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Extremely strong (100) magnetic anisotropy occurs in Cesb and CeBi. This contrasts with

the theoretical crystal-field-only (111) easy direction as found experimentally upon diluting the

Ce with Y or La. We find that the strong (100) anisotropy can be understood when one in-

cludes elastic and magnetoelastic effects in conjunction with magnetic ordering, Depending on
the system parameter values, there are two possible types of magnetic anisotropy and distortion-

al behavior: either (i) a small expansive trigonal distortion and magnetic ordering along (111),
or (ii} tetragonal distortion, above a significant threshold value at 0 K, and ordering along

(100). For the tetragonal distortion, the c/a ratio is (1 as found experimentally in CeBi. Our

self-consistent calculations for CeBi use the experimental crystal-field splitting, Tz, and elastic

. constants. The occurrence of the tetragonally distorted (100) phase is associated with the re-

markable sensitivity of the crystal-field interaction to lattice spacing in the cerium monopnic-

tides. We introduce this effect via a charge-enhancement factor p multiplying the point-charge-

model result for distortional crystal-field terms. The I"~ crystal-field ground state has no quadru-

pole moment, Because of this, distortional effects of any significance occur only with a molecu-

lar field present, as in our model calculation for CeBi, or in the absence of exchange, for p
above a threshold value necessary to give sufficiently strong I 7

—I 8 mixing.

I. INTRODUCTION

Cerium bismuthide' and cerium antimonide" "
display extraordinary magnetic behavior through their
highly anisotropic and unusual magnetic-ordering
structures. " A central feature of this anomalous
behavior is the presence and strength of magnetic an-
isotropy favoring the alignment of the magnetically
ordered moments along (100) despite the fact that
the crystal field favors a (111) easy axis."'e The
question then arises, is there one fundamental physi-
cal property that governs the unusual magnetic
phenomenology observed?

The interest in this question is enhanced by the
striking similarity' between the unusual magnetic
properties of the cerium monopnictides with NaC1
structure and the light actinide monopnictides also
with NaC1 structure, which show similarly strong and
anomalous (100) magnetic ordering as well as similar
and unusual highly anisotropic linear-magnetic struc-
tures. The common feature of these two classes of
materials is that in both cases the f electrons respon-
sible for the magnetic behavior (4f for cerium and 5f
for the actinides) are relatively loosely bound, say
compared to 4f electrons in the heavy rare earths,
and therefore, are much more sensitive to interac-
tions with the crystalline lattice. Indeed from neu-
tron scattering work and other measurements we
know that the crystal field for the cerium monopnic-

tides differs from that of the heavier rare-earth
monopnictides in having a variation with lattice
parameter extraordinarily stronger than that expected
on the basis of the point-charge model. '

The main point of this paper' is to show that, in
fact, the extraordinarily strong (100) anisotropy and
associated properties in CeBi follow as a direct conse-
quence of the extreme sensitivity of the crystal field
to lattice displacement. Inferentially, we believe that
this is also true for CeSb and the light actinide
monopnictides. Besides discussing CeBi specifically,
we discuss general features of magnetic-ordering
phenomenology and of lattice-distortional behavior to
be expected on the basis of the physical effects in-
cluded in our model. Our calculations demonstrate
that the (100) orientation of magnetic ordering with

associated tetragonal compression is favored over the
alternative of (111)ordering with trigonal expansion
because of overall-energy-balance considerations in-

volving both crystal-field and elastic energies. ' The
(100) tetragonal state is relatively less favorable than
the (111) trigonal state from the point of view of
crystal-field energy; but, on the other hand, the
(100) tetragonal state is relatively less unfavorable
from the point of view of the elastic energy, and the
latter effect leads to the (100) tetragonal state win-

ning out in the overall energy balance.
In Sec. II we discuss some details of the experi-

mental background of interest and the physical
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phenomena involved in our model calculations. The
way in which the physical phenomena are represented
through use of a model Hamiltonian is discussed in

Sec. III; while the results of our calculations with that
model Hamiltonian and their relevance to the experi-
mental behavior are discussed in Sec. IV.

II. EXPERIMENTAL BACKGROUND
AND PHYSICAL PHENOMENA INVOLVED

CeBi has NaCl crystal structure with a lat)ice con-
0

stant of 6.49 A. The Ce + free-ion ground-state
multiplet is F5g. A cubic crystal field splits the
free-ion multiplet into a I 7 doublet and a I 8 quartet.
For CeBi, the I 8 quartet is 10'K above the I 7 doub-
let."' Type-I antiferromagnetic ordering occurs in

CeBi at T~ =25'K with a second-order transition.
There is a first-order transition to a type-IA magnetic
structure at a temperature of approximately

2
T~. A

tetragonal distortion with c/a &1, i.e., compressive,
appears, in coincidence with the second-order transi-
tion and at 0 'K has grown to a value with

c/a —1 = —1 x 10 3. For CeSb the magnetic behavior
is more involved' ' than that of CeBi, with a series
of six magnetic structures with varying temperature,
separated by first-order magnetic transitions. Again,
however, the direction of magnetic ordering is (100)
and there is a tetragonal distortion with c/a &1 grow-

ing to c/a —1 = —1 x 10 3 at T =0. Thus both CeBi
and CeSb display (100) easy axes of magnetization
despite the prediction of a (111) easy axis for
crystal-field-only anisotropy. For both materials, on
diluting the Ce with Y, La, or a combination of the
two, there is a change3 9 from a (100) to a (111)
easy direction as expected for crystal-field-only aniso-
tropy. This experimental behavior in CeBi and CeSb
suggests that a cooperative interaction besides the ex-
change field exists between the Ce atoms, and that
this interaction may occur via magnetoelastic effects.
We also note that for both (Ref. 2) CeBi and (Ref.
13) CeSb the magnetization remains close to satura-
tion for a wide range of temperature on increasing
temperature from T =0.

Our present work, as reported in this paper,
focuses on the occurrence of the strong (100) aniso-
tropy and how this may be understood through mag-
netoelastic effects. We consider in detail the associa-
tion between the easy direction of magnetization and
the nature of crystal-lattice distortional behavior. We
consider the possible crystal-lattice distortional
behavior both in the presence of magnetic ordering
and in its absence. For purposes of comparison to
experimental behavior in the magnetic-ordering case,
we consider the behavior of CeBi; ~here, ho~ever,
for the present discussion we disregard the transition
to a IA magnetic structure with decreasing tempera-

ture. We will discuss the possible relationship of the
occurrence of the IA magnetic structure to more in-

volved lattice structure behavior' in a future paper.
We find that the observed magnetic anisotropy and

lattice distortional behavior of CeBi, as well as a quite
flat sublattice magnetization variation with tempera-
ture at low T, can be understood on the basis of a
simple model which includes crystal-field, elastic, and
exchange effects. The central feature of this model is
the enhancement of the change in crystal-field in-
teraction with lattice displacement relative to that ex-
pected on the basis of the point-charge model. As
discussed in Ref. 17 and shown in Table I, the
crystal-field behavior of the cerium monopnictides
deviates markedly from the 1/a' dependence expect-
ed from the point-charge model. The changes in
crystal-field splitting between CeB~ and any of the
other three compounds is about a factor of 30 times
that expected from the point-charge model; while
that between CeSb and the heavier compounds is
about a factor of 8 or 9 larger than expected. (For
CeBi, the value of AcF, the I 7

—I 8 cubic-crystal-field
splitting, shown in Table I is that of Ref. 20. In Ref.
17 a value about half as large was found, leading
then to about twice the enhancement factors stated
above. ) The cerium monopnictides are unique
among the rare-earth monopnictides in showing such
an effect. This effect serves as the physical basis for
the enhancement factor p, we will introduce subse-
quently, increasing the change in crystal-field value
with lattice displacement from that expected for the
point-charge model.

We will show that for enhancement of crystal-field
effects associated with distortions beyond a threshold
value, consistent in magnitude with the considera-
tions just discussed, (100) becomes the easy direc-
tion of magnetic ordering. In doing this, we mill

T„('K) ~,F ('V.) a (A)

CeP

CeAs

CeSb

CeBi

9.0'
7,5'

16'
25b

172c

140~

38'
106

S.93'
6.04'

6.491

'Reference 8 and 13

bReference 2.
'Reference 21.
Reference 22.

'Reference 20.

~Reference 23.

~Reference 6.

TABLE I. Values for Neel temperature (TN), crystal-

field splitting (hcp), and lattice parameter (a) for the cerium

monopnictides. References are given below.
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show that the fact that the size of crystal-field
enhancement has a threshold to have (100) ordering
implies that there is a corresponding threshold for the
size of (100) compressional distortion, beyond which
there is a (100) easy direction of magnetic anisotro-
py. The existence of this distortion and the associat-
ed changes in the states of the Ce'+ ions may be re-
garded as equivalent in effect to a quadrupole cou-
pling between the Ce3+ ions. The quadrupolar in-
teraction aids the exchange interaction in maintaining
a large magnetic moment at low temperatures, as ob-
served2 by the "flat" sublattice magnetization curve at
low temperature. In fact our calculations predict a
contractive (100) distortion in agreement with exper-
iment; and our calculations show that a contractive
(100) distortion tends to increase the moment (i.e.,
keeps it from decreasing as rapidly with temperature
as it would in the absence of distortion), while an ex-
pansion distortion would tend to decrease the mo-
ment.

+CF 'o + C2o02 + C4004

where

i i
C2Q =xPkcP(

3$Q
8

]QQ
8 ) t

126 42

(3.5)

(3.6)

(3.7)

In these expressions, hq~ is the cubic-crystal-field
splitting between the I 7 and I's states, p is an
enhancement factor shortly to be discussed, 8 is the
fractional displacement of the anions from the cubic
positions, 5 = (c —a)/a, and the quantity x is given
by

charge) on the neighboring anions.
We treat small distortions from the cubic structure

by including terms in the crystal Geld up to second
order in the anion displacements. This introduces
additional crystal-field operators. For a (100) (tetrag-
onal) distortion we then have

x —= —", (aJ/pJ) ((r')/(r4)) d', (3.8)

III. MODEL HAMILTONIAN

A. Crystal field

The crystal-field Hamiltonian has the form'

sccp = XA„O„
n, m

(3.1)

where the O„are the Stevens" operator equivalents
which act on the free-ion ground-state multiplet. The
site symmetry and direction of quantization deter-
mine which operators are present.

For the undistorted (cubic) crystal with the (100)
crystal direction chosen as the z axis, we have

~CF ~Q B4(o4 +5o4) (3.2)

If the (111)direction is taken as the polar axis, then
we have

34Q hcp =—B4 = —,', (Ze'/d') pJ (r') (3.4)

where Pq is the Stevens2' multiplicative factor, d is
the nearest-neighbor anion-cation distance, and (r4)
is a radial integral as calculated by Freeman and Wat-
son, and where we have taken the crystal field as
corresponding to point charges on the nearest-
neighbor anions. Fitting this expression to the meas-
ured crystal-field splitting of 10'K, we then deter-
mine the effective charge Ze (e is the electron

SCcp =SCQ" = 3B4(04 —20(2)—' 2043) . (3.3)

For positive 84 the 17 state is below the I s. In the
point-charge model the splitting 4cp between these
two states is given by

where nJ is a Stevens multiplicative factor and again
we use the values of the radial integrals (r') and (r4)
as determined by Freeman and Watson. 26 Numeri-
cally x is of the order of 103, making the quadrupole
Of term in Eq. (3.5) the dominant distortion term.

As already discussed, the crystal-field interaction
for the cerium monopnictides is extremely sensitive
to the lattice displacements. If this enhancement of
the effect of lattice displacements, relative to that ex-
pected for the point-charge model did not occur, then
the coeScients for the distortion terms, given in Eqs.
(3.6) and (3.7), would be completely determined by
the measured crystal-field splitting and the size of the
distortion. We represent this sensitivity in the sim-
plest possible way by introducing an enhancement
factor p, which increases the effect of the distortion
terms in the Hamiltonian. From Eq. (3.4) we see
that this is equivalent to assuming an enhancement
with distortion of the effective charge and for this
reason we refer to p as the crystal-field gradient
charge-enhancement factor. The. effect of the distor-
tion on the crystal field is increased relative to the
effect in the point-charge model if p)1, is decreased
if p(1, and is. unchanged if p =1. In our simple
model we take p to be a fixed number that does not
vary with the size of the distortion. This is, of
course, a crude parametrization for what is undoubt-
edly a very complex effect. The variation between
the pure compounds as shown in Table I, each hav-

ing cubic symmetry with a different lattice parameter,
certainly provides strong evidence of the sensitivity
of the crystal field to lattice displacement. Obviously
for small displacements about the undistorted
configuration for each compound, the enhancement,
relative to the point-charge model of the crystal-field
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change, or the lack thereof, may very well be quite
different for displacements, i.e., distortions, of a
differing nature. In this regard, experiments measur-
ing the change in crystal-Geld splitting under hydros-
tatic pressure and uniaxial stress would be very valu-
able.

For a (111) (trigonal) distortion, the corresponding
effect of distortion on the crystal field is given by

Eqs. (3.15) and (3.16), k„+k„and k„, we fit the
measured macroscopic values.

D. Eigenvalues and eigenfunctions, charge-cloud shape.

The total Hamiltonian for a single Ce3+ ion then
becomes

CF 0 + C2002 + C4004 + C4304 (3.9) +CF + C MF + e EL (3.16)

C40 =p~cp(&/252(3) ' '+ 5'/63) (3.11)

C43= p& ([—2(6)' '/27l&+[(2)'~'/9l&') . (3.12)

Here 8 is the relative change in the (111) component
of the nearest-neighbor cation-anion distance. The
quadrupole term is also dominant for the (ill) dis-
tortion.

S. Exchange interaction

where

C, ph „(8/180(3)&/& 78&/1080) (3 10)

We have calculated the eigenvalues of 3.'cF + BCMF,

neglecting the overall additive constant given by the
second term of scMp in Eq. (3.13). This has been
done for distortion and magnetic ordering along
(100) as shown in Fig. 1, and along (111) as shown
in Fig. 2. We have also determined the correspond-
ing eigenfunctions.

We shall frequently refer to the shape of the elec-
tronic charge cloud for an eigenstate. This shape
may be determined by using the position representa-
tion of the multiplet states, which for the ground-
state multiplet of Ce'+ is given by

We treat the exchange interaction in the
molecular-field approximation as in Wang and Coop-
er. The Heisenberg interaction is then replaced by
the single-site Hamiltonian

3.0

2.0

3'Mp= —X(J,)J, + —,X(J,)', (3.13) I .0

where the brackets denote a thermal average. We as-
sume that this interaction is isotropic so that the ex-
change constant X has the same value whether the
magnetic ordering occurs along the (100) or (111)
direction. The value of A. is selected so that the Weel
temperature of the model (including crystal field and
elastic effects) corresponds to the experimental value
of 25'K for CeBi.

-I 0-
—2 0 - ( Ioo)

p&o

30.
2.0

C. Elastic energy
I.O

To determine the elastic energy we adopt a micros-
copic central-force model' with nearest-neighbor
force constants k„, k„, and k„between anion-anion,
cation-cation, and anion-cation pairs, respectively.
For the tetragonal distortion the elastic energy per
Ce3+ ion is given by

-I 0-
-2,0-
-3.0

0 2,0 4.0 6.0 8.0

I03ISI

!0.0

K sL = (k„+k„+k„)5

For the trigonal distortion we have

scsL =4(k„+k„+4 k„)82

(3.14)

(3.15)

Two different macroscopic-elastic constants have
been measured for CeBi. To determine the two
combinations of microscopic constants that occur in

FIG. 1. Variation of the crystal-field energy levels with

tetragonal distortion in the absence of magnetic ordering
and with a crystal-field distortion enhancement factor p of
11. The energies are scaled to the cubic-crystal-field splitting

4cF, and the value for CeBi has been used for the nearest-

neighbor anion-cation distance. Upper pane1 is for expan-
sive distortion; lower panel is for compressive distortion.
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(]I, $ ) J,) = (2 I + 1) ' '[ —(I —J, + —,) Y/ I —]/Q (e, g) x+ + (I +J, + —,
'

) Y// +]/ 2(e, ]t )x ]

with I =3. Y] (I], $) is a spherical harmonic, and X+ are spin- 2 spinors. So that the charge-cloud shape as
a function of 8 and @ for the state with J =

z
and specified J, is given by

OJ j (II $) [(/ —J, + —)/(2/ + 1)]] Y// ]/2)~+ [(/ +J, + —)/(2I + 1)][ Y/ J +]/2[

(3.17)

(3.18)

IV. BEHAVIOR OF THE MODEL AND COMPARISON

VfITH BEHAVIOR IN CeBi
BG

8(J*)
(4.2)

A. Free energy

The free energy of the system is given by
1

G(P, (J,), 5) = kTln X—exp( —PE,)

leads to the usual molecular field self-consistency re-
quirement that the molecular field parameter (J,) in
the Hamiltonian be the same as the thermal average
of J,. A nonzero value of (J,) implies the presence
of magnetic ordering.

Applying the second minimization condition

+ —,I].(J,) '+ scEL, (4.1)
86 8 [ kT lnTr—(e s~) +EXCEL]
es es

(4.3)

with the E, given by Eqs. (3.18) —(3.21), and where
T is the temperature, k is Boltzmann's constant, and
]8 = 1/kT.

The equilibrium values of the magnetization (J,),
and the distortion 8, are found by minimizing the
free energy with respect to both variables. The first
minimization condition 8 = -g (o20), (4.4)

and the crystal field and elastic Hamiltonian becomes

we see that the distortion may be expressed in terms
of the thermal average of an appropriate combination
of multipole operators. If we consider only the dom-
inant quadrupole term in the Hamiltonian of Eq.
(3.5) or (3.9) to first order in 8, then Eq. (4.3) be-
comes

sc =x, —g(oo) oo+-,' g(oo)', (4.5)

2.0

1.0 .
0-

-I.O-
h.o -20

C9

2.0
LIJ

0-
-I.O-

-2.0-
-3,0- (0

where, as previously introduced, Xo is the crystal-
field Hamiltonian in the absence of distortion, and
where, for a (100) distortion,

g =
2 ( 360 XphcF) 2(k„+k„+k„) ' . (4.6)

Eq. (3.5) has exactly the same form as the
molecular-field Hamiltonian of Eq. (3.14). A
nonzero value of (Oio) implies the existence of a
quadrupolar ordering. Allowing for a distortion of
the lattice introduces an effective quadrupolar cou-
pling between the Ce + ions. The strength of this
coupling, from Eq. (4.6), is proportional to the
charge enhancement and inversely proportional to the
size of the elastic constants. We thus have two types
of ordering occurring in the model.

B. No magnetic ordering
20 40 60 80

IO&ISI

IO.O

FIG. 2. Variation of the crystal-field energy levels with trig-

onal distortion in the absence of magnetic ordering. Param-

eters are as in Fig. 1. Upper panel is for expansive distor-

tion; lower panel is for compressive distortion.

We first consider the behavior for the model with
no magnetic ordering, so that (J,) =0. The essential
aspects can be seen by considering the T =0 behavior
which depends solely on the ground-state properties.
The cubic I 7 ground state is rather insensitive to lat-
tice displacements along either the (100) or (111)
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5=1/SCp

~here we have

1C
36p

X e

(4.7)

(4.8)

C

Equation (4.7) displays the important fact that the
crossover distortion is inversely proportional to the
crystal-field charge enhancement. For a very small
value of p the distortion would have to be very large
for the ground state to acquire a quadrupole moment.
A very large distortion, however, would imply an ex-

directions. This can be seen from the first-order per-
turbative corrections to the I 7 state given by Eq.
(3.20a) or Eq. (3.21a). Only the less important octu-
pole terms in the Hamiltonian yield a first-order
correction. This is because the I 7 electronic charge
cloud consists of 12 lobes arranged in cubic sym-
metry, and hence, possesses no quadrupole moment.
The distortion effects are therefore, minimal. How-

ever, a lattice distortion produces strong mixing
between the I"7 and I 8 states, and for sufficiently
large displacements the ground state acquires a large
quadrupole moment. (Alternatively the quadrupole
effect within the I 8 states may cause one pair of
those states to drop enough in energy for a distortion
of sufficient size to give a level crossing and a new
ground state possessing a well-defined quadrupole
moment. ) The crystal-field energy then decreases
linearly with further distortion. This decrease may be
able to balance the increase in elastic energy, and an
equilibrium distortion may result. We can consider
these distortion effects on the crystal-field behavior in
detail by examining the effects of various types of
distortion on -the energy-level behavior. This is
shown for (100) (tetragonal) distortions in Fig. 1 and
for (ill) (trigonal) distortions in Fig. 2. We take a
crystal-field charge enhancement factor p of 11 and
the nearest-neighbor anion-cation distance as that of
CeBi.

For the (100) distortions, we first consider a posi-
tive displacement (8&0). For small distortions the
ground-state energy remains essentially unchanged.
The distortion splits the I 8 quartet into pairs, and
each individual state has a large quadrupole moment
as evidenced by the linear variation of energy shown
for these states in Fig. 1. The pair of states

~

+
2 )

lo~ers its energy with the distortion. These states
remain pure and do not mix with the I q states. At
8 = 5.5 x 10 ' the

~

+ —,) state crosses the I'7 level

and becomes the new ground state. Further distor-
tion lowers the crystal-field ground-state energy.

The approximate location of this level crossing for
the (100) case with 5&0 may be determined from
first-order perturbation theory. If we consider only
the effect of the 02 term to order 5, then the pertur-
bation theory prediction is that the crossing occurs at

tremely large elastic energy. The distortion would
not be stable.

We now consider a (100) compression. In this
case, the I 8 states that lower their energy with distor-
tion, mix with the I 7 states. For the value of charge
enhancement p =11, used in Fig. 1, there is some
mixing of these states with the I 7 states even for
small distortions, and the ground-state energy de-
creases slightly. For increasing ~8~, there is strong
mixing, and at

~
5~ & 4 x 10 3 this interaction has

effectively interchanged the two lowest pairs of states.
The ground state now has the characteristics of a I"8

state with a large quadrupole moment, and the
ground level now decreases linearly with distortion.
Again we may use perturbation theory to approxi-
mately locate the distortion at which the large qua-
drupole moment is acquired. Again considering only
the effect of the 02 term to order 5, we find that the
two levels would have crossed at a displacement

8= —I/8C p, (4.9)

with C as defined in Eq. (4.8). The necessary size of
the distortion is again inversely proportional to the
charge enhancement.

The (111) distortions display similar behavior as
shown in Fig. 2. For a (111)compression there is
some mixing of states at very small distortion. For

~ 5~ & 2 & 10 ', there is stronger mixing, and the
ground-state energy decreases more rapidly with the
linear-dependence characteristic of a state with a
specific quadrupole moment. The mixing is very
slight at small distortion for the (111) expansion.
For 8 & 2 x 10 ', ho~ever, the quadrupole moment
appears. The quadrupole moments are induced at
smaller distortions for the (111)case than for the
(100). This is because the (111) moments are the
results of a rather continuous mixing of the states.
The (100) moments depend on level crossings and
interchange of states. Also for a given distortion and

p, the (111) crystal field is somewhat greater. Just as
for the (100) case, the distortions at which the (ill)
quadrupole moments appear are inversely proportion-
al to the charge enhancement.

Thus, the crystal field will favor a distortion
beyond some minimum value for a fixed value of the
enhancement factor. This minimum value depends
inversely on p. Whether or not an equilibrium dis-
tortion occurs depends on whether or not the de-
crease in crystal-field energy can balance the increase
in elastic energy. Therefore, increasing the probabili-
ty of an equilibrium distortion requires increasing the
strength of the crystal-field interaction and/or de-

,creasing the elastic energy. Equation (4.5) suggests
that a spontaneous quadrupole moment may occur if
Q is, in some sense, large enough. In general, the
cubic-crystal-field splitting and the elastic constants
can be fixed by experiment. In the present instance
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we choose to model "nonmagnetic CeBi, " and there-
fore, choose these parameters to fit the experimental
results for CeBi. The charge-enhancement factor p,
is then treated as an adjustable parameter.

%e minimize the T =0 free energy to determine
the equilibrium distortion as a function of the charge
enhancement. The resulting distortions, on varying p
for the expansive and contractive tetragonal and trig-
onal distortion cases, are shown in Fig. 3. As expect-
ed, for small values of p the equilibrium displace-
ment is essentially zero since the ground state
remains predominantly the I 7. The dashed part of
the curves in Fig. 3 corresponds to the range of
behavior over which the ground state is acquiring a
quadrupole moment either through state mixing or
level crossing. [The small octupole contribution is
included in these curves. This effect, together with

the quadrupole formation, gives rise to the "tailing"

for lower p values (p —5 —10) for the compression
(g (0) cases. At larger values of the enhancement
the ground state acquires the large quadrupole mo-

ment, and the size of these distortions increases very
sharply. The octupole effects are completely negligi-
ble for the (100) and (ill) expansions, and there is

no discernable tailing at low p for these cases. ]

As shown in Fig. 3, at an enhancement of p ~ 10
the system can maintain a large (100) compression.
The ground state in this case is predominately I

+
2 )

and the charge cloud is predominately oblate to the
(100) axis. For p & 11 a (111) compression or a
significant (111),expansion is possible. For the
compression mode the charge cloud is aligned
predominately along the (111) axis, the ground state
is predominately I

+
2 ). For the expansion mode the

eigenstate is predominately I
+ —,), and the charge

cloud is oblate. At p & 15, a (100) expansion ap-

pears. In this case the ground state is I
+ —,) with the

charge cloud aligned along the (100) axis. The (100)
distortions are larger because the tetragonal elastic
energy is much smaller than the trigonal elastic ener-

gy.
Figure 4 shows the zero-temperature equilibrium

free energy for the four types of distortion. The
(100) compression is most favored. Actually for a
given size of distortion and a given value of the
crystal-field gradient charge enhancement p, the

(111)expansion mode can lower its crystal-field en-

ergy more than the (100) compression. However,
because the tetragonal equilibrium displacement is

I 8.0
3:—R ELATIVE DI STORTION:( ) FOR (Ioop

0.0

-0 5-
UNDISTORTED FREE ENERGY

I 4.0-
T=o -I 0-

I 2.0- -I 5.

IO.O-
t/0

2 80-
~ (III) P&O

-2 0-
C9

-2.5-
Ld

o (IIIP P &0
6.0-

~ (loo) Q &0

o (Ioo& 3&o
4.0- I

I

I

I

I

I/
/I

/I /
/I/

I
a ~ —~s I
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FIG. 3. Relative distortion minimizing the free energy at
T =0 for varying crystal-field gradient charge-enhancement

factor p. Other parameters are chosen to correspond to
CeBi experimental behavior as described in text. Behavior
is shown for expansive and contractive tetragonal and trigo-

nal distortions.
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dient charge-enhancement factor p, for each of the four

types of distortion. Other parameters are chosen to

correspond to CeBi experimental behavior as described in

text.
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larger, the (100) mode has the overall advantage.
This importance of a lower elastic energy is also
demonstrated by the behavior of the (100) expansion
mode. The distortion is clearly at a disadvantage with
respect to the crystal field. Nevertheless, at large p it
overtakes both (111) modes.

The tetragonal compression for p =11, as a func-
tion of temperature is shown in Fig. 5. We deter-
mine this curve by numerically finding the distortion
which minimizes the free energy at fixed tempera-
ture. At T =0 the distortion is slightly over 0.6%. It
then decreases fairly rapidly to about a fourth of its
initial value at a temperature kT/hcF =0.65. At this
temperature the system has lost the large induced
quadrupole moment. There is enough mixing of the
states, however, so that a small distortion is still pos-
sible. The decrease then slows, and the curve begins
to tail. Beyond kT/dc„-—1.0, the tailing is due en-
tirely to the eA'ect of the octupole terms.
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C. Magnetic and quadrupolar ordering, comparison with
behavior in CeBi

We now consider the system with magnetic order-
ing. We begin by considering the behavior at T =0.
First, let us consider what happens in the absence of
any distortion. In the strong molecular field the
ground-state electronic charge cloud has the shape of

FIG. 5. Tetragonal compression, for p =11, as a function of
temperature. Other parameters are as for calculations. of
Fig. 3.

a torus oblate to the direction of the field. This
ground state is approximately

~
—,). The charge cloud

is shown in Fig. 6. To see whether we expect the,

(a) (b)
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„anion
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Ce Ground State
Charge Cloud

Ce Ground State
Charge Cloud
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II

FIG. 6. Angular variation of electronic charge density in ground state of Ce3+ for an exchange field giving Tz 25'K.
(a) Exchange field is along (100) and the angular dependence is shown in a (100) plane. (b) Exchange field is along (111),
and the angular dependence is shown in a (110) plane.
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easy direction of magnetization to be along (100) or
along (111),we compare the ground states for those
two directions of exchange field. For ordering along
(100) the lobes of the charge cloud are directed to-
ward the nearest-neighbor anions, resulting in strong
electrostatic repulsion. For ordering along (111) the
lobes of the cloud-charge point between the neigh-
boring anions, and thus, experience less repulsion,
The (111) direction is thus the preferred direction of
ordering in the undistorted crystal. 9

Now we can consider what happens when a distor-
tion occu'rs in these magnetically ordered states. The
magnetic ground state possess a large quadrupole mo-
ment because of the mixing of I 7 and l 8 states
through the molecular field. This state, as well as the
excited states, will thus react strongly to lattice distor-
tions. The magnetically ordered state with magnetic
moments along (100) can decrease its crystal-field
energy by a tetragonal compression (c/a & 1). The
(111) state can lower its energy by a trigonal expan-
sion. This is physically expected on comparing the
nature of the ground-state charge cloud to that of the
excited states for each direction of magnetic align-
ment. In each case the ground-state charge cloud, as
shown in Fig. 6, is oblate to the exchange field direc-

8.0

40
O

2.0

0 2 4 6 8 10 12

p (GRADIENT CHARGE ENHANCEMENT)

FIG. 7. Relative distortion as a function of crystal-field gra-
dient charge-enhancement factor p at T -0. Parameters
used are taken from CeBi experimental behavior as
described in text.

tion, awhile the excited states become increasingly
prolate for increasing excitation energy. Thus, in
both cases the anion motion relative to the charge
clouds is such as to increase the splitting between
ground and excited states. Thus, the magnetic order-
ing has selected from the possible tetragonal and trig-
onal distortion modes, a tetragonal compression in
the case of (100) magnetic ordering and a trigonal
expansion in the case of (111) magnetic ordering.

%e determine the zero-temperature equilibrium
distortion for varying value of the crystal-field gra-
dient charge-enhancement factor p, as shown in Fig. 7.
This determination is made for equilibrium distortion
along (100) for magnetic ordering along (100), and
for distortion along (111) for magnetic ordering
along (111),and involves minimizing the free energy
with respect to magnetic moment (J,) and distortion
5. This is done by using the usual molecular-field
self-consistency requirements for each value of dis-
tortion, with a specified set of other parameters, and
finding the distortion that gives an absolute minimum
of the free energy. This is done with the exchange
constant X chosen to give TN = 25 'K as in CeBi, and
with the elastic, crystal-field, and lattice parameters
chosen as previously to match the experimental
behavior in CeBi.

Unlike the case of no magnetic ordering there is
significant equilibrium displacement even for small p.
This is because a quadrupole moment exists even
with no distortion. For moderate values of the
enhancement the magnitude of the distortion in-
creases linearly. , At higher values of p, the increase
in size of the distortion becomes slightly faster than
linear. This is in constrast to the behavior with no
magnetic ordering, where the magnitude of 5 varied
linearly over a wide range of the enhancement. The
(100) displacement is larger because of the smaller
elastic energy. As expected from our discussion of
the nonmagnetic case, the (100) distortion is
compressive along the axis of magnetic ordering (i.e.,
c/a & 1). This is in agreement with the observed
tetragonal compression with magnetic ordering of
CeBi.

A comparison of the free energy for the systems
with the two types of distortion as given in Fig. 7, is
shown in Fig. 8. With no distortion as already dis-
cussed, the state with magnetic ordering aligned
along (111) is more favorable. However, the fact, as
shown in Fig. 7, that for a given p the (100) equili-
brium distortion is always larger than the (111) dis-
tortion gives the (100) ordering an advantage with
regard to lowering the crystal-field energy that be-
comes of increasing importance with increasing p.
This advantage comes about because the (100) dis-
tortion is less disadvantageous from the point of view
of increasing the elastic energy, so that the equilibri-
um distortion is larger. For suSciently large p, this
more than makes up for the fact that the crystal-field
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energy goes down more quickly for increasing (111)
expansion than for (100) compression. As shown in
Fig. g, the (100) compressive-distortion mode lowers
its energy at T =0 very quickly for increasing p, and
this energy crosses below the (111) undistorted ener-
gy at p =7, and below the (111) curve itself at
p =10. At the crossover, the (100) distortion is
5=—(c—a)/a = —0.6%. Thus with a sufficiently large
tetragonal compression, made possible by a
suSciently large enhancement of the gradient of the
crystal field, the (100) direction becomes the easy
axis of magnetic alignment.

Using the crossover value of p =10 we determine
the magnetization and tetragonal distortion as a func-
tion of temperature. This is shown in Fig. 9. At
zero temperature the predicted distortion is
6= —0.62'lo. (On going beyond the crossover value
of p, as sho~n in Fig. 7, this zero-temperature value
of distortion would increase approximately linearly
with p.) The actual compression in CeBi measured
by Hulliger et al. is about 0.1%. Thus despite the
crudeness of our way of parametrizing the enhance-
ment of the crystal-field gradient, our model calcula-
tions nevertheless predict a distortion of both the
type and order of magnitude observed experimentally.

2.5
p=IO

75

2.0

I.5
O

&C

I

I.O

l.5

0.5 I.O 1.5 2.0 2.5

kT/DcF

FIG. 9. Magnetization and tetragonal distortion with vary-
ing temperature for p =10. Other parameters are as in Fig.
7 and 8. For purposes of comparison, the low-temperature
part of the magnetization curve corresponding to the Bril-

5)ouin function for J = —is shown as a dashed curve,2
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FKJ. 8. Comparison of the free energy as a function of p
for the two directions of magnetic ordering. For a specified
p, this gives the free energy corresponding to the displace-
ment shown in Fig. 7.

The magnetization in Fig. 9 is relatively flat at low
temperatures, i.e., compared to the magnetization
behavior corresponding to the Brillouin function forJ= —,. This flatness of the magnetization comes
about through the wave-function mixing associated
with the distortional (quadrupolar) effects. For
suSciently large p, even in the absence of magnetic
ordering these effects tend to give a ground-state
doublet that is predominantly I

+ —,). So even a
small molecular field will split the doublet and create
a new ground state with a moment close to satura-
tion. Thus the quadrupolar ordering acts to reinforce
the molecular field in maintaining the magnetic mo-
ment. The degree of flatness varies markedly with p.
For a smaller p, even say p = 7, the flatness of the
magnetization curve (relative to that for the magneti-
zation corresponding to the Brillouin function withJ= —,) would largely disappear, while for a large p,
say p =15, the magnetization is essentially flat up to
half the Neel temperature. (This marked variation
with p corresponds to the existence of spontaneous
quadrupolar ordering, in the absence of magnetic
ordering, for p & 10 as discussed in Sec. IV B above. )
This large induced quadrupolar effect, associated with
substantial crystal-field gradient enhancement, may
be the physical mechanism responsible for the experi-
mental result observed by Cable and Koehler2 that
the sublattice magnetization in CeBi remains close to
saturation over a temperature range close to —of the
way to the Weel temperature.
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Thus, in summary, we see that our simple model
for the crystal-field gradient charge enhancement al-
lows us to understand the occurence of strong (100)

. magnetic anisotropy in CeBi and CeSb in association
with a compressive (c/a & 1) tetragonal distortion.
-The order of magnitude of tetragonal distortion ob-
served and its compressive nature are in agreement
with the expectation from our calculations. The very
flat sublattice-magnetization curve for increasing tem-
perature2 can also be understood as a consequence of
the crystal-field gradient enhancement.

The key parameter in the present theory is p, the
crystal-field gradient charge-enhancement factor. The
key result associated with the behavior of that pararn-
eter is the existence of a threshold value of p, depen-
dent on material parameters, for a sharp changeover
from trigonal distortion and (111) magnetic anisotro-

py to tetragonal distortion and (100) anisotropy. The
limited experimental information, inferred from the
crystal-field variation between the cerium monopnic-
tides as discussed in Sec. II, leads us to expect a
value of p for CeBi beyond the threshold for that
material, and having such a value would then explain
the experimental behavior of CeBi. Presumably a

similar picture holds for CeSb. At present, however,
there is no direct measurement of p.

A particularly valuable type of experiment would
involve the application of a uniaxial stress in conjunc-
tion with magnetization or neutron scattering experi-
ments. With such experiments one could measure p
directly. By applying a stress, one can vary c/a and
measure the crystal-field splitting with neutron
scattering. Alternatively one can dilute the Ce in
CeBi or CeSb with La and/or Y. For sufficient dilu-

tion the material becomes paramagnetic, but the cry-
stal field is probably little changed from that in the
pure compound. [For example, 3 in
Ce (La076Yp 24) ~ „Sb or Ce„(Lap 76Yp24) ~ „Bi, the
average lattice constant does not vary with x. Then
high-field anisotropic magnetization or susceptibility
measurements' could be used to determine the
crystal-field splitting and its variation with c/a under
stress.
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