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Induced-moment singlet-triplet model: Relationship between
the ground-state moment and the critical temperature
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Using the critical temperatures estimated by the high-temperature-series-expansion (HTSE)
technique and the ground-state moment calculated in the constant-coupling approximation
(CCA) we show a plot of the latter versus the former. An excellent agreement is found
between our prediction and the experimental observations on Pr3T1 under a hydrostatic pressure

and perhaps on Pr3 „La„Tl.%e also show that while the values of the critical temperatures in

the CCA are generally much improved, the ground-state moment versus critical-temperature
behavior predicted in CCA is as poor as that in the mean-field approximation. e emphasize
that the correct behavior of the variation of T, with the crystal-field to the exchange-interaction

ratio near the critical value of this ratio is the decisive factor in explaining the experimental ob-
servations.

I. INTRODUCTION

In the preceding paper' we have obtained a very
accurate estimation of' the critical temperature T, for
the induced-moment singlet-triplet model. We
showed that T, computed in the molecular-field ap-
proximation (MFA) is totally unacceptable for sys-
tems with the crystal-field to the exchange-interaction
ratio close to the critical value required for a magnet-
ic ordering. In this paper we shall show that neither
is the MFA result for the ground-state moment
(zero-temperature magnetization) acceptable in this
situation. More importantly, we shall try to under-
stand the discrepancies between the molecular-field
predictions and the experimental observations about
the critical-temperature —spontaneous-moment rela-
tionship for Pr3T1 diluted with La and Pr3Tl under a

hydrostatic pressure.
Pr3Tl is perhaps the most extensively studied

induced-moment system in recent years. The
exchange-interaction to the crystal-field ratio 9/b, of
the compound is only slightly greater than the critical
value for having a magnetic ordering at all. Conse-
quently, the critical temperature of the compound is
very low, T, =12 K, as compared to the crystal-field
splitting between the crystal-field ground level I ~ and
the first excited level I4, 5=77'K. Also, the
ground-state moment is only 0.7gs (Bohr magneton)
as compared to 3.2p, & of a free ion. Pr3T1 is thus an
ideal system for studying the induced-moment
magnetism.

To study the onset of the induced-moment mag-
netization, Andres et al. ' introduced a small quantity
of nonmagnetic La ions into Pr3T1 and found that re-
placing 7 at. % of Pr with La in the pure compound

could actually drive the system subcritical. Alterna-
tively, it has been observed by Guertin et al. ' very
recently, that a hydrostatic pressure can vary the ratio
of the crystal field to the exchange interaction and
lower the critical temperature to zero at a pressure of
about 8 kbar. - This latter one has the advantage of
using the same pure compound thus avoiding the
complications associated with the mixed crystals.
Both groups have measured the critical temperatures
and the spontaneous moments as the ratio 4/5
varies. A plot of the ground-state moment versus
the critical temperature was made in each experi-
ment. The general behavior is that the ground-state
moment rises almost linearly as the critical tempera-
ture increases. This is in striking contrast with the
molecular-field approximation prediction which shows
a much slower rise of the ground-state moment, and
thus a much too small moment for the whole range
of T„and a concave upward curve.

An immediate question which arises is whether the
observed behavior is due to a physical process not in-

cluded in the Hamiltonian used to describe the sys-
tem, or whether the molecular-field approximation is

simply too crude to be used here. Obviously, one
should try to answer the second part of the question
before attempting the first part. %e have obtained
the values of T, as a function of 6/'/accurately in the
preceding paper. ~ We need an accurate estimation of
the ground-state moment as 5/g varies. We shall at-
tempt to accomplish this by using the constant-
coupling approximation in this paper.

The constant-coupling approximation has been ap-
plied to the induced-moment systems by Cooper4 and
by Wang and Cooper' to obtain the critical value of
the 6/horatio for magnetic ordering at zero tempera-
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ture. McPherson and Wang6 have computed further,
for a singlet-singlet model, the critical temperature
and the ground-state moment as functions of b, /g
They show that the critical temperatures computed in
the constant-coupling approximation are fairly accu-
rate compared with values obtained in the high-
temperature series expansion and that the ground-
state moment is greatly reduced from the MFA
values for 6/g near the critical value. While the ac-
curacy of the results in the constant-coupling approxi-
mation js difficult to assess and varies from one sys-
.tem to the other, the fact that the critical value of
6/g for magnetic ordering at T =0, calculated by the
constant-coupling approximation4 for the singlet-
triplet model, is only 2% off from the value given by
our HTSE estimation, has motivated our calculation of
the ground-state moment using the same approxima-
tion. In Sec. II we show the CCA calculations of the
ground-state moment and the critical temperature. A
discussion of the reliability of such calculations will

be presented in Sec. III, where we also discuss the
ground-state moment versus the critical-temperature
behavior of Pr3 „La„T1and that of Pr3T1 under a hy-
drostatic pressure.

II. CONSTANT-COUPLING APPROXIMATION

The Hamiltonian of the singlet-triplet induced-
moment system has been given in Eq. (2) of the
preceding paper. ' The singlet and triplet wave func-
tions at vanishing molecular field are also given in
Eqs. (3)-(6) of Ref. 1. The basic formulation in the
constant-coupling approximation for this model has
been given by Cooper, 4 who was interested in the
paramagnetic susceptibility and the critical value of
b/.J (for T=0) and, therefore, treated the effective-
field term as a perturbation in the calculations, We
need both the critical temperature and the ground-

state moment for each value of the 5/@ratio. While
the former can be obtained in Cooper's approach, the
latter requires a treatment of the effective-field term
exactly.

We shall recapitulate Cooper's approach in the fol-
lowing and refer the details of the calculation to his
paper. In the constant-coupling approximation
(CCA), the magnetization is computed in two ways.
The single-ion Hamiltonian is assumed to take the
form

2
= 20+ &21

2P = Vc[+ Vc2 —2~gJ~ ' J2

aC,' = —(z —1)h(J; + J*,)

(2)

(3)

(4)

Here 4 is the exchange parameter defined in Ref. 1.
Ã2 can be diagonalized if needed and (J*) can be
computed, although this is a little more involved.
The value of (J*) will again be a function of h,
and will be denoted by (J'&2. To determine /, one
demands that (J*)i = (J') z.

Cooper4 has given the 16 wave functions and ener-

gy eigenvalues of sczo. They are denoted as la„)and

u„in his paper. To calculate the critical temperature,
we calculate (J') i and (J') z for an infinitesimal h.

Thus the effective field terms in~ ~ and 3 2 can be
treated perturbatively. This simplifies the computa-
tion greatly. We can easily show that T, is given by
solving the equation

1= Vc hJ

where V, is the crystal-field potential giving rise to
the singlet-triplet energy scheme (with other higher-
lying states ignored), and zh is an effective field due
to the z nearest-neighbor moments. The thermal
average (J*) can be easily calculated as a function of
h and will be denoted by (J'& t.

Next we consider the two-ion Hamiltonian, which
1S

2z 4az[1 —exp( —P, &)) +P,&exp( —P,~)
z —1 2b fl+3exP( —P, &)l

2(„. exp(-p, v ) 2 exp(-p, v„)+ p. (n.
nmvn vm, Xexp( —p,vi), /exp( p, /)v-

(n Wm) I

where

~..= ( .I Ji + J~ I .&,
and m, n are summed over the two-ion eigenstates of
&20. We have also used the matrix elements ap-
propriate for Pr3+ in a cubic field and u = (0, I

J*l1,)
= (20/3)' z. To establish our notation of crystal-field
states with that of Cooper's, we note that

10,) - lr ), Il.) - I «& ~

12.&-lr„&, and 13.&-lr„& .

To calculate the ground-state moment with the
two-ion Hamiltonian, we need to treat X2 exactly.
However, we are interested in the ground state of the
system which is a linear combination of
la)), laz), la3), and la4). A diagonalization of a
4 x 4 matrix gives the wave function of the ground
state from which the ground-state moment can be
computed. The ground-state moment with the
single-ion Hamiltonian is simply given by

2' -1/2

(Jz). 2a zh 1+ 2az/l (7)i
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Again, by demanding the ground-state moments cal-
culated with the two Hamiltonians be the same, the
effective field h is determined which gives in turn the
ground-state moment. We shall present the results
of thc calculations in Sec. III.

III. DISCUSSION
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FIG. 1. Normalized ground-state moment (J') r~ln vs

b, /(Szn2) in the mean-field approximation (MFA) shown in

dashed line and the constant-coupling approximation (CCA)
shown in solid line (z =12). The critical value of 5/(Jza )
for the ground-state moment to appear is much reduced in

the CCA from its value in the MFA. The dotted portion of
the CCA curve is the region where the CCA gives unphysi-

cal results,

We show, in Fig. 1, the variation of the ground-
state moment with the ratio 6/4zn', for an fcc lattice
(z =12, nz= —), calculated in the CCA. The MFA
values are also shown for comparison. It is clear that
the effect of the zero-point fluctuations is small for
small values of 6/g where the system has an almost
saturated moment. The reduction of the moment be-
comes significant as 5/4 increases, and a great dispar-
ity results as the ratio approaches the critical value
for magnetic ordering (at T =0). The critical value
for ordering in CCA is 5/gzn'=3. 65 which is 2%
higher than the value estimated by the HTSE,
6/gzn' =3.58, while the MFA value is 12% too high.
A drawback in the CCA result is the unphysical
behavior of the curve at very small vaiues of 6/Jzn'.
Other similar unphysical results in the CCA and in
the Bethe-Peierls-Weiss method (another cluster-
effective-field approximation) have been observed be-
fore. 7 Fortunately, the values of 5/gznz which we are
interested in are those close to the critical value and
are far away from the region where the approxima-
tion breaks down. We should also note that the
breakdown of the CCA near 5 =0 may occur because
of the singlet-triplet model approximation which ig-
nores all other crystal-field eigenstates. Should all
states be retained, 5 =0 would correspond to an iso-

tropic Heisenberg ferromagnet. For such a system
Kasteleijn and Van Kranendonk have shown that the
CCA gives an unsaturated magnetization at T =0,
which is unphysical but can be resolved by applying
an external field, however small, to the ferromagnet
in the calculation.

As emphasized before, our main interest is in the
behavior of the induced-moment system as the value
of the 3/horatio approaches the critical value for ord-
ering. Based on the fact that the critical value for
ordering calculated in CCA is only 2% away from the
HTSE value, we assume that the behavior of the
ground-state moment is well described by the CCA
near the critical value of

baal.

We have also found
that if we plot the normalized ground-state moment
(J*)r~/n vs (6/8)/(8, /4), (i.e., 5/gzn' normalized
to its critical value), the curve of CCA falls on the
curve of MFA almost exactly. In other ~ords, the
CCA values of ground-state moment can be given
fairly accurately by the simple equation,

(g)

suggested by the MFA result. This result is not res-
tricted to the fcc lattice. However, (5/.5)

„

takes a
different value for a lattice of different geometry.
The fact that the CCA predicts the same behavior of
the ground-state moment near the critical value of
6/-5 as that by the MFA may simply be a reflection of
the effective-field nature of the CCA calculation. It
should be of great value to re-examine the behavior
of the ground-state moment using a more refined cal-
culation. In this paper we shall content ourselves
with the CCA values.

While there is no real need of calculating the criti-
cal temperature in the CCA for a discussion of the
experimental findings about the ground-statc-
moment —critical-temperature relationship, we should
like to examine the possibility of explaining the
behavior using the CCA results alone. The variation
of the critical temperature with the d/gznz ratio is
shown in Fig. 2 along with the curves given by the
HTSE and by the MFA. It is seen that the CCA
values are, in general, much more accurate than
those of the MFA. However, near the critical value
of h,@zn for ordering at T =0, the CCA curve
shows similar erroneous behavior to that of the
MFA; it plunges to zero too rapidly. To compare the
behavior of the three curves, we show the plot of
T,/T, (r3 =0) vs (4/g)/(5/g), in Fig. 3. For 4/4
above 95% of its critical value, the range of 5/4ap-
propriate for Pr3T1 under hydrostatic pressure or with
La dilution, the CCA curve almost coincides with the
MFA curve, while the HTSE curve shows a quite dis-
tinct behavior from the other two; its descent is far
less rapid as the critical value is approached. This is
indeed the key to understanding the experimental ob-
servations of Guertin et al. and Andres et ul.
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%e now show the ground-state moment versus the
critical-temperature plot. In Fig. 4, the solid curve is
obtained by using the critical temperatures estimated
in the HTSE method, ' and the ground--state moment
calculated in the CCA. It should be noted that each
CCA value for the ground-state moment has been
chosen for the same value of (b,/g)/(6/g), as that
used for the estimation of T,/h. The dashed curve
shows the MFA prediction and the dash-dot curve is
the prediction of a collective-excitation (CE) model
used by Andres et a/. Three sets of data are shown.
The crosses are taken from Andres et al. , who
measured (J*)r~ and T, for a number of compounds
Pr3 „La„T1with x & 0.07. The open circles and the
solid circles are results of measurements of Guertin
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FIG. 2. Critical temperature T„in units of4za /k& vs

b, jgzn2) in the MFA, CCA, and high-temperature series ex-

pansion (HTSE).

et al. They were taken by placing Pr3T1 under a hy-
drostatic pressure which increases the value of b, /4,
pushing it towards the critical value. As discussed by
Guertin et al. , great difficulties were associated with
the determination of the ground-state moment. The
impossibility of satisfying the criterion T « T, for
pressures near the critical pressure for complete
suppression of ferromagnetism and the strong field
dependence of the magnetization data at low fields
contribute, for the most part, to the uncertainty in
the ground-state moment. Two different procedures
of extrapolation were used by Guertin et al. ' to
determine the ground-state moment from the mag-
netization versus internal field H; data. The solid cir-
cles in Fig. 4 represent results of extrapolations to
HI =0 from data in the range of 2 ~ H& «4 kOe; the
open circles are obtained by using the values of the
moment at which the magnetization versus H; curve
first deviates from linearity. Our calculation agrees
with the latter set of data extremely well. (The data
points at T,/5 =0.03 have error bars of about 0.04 in
(J*)/n. )3 MFA or the CE obviously cannot explain
the experimental behavior. Neither can the CCA
alone be used. In fact, if the values of ground-state
moment obtained in the CCA are plotted versus the
values of T, /T, (h =0) in the CCA, one obtains ex-
actly the same curve as that of the MFA despite the
fact that the CCA values are in general much more
accurate than those of MFA. This is because in the
"scaled plots": (J')r a/a and T,/T, (5.=0) vs

(5@)/(5/4)„the CCA curves coincide with the
MFA curves near the critical ratib of b/g for the,
magnetic ordering. In the plot of (J ) r=p/n versus
T,/6, however, the CCA curve would lie a little

higher than that of the MFA because of the lower
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FIG. 3. Critical temperature T„normalized to its value for

b, =0, vs (b,/;J)/(5/g), in the MFA, CCA, and HTSE.
Here (4/,J), is the critical value of A/4 for magnetic order-

ing to occur at T =0 and is different in the different approx-

imations (MFA, CCA, and HTSE). Note that for (b/4)
greater than 0.95 (4/4)„the MFA and CCA curves almost

coincide, while the HTSE curve drops far less rapidly than

the MFA and CCA curves. This behavior of the HTSE
curve is crucial for a successful explanation of the experi-

mental observations.
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FIG. 4. Ground-state moment (J') r~/n vs critical tem-

perature T,/A. The result of the present calculations is

shown in the solid curve. Dashed curve represents results
of the MFA and the dashed-dotted curve was obtained by

including the effects of the simple collective excitations in

the system. Three sets of experimental data are shown.
Crosses are taken from Andres et al. 2 the closed and open
circles are from Guertin et al.
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value of T, (6 =0) in the CCA calculation (Fig. 2);
the CCA curve can be obtained by shifting every
point on the MFA curve horizontally by 17%. It is,
however, as poor as the MFA prediction.

%c should also point out that the relationship
between the ground-state moment and the critical
temperature that we have calculated is a fairly general
result. While we have chosen the fcc nearest-
neighbor interaction model for our calculations, the
result is valid for the other two cubic lattices, sc and
bcc. Indeed, the "scaled plots" for the three lattices
coincide to a high degree of accuracy. The results
should also be fairly accurate for exchange interac-
tions extending to further neighbors, as long as the
range of interaction remains short. It is, therefore,
not a surprise that our result based on the fcc
nearest-neighbor interaction model agrees so well
with the observed behavior in the real physical sys-
tems, Pr3Tl under a hydrostatic pressure, and Pr3T1

diluted with La. Finally, we should remember that
the exact behavior of the ground-state moment may
have not been described correctly by the CCA near
the critical value of 5/4'for magnetic ordering. There
has been an indication that the ground-state moment
vanishes in a power law with a po~er less than that
predicted by the MFA and the CCA [Eq. (8)];
MFA and CCA predict a power of —,. If this is

true, we should expect a corresponding higher value
for the ground-state moment, and the solid curve
shown in Fig. 4 would be raised higher.
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