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Theory of intersubband cyclotron combined resonances in the silicon space-charge layer
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The subband structure and the intersubband optical-absorption spectrum are calculated in n-channel
inversion and accumulation layers on the Si (100) surface in magnetic fields tilted from the direction normal

to the surface. An approximation scheme based on the local-density-functional theory is employed. Effects of
magnetic fields on the exchange-correlation potential are completely neglected. Combined intersubband-

cyclotron transitions between different Landau levels associated with the ground and excited subbands are
allowed in addition to the main transition between the same Landau levels. When the amplitudes of the

combined resonances are sufficiently small, they are not affected by the depolarization effect, while the main

transition is fully inflpenced and its position is shifted from the corresponding subband energy separation.

This is shown to be also true of accumulation layers, where the subband structure is very complicated
because higher quasicontinuum subbands lie close to the ground and the first excited subband. The
agreement between the theory and recent experiments of Beinvogl and Koch is satisfactory concerning
relative positions of the main and combined transitions in accumulation layers. This indicates that our

calculations of-both the depolarization effect and the subband energy separations are essentially correct.
There remain disagreements especially concerning amplitudes of the combined resonances.

I. INTRODUCTION

When a strong electric field is applied normal to
a semiconductor surface, the electron motion in
the z direction, the direction perpendicular to the
surface, is quantized and the two-dimensional
electric subbands are formed. The structure of
the subbands is determined self-consistently,
since the effective potential which gives subband
energy levels and wave functions is in turn a func-
tional of the electron density distribution. The so-
called self-consistent Hartree approximation com-
bined with the effective-mass approximation,
proposed by Stern and Howard, ~ has been used for
subband structure calculations and turned out to
be successful in a number of systems. In inver-
sion and accumulation layers on silicon surfaces,
however, the Hartree approximation in known to
be insufficient and many-body effects such as
exchange and correlation strongly modify the sub-
band structure. e The intersubband optical ab-
sorption is the ideal way of studying such subband
structure, and has been observed in various sys-
tems by different people. ~ ~ However, the optical
absorption is known to be affected by the depolari-
zation effect and its local-field correction, and
the resonance energy is shifted from the subband
energy separation. " ' A previous calculation of
the optical spectrum in n-channel layers on the
Si (100) surface has given results which are in
good agreement with experiments. 4 A direct com-
parison of the subband structure itself has not
been possible since the strength of the depolariza-
tion effect is still unknown experimentally. In a
previous paper, the optical spectrum in the

presence of magnetic fields tilted from the normal
to the surface was theoretically studied in an in-
version layer and was suggested to determine sub-
band energy separations and resonance energies
independently. Effects of magnetic fields on the
subband structure were completely neglected and
treated as a small perturbation. In this paper we
calculate the subband structure and optical spec-
trum without any such restrictions and show that
independent determination is possible also in
accumulation layers.

The effects of a magnetic field is one of the best
ways to study the details of the subband structure
and the above additional corrections. When a
magnetic field is applied in the y direction paral-
lel to the surface, electrons moving in the positive
and negative xdirections are affected by different
Lorentz forces and the subband structure is modi-
fied. ' " The intersubband optical-absorption
spectrum is also influenced by the field. Usually,
for the ground subband the radius of the cyclotron
motion (typically, 81 A in 100 kOe) is much larger
than the spread of the wave function ((z ) -(z) )
(-15A, typically), , and the magnetic field can be
treated as a small perturbation. As for excited
subbands especially in the accumulation layer,
this is no longer true and the states become a
mixture of electric subbands and magnetic surface
states. ' The magnetic-field effect on the absorp-
tion spectrum is very sensitive to the degree of
binding, especially of excited subbands. Beinvogl
et al. observed broadening of the line shape and a
shift of the peak energy in n-channel layers on the
Si (100) surface. ~8 A corresponding theoretical
calculation'of the effect of the magnetic field gave
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results which were in good agreement with the
experiments. ~~ This supports the calculated sub-
band structure in the absence of a magnetic field,
although indirectly.

When a magnetic field is applied in the g direc-
tion, each subband is further quantized into dis-
crete Landau levels. The singular nature of the
density of states, especially in extremely strong
magnetic fields (~100 kOe), can cause an impor-
tant modification of the many-body effects similar
to the enhancement of the spin splitting, and
might modify the subband structure. But there
has been no theoretical and experimental work on
this problem. The singular density of states has
been shown to cause a new kind of quantum oscilla-
tion in the line shape of the intersubband absorp-
tion."

In magnetic fields tilted from the z direction,
the perpendicular and parallel motions of electrons
are coupled and the combined intersubband-cyclo-
tron transitions (transitions between different
Landau levels of ground and excited subbands) be-
come allowed. Such combined resonance has first
been observed in a system of electrons trapped
outside of liquid helium by the image potential.
Zipfel et gl. observed a pair of satellite peaks,
displaced symmetrically by about the Landau-level
separation from the main intersubband transition.
In inversion and accumulation layers the existence
of the depolarization effect makes the spectrum
much more complicated, but the observation of the
combined resonances can provide important in-
formation on the strength of the depolarization ef-
fect. '4 The purpose of the present paper is to pre-
sent results of a calculation of the subband struc-
ture and the optical spectrum in n-channel layers
on the Si (100) surface in such tilted magnetic
fields.

We employ an approximation scheme based on
the density-functional formulation of Hohenberg,
Kohn, and Sham. 3~ We use a local exchange-
correlation potential calculated previously4 for
both the density distribution and the subband ener-
gy levels. The energy dependence of the exehange-
correlation potential is very small and ean be
neglected, as has been shown previously. 4 We use
the same form of the exchange-correlation poten-
tial even for the calculation of the response to dy-
namical external electric fields. Although this
approximation is not justified from rigorous theo-
retical grounds, it is expected to give a reasonable
order of magnitude of the local-field correction
to the depolarization effect. '3' ' Further, effects
of magnetic fields on the exchange-correlation po-
tential are completely neglected, which is expected
to work well in parallel magnetic fields but might
cause some errors in extremely strong perpendic-

ular fields. In the present case where the perpen-
dicular magnetic component is not so strong, the
level quantization effect on many-body effects is
still not appreciable and this approximation does
not give rise to serious errors. In Sec. II we
briefly discuss the method of calculating the sub-
band structure and the optical spectrum in tilted
magnetic fields. Numerical results and discussions
of them are given in Sec. III, and Sec. IV is used
for summary and conclusion.

&g(x,y, z) =&&(x,y, z),
with
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(2.2)

where m, and m, are the effective masses in the
z direction, the direction normal to the surface,
and in the x-y plane (the surface}, respectively,
the magnetic field (O,H„,H,} is assumed to be ap-
plied in the y-z plane, and

V,«(z) = vd„,(z) + v,~„,(z) + v„(z) +v„,(n(z); z).

Here we have

v d yl(z) =—(4«'/z&;)&Q yiz

.( )=( — ..) '/4 ( .+,),
and
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~'s& &si p p

(2 6)

where ~„and x are the static dielectric constants
of Si and Si02, respectively, n(z) is the density
distribution of electrons in the inversion or accu-
multation layer, N, is the electron concentration
in a unit area, and N~,» is the concentration of the
fixed negative space charges in a unit area. The
exchange-correlation potential v„,(n(z); z) becomes
dependent explicitly on z because of the image
effect. We have simply replaced the potential due
to Nd~, by a triangular potential and neglected the
difference between the accumulation layer and the

II. SUBBAND STRUCTURE AND INTERSUBBAND

ABSORPTION SPECTRUM

Calculation of the subband structure and the opti-
cal spectrum is straightforward in the present
approximation and proceeds essentially in the same
way as described in a previous paper. '3 The sub-
band structure can be calculated by solving the

Schrodinger equation,
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inversion layer on extremely-low-doped silicon
(called quasiaccumulation), which is usually
justified since the thickness of the region where
the band is bent down is much larger than that of
the inversion and accumulation layer.

To solve (2.1}we separate the Hamiltonian into
z„= dan„z zg (2.18)

y«(x)=i (2"N!7{~~l,) ~ H„—~exp —
2 2 ~, (2.12)

Lqj 2Lq]

X KJ +K!I+Xl

with

(2 7)
where L is the area of the system, X is a center
coordinate, and H„(x) is the Hermite polynomial.
K„(z) is chosen to be real and satisfies

and

2 I g
K, = P', + V,N(Z) +

2m& 2mt t!I
'

Il Px Py +@+
1 2

2~t 2~t

(2.8)

(2.9)

(2.10)

(2.1.4)

It is clear that (2.11) constitutes a complete ortho-
normal set. The matrix elements of the Hamil-
tonian can straightforwardly be calculated and are
given by

(n'N'X'I & I nNX) = 6»
2&l ) l!L

where L„=eh/eHy and L,'=eh/eH, . As the basis we
choose

(x, y, z)=i. exp -im -i z (x —X))
-i /2, 3' ~nn

+ (N e -')nrz, )il„x()„„.

+ (I - 5„„,)(n'N'!K'I nN)

with

x y«(x —&)0„(z), (2.11)

with &u, =eH, /m, c. Here one has defined
(2.15)
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with

~„,„=(l,/l, ', )(z„,„.—z„„), (2.17)

p „{x,y; z) =Q p„„„(x,y, z) y.„,„,
with

(S RS)„„=Z 5„„.

(2.20)

(2.21)
d«N (x) =JN «(-x)

The density distribution becomes

2i72
(2.18}

where L«n(x) is the associated Laguerre polynomi-
al. %e have used the result

(2.19)

x(z)= q')z'gf(n„)p„. (z),

with

P (Z)=P..(Z)

(2.22)

The above choice of the basis is convenient since
the Hamiltonian is diagonal with respect to the
motion in the x-y plane if we can neglect couplings
between different subbands. The energy spectrum
can be calculated by diagonalizing the large real
symmetric matrix (2.15). We define the matrix
S which makes the Hamiltonian diagonal, i.e.,

2 0 nx(Xyy y Z)kpx(X«X y Z)
X

gn (Z)Sn N ~ «)z N«. N( ri. „)Sn« px „(Z) y

n'E' s

(2.23)

where f(&) is the Fermi distribution function and
satisfies
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&.=Z.a.2„2+f(E.} (2.24)
density in the presence of the perturbation.

and

Z Z

~(j„(z)=- dz' (fz" ~n(z"),
o o

(2.26)

We have neglected the spin and valley splittings
and assumed the degeneracy g, and g„, which is ex-
pected to give rise to no serious errors.

Let bn(z}exp(-i&et} be the change in the electron
density distribution due to an external electric
field D in the z direction. The change in the ef-
fective potential becomes

X, exp(-iu) t) = [eD z + &vH(z) + &v„,(z)exp(-i(dt),
(2.25)

with

&»(z) =g'. a', m&gg [f(E.) -f(E.}l
V,XVX'

(p,XIX& I vX')
L -E„+E„"

=22",',:graf(E.)[1 -f(E.}]

E,„( )jlK, I v)
( ), (2 28)

)2 E2

withE„„=E„-Z„,where we have used the fact
that the matrix element of the perturbation is di-
agonal with respect to X and independent of X.
Substitution of (2.28} into (2.25) gives a self-con-
sistency equation which determines An(z). Let us
define

av„,(z) = *' Sn(z) .3~„(z)
an z

(2.27)

The last two terms on the right-hand side of
(2.25) describe the depolarization effect and its
local-field correction, Using the linear response
theory of Kubo, ~ we can calculate the induced and

-) 2m, "' ((uI+ I v)~(..)=(8D) ' ~2-'E.. E& (@ )z

xp(E )[1 f(E )]].(j'2 (2.29)

jl&~.)( ")=[E~.-(~)']5„5..+
s

"9(E.}[1-f(E,)]]'"E,.( ..»&-«-&&'"&}E 9(E )[1-f(E )]P" (2.30)

with
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6(.. .&;&&=- l(f.(EM. . )
'" «p.p(z), *'.p. p(z) ~ (2.32)

We have

( gV) ( P' V' )+P,' V'
V

)i/2
2

' E ~„ i
z,„p(E„)[1 f(E, )]] . (-2.33)

E(z) =D —(47(i/&d&(s()j(z) ~

Thus the absorption in a unit area j.s

(2.35)

The induced current in the z direction is given by

j(x)exp(-i&at)= —( —i&a)( —e)f &te ee(e')exp(-i'&at).
0

(2.34)
The electric field becomes

~here

1
a (co) =— dz j(z)D p

h2
2(

'
)

Attgx
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If we introduce a matrix U which diagonalizes A,
l.e ~ )

(t p)(t p &U&t „& pU&t, „,& q, Eqg«j (2.38)——A 2

V P V

we have

P=&Re d'zj z * z = —,RH„co
0

(2.36}
(2.39)
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with

It is easy to show that

gng, 2m, E
~2N

xz„,g(E„)[1-f(E,)])'"
(2.40)

A /)" /
I

(2.41)

We have introduced a phenomenological constant
relaxation time T for the calculation of the absorp-
tion line shape and neglected various problems on
the broadening like a quantum oscillation ' and a
motional narrowing effect. ' Thj,s is sufficient to
see the qualitative behavior of the line shape.

Consider the case that the magnetic field and
consequently mixing between different subbands
are sufficiently small. This is usually the case
in inversion layers with large Nd„, . We have

I'
E =E ~ =E„(H„)+(N+ —,')hu&, ——

2~, lII

h' 1E„+(N+—-')K(o, + —[(z )„„—(z„„)], (2.42)
2m, t4„

xN,

E

I

24
' /

/
0~

0

k
FIG. 1. Schematic illustration of the subband and

Landau-level structure in an inversion layer in a tilted
magnetic field. The magnetic field is in the y-z plane,
where the z direction has been chosen in the direction
normal to the surface. The two parabolas represent
the dispersion relation in the absence of K, . Because
of shifts of the center of the Landau orbit ink„-k
space, combined intersubband-cyclotron transitions
become allowed in addition to the main transition.

Pn» NN ( ) = NN ( nn )&n( )&n (Z) &

ZnN, n'N' ~NN'(+nn')Znn' &

(2.43)

(2.44)

with f„0=2m, z„o E „0/3' being the oscillator
strength for the transition 0-n in the absence of a
magnetic field and

where 8 „ is the energy of the bottom of the sub-
band and z„„and (z )„„are the corresponding ma-
trix elements in the absence of a magnetic field.
The level structure is schematically illustrated
in Fig. 1. In the presence of JI, the electron dis-
persion relation is shifted in the k„direction by
-z„gl„ in addition to a diamagnetic shift
(5 /2m, )[(z )„„-(z„„)]/ln„n Those shifts are larger
for higher subbands, since they are more weakly
bound. We assume further that the energy h+ of
the incident far-infrared light is close to F.z ——F.„
-Ez and neglect contributions of transitions to
other subbands to the change in the density distri-
bution. We can neglect ko, in comparison with
F.& except in the first term of the right-hand side
of (2.30). We have

n, »N)O)( I, n»2$ 0»P&( g, p»nI»&( »2, 0»2n&

=J»2»;(&.0)J»2»;(&.P)(o'..-P..)
=~»p;(&~)~»2»;(&0)y.. (2 46)

where n„„, P„„& and y„„are the corresponding
quantities in the absence of a magnetic field. We
can easily solve (2.33) and get

)r„(u&)= "'
E2 I- „(cu)[1+y„g„(&u)], (3.46)

m) 8„0

2 2 )4 (2.49)

Thus the effect of H„ is larger for higher I andau
levels and the combined resonance for &N=+ 1
(ON-nN+1) is larger than that for ~=-1. Fur-
ther it is clear that the position of the combined
resonances hN 10 is given by Z ~+ 4NS+, when
the amplitude is sufficiently small, while the

L.( ) =
2 l N gf(E )[1-f(E. )]

s N'

E'0~» N (&.0)'

(E~ -Eo», )' -(ko&) —2iko&(h/r)
'

(2.47)

This is the same as the expression obtained pre-
viously. It shows that the intensity of the transi-
tion ON'-nN is proportional to JNN. (6„0), which
is essentially the square of the overlapping inte-
gral of cyclotron orbits displaced from each other
by (z„„-z»)/l„ in the k, -k, space. This is easily
understood from Fig. 1. When ~„0«1, we get

(g )2 1 ~2 1 (N
&

)
&( nn 00)

II

(2.48)

and
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U

Q
U) )02
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U
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L
Si (100) n-Accumulation

Ns = I x 't 0" c~
H, = 35kOe

Hy = 20 kOe

O

O
V)

Si (100) n-Accumulation

35 40

Energy (meV)

50 55

FEG. 4. Average values of z as a function of energies
of low-lying levels in an n-channel accumulation layer
on the Si (100) surface in a tilted magnetic field. Ns
= 1x 10~2 cm 2 H =35 koe, and H„= 20 kOe.

Mixing between different subbands is now appreci-
able especially for excited subbands. There is
no essential difference of main and combined res-
onances and the overall line shape below h~ - 35
meV becomes close to that in a parallel magnetic
field except for the appearance of many peaks due
to nonzero H, . Above kv - 35 meV, combined res-
onances for the transition to the first excited sub-
band overlap with those for the transition to the
second excited subband. Above h& ™43 meV the
spectrum is very complicated because of couplirigs
between different subbands, and we can hardly
assign each peak. The position of each peak is
roughly given by Egp(H )+ ~kd It is interesting
that positions of small peaks are given by the
same expression even for higher energies where
transitions to higher excited subbands become
important.

Figure 4 shows average values of z for several
levels as a function of their energies in an accu-
mulation layer. We have assumed N, = 1 ~ 10"
cry ', N~, » ——1 x 10 cm, H, =35 kOe, and H,
=20 kOe. The Landau-level separation is 2 ~ 13
meV. The Fermi level lies in the N.=2 Landau
level. Since the lowest two subbands a,re really
bound states, 4 Landau series associated with them
are almost unaffected in this magnetic field. The
level. structure for higher subbands is complicated.
This figure clearly shows the complication of the
accumulation case especially if we want to discuss
combined resonances with positive hN's. Landau
levels of the first excited subband already overlap
with higher levels. Figure 5 gives the correspond-
ing absorption spectrum. Even the main transi-
tions around ko - 15.5 meV to the first excited
subband have been split because level separations

1P 2P

h~ (meV)

25 3p

FIG. 5. Calculated optical spectrum in an n-channel
accumulation layer on the Si (100) surface in a tilted
magnetic field Ns =1x 10 cm Hz = 35 kOe and

H~ = 20 koe.

of Landau levels have become different. We can
see weak but distinct combined resonances hN
=- 1 at ko -12.7 meV. There are many absorp-
tions around 5g - 17 meV where we can expect to
see combined resonances 4N=+ 1, and we can
hardly identify them although the total absorption
has a small peak at the expected position. Large
absorptions at a~ - 18 meV be regarded as main
transitions to the second excited subband, which
have become distinct because of a nonzero H, .

Figure 6 shows examples of calculated absorp-
tion spectra at N, = 1 ~ 10'-' cm ', Nd, „, = 1 x 10'
cm ', and H, = 35 kOe for different values of H, .
With increasing H, the position of the weak com-
bined resonance hN= -1 is slightly shifted to the
higher -energy side due to the diamagnetic level
shift. The position of the main resonance is not
shifted up to H, -60 kOe, which is because the
diamagnetic shift is nearly cancelled by the de-
crease of the depolarization effect caused by the
decrease of the amplitude. At H„-50 kOe the com-
bined resonance ~N=+ 1 seems to split into two
peaks. This is considered to be due to the fact
that the combined resonance hN =+ 1 to the first
excited subband and that Ml =- 1 to the second
excited subband are nearly degenerate and that
this degeneracy is lifted at higher H„. Above H,- 70 kOe the amplitude of .the main resonance be-
comes smaller than the combined resonances and,
different peaks are spaced almost equally at about

Figure 7 gives positions of the various peaks as
a function of N, at H, =50 kOe and H, =35 kOe
together w'ith the subband energy separation R fo,
8 jo +@(l7 and the resonance energy 8« in the
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FIG. 8. Example of experimental results of Beinvogl
and Koch (Ref. 30) in n-channel accumulation layers on
the Si (100) surface. The absorption derivatives dP/dN,
are plotted as a function of N~ for I~ = 15.8 meV. The
main transition is atN, -1.2& 10~ cm . We can see
atN, -1.05& 10~2 cm a combined resonance for ~
=+1, which splits into two above H„-50 kOe, and at
Ns 1.7 x 1012 cm-2 a weak combined resonance for~=-1.

approximations. A possible error might also ex-
ist on the experimental side because of uncertain-
ties in determining exact values of N, . The agree-
ment is good concerning positions of the combined
resonances relative to the main resonances, which
shows that the theoretical result on the strength
of the depolarization effect agrees with the experi-
ments. Therefore, we can conclude that calculated
subband energy separations and resonance energies
are both in reasonable agreement with the experi-
ments.

The experiments show that the combined reso-
nance corresponding to 6%=+1 splits into bvo
peaks above H, -50 kOe. This is qualitatively ex-
plained by the theory (Figs. 6 and 7), although the
theoretical splitting seems to be smaller. There
are a few disagreements between the theory and
experiments. As is shown in Figs. 5 and 6, the
theory predicts the appearance of a distinct transi-
tion to the second excited subband in nonzero H„.
Experimentally, however, such strong transition
does not seem to have been observed, although we
cannot give ia definite conclusion because of experi-
mental uncertainty of the absorption at low elec-

FIG. 9. Comparison of the theoretical and experi-
mental positions of the main and the combined transi-
tions (dA =+1) in ri-channel accumulation layers on
the Si (100) surface in tilted magnetic fields. H, =35
and 50 kOe. The solid line represents the calculated
resonance energy and. the dotted line the subband en-
ergy separation for the transition from the ground to
the first excited subband in the absence of a magnetic
field. Expected positions of combined resonances are
given by dashed and dot-dashed lines.

tron concentrations. The second excited subband is
already a quasicontinuum state and its nature might
be quite different from the ground and the first
excited subband which are both bound states. The
present numerical method might not describe the
higher subbands well. Further electron-electron
scattering effects might become important for
transitions with high energies, although the effect
on the transition to the first excited subband
seems to be negligible since the width is related
to but much smaller than the corresponding width
of cyclotron resonances. "'"

The theory shows that the amplitude of the com-
bined resonances become comparable to that of
the main resonance around H, - VO kOe, while Fig.
8 shows that this occurs around H, =35 kOe experi-
mentally. Since this relative change of the ampli-
tude is a strong function of h&o, i.e. , egg —zpp this
disagreement suggests that calculated extent of
wave functions especially of the first excited sub-
band is slightly too small and that it is more weak-
ly bound in actual accumulation layers. Both ex-
perimentally and theoretically the position of the
main transition is shifted to lower energies rela-
tive to the combined resonances with increasing
H, . However, experimentally positions of the
combined transitions remain constant, while theo-
retically the position of the main transition is al-
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most independent of H„up to H, -60 kOe and com-
bined resonances are shifted to higher energies
due to the diamagnetic level shift. Thus the ex-
periments do not seem to show the diamagnetic
shift at all, which cannot be explained by the simi-
lar argument of the binding length and might sug-
gest change of many-body effects in the presence
of a strong magnetic field parallel and perpendicu-
lar to the surface.

From the present calculation it is clear that the
accum'ulation layer is not the best system to study
magnetic field effects because of the complicated
level structure in tilted magnetic fields. Inversion
layers might be much simpler and study of mag-
netic field effect is expected to be more fruitful.
Such experiments are highly desirable.

IV. SUMMARY AND CONCLUSION

We have calculated the subband structure and
the intersubband optical absorption spectrum in
n-channel inversion and accumulation layers on
the Si (100) surface in tilted magnetic fields, using
an approximation scheme based on the density-
functional theory. Effects of magnetic fields on
the exchange-correlation potential have been neg-
lected. In tilted magnetic fields combined inter-
subband -cyc lot ron transitions (transitions between
different Landau levels associated with the initial
and final subbands} are allowed because of coupling
of electron motions parallel and perpendicular to

the surface. When amplitudes of the combined
resonances are sufficiently small, their positions
are almost unaffected by the depolarization effect,
while the main resonance is fully influenced and
shifted from the subband energy separation. This
is even true of accumulation layers. The results
explain various features of recent experiments of
Beinvogl and Koch in accumulation layers. The
calculated position of the combined resonances
relative to that of the main resonance is in good
agreement with the experiments. Thus we can
draw an important conclusion that calculated sub-
band energy separations and. resonance energies
are both in reasonable agreement with the experi-
ments. There remain some disagreements es-
pecially concerning amplitudes of the combined
resonances and magnetic field dependence of their
positions, which suggests slight insufficiencies of
calculated wave functions and importance of effects
of magnetic fields on many-body effects. Since
the tilted-field effect is a very accurate test of the
theory and the theory does not contain any adjust-
able parameters, one can conclude that it explains
experiments quite well.
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