open question.
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Q« ———,
' [tanh(P, . +P~

+P~) + tanh(-P, . +P~ + P„)

+ tanh(p, .-p~+ p~)-tanh(p, . +p) p~)-),

i,j, k cyclic. (A2)

xcosh(p(-p2+ p3)cosh(p(+ p2-p3). (A3)

After applying the appropriate formulas for sums
and products of hyperbolic functions, one then
finds

Qo —=Q« ———sinh2p, sinh2p, sinh2p3/C,

(A4a)

Q» ——sinh2p, (cosh2p, + cosh2p& c osh2 p~) /C,

i,j, k cyclic, (A4b)

where C can be rewritten

C = cosh 2P&+ cosh 2p, + cosh 2p3

+ 2cosh2P, cosh2p, cosh2p3- i. (As)

The matrix Q
' is obtained from Q by an elemen-

tary matrix inversion. One finds

Q,!= (Qo —Q'„)/detQ,

i=12 3

Q« ——Q jI ——(Q)yQga —Q pQ «)/detQ &

i, j, k cyclic,

(A6a)

(A6b)

where we used the notation defined in Eq. (A4a).
In the critical surface, defined by each one of

the relations (4.10), the above expressions are
simplified. Useful relationships that follow dir-
ectly from Eqs. (4.7b) and (4. 10f) are

sinh2p, = (sinh2p& + sinh2p~)/(sinh2p& sinh2p~ —1),

(A7a, )

cosh2pq = cosh2p) cosh2pq/(sinh2pq sjnh2p —],),

Although Eqs. (A1) and (A2) express the matrix
Q in terms of P„P2,P3, we may equally well think
of it as a function of K„K2,K3.

It is convenient to express the matrix elements
of Q in terms of the quantities sinh2p, and cosh2p, .
This is most easily done if one multiplies Eqs.
(A1) and (A2) by a quantity C defined as

C = 4 cosh(p, + p2+ p, )cosh(-p f + p2+ p3)

APPENDIX A: THE MATRIX Q i,j, k cyclic. (A7b)

It is easy to verify that Q is a symmetric matrix
given by

Using these relations we obtain at criticality the
expressions

Q, , =—,
' [tanh(p, +p2+ p3)-tanh(-p, +p2+ p3)

-tanh(p, -p2+ p, )—tanh(p, + p, -p, )),

i=1, 2, 3, (A1)

C = 1/Qo

Q,.~=-QO cosh2P„ i,j, k cyclic,

detQ = -Qo,

(A8)

(A9)

(A10)
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with

Qo ——Q,.; = —1/(sinh2p& sinh2p2 sinh2p3)

= —1/(sinh2p&+ sinh2p2+ sinh2p3) .
For the matrix elements of Q

' we find

Q, , =QO sinh 2p, ,
-1 2

Q&»~= -Qo cosh2p& sinh2p, . sinh2p»,

i, j, k cyclic.

(A11)

(A12a)

(A12b)
vK)=--' g,"-., (c3)

given by Eq. (5.3) satisfy the fixed-point equation
(5.1). We shall use the abbreviations

S, = sinh2K„C, = cosh2K&,

S,' = sinh2p„C, '- = cosh2p, . (C2b)

From Eq. (5.2) we find the relation Vug=-2e„
whence we have via chain rule differentiation

APPENDIX 8: THE MATRICES D'

ef ' el B(354' (81)

we find that

Vfe consider the matrices D defined by Eq.
(4.23) for l=1, 2, 3. With the aid of Eq. (3.13) and
the scalar product relation

In this equation as well as in the remaining ones
of this Appendix, all quantities are understood to
be evaluated at the fixed point. %e substitute
(C3) in (C1) and eliminate r .F, in favor of uf by
means of Eq. (5.2). We furthermore eliminate
D F, with the aid of the definition (4.23) and sub-
stitution of the explicit expression (82) for D'
The result is that we find

~&&(Q«Qi~+5 i5ig) . (82)

By straightforward diagonalization one finds that
D' has the three eigenvalues

V~, =-~»~3~1 + (Qr iQiI) "')

'+ P u,

In order to evaluate this expression we use

(c4)

i&so = O (84)

At criticality we obtain from Eqs. (83), (A6a),
(A10), (A9), (A4a), and (A11) the result p„
—= p, = —»&3[1—(sinh2p sinh2p„) '], with I, I, n cyc-
lic. From this one gets Eq. (4.27) by employing
the critical surface relations between K and P,

sinh2K, . = 1/sinh2p„Kc g,

cosh2K& ——1/tanh2p&, Kc6,

(85a)

(85b)

which follow directly from Eqs. (4.7) and (4.10c).
One can now show explicitly that in the critical
surface Eq. (4.26) holds, i.e. , that the eigen-
vectors of the D' belonging to p, , are independent of
l and equal to the vector g defined in Eq. (4.19) .
This is most easily verified in terms of the var-
iables. sinh2p& and cosh2p&. Useful relations are
~gal~ Eqs. (A7) and (85). We remark that the
eigenvectors belonging to p, , and p, „do depend on
l, so that the matrices D' do not commute.

(c5)BS;* = &S,(1 —25„)/us,

which follows from the definitions (C2a) and
(4.7a). For the last terms in Eq. (C4) we thus
find

BS,- BS, 8S,. 1 t' 1 1'-Z '+Zcur, Bur Bury 2 I,
'

Sq S~

i, j, k cyclic. (c6)

1 S' S' S'

In the first term of Eq. (C4) we use the explicit
expressions (A9), (A11), and (A12) for the ma-
trix elements of Q and Q '. The critical surface
relation (4.10f) and the derived expressions (A7)
are again used several times. Relations (85)
serve to convert the variables C;, S, and C,', S,' in-
to each other. Via straightforward algebra one
obtains the intermediate result

APPENDIX C: THE FIXED-POINT SOLUTION

In this Appendix we show that the quantity I, de-
fined by

l, rn, n cyclic

and finally shows that I, vanishes.

APPENDIX D: THE ADJOINT OPERATOR P'

(c7)

I, =Q Dq~(K*) ~ VKf .rVKf- (c1)

vanishes, which means that the functions Kf(r)

The adjoint operator T»' is defined by (T»'y, g)
= (y, T'»g) for all y and g. Upon employing ex
pression (6.3) for T» and the definition (6.6) of the
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scalar product, and performing an integration by
parts, we obtain

x,' X, -0, X -0, X„-0 as x, -0. (o5)

In terms of the deviations 5u& ———u, —u( we have the
equivalent conditions

x' 5u -0 x' 5u 0 x' 5u -0 asx -0

+ii, p (' ")* mCiii,

dl PPy, .(O», —r5, ,) ny, .

= 2 f dig gq' lid'Alii +II'iilu

—(1 —uf) 5;,]i)i;. (o2)

It is convenient to define the triangular coordinate

x, =-', W3- W3 r e, , (o3)

which gives the distance of rc 4 to the l-th edge.
One has from Eqs. (D3) and (5.2)

The second integral in Eq. (D1), which we shall
denote by I~, is a line integral along the boundary
86 of the domain, n being the outward pointing nor-
mal vector. From the first integral we obtain the
expression for T» used in Eq. (6.9), provided that
I~ vanishes. We shall investigate the conditions
for this to happen. To simplify I~ we use the re-
lation n= P3e, on the l-th border B,A, and employ
Eqs. (4.23), (B2), and (5.2) for D. e„D', and
r e„respectively. The result that we find is

(D6)

which follow from Eq. (D5) and relations (C2a)
and (C5) between K and u. For deviations i' of the
special type (6.7) we can replace Eq. (D5) by, a
boundary condition on the function f. Using Eq.
(4.19) we find

(o7)A(K»(r)f sinh2K*, (r)f(r) -0 as x, -0,
a relation which is indeed satisfied by the solu-
tions (6.10).

APPENDIX E: THE CRITICAL EXPONENTy T

We evaluate the right-hand side of Eq. (6.11) by
expressing all quantities involved in terms of the
functions S,'. and C,' defined by Eq. (C2b). The ex-
pression for $&/$» follows from Eqs. (4.19) and

(85); the expression for VKi» follows from Eqs.
(C3), (C5), (4.7a), and (B5); the expression for
D;, follows from the definition (3.13) and the for-
mulas of Appendix A. We convert SD, , /SK& into
derivatives of D;, with respect to the P by chain
rule differentiation. 'Employing Eq. (B1) and per-
forming the summation that occurs in the definition
of D;„we find

1 C,'(S,', + S';„) 1
yp 4 2 cr(sp st ) g gt P n~n" ( err)

t
u*, =-', v Sx, . (D4)

(Q,„Q„,')Q,.', (E1)
As r approaches the I-th edge (x, -0), u,* tends
to zero, whereas u~ and u„* assume finite nonzero
values (f, m, n cyclic). From the equations of
Appendix A and Eqs. (4.7) and (4.10c) we can ob-
tain, via the u &, the limiting behavior of the
matrices Q* and Q

' as x, -0. Using these re-
sults in Eq. (D2), we finally find that the inte-
grand along the 1th border vanishes provided y
and g belong to the space of functions y such that

where (i, i', i"), etc. , are cyclic triplets, and
where it is understood that the right-hand side has
to be evaluated at the fixed point K*(p). We re-
mark that the right-hand side contains no explicit
p dependence. For a further evaluation we need
the P derivatives of the matrices Q and Q ', taken
on the critical surface. By straightforward cal-
culation we find, on the critical surface,

and

BQ 2

Bp~ C

~C lSI SPII

C', (2 -SP,')

gP C 2 3 1C'(2 —S'S')

C i(2 Sis~)

c',(2 —s;s;)
C', (2 —S,'S3)

CI$I $t $l' $tI 2 3 2 3

$ ~2$r2
2 3

c;(2 —s,s, )

C,'(2 —S,'S,')
(E2)

(E3)
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where C is given by Eqs. (A8) and (All). The
derivatives with respect to P, and P, follow from
Eqs. (E2) and (E8) by cyclic symmetry. The
evaluation of y~ from Eq. (El) with the aid of
Eqs. (E2) and (E3) is a matter of tedious but

straightforward algebra. In the calculations one
frequently uses Eqs. (A7b) to eliminate products
and ratios of the C,', and the critical surface re-
lation (4.10f) in the form S,'+S,'+S', =S(S,'S,'. In the
end the result (6.12) is obtained.

*Permanent address: Physics Dept. University of.

Washington, Seattle, Wash. 98195.
'K. G. Wilson, Phys. Bev. B 4, 3174 (1971).
F. J. Wegner and A. Houghton, Phys. Rev. A 8, 401
(1973); F. J. Wegner, Phys. Bev. B 5, 4529 (1972).

3K. G. Wilson and J. Kogut, Phys. Rep. C 12, 75 (1974).
4K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975).
~S.-k. Ma, Bev. Mod. Phys. 45, 589 (1973).
6M. E. Fisher, Bev. Mod. Phys. 46, 597 (1974}.
7F. J. Wegner, in Phase Transitions'and Critica/ Phenom-

ena, edited by C. Domb and M. S. Green (Academic,
London, 1976), Vol. 6.

As exceptions we mention J. M. Kosterlitz, J. Phys. C 7,
1046 (1974); A. A. Migdal, Z. Eksper. Teoret. Fiz. 69,
810 1457 {1975) [Sov. Phys. JETP 42, 413, 743 (1976)];
L. P. Kadanoff, Ann. Phys. 100, 359 (1976); see also a
suggestion by P. J. Reynolds, H. E. Stanley, and W.
Klein, J. Phys. A 8., L199 (1978).

~See the review article by Th. Niemeijer and J. M. J.
van Qeeuwen, same as Ref. 7.

~ L.P. Kadanoff, Physics 2, 263 (1966); Rev. Mod. Phys.
39, 395 (1967).

"Examples are many one-dimensional systems, the
Gaussian model, and models constructed especially to
be amenable to BG treatment. See, e.g. , P. M. Bleher
and Ya. G. Sinai, Commun. Math. Phys. 33, 23 (1973};
A Renoxmalization Group Analysis of the Hierarchical
Model in Statistical Mechanics, by P. Collet and J.-P..
Eckmann (Springer, Berlin-Heidelberg-New York,
1978); S. Krinsky and D.- Furman, Phys. Bev. Lett. 32,
731 (1974); T. L. Bell and K. G. Wilson, Phys. Rev. B
11, 3431 (1975); D. B. Nelson and M. E. Fisher, Ann.
Phys. (N. Y.) 91, 226 (1975); Th. Niemeijer and Th. W.
Ruijgrok, Physica (Utrecht) 81A, 427 (1975); R. G.

Priest, Phys. Bev. B ll, 3461 (1975); M. Nauenberg,
J. Math. Phys. 16, 703 (1975); Th. W. Ruijgrok and
Th. Niemeijer, Physica (Utrecht) A 84, 336 (1976);
C. H. Smit and G. Vertogen, Physica (Utrecht) A 87,
623 (1977); H. J. Hilhorst, J. Stat. Phys. 17, 413
(1977).

~2H. J. Hilhorst, M. Schick, and J. M. J. van Leeuwen,
Phys. Rev. Lett. 40, 1605 (1978).

~3L. Onsager, Phys. Bev. 65, 117 (1944).
~4R. M. F. Houtappel, Physica (Utrecht) 16, 425 (1950);

G. F. Newell, Phys. Rev. 79, 876 (1950).
See Bef. 9. This form was introduced by L. P. Kadanoff
and A. Houghton, Phys. Rev. B 11, 377 (1975).
See Bef. 14; G. F. Newell and E. W. Montroll, Rev.
Mod. Phys. 25, 353 (1953).

~~I. Syozi, in Phase Transitions and Critical Phenomena,
edited by C. Domb and M. S. Green (Academic, London,
1972), Vol. l.

'8This dual symmetry of the BG flow was pointed out to us
by Dr. B. Nienhuis.

~9See, e.g., Befs. 10 or 9.' See, e.g. , Befs. 1 or 7.
2 D. R. Nelson, Phys. Rev. B ll, 3504 (1975); D. R. Nel--

son and J. Rudnick, Phys. Rev. Lett. 35, 178 (1975) and
Phys. Bev. B 13, 2208 (1976). For the discrete case
see M. Nauenberg and B. Nienhuis, Phys. Rev. Lett. 33,
1598 (1974) and Bef. 9.
H. J.F. Knops and H. J.Hilhorst, Phys. Hev. B (to be
published).

23W. van Saarloos et al. (unpublished).
"4Y. Yamazaki and H. J. Hilhorst (unpublished).
~~B. J.Baxter and I. G. Enting, J. Phys, A 11, 2463

{1978).


