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Variational calculations, with a new wave function based on the Feynman-Cohen correlation
operator, are carried out for liquid He with a Lennard-Jones potential. The wave function con-
tains three-body correlations and momentum-dependent two-body correlations, in addition to
the Jastrow correlations commonly used in variational calculations. The Fermi hypernetted-
chain summation methods are generalized to calculate energy expectation values wiith this wave
function. The calculated equilibrium energy and density are —2. +0.1°K-and 0.28 +0.01¢73, a
significant improvement over the —1.25°K and 0.226™2 obtained with the Jastrow wave func-
tion, and closer to the experimental —2.56 °K and 0.28573.

I. INTRODUCTION

The Jastrow wave function,

v, =T1/s® . 1n
i<j
where f;; is a function of the interparticle distance
|T;—7)| and @ is the ideal Fermi-gas wave function, is
commonly used for calculating upper bounds to the
ground-state energy of liquid *He. The energy expec-
tation value with ¥, can either be calculated with
Monte Carlo integration,! or with the hierarchy of
Fermi-hypernetted-chain integral equations.? Both
the Monte Carlo and integral equation methods give
identical results. For the Lennard-Jones (LJ)
deBoer-Michaels potential, the calculated equilibrium
energy and density Eq and po are, respec‘t)ively,
—1.25°K and 0.22073, where o =2.556 A is the
length scale in the LJ potential. These results are not
in satisfactory agreement with the experimental
values —2.56 °K and 0.2770 73 for Ey and po. An ex-
act solution of the liquid *He many-body Schrodinger
equation, with the same LJ potential, by the
Green’s-function Monte Carlo® method yields
Eq=—6.85°K, po=0.370"3, against the experimental
values —7.15°K and 0.36503 for liquid “He. Thus,
we expect the LJ potential to give a better description
of the helium liquids than that obtained with the Jas-
trow approximation.
The correlation-function f;(Ty, k;) between two
particles in a Fermi fluid can depend upon the plane-
iX,T, iX, T, . .
wave states e ' 'and e ' /, occupied by the parti-
cles. In its simples form this dependence comes from
the V., [1, <, fy* Vm® terms in the kinetic energy.*
Variational calculations with a wave function contain-
ing state-dependent correlations are difficult.
Nevertheless, Pandharipande and Bethe* (PB) found
that these could shift the calculated Ey and po of

liquid *He to ~—1.9°K and 0.25¢73.

An important feature of the PB state-dependent
correlation function is that it contains the "Feynman-
Cohen backflow’" absent in the Jastrow wave func-
tion. In the limit | ky| —0 the PB correlation func-
tion reduces to an operator F;,%’

Fo=L1(ry) + ()T Y, . (1.2)

The second term in the above F allows one to
describe the backflow of *He atoms around an impur-
ity *He atom in liquid *He, and thus calculate the
enhancement of its effective mass.®

A variational wave function for Bose fluids may be
constructed from a symmetrized product of F. Due
to the gradient operator in & it represents arbitrarily
many-body correlations, i.e.,

sTIsy=I1/0y II fox I1 S~

i<j i<j i<j<k i<j<k<l
(1.3)

where f),f3,f4 - - - are respectively two-, three-,
four- - - - particle correlations that do not contain
gradient operators. The n(r) is fortunately <<1,
and it appears reasonable to retain only the linear
term n(r)Ty- V,£,(ry) in f3, and neglect f, =4 In
liquid *He the Jastrow wave function gives —5.9 °K
and 0.34p73 for Ey and p. The inclusion’ of this
three-body correlation f3 in the wave function, shifts
these to —6.7 °K nd 0.380 3, which are in excellent
agreement with the supposedly exact Green’s-
function Monte Carlo results.

The most obvious choice of a variational wave
function for Fermi fluids is

V=5 [[F,® . (1.4)

i<j
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This wave function has additional terms linear in 7
from the ¥, in F; operation on the ®. In the
present work we report variational calculations with a
wave function of the form '

V=TI +nty- 951 TT fom® . (1.5

i<) i<j<k

where the ﬁ,f operates only on the ®; the
nyTy* \v2 % terms are included in f3 as in the Bose
case. The calculated Ey (2. £0.1°K) and po
(0.28 £0.0207%) with this wave function are quite
close to what we may expect from the LJ potential.
The calculation of ¥, and its variational parame-
ters are discussed in Sec. II. Sections III and IV,
respectively, discuss calculations of the distribution
function and calculations of the energy expectation
value with the FHNC technique. To some extent
these sections are the generalization of the formalism
developed in Ref. 7 to Fermi fluids. The results are
presented in Sec. V. A casual reader uninterested in
hypernetted-chain summations may wish to skip the
rather technical Secs. III and IV.

II. VARIATIONAL WAVE FUNCTION

The PB correlation-functions f(k,T,d) have a vari-
ational parameter d, and are obtained by minimizing
the two-body cluster energy with the constraint that
-the f(K,T,d) go smoothly to unity at r =d. They
give the exact energy in the low-density limit.> The
f(K,T,d) is obtained from the set of equations

F(X,T.d) e *T=v(k,T,d) , .1)

V(K Ed) =32 +D f Uk rd) jikr) Pcosd) |
=0

(2.2)
wk,r,d) = fULk,r,d) jik,r)r (2.3)
7 [u,”-— 4 _;_1) w|+vy = [sz2+)\,(k)]u, .
m r m
.4)

The Schrodinger equation (2.4) is valid for r < d, and
\(k) is obtained from the boundary-condition
f'(Lk,r=d)=0.

In the limit kK —0 the f(k,T,d) reduces to the sim-
ple operator & given by Eq. (1.2) with®

Si(rd)=f(=0,k —0,r,d) , 2.5)
n(rd) =fU=1,k—0,rd) - f,(r,d) . (2.6)
It is very difficult to calculate the many-body cluster

contributions (MBCC) with the f(k,T,d); PB essen-
tially used the f(/ =0,k —0,r,d) to evaluate them,

and calculated only the two-body cluster energy with
the f(k,T).

The direct two-body cluster-energy [Cy(k)]; calcu-
lated with the f; is independent of k and equals the
[C;,(k —0)]g calculated with the correlation operator
F. The [Cu(k)]g,

[CL], =[Cpy(k —0)], + 4—gk2

3
an

2
- L[(f;' +0)4r +7"'rl +vy|ridr
m

Q.7

has an additional attractive term proportional to k2.
The [CIL(k)lg is very close to the C;,(k), obtained
from f(k,T), up to k =#/d (Fig. 1); when k exceeds
w/d, the nodes in jo(kr) create problems in the cal-
culation of f(k,T). The fact that the C,,(k) with
f£(k,T) is a little above the [Cy; (k)] is a reflection
of the external constraints in the variational problem.
The C};(k) (Fig. 1) have both direct and exchange
contributions, and at least from a variational point of
view, the F seems to do well at the two-body level.
Its additional advantages are: it is simpler to calcu-
late MBCC with F; and it can be used to generate
many-body correlations f3,fs - * - .

Since n(r) and f'(r) are roughly proportional to
each other (Fig. 2) the many-body wave function
[Eq. (1.5)] is conveniently approximated by’

-4 T I T
i J,H |
/
flk, r), t
x -6+
o
o J,H
~N
= L ]
&
2 I
._8_ -]
i d.u |
fk, )M
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0 0.2 04 06 0.8

(k/kg)?

FIG. 1. Two-body cluster energies for parallel and an-
tiparallel spin pairs with various correlation functions at
d=1.73rgand p=0.27703.
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v,=T1/40) TT O+ 3 xp)

i< i<i<k eye
x I<Ij(1 + =g,y [KG) =K()1®)
=11/G) 11 fom 11 fiw® (2.8)
i<J i<j<k i<J
Xk = Ey&uTy T » 2.9
Ey=Bmylfy . (2.10)
ay =Byl fy - (2.11)

The B3 and B are two extra variational parameters
that, respectivsly, vary the magnitude of f3 and f.
The operator k(i) in Eq. (2.8) is defined such that
when it operateson a plane-wave state with momen-
tum K, occupied by the ith particle, it 'gives an eigen-
value Em, for example

l+...) E ik .T-',+kn."l-'}+...)

K(ie' (2.12)

It may be verified that Eq (2 8) is antisymmetric
with this definition of k(i). The (~1)"?in the g

term of Eq. (2.8) comes from the Ve KT r’, and does
not imply that Eq. (2.8) is complex; by replacing the i
k (i) operators by the V;, we obtain the real ¥,
when @ is real.

J

A H(bl‘*(rl
i

i<j i<j<k i<j<k i<j
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FIG. 2. Comparison of fyrand ff' at d =1.73ry and
p=02770"3

III. CLUSTER EXPANSION
AND CHAIN SUMMATIONS

In the first part of this section we set 8, =0 and
thus treat the simpler wave function

v=T11/y 11 faukaH¢,(r, ,

i<j i<j<k

3.1

where @ is the antisymmetrizing operator. A di-
agrammatic cluster expansion of the expectation
value of a symmetric two-body operator O (r),

Hfl H fSOmn(rmn) H f3Hf,H¢(I',)dT

i

: | G.2)

J

i<j i<j<k i

is obtained by replacing all the f2, except f2, in the
numerator, by 1 + F, and the f; is replaced by

1+ 3. X. The integrals in the numerator and the
denominator are then represented by diagrams in
which the points represent the particle coordinates,
Fy is a dashed line joining / and j, and solid lines j
and /k, with a marking on the angle / of the triangle
ijk, denote X;x. Exchanges are represented by direct-
ed lines. An exchange line labeled k; going from / to
j represents the contribution of a term in ¥, % in
which particle j occupies the state k;. We antisym-
metrize only the left-hand ¥ * and thus particles

i,j - - - respectively occupy states k;,k; - - - in the
right-hand ¥. All exchange lines K originate from
points /.

This diagrammatic notation is identical to that used
in Ref. 7 and PB. All numerator diagrams must con-
tain the points m and n, and the f,, O, s is im-
plied. The expectation value is given by the sum of
all irreducible numerator diagrams. We generally
need to sum over all the particles i,j, . . . , mand n;

A H¢,*(r/) I1/7 11 311 ¢i(r) dn

r

this summation yields, apart from trivial symmetry
factors, a density p for every point in the diagram
and a Slater function /(kgry), ie.,

1(x) =3 (sinx —x cosx) /x> , 3.3)

for every exchange line. Similarly the expectation
value of a three-body operator O,,, is given by the
sum of all irreducible diagrams containing a triangle
mno with implicit

1+ 3 Xomo

cye

|
SmnFmoS no! Ouino

fmnfmufna N

1+ 3 X oo

cyc

3.4)

In the hypernetted-chain approximation all di-
agrams containing single or multiple chains connect-
ing two particles are summeed neglecting the cou-
pling between the chains. In the simple FHNC®
(without the three-body correlation Xy) there are
four types of hypernetted chains, whose contributions
are denoted by Guyy, Gueijy Geeyy» and G y. The first
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two subscripts of G specify the exchanges at the two
ends of the chain. The dd, de, and ee respectively
represent direct-direct, direct-exchange, and
exchange-exchange, while cc is for an incomplete cir-
cular exchange. The following two subscripts of G
denote the end particles. Since the number of ex-
change lines passing through a point can either be
zero or two, chains Gy and G,, 4 cannot be linked
at point j unless x'y equals dd, de, ed, or cc.

The present case, the X generate additional
chains formed with elements C,, ; analogous to C;_7
of Ref. 7. Typical hypernetted-chains G,y and ele-
ments C,y are shown in Figs. 3 and 4. Fantoni and
Rosati’ (FR) derived a set of coupled equations for
the G’s which we generalize to include the C’s.
(Note that in the FR notation our subscripts dd, de,
ee, and cc become ss, sh, hh, and dd.) We first gen-
eralize the Slater function / to include many-body cir-
cular exchanges

L=—I1+s(G.+C,.) , 3.5)

where s is the spin degeneracy which equals two in
liquid *He, we define partial two-particle distribution
functions gy, i.e.,

gaa=S*exp(Gu+Cu) . 3.6)
8de = 84d(Gae + Cae) 3.7
8ee =8aal = L?/5 + Geo + Cee +(Gae + Ca)* + D1, (3.8)
8c=8ulL/s . : (3.9

The D in Eq. (3.8) represents f; contributions treated’

later. The physical two-particle distribution function
g is given by

& = 8ad +nge + 8 - (310)

The contributions of non-nodal'® diagrams of type dd,
ee, de, and cc are respectively given by X, i.e.,

110

Xuo=8u—1—Gu , 3.11)
Xee = 8ee — Gee (3.12)
Xie=84e — Gae » (3.13)
Xee=8cc +1/s —Gec . (3.14)

We now define the following two functions which
link chains at point &:

eu(Xik§J’kj)=Pfd3'k XYk (3.15)

TyGusyig) =p f d3ri 8.k 8aaks

2
X 1+2xilk —llxikykj , (3.16)

cyc

and the FR propagator
Py=Xuy+2Xpey +6y (Xaa ics Xee.ks) — Oy Xee,ies Xae.ks)
3.17

used to build the chains. The chain functions are
then obtained as

Gdd,y=6U((gdd_1)lk;ij) , (3.18)
Ge.y =6y (de,lk;Xee.U) - eu (Xde,lk;Xde,kj) + e(gde,lk;Pk/) ,

(3.19)
Gee.y = Oy KXo, i; Xae k) — Oy X Xee kg) +0 Qoo Pry)

(3.20)
Goey =0y (Xec.i38ccks) (3.21)
Caay=Ty(1 +2(Cp + Gs) u1s) (3.22)

Caey=Tyl=FL?+ Ceo + G + (Cie + Gao) 311

+Ty((Cae + Ga)ii; (1 + Cae + Gae) ) . (3.23)

Ceey =Ty([= L2 +2C,e +2G,. +2(Cye + Gge)?
+Cpe + Gde]IkQ(Cde + Gde)kj) ’ 3.29)
Cey= %Fu(le;qu) . (3.25)

Consistent solutions of Eq. (3.5)—(3.25) can be easily
obtained by iterative schemes. The above equations
sum all hypernetted chain (HNC)-type diagrams ex-
cept those belonging to "group II" in the notation of
Ref. 7. It is shown in Ref. 7 that these should not be
summed without their HNC/4 counterparts.

N

Y, /1

- = A

\ \ / b 1\
~J)\ / / / \
~ \ é 4 ¢ A
m n m n m n

Ggd,mn diagrdms

Gge,mn diagrams

\ 4 .

@ 7 505
e

m n m n

Gee,mn diagrams

3
B}
3
>
3
>

Gee,mn diagrams

FIG. 3. Typical chain diagrams.
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Cge,mn diagrams

Cec,mn diagrams
FIG. 4. Typical C elements.

The calculated G’s and C’s are shown in Figs. 5
and 6; the G, is clearly the biggest contributor.
However, the large magnitude of G, does not imply
that HNC is a poor aapproximation (Ref. 1). The
validity of the FHNC approximation may be ascer-
tained by FHNC/4 calculation,? in which the effect of

0.8

0.4

0.0

-0.4

0832 1.2 2.0 2.8

FIG. 5. G at d=1.73ry, B =0.7, B3=2.4, and
p=02770"3
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/ .
Yr' | | | ]

0.4 0.8 1.2 1.6 2.0 2.4 2.8
r(o)

FIG. 6. Cyat d =1.73rg, B, =0.7, B3=24, and
p=0277073,

pairwise coupling between the G’s and C’s is calculat-
ed. FHNC/4 also includes circular-exchange di-
agrams of type 7.1—7.4 of Fig. 7. These cannot be
trivially interpreted as a coupling of two FHNC’s. At
small r the FHNC/4 diagrams 7.1—7.4 are compar-
able to the FHNC diagrams 7.5—7.8 and thus it is not
obvious that they are negligible.

\ |
N/
\ |
A
—-N

m n m n
7.3 7.4
m . n m n
7.5 7.6
—==2 ’
7
4 |
s |
/ 1 |
m n m n
7.7 7.8

FIG. 7. Some FHNC/4 elementary diagrams and their
FHNC counter parts in limit » —0.
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We report FHNC/4 calculations in two approxima-
tions called FHNC/4B and FHNC/4C. In the
FHNC/4B the coupling between two G’s is calculated
in the Boson approximation. The three point func-
tion

Caddyk =P f e-Dule—Dy (=D d’r, ,
! (3.26)

is used to calculate the elementary-diagram E,, i.e.,

J

Ty Gy = p f @18 aaw8aaks

2
1+2xuk] -1

cyc

while the coupling between two C’s is neglected. We
may expect the Boson approximation to FHNC/4 to
be valid when all but the G4 chains give small contri-
butions.

The approximation FHNC/4C includes the E 4 in
Boson approximation, and the four elementary di-
agrams 7.1—7.4. These may be easily evaluated with
the three-point function

Lacck=p f (8aa — 1) 118cc18cck1 dr1
(3.30)
The physical three-particle distribution function

&3,y is given by

83,06 = (1 + Laaa )

2
1+2xuk}

cye

X

2 Un1,ijUn2,ikUn3 jk| >
n=1,8

(3.31)

in the FHNC and FHNC/4 B approximations. The
U, are sums of partial g, functions given in Table 1.
The products of u functions in Eq. (3.31) simply su-
perpose g, ensuring a correct exchange pattern.

TABLE I. The matrix uy.

ilj 1 2 3

1 8ad +284e t 8ee 8ad + 84e 8aa

2 8ad 8ad + 8de 2840 +&ee
3 8ad t 8de 8te t 8 8uad

4 8dd 8de + 8ee 8de

S 8de 8dd zgde + 8
6 8de T 8ee 8ad 8de

7 2gde 8de 8de

8 _4gcc 8cc - 8ce

Egy = g' f Caaa (8 =) e dr . (3.27)

The effect of pairwise coupling between the G’s is in-
cluded approximately in the FHNC equations by
redefining g4 (Eq. 3.6) as

8ai=S*exp(Ga+ Caa+Es) . (3.28)

To incorpoi'ate the effect of G-C coupling we redefine
I' as

A+ Lagg ) Xuyg ' (3.29)

The f; generate diagrams having a new element—a
wiggly line, denoting g,r;. A single wiggly line con-
necting ij (Fig. 8.1) can come from the (fi;—1) in
either ¥ or ¥* Its contribution is

%l‘quﬁj . (E, —Ej —E,' +Ej') , (332)

where E,' and Ej' are the states occupied by particles /
and jin ¥* The k; and k; are given, in our di-
agrammatic notation, by the exchange lines that enter
points / and /. When i/ is not exchanged we have

i ] ,
/ = /
/ /
/ /

i j
/ /
/
m n
8.7

FIG. 8. f; diagrams.
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E,v =l?,, thus a single wiggly line with neither end ex-
changed gives zero contribution.

A double wiggly line connecting / and j (Fig. 8.2)
depicts terms with (f;—1) in both ¥ and ¥* Its
contribution is

J

2_’ T, _E’k)ei(kl'_';k+rk7;d)
Lk 2 itk

where 6; is the internal angle of the triangle ijk.

The contribution of a wiggly line diagram that con- :

tains an articulation point, at which the diagram can
be separated into two pieces is not necessarily factor-
izable. Let us first consider the simple case of a fac-
torizable diagram containing only dashed Fj lines, e.g.,
diagram (8.4) in Fig. 8. The diagram (8.4) has been

+%q,}[f’,j‘ (E,'_Ej')][f.u' (E:_Ej)] . (333)

The sumrgation over k can be easily carried out by
writing the k’s as gradients. For example, the contri-
bution of the element shown in Fig. 8.3 is

T ?_'

T . i,
2 q,,(e B "’r,, Ve Nk 4 !k KTy Ve ¥ "’)=7p ayryluli' cos8; ,

(3.34)

f

discussed in PB. Its contribution is the product of
the two diagrams shown in Fig. (8.5). The di-
agram 8.4 is thus reducible; it is required to cancel
the denominator and gives no contribution to the ex-
pectation value of O,,,. The analogous wiggly line di-
agram (8.6) is however not factorizable, and its con-
tribution is

l(k rl"+k )

n' Tyt IJI

E P f dsrm dsrn dS'.’ dsrj (fl.mnomnfl,mn)FmiFU%iqin—f;n ' (KI —En ”Ej +Ei)e 5 (335)

nij

while that of the product of the two separated diagrams (8.7) is

2 p fdarm dJ’n dJ’i dsrj(.f.l,mnOmnf.l,mn)FmiFUiqinFin : (El

n,ij

A general cluster expansion which includes such
separable but not factorizable diagrams is discussed
by Wiringa and Pandharipande.!! Their contribution
to the expectation value is the difference between
that of the unseparated diagram and the product of
the two separated diagrams. Thus the contribution of
diagram (8.6) in Fig. 8 is obtained by subtracting the
contribution of the product of diagrams (8.7) from
that of the unseparated diagram (8.6).

The wiggly line elements can be trivially linked by
the O only to the direct end of another element.
Hence, their contribution D is added to g,. [Eq.
(3.8)]. It is possible to decompose D into its elemen-
tary clusters. For example, the dd chain 9.1 in Fig. 9
is made up of two dd links 12 and 34, and an elemen-
tary cluster D3(2,1,1). The Dy(p,p',p") depicts an
elementary cluster in which / and j are connected by
wiggly lines or exchange links. The minimum
number of particles in the cluster is denoted by p;
since the cluster can have G, hypernets, the max-
imum number is arbitrary. The number of wiggly
lines in the smallest (p-body) cluster is p', while p" is
a serial number. The nonzero Dy having p +p' =<4,
are shown in Fig. 10. The Dy(3,1,p") may contain
any number of Gu i and Gy chains which are not
shown in the figure. The contribution of separated
diagrams has to be subtracted from D;(3,1,p"=1,4).

__E )ei(?i'—r;n n''nj
n .

7 (3.36)

Algebraic expressions for the Dy of Fig. 10 are given
in the Appendix.

A ==
/7 N\ i
.___@__4 ——— AT
| 2 3 4
9.1 9.2

9.5 9.6

9.7

FIG. 9. Chains containing f; correlations.
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D; (2,1,1) i

D;(2,2,0)

<>

<

D (2,2,2) i@j
|

|
Dij (3,1,2) QN.
! ]
|
D, (3,1,3) @
1 ]
|
D;j (3,1,4) a@;
|

D;; (3,1,6)

D;j (3,1,5) ié>1‘
s

FIG. 10. Skeletons of Dy(p,p',p") diagrams.

The exact Dy is given by

Dy= ZDU(p,p’) , (3.37)
p.p

Dy(p.p') =3 Dy(p.p".p") . (3.38)
<

r(o)

FIG. 11. D;(p,p') at d =1.73rg, B, =0.7, B3=2.4, and
p=0277573. Voo

Figure 11 shows the calculated D(2,1), D(2,2), and
D(3,1). The D(2,2) is much smaller than D(2,1)

in the region of interest because of the additional n
function, while the total D (3,1) is much smaller than
D(2,1). We hope that the D (p,p') continue their ra-
pid decline as p +p' is increased and truncate the
sum in Eq. (3.37) at p +p'=4.

Simple examples of chains containing Dy summed
by a consistent solution of the FHNC (3.5-3.25) and
Dy (A.1—A.9) equations, are shown in Fig. 9.1-9.4.
Contribution of chains 9.2 and 9.3 can respectively be
of order D(3,1) and D(2,1), while 9.4 having two
D(3,1) and a D(2,1) element should be much
smaller. Chains 9.5 and 9.6 are not summed by these
equations. They constitute the D (4,1) and should be
much smaller than D (3,1) due to the extra ex-
change. Chain 9.7 is an example of the omitted
D (3,2); it should be of order G yDy(2,2), which is
much less than D(2,2).

IV. CALCULATION OF ENERGY

Since @ is an eigenfunction of the kinetic energy
operator the contribution of terms in which the v}2
operates on ® is exactly given by the Fermi kinetic
energy Tr

3R,
Tr S 2mkp . 4.1)

In conjunction with the PB fj, it is convenient to
combine the contributions of terms in which the V2
and V2 operate on the f) ., with that of v,,. The
sum, called W is given by

W=2mp [)\g(k —0) J;ddr rig(r)

+Lw dr rzg(r)v(r)] , 4.2)

where g(r) is the pair distribution function-3.9.
Terms having

vmfmn *VonSmo

and
V mSomno * vmfmpq

vr%rfmno» vm.fmn ‘ vmfmnp

occur also in the Bose system and have been
classified as U and T, ¢ in Ref. 7. The terms T;_s
involve the three-particle distribution function g3 o
of Eq. (3.31). Their sum is given by
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2 T:=P2

i-1,5 f3,mna

where the primes denote the derivatives with respect
to r, and

Fr=t111 _ 4.4)
=—1/mlg'r +4¢ +2f(£r + O] , (4.5)
v=—hm(Er+3E+fiEr) (4.6)

The C,,, C,, and C,, are respectively the cosines of
the internal angles 60, 6,, and 8, of the triangle mno.

To calculate the T¢ and U we have to subdivide the
functions a,, and y.,, of Ref. 7 according to the ex-
changes of particles m and n. We define the follow-
ing functions:

Ar‘rlﬂm = (gdd,mogdd,nn + 8de,mo8&dd,on +gdd,moged,on) ,

4.7

J

— — 2 ~ A
M [g”’vrmol"mo Cn+ Enn Vin — ZLIVI—[(rgl) mo(g'r +2f,§r),,,,,C,3 +2-f-’n'"0

X (§'r) ,,,,,({r),,.,cm C,— z.f:l,mo(gr)nogmnca] dsrmn d3r,m, ’
(4.3)
r
Arﬁt;m = (gdd,mogde,nn +gdd.mogee,on +gde,mogdg,on) »
(4.8)
Arfr‘zro = (ged,mogdd,nn +gee.magdd,on +ged,moged,on) ’
4.9)
Aré;:t;m = (ged,mogde,on +gee,mogde,on +ged,mogee,an) ’
(4.10)
Arsvcno = (ga‘,mogcc,an) ’ (411)

in which the superscripts specify the nature of the ex-
change at points m and n. Let Y, be defined as

Y%;O =f3,mnaAr:71’o . (412)

The o and v are given by!'4

pfmal(&rm(fr)mnc +(£r) 1o (£'7) 1 C, +§,,,,,(§r),,,,,](1 + Ladamno) A1y (4.13)

vk =0 VB €D o [(E7) p C2 + (£8),10Cn ]

+ Y’)'r')'r,;) [z(gr)mogmn Cm - gmo(gr)nn Cn]} (1 + gddd,mna) dsro , (414)
and ' ‘ '
Sn = o + 2y . (4.15)
The Tg in Fermi fluids is given by
2 s
T6 =_2h—_mp f {gdd[add(add+8de+88d+ aee) + ade(sdd+ Sed) + aed(sdd+ ade) + aeEde_4aa‘acr]
+ 8 [a%(28% + §% + §°4) + (o + a®) 5% + geeozddﬁdd —4g. (a8% + a%5) Y4 m r2dr (4.16)
|
which ensures a proper match of the exchange pat- T = fos + %4y + a¥g (4.19)

terns in gy, &, and .
The matching of exchange patterns in the calcula-
tion of U is facilitated by defining

U= foaa+ a4y 4.17)
7% = fou, + a%gu + a®lg,, (4.18)

#? |
U =—5;P2 ff;;z’m,m(l + gddd’m,,,,) E i1, mnti2,mo li3,no
i=1,5

T = fRee + a%gug + a™g,, + 0%y + a%gy — 4oy,
(4.20)
ch=j‘gcc + addgcc +a“ga - ) (4.21)

The t-1,54-1,3 given in Table II are linear combina-
tions of 7 and g, and the U is obtained as

Co &1y &1y 4.22)
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TABLE II. The matrix #. second is the Kinetic energy associated with the f;.
The V pfimn i E,,, terms give zero contribution on
i/j 1 2 3 the summation over l?,,, if particle m is not ex-
: changed. The nonzero terms are divided into two

1 7dd 4 ) (7€ 4 red 4 ree) rdd 8ad + 8ae categories; Wr cgntains those in which particle » oc-
2 7dd 4 o red pdd e + Zee cupies the state k,, in ¥*, while Ur contains those in
3 Qpee 49 ed 4 pde pde S which some other particle 0 # n occupies k.,,, in ¥*
4 27ed pde 2 The ess‘ent‘l‘al components of Wy and Ur diagrams are
5 _4pcc e £ shown in Fig. 12.1—12.3. In these diagrams a filled

arrow along the mn line represents V,, f; .., and the
chains are not shown for clarity. The summation
over k,, can be easily carried out; it gives a /,,,' in Wr

R iagrams and /,,’ in Ur diagrams, i.e.,
In the Fermi fluid there are two more types of diagrams mo F diag €

kinetic energy contributions. In the first we include _ __h'i ' 3 3
the Vo fsmn* Vm® and V, f3 pnp - V,, @, terms, while Wy mP f lfigeed'r (4.23)

J

’iz P '
UF =_7P2 f (1 + éddd.mno)flz,mnn Cmfmn {gcc,mn [»(gdd - 1)1 ]mogcc,no

+ (I’gcc) mo [gdd,mn (gdd + gde) no +gde,mngdtl,no] } ds’mn dsrmo . (424)

The V,.f3.mo has many terms which are discussed in Ref. 7. Some of the V. f3 sy * V,, @ terms in which m is
exchanged with a particle 0 # n or p form type II diagrams (Ref. 1) that cannot be calculated in the FHNC ap-
proximation. The rest are calculated by defining a 6 as follows:

0::;1 =p f(Yrgr(npgdd,mn + Y"rjr‘rlrpgcc,mn)[(gtr)mp[(fr)mncnzt + (fr)nycpcm] +2(£r)mp§mn Cm - gmp
X (fr),,pcn}(l + Cddd,mnp) d3rp , (425)

and by replacing the f;g, in Egs. (4.23) and (4.24) by the 7. The sum of Y, fimn* Vu® and V. f3.mmp* Vi ®
is given by Wr+ Up, i.e., i

=___hi cc cc) 7t 43
We=—Lop [ Geroorar (4.26)

#? ' Y
UF =_—n-1.p2 ff?:z,mno(l + Cddd,mno) Cm {Trst;[(gdd - 1)1 ]mogcc,no + ([ gcc) mo [Tdd,mn (gdd +gde) no + Tde,mngdd,mo]} d3r,,,,, dsrmo

4.27)
r
The kinetic energy terms associated with f} are V2 fimn» VaSimn Vm®
denoted by S. In general they have YV onSimn* Vmfimo » VmSimn® VS 3mop
or
o mek,mn ) mek,mo
ﬂ \\\ Some of the T, U, Wr, and Ur terms having an f;
=2 between interacting particles are not summed by the

expressions given above. These are also included in

12.1 2.2 S. By interacting we mean the particles whose corre-
P lation or single particle-wave function is differen-
tiated. The following diagrammatic conventions are
m n adopted in the tabulation of kinetic energy terms as-
sociated with the f;. Only the interacting particles
12.3 are shown in the S diagrams. An open arrowhead on

a wiggly line denotes V fi, while two open arrow-
FIG. 12. Skeletons of W and U diagrams. heads on a wiggly line denote V2f,. Hollow and
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filled arrowheads represent V f3 ; and V f; ;. The
(V®) is not explicitly shown; if a diagram has only
one arrowhead a (V®) is implicit.

Following the expansion of the elementary di-
agrams D (Eq. (3.37) and (3.38) we have:

§=3Swp) . (4.28)
»p'
Spp)=3S0pp.p" . (4.29)
<

where p" is a serial diagram number, p' is the
number of wiggly lines connecting interacting parti-
cles, and p is the minimum number of particles
linked by wiggly lines and exchanges.

The largest term in Sis S(2,1,1) shown in Fig. 13.
Its contribution is given by

1k
2m 5
and is —0.73 °K at the equilibrium point. All the
results quoted in this section are at the equilibrium
point: p=0.277073, d =1.73r9, B3=2.4, and
Bx=0.7. It is convenient to group the terms
S(2,1,i=2,6), shown in Fig. 13, together. Since
this combination of derivatives appears frequently we
denote it by an xx over the wiggly line. Define a
function s as

5Q2,1,1) = S @r+30zudr @30

s=5(g"r +4g) +(g'r + Q) (fy +a®+0%+0) |
(4.31)
=0 J Ao FrmoS E o (U + Latimne) ¥y
| 4.32)
08 =p [ Y8, 1(E7) poL(€6) yC3 + (61,0 CuC,1
+20Er) mo&mn Con = Emo (£1) 10 C,)

X (1 + cddd,mno)dJro . (433)

i=1,10

and their contribution is —0.23 °K. There are no
more S(2,1) diagrams; the total is S(2,1) =—0.52 °K.

The combinations denoted by $(2,2,1-3) in Fig. 13
have contributions, i.e.,

. 2 N
§(2,2,3) =—{-’;p% f [[qr(f,+a’“+0""+ o) +q'r +qlgr(I"L =31"I') +2¢*

i et A ¥V

2,1,

S+ B

2,1,2 2,1,3 2.4

2,7, 2,18

SR e
S+

2,1,10 2,111

< &
2.2 2,2,2 2,2,3

FIG. 13. Skeletons of S(p,p',p") diagrams having p =2.

The S(2,1,6) should be very small and we have

2
3 S@ L) =—tp [sLrguar . @34

i=2,5

The (a®+6%) and o terms in the above respectively
sum diagrams of type S(2,1,4) and S(2,1,5). The
sum (4.34) is found to be +0.44 °K at the equilibri-
um point.

The combination of derivatives shown in Fig. 13,
S(2,1,i=17,11) also occurs frequently and is denoted
by a single x over the wiggly line. The diagrams
S(2,1,8—11) are in fact Wy and Uy diagrams (Fig.
12) containing an additional wiggly line. However,
their contributions are not summed in Eqgs. (4.26)
and (4.27). The S(2,1,11) is neglected, and the rest
are given by

S s, =17,10) =—(h’2/2m)p% f [[2qr (Fr+a%4+0%4+ ) +q'r +q1(LI"—1') +2qlTL]gd,, d’r ,

(4.35)

—

Kk 3
s@2,n--L L [ sarguadr, (4.36)

ﬁz 1 " '
§@.2,0=—Lp [sar W= gudr . @31

l”L - 1'2 - I'_LHgdd d’r.
r (4.38)
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The S(2,2,i =1, 3) are found to be 0.23, —0.02, and
+0.01 °K respectively, giving $(2,2) =0.22.

The convergence between S(2,1) and S(2,2) is
not very significant. It probably can never be at the
equilibrium point becauuse S(2, 1) represents the
bulk of energy terms linear in 8, while S(2,2) is
most of the energy quadratic in 8. Thus, S(2,2) is
always positive and roughly half in magnitude of the
negative S(2,1).

There is a large number of S(3,1) diagrams as
shown in Fig. 14. For the sake of simplicity and
compactness: (i) we have not shown any chains, and
f1, f3 correlations. Note that the third particle in di-
agrams (14.1—14.4) must have a correlation line link-
ing it; (ii) separable contributions must be subtract-
ed; (iii) the direction of exchange loop is not shown,
it can go both ways; (iv) only the f diagrams are
shown; some diagrams having V f3 (such as diagram
14.19) are summed by simply replacing the f by

f + g, others (such as diagram 14.20) are neglected.

The algebraic expressions giving S (3, 1) are some-
what messy though simple to calculate. The total
S$(3,1) is found to be — 0.18 °K which is significantly
smaller than S(2,1). We hope that S(3,2) is also
much smaller than S(2,2), and we truncate the sum
in Eq. (4.28) at p +p'=4. This truncation probably
gives the largest’error in the present work.

The S(3,1) contribution is not included when the
variational parameters are determined by minimizing
the E(d, B3, Bx). At the equilibrium density,
p=0.277c73, the energy including the S(3,1) can be
easily minimized, and the minimum occurs at
d=1.73(1.73)r¢, B3=2.2(2.4), and B, =1.0(0.7); the
values in parenthesis are those obtained by minimiz-
ing the energy without the S(3,1) contribution. The
FHNC/4C E(d=1.73r¢,83=2.2,8,=1.) is —=2.15°K,
which is slightly below the —2.08 °K calculated at the
parenthetical values. However at large p, particularly
at p=0.337073, the variation including S(3, 1) leads
to large values of d and B, at which the convergence
of the cluster expansion becomes very doubtful. For
example, at these large values the S(2,1) and S(2,2)
cancel each other, and S becomes dominated by
S$(3,1). This will presumably not happen if the
S(3,2) is also included in the variation. For this rea-
son it is probably better to treat the S(3,1) as a per-
turbation, and not include it in the variational calcu-
lation without S(3,2).

The FHNC calculations have {44 and (4. set to
zero, while in the FHNC/4B only, the {,. is set to
zero. The results of FHNC/4C calculation are practi-
cally identical to those of FHNC/4F indicating that
the diagrams of Fig. 7, and the FHNC/4C corrections
to g; are not very important in liquid *He. With the
pure Jastrow wave function Zabolitzsky obtains
—1.38°K and —0.91 °K in FHNC, and FHNC/4 ap-
proximations at p=0.2770> and d =2.4ry. The
FHNC/4B and FHNC/4C results for this case are

- 0. &

14.2 14.3 14.4

Ly O

14.8

14.10 14.11 14.12

S O &

14.14 14.15 14.16

AN wWv A

14.17 14.18 14.19 "14.20

o

2

= 4 4D
.

&

FIG. 14. Skeletons of some S(p =3,p'=1,p") diagrams.

=1.20 and —1.19 °K respectively. The {4 has two
8. functions which are very small because L, the
generalized Slater function, is small at » > o, while
84q is small at r < . The FHNC/4C is not very
good; it merely accounts for half of the difference
between FHNC and FHNC/4, but it should be a fair
measure of the error in the neglect of elementary di-
agrams.

Table III gives the calculated energies at the experi-
mental equilibrium density p=0.277¢~. The varia-
tional parameters at this density are d =1.73r,
B3=2.4, and B; =0.7; and the calculated energies
with either 8, or B3 set to zero are also listed, along
with those in the FHNC/4C approximation. The
S, by itself can lower the energy by =0.3 °K; it
essentially reduces the contribution of the
Y aS1mn* NV mf1mo terms which account for most of
the repulsive U. The backflow correlation f; by itself
can reduce the energy by =0.5°K. The main attrac-
tion comes from the YV, fimn* V,,® term in S(2, 1).
Together the f; and f; lower the energy by
~0.75 °K.

The small equilibrium value of d/rq is largely
responsible in making the difference
E(FHNC/4C) — E(FHNC) so small. At p=0.337¢"3
for example, the difference at the minimum
(d =1.85ry, B3=2.6, B, =0.6) is only 0.1 °K, indicat-
ing good convergence of the elementary diagram ex-
pansion. But at larger d this difference increases very
rapidly. At p=0.377073, d =2.23ry, 83 =2.2 and
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TABLE IIl. Breakdown of the energy.

E(p=0.277073,d =1.73ry, B3, By) FHNC/4C
Bs 0.0 24 0.0 2.4 2.4
Bi 0.0 0.0 0.7 0.7 0.7
Tr 3.00 3.00 3.00 3.00 3.00
w —5.24 ~5.23 -5.23 -5.23 -5.23
U 2.09 0.96 220 0.91 1.19
T 0.0 0.93 0.0 1.01 0.76
Wy —2.14 ~2.05 -2.15 -2.05 -2.07
Ur 0.93 0.72 0.93 0.73 0.78
5@, 1) 0.0 0.0 —0.58 ~0.52 ~0.54
5(2,2) 0.0 0.0 0.22 0.22 0.22
SG, 1) 0.0 0.0 —0.25 ~0.18 —0.18
E ~1.36 —1.66 ~1.85 —2.11 -2.08

Bix=0.7 it is 0.6 °K. As a matter of fact, at

p > 0.3073 the FHNC calculations give only a local
minimum in E (d, 83, Bx) at d <2ro. The FHNC/4C
calculations confirm that this local minimum is the
true minimum.

At d < 2rg the difference between E(FHNC/4C)
and E(FHNC) is much smaller with the present ¥
than with the Jastrow ¥;. The change in U accounts
for most of E(FHNC/4) — E(FHNC) in Zabolitzky’s
work, which implies that the FHNC/4 corrections to
the three-body distribution function have a significant
influence on the Jastrow energy. In the present case,
however, the energy if approximately minimized, by
varying B3, with respect to changes in g3, and thus it
is probably not too sensitive to FHNC/4 corrections
to g;. As a matter of fact, the change in U due to
the ¢ is almost cancelled by that in T (Table III).

V. CONCLUSIONS
The calculated E (d, 83, B¢) at p=0.277573, the ex-

perimental equilibrium density, with FHNC approxi-
mation, are given in Tables IV—VI. The E(8,) at

TABLE IV. Variation of energy with 8.

E(d=173ry, B3=24,8,)

E(°K) (E-5(3,1))(°K) B
—2.025 —1.893 0.5
—2.105 —1.932 ' 0.7
—2.140 —1.904 0.9
—2.144 —1.856 1.1

—2.110 -1.770 1.3

the equilibrium values of B; and d, (Table IV) shows
a rather shallow minimum at 8, =0.7(1.0) when
S$(3,1) is omitted (included) in the variational calcu-
lation. From the discussion in Sec. II we should ex-
pect the minimum to occur at 8, =1.0.

The E(B;) at equilibrium values of 8, and d (Table
V) shows a minimum at 83 =2.4; the F operator also
suggests

By =[(f"/2nr) ]2 =24 , G.1

as estimated from Fig. 2. The E(d, 83, 8¢) (Table
VI) at the equilibrium point hs a minimum at a rath-
er small value of d =1.73ry. This is very helpful for
the convergence of integral equation methods.? The
E(d, B3 =B =0), shown in Table VII, has a more
shallow minimum at d =2.6r, in the FHNC approxi-
mation. Unreasonable values of variational parame-
ters would have indicated that large contributions
were neglected. In this sense the calculated equili-
brum values are quite encouraging. )

The E;(p,b) calculated with the Jastrow correlation
function, i.e.,

fj(b) = e—(bo-/r)s/Z , ' 5.2

TABLE V. Variation of energy with 8;.

E(d=1.73rq, B3, B, =0.7)

ECK) (E-$(3,1)(°K) B3
-2.116 -1.914 2.1
-2.117 -1.921 22
—-2.109 —1.930 2.3
—-2.105 —1.932 24
—2.095 —1.928 2.5
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TABLE VI. Variation of energy with d.

E(d, By=24,8,=0.7)

E(K) (E-S(3,1)) (°K) d/rg
—2.041 ~1.900 1.63
~2.105 ~1.932 1.73
~1.961 —1.748 1.83

commonly used in Helium liquids, and E;(p,d) with
the present f;, are shown in Fig. 15. The E;(p,b) is
calculated by the Monte Carlo method! and with
FHNC/4,? while E;(p,d) is the FHNC,2 FHNC/4,?
and FHNC/4C integral equations. These curves indi-
cate the following: (i) the Jastrow part of the present
F is quite reasonable; (ii) FHNC/4 is very accurate;
and (iii) while FHNC/4C and FHNC are not very ac-
curate, their difference is indicative of the error. The
E;(p,d, B3, Bx) in FHNC and FHNC/4C approxima-
tions is also shown in Fig. 15 along with the experi-
mental data.!> The E;(p) is much closer to experi-
ment than E;(p), and the difference between the
E;(p) and experiment could partly come from the
limitations of the Lennard-Jones (LJ) model. We re-
call here that with the Green’s function Monte Carlo
method, the LJ model underestimates the binding
energy by =0.3 °K, and overestimates the equilibri-
um density by =0.01073 in liquid *He.> The curva-
ture 82E;(p)/0p? at the equilibrium density is much
smaller (=100) than that inferred from the experi-
mental data (=223). The values of parameters and
calculated energies are listed in Table VIII at various
densities.

TABLE VIIL. Variation of the Jastrow energy with d.

E(d, B3=0, B =0)

ECK) d/’O
—1.414 22
-1.427 24
—1.442 2.6
—1.420 2.8

TABLE VIIL. Variational parameters at different densities.

p d/ry B3 Bk
0.217 1.58 22 0.9
0.247 1.63 23 0.8
0.277 1.73 2.4 0.7
0.307 1.75 2.5 0.7
0.337 1.85 2.6 0.6

The calculated g(r) and S(k) at p=0.277073 are
compared with the experimental data!® in Figs. 16
and 17. As in liquid “He the calculated g(r) in liquid
3He has a little less than observed structure. The S
and f3 have little effect on the g(r) as can be seen
from Table IX, though it is in the right direction.

TABLE IX. Pair distribution function.

r(units of o) g(r) g(r)
B3 =By (equilibrium) B3=B;=0
0.764 0.006 0.006
0.882 0.129 0.134
1.000 0.482 0.493
1.117 0.851 0.859
1.235 1.075 1.073
1.352 1.157 1.145
1.470 1.151 1.135
1.588 1.104 1.090
1.705 1.044 1.038
1.823 1.003 1.004
1.940 0.980 0.986
2.058 , 0.971 0.980
2.176 0.973 0.982
2.293 0.980 0.987
2411 0.989 0.992
2.528 0.997 0.996
2.646 . 1.000 0.998
2.764 1.003 0.999
2.881 1.003 1.000
2.999 1.002 1.000
3.116 1.001 1.000

3.234 1.000 1.000
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