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Multiple scattering in the Compton effect. Relativistic cross section for double scattering

Vesa Halonen
Department of Physics, University of Helsinki, Helsinki, Finland

Brian Williams

Department of Applied Physics, University of Strathclyde, Glasgow, Scotland
(Received 28 December 1977)

The angular distributions of double scattering for aluminum and nickel have been studied using the
relativistic Klein-Nishina cross section. The differences between the nonrelativistic Thomson cross section and

the Klein-Nishina cross section are studied at different energies. The effects of using a momentum-dependent

(Ribberfors) cross section are studied. It is found that the Ribberfors cross section can be replaced by the
Klein-Nishina cross section in most cases of interest in double scattering. The results are applied to
experimental Compton profiles of aluminum and nickel measured at Am and Te energies. The' corrected
profiles are found to be independent of sample thickness and/or incident energy, within the statistical errors.

I. INTRODUCTION

It is now widely accepted that multiple-scattering
events may give rise to significant systematic er-
rors in measured Compton profiles. ' Procedures
for correcting for multiple scattering have been
discussed by several authors. ' ' In this paper we
present an extended version of the Monte Carlo
solution of multiple scattering discussed in our
previous papers. ' 4 'We have studied the differ-
ences between relativistic and nonrelativistic cross
sections for double scattering at different energies
and scattering angles as well as the effects of the
momentum-dependent terms in the single-scatter-
ing cross section on the intensities and spectral
distributions of double scattering.

The relationship of the relativistic Compton
cross section to the momentum distribution of
bound electrons has been derived by Ribberfors. 9'
In the case of stationary electrons, his formula
reduces to the relativistic Klein-Nishina cross
section. Ribberfors'0 has recently argued that in
multiple-scattering calculations the momentum-
dependent cross sections for scattering should be
used instead of the Klein-¹ishina cross section
for scattering from stationary electrons. In this
paper an expression for the double-scattering
cross section is derived from the Ribberfors cross
section and the resulting intensity and angular
distribution are examined.

Three alternative Monte Carlo techniques"'
have been used to calculate the effects of multiple
scattering in Compton-profile measuremegts. All
of them are fairly time cpnsuming, but an effective
use of variation-reduction techniques" allows
great savings of computing time. A further great
reduction of computing time is obtained by cal-
culating separately the intensity and the spectral
distribution of double scattering. In our earlier

paper' we showed that only 100 double-scattering
events are needed to obtain a spectral distribution
of sufficient accuracy, while 10000 double-scat-
tering events had to be generated to obtain 1~/0

accuracy in the ratio of double-to-single scattering.
In this paper the new Monte Carlo calculations

are applied to aluminum and nickel at different
energies. The angular distributions of double
scattering are given in reflection geometry. Only
the total double scattering is studied, although the
method allows a separate study of the elastic and
inelastic scattering. As a final check of the valid-
ity of the calculations the procedure is applied to
the Compton profiles of aluminum and nickel mea-
sured from samples of different thicknesses. Ex-
perimental profiles for various ionic crystals have
also been corrected for double scattering and are
published elsewhere. "'

II. THEORETICAL

A. Inelastic (Compton) scattering

The basic features of the Monte Carlo technique
have been described in detail inpreviouspapers. "
The sample configuration is a. cylinder (radius A}
situated in the three-dimensional &S~ system So
that the surface planes of the cylinder are perpen-
dicular to the & axis at z =0 and ~ =&. We use the
reflection geometry in which the incident and de-
tected rays make angles P, and („ respectively,
with the specimen surface. If ~0 is the flux of the
incident photons, the flux of Compton scattered
photons is

p.gi p C z~

where ~ is the solid angle subtended by the de-
tector and p is the atomic density. p and p, (C}are
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J ~i(p.}4"=}. (4)

C((u') describes the energy and the angular depen-
dence of the cross section and is given approxi-
mately by

the linear attenuation coefficients for the incident
and scattered radiation, respectively, and z, /
sing, and z, /sin((}, describe the path of the photon
in the sample. («/dQ)o is the Compton-scattering
cross section per atom. It can be given either in
the impulse approximation (IA) or in the Waller-
Hartree (WH) theory. In IA,

f w;c(~'}z(P,}dry',
&dil c

where & is the number of one electron orbitals
and n& is the number of electrons in each orbital.
Electron binding energies. &» of each orbital are
taken into account by integrating the Compton pro-
files of each orbital up to the binding energy cut-
off; i.e.,

Egg ——co —6 ~

&;(P,) is the one-dimensional Compton profile of
each orbital and it is normalized,

where fz is the free-atom scattering factor. The
flux of the elastically scattered photons is obtained
from Eq. (1) by replacing the Compton cross sec-
tion by the Rayleigh cross section and setting p, (C)
=p, (R) =p,

All the above expressions are for polarized in-
cident radiation. For unpolarized incident radia-
tion the average over the polarization of the in-
coming photon gives

sin2$ ='
g (1 + cos28) .

In order to obtain the total flux of the photons we
sum the expressions for elastic and inelastic
scattering.

C. Total double scattering

In previous papers the formulas for double scat-
tering were written in the nonrelativistic limit
using the Thomson cross section for scattering.
In the following treatment we will use the rela-
tivistic Compton cross section of Eq. (2) for in-
elastic scattering events. The flux of photons
scattered twice into a solid angle ~ is

C((u') =——-" —,+——2 cos'(a' (5)

where and &' are the initial and final photon en-
ergies, respectively, &, =e'/mc' is the classical
electron radius, 5 is the angle between the electric
vector of the incident photon and the direction of
the scattered photon, and k is the x-ray scattering
vector or

lkl =(~'+~" —2~~' cose)u'

0 is the scattering angle for single scattering. &
and &' in Eq. (5) are defined by Ribberfors and
they include the momentum-dependent terms in
the cross section.

In WH we obtain

do x (o' (~
(7)

B. Elastic (Rayleigh) scattering

where f& is the incoherent scattering factor per
atom. The subscript 0 on ' refers to the electron
at rest.

~e &&J~'2+"~2 pdV pdV dQ
do'

QQ 1 2
2J

where we must sum over all possible scattering
processes (I,& mean Compton or Rayleigh scat-
tering). pdV, and pdV, give the number of atoms
around the first and second collision points in the
volume elements dV, and dV„respectively, p,
p,(I), and g(& }are the linear absorption coeffi-
cients for primary, intermediate, and exit radia-
tion and z, /sing„&, and z, /sin(I}2 are the corre-
sponding paths of the photons. The scattering
cross sections («/did), ~ and («/dII), ~ are obtained
from Eqs. (2}-(8)for each scattering event.

In order to derive the spectral distribution of
double scattering we use the following expressions:

gt.
1 mesj (g

E~
2 — ' (u ((u'+(u" —2(u(u'cos& ) '

x Z&(p, ) d(u',

The usual range of energies in Compton-profile
experiments is about 10-160 ke7.. The scattering
cross section in the classical Thomson form is

(8)

l~o(Z2) dE
g~

mcr2
n 0

(u' ((u'~+(u"2 —2((u'(u" cose )}/2
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where ~, and ~, are the scattering angles for the
first and second collisions, respectively. && and
e,"are determined from Eq. (3) for each orbital
and " is the final energy of the photons after two
collisions. We also write

B, =R/R'+R'/R —2,
B =R'/R" +R"/R'

(12)

Then, integrating over the sample, Eq. (10) be-
comes

d

J {E}dE JP =I'e «i e I!{rn,d}f e "i i' {d{ —2s{s'j )I {8 }e «ei' i' e,
O 0 0 0 +x

&& (B,—2 sin'$, )I,z(E E,)d-E,Ada, dr,

x sinn dndd)dd d{}

E=E +E (14)

where the & function is 1 if the second collision
point is inside the sample and 0 if it is outside the
sample. In Eq. (13) we have summed over all di-
rections of polarization of the photons after first
and second collisions. E, and E, describe the en-
ergy shifts for each scattering event and since E
is the total shift in energy

incident unpolarized radiation we illustrate the
situation with the aid of Fig. 1. Using the rules
of spherical triangles we obtain

cos8, =cos8cos8, +sin8sin8, cos({t}—{I},) (l8)

The observation that the direction of twice-scat-
tered photons must be the same as the direction
of single-scattered photons gives

r', dr, sin+do. dp is the volume element of the sec-
ond scattering in the spherical coordinate system.
In Eq. (13), we can write for elastic events:

I,s=2fs, B, =0,

with corresponding expressions for the second
elastic scattering. In order to solve Eq. (13) for

cosh =cos8, cosh., +sin(, sin(, .
We now resolve the incident radiation into two or-
thogonally polarized components, each carrying
one-half of the incident intensity, parallel (/ =0)
and perpendicular ({t}=90') to the single-scattering
plane. Then we obtain, after lengthy calculations,

d{K}dz =z p' g f f f f e e'i' eip{r„n, d}
0 0 0 0

2I2~ E —E dE

(2 —D)e " '~B,I,~(E, )e "~~'2 ' ~2I,~(E E,)dE, —

(1 +cso' 8) e""'"~I„(E,)B,e ""'2 ~2I,~(E E, ) dE, -

xxi de, dr, sinn deddIdd d}, (18)

(19)
[sin'8 —(cos8, —cos8cos8, )cos8,]' [sin'8, sin'8 —(cos8, —cos8cos8, )']cos'8,

sin'8 —(cos8, —cos 8 cos8, )' sin'8cos'8, + (cos8, —cos8, cos 8)'

and &(8,8„8,) gives the angular dependence of the Thomson cross section for double scattering, where



19 MULTIPLE SCATTERING IN THE COMPTON EFFECT. . . 1993

k, k' k k k llll

(c)

' nl
j

FIG. 1. Description of the interaction for a pair of events of double scattering [(a) and (b)J. (c) describes the single
scattering. 6'0 is the electric vector of the incident photon and e, e', and e" are the electric vectors of the scattered
photons in each case. & is the direction of the incoming photon, =j;B is the direction of the first scattered photon,

ds A A=sin(&j'+cos(&k=j"; C. is the direction of the second scattered photon, =sin$2j "'+cos(2A'"=D; D is the direction of
the single scattering photon, = sin( j""+cos@""=C.

P(8 8t8s Hn) =a(cos 8+cos Ht +cos Hn
—2 cosHcosHi cosHn+cos Hi cos Hn). (20)

The first three terms in large parentheses of Eq. (18) could be called the Ribberfors correction; the last
term is the classical term.

In the case of stationary electrons we replace X,o(E,) and X,c(E,) in Eq. (18}by the corresponding quan-
tities from the Wailer-Hartree theory [Eq. (7)j to obtain

II 2

J J y2 0 p2 e-I st/s|nagg /y o( Q)&-((nr&X e a(8sn/s ns&X
2 0 0 yI 2 J'

Is+ 0 0 0 0

s(BB r(S D(s( ro8 r, o)8B8P'(+8, ,„88(] 8dsB, dr, sio d dd)odno,

(21)

D. Correction for double scattering

«t ~s(E) be the experimental Compton profile
before the energy-dependent corrections of ab-
sorption and cross section have been applied:

J~(E) =C(E)A(E)J~(PB), (23)

where the energy dependence of Cl'E) is given in
Eq. (5) combined with Eq. (9) and the absorption
term A(E) has been written in Eq. (1). &S(P,) is
the experimental Compton profile on a momentum
scale. Let &(E) be the true single-scattered pro-
file which we wish to obtain.

If we fix the normalization so that

where D is given in Eq. (19}and

I I II

co'

X,z and Xaz are either n fc or afs depending on the
nature of the scattering. Equation (21}includes
our previous classical Thomson result as a limit-
ing case. When (d = &@,

'= (d,
" and also fan +f,=Z (the

number of electrons per atom) we arrive at ex-
actly the same expression as in our earlier paper.

J~(E)dE = J(E)dE = J,P) dE N, (24)
B

we obtain, for &(E),

J(E) = (X(/+)(.)J~(E) —LT,(E), (25)

III. RESULTS AND DISCUSSION

A. Rehtivistic Klein-Nishina and nonre1ativistic Thomson
cross sections of double scattering

The ratio of double-to-single scattering as a
function of scattering angle for aluminum is given
in Fig. 2. The photon energies are those most
often used in experimental work, viz. , 159.0 keg
(Te), 59.537 keV (Am) and 17.4 keV (MOKu). For
each calculation infinite-thickness sample geom-
etry was used. This assumes that the opticalthick-
ness of the sample ~&2.0." In order to show the
differences between the relativistic and nonrela-

where ~ is the ratio of double-to-single scattering.
+ is usQRQy chosen so that it ls equRl to the Rlea
of the theoretical single profile in a chosen range
of energy. Finally, in order to obtain the mea-
sured Compton profile on a momentum scale, we
must apply Eq. (23) to &(E}.
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FIQ. 2. Angular distribution of double scattering for
aluminum with the optical thickness pd) 2.0, 0, 0, 4
refer to Mo En, Am, and Te energies, respectively.
The radius of the cylindrical sample was 0.6 cm. For
each point 10000 single- and double-scattering events
were generated within the sample.

tivistic intensities we have given the Klein-Nishina
and Thomson results in Table I. It is seen that at
Am energy the results of the two cross sections
are almost indistinguishable. This will also be
true for energies lower than Am energy, because
the quantity (&u,'/&u+ur/&u, ') approaches the value of
2 and Eq. (21) reduces to the nonrelativistic case.
For higher energies, the differences become more
significant and indeed, if the photon energy is 160
keg or higher, the relativistic treatment is neces-
sary.

In the results of Fig. 2 the infinite sample geom-
etry was employed. In order to study the combined

O O
1

t-I O 0 o o i o o
50 100 150

SCATTERING ANGLE (DEGREES)

FEG. 3. Angular distribution of double scattering for
nickel with the optical thickness p ff = 0.1 (cf. notation
in Fig. 2).

effect of sample geometry and the different cross
sections we present the angular distributions of
double scattering for nickel at the same energies
as above, but with optical thickness Q =0.1. The
ratios have been plotted in Fig. 3. It ean be seen
that for thin samples, there is a trend away from
any angular dependence. This result implies that
for sufficiently thin samples the geometry becomes
more important than the form of the cross section in
determining the intensity of double scattering. In
Table IIwe compare the total intensities of double
scattering calculated with the Thomson and Klein-
Nishina formulas. Use of the Klein-Nishina cross
section now makes less difference than for opti-
cally thicker samples. This was expected because
the probability of obtaining a given pair of seat-

TABLE I. Single and double scattering in aluminum for Am and Te radiation. The
sample thicknesses were eN'ectively infinite; i.e., p.d )2.0. The Thompson and Klein-

Nishina (KN) double scattering as well as single scattering are given in electron units.
The values of fz and fc have been tabulated elsewhere (Refs. 12 and 13).

Single

fR +.fc

'Am radiation

Double
Thomson

Double
KN

Single

f,.'+.f,

Te radiation

Double

Thomson
Double

KN

60
80

100
120
140
160
180

13.360
12.250
13.150
13.090
13.070
13.050
13.070

1.987
2.411
2.733
2.822
2.863
2.957
3.003

1.999
2.425

2.736
2.815
2.851
2.943
3.012

13.000
13.000
13.000
13.000
13.000
13.000
13.000

1.839
2.443
2.938
3.254
3.430
3.581
3.724

1.944
2.541

2.973
3.236
3.393
3.539
3 ~ 835
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TABLE II. Single and double scattering in nickel for Am and Te radiation. The sam-

ple thicknesses ~erg chosen so that p, d =0.1. The units are the same as in Table I.

Single

fR'+.f,

'Am radiation

Double
Thomson

Double
KN

Single

fR'+.f;.

Te radiation

Double
Thomson

Double
KN

60
80

100
120
170
160
180

32.880
29.320
28.690
28.400
28.360
28.350
28.340

0.931
0.829
0.735
0.660
0.625
0.621

0.624

0.930
0.827

0.732
0.655
0.621
0.617
0.622

28.300
28.190
28,030
28.000
28.000
28.000
28.000

3.083
3.406

3.669
3.743

3.832
3.966
3.978

3.183
3.480
3.668
3.696
3.762

3.894
4.018

tering angles is highly restricted by the sample
geometry and the differences arise from the asym-

.metric nature of the Klein-Nishina formula.

B. Relativistic Klein-Nishina and Ribberfors cross sections

In order to study the validity of using the Klein-
¹ishina formula for double scattering it did not
appear feasible to compare Egs. (18) and (21) for
double scattering. Rather, by examining the sin-
gle scattering at different angles and energies we
can deduce from those results the differences be-
tween the two cross sections, Eqs. (2) and (7).
Figure 4 gives the results of the calculations as
a function of scattering angle at Am and Mo Kn
energies for aluminum arId nickel. For Am the
two results are in agreement within 2%, if the
scattering angle is higher than 20'. In y-ray
brompton measurements the sample geometry is
usually limited by the absorption or the geometri-
cal thickness so that the probability of obtaining

such a small scattering angle in double scattering
is very smaQ. At Mo Z@ energies, the differences
between the two. cross sections are more promi-
nent and especially, at small scattering angles,
the calcuiations based on the Ribberfors and/or
Klein-Nishina cross sections make a significant
difference. These findings suggest that at the en-
ergies higher than 60 keV, or even at smaller en-
ergies and high scattering angles, one can use
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FIG. 4. Differences between the relativistic Klein-
Nishina and Ribberfors cross sections for nickel and
aluminum, (a) and (b) are at Mo Ke energy in the case
of nickel and aluminum, respectively, and (c) and (d)
are the corresponding results at Am energy.

2.0

1.0

100.0 125.0 co' (keV) 'l60.0

FIG. 5. Spectral distributions of double scattering
for nickel at Am (a) and Te energies (b) with the corres-
ponding single profiles. Elastic and double-elastic lines
are also indicated. The ratio of the widths of the double
profile to the width of the single profile is - 2.2 in both
cases.
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TABLE 11I. Compton profiles of aluminum. The measured profiles are given before
and after correcting for double scattering. The area from 0 to 7 a.u. is 6.16 electrons.

Theory"' Theory No correction for MS

0.1 cm 0.01 cm

Corrected for MS'

0.lcm 0.01cm

3.985
3.996
3.944
3.805
3.611
3.356
3.036
2.652
2.207
1.767

1.653
1.513
1.385
1.256
1 ~ 134
1.023
0.920
0.815
0.715
0.640
0.569
0.424
0;322
0.245

0.200

0.0
0.1

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4

2.6
2.8

3.0
3 ' 5

4.0
4.5
5.0
6.0
7.0

"'Reference 15

3.953 + 0.9%
3.925

' 3.828

3.665
3.444
3.177
2.881
2.577

2.286
2.020

1.789 + 1.4%

1.459
1.289
1.211
1.136
1.034
0.928
0.820
0.728

0.656
0.5&7 +-2.4%

0.440
0.336
0.259
0.205

0.141

0.095 + 5.5%

Reference 16.

4.032 + 1.4%
4.001
3.905
3.741

3.519
3.249
2.'948

2.634
2.327
2.048

1.807 + 2.1%

1.451

1.261

1.183

1.132
1.044
0.927

0.808
0.706

0.636
0.572 + 3.0%

0.425

0.313
0.247

0.201

0.130
0.101 + 3.3%

4.064 + 0.9%
4.035
3.933
3.762

3.530
3.251

2.941
2.622
2.319
2.042

1.800 + 1.4%
1.454
1.277

1.197
1.120
1.015
0.907
0.791
0.706
0.635

0.568 + 2.4%

0.425

0.323
0.248

0.197

0.135
0.091 + 5.5%

4.058 + 1.4%

4.027
3.929
3.764
3.539
3'.267

3.963
2.646
2.336
2.054

1.816 + 2.1%

1.451

1.259
1.186
1.129
1.041

0.923
0.803
0.700
0.631

0.566 + 3.0%

0.421

0.310
0.245

0.199
0.129

0.100 + 3.3%

either of the cross sections to calculate the inten-
sity of double or single scattering without any sig-
nificant difference in the final result.

C. Experimental Compton profiles of aluminum and nickel after

correcting for double scattering
'I

The experimental Compton profiles of aluminum
and nickel were corrected for double scattering.
The Al profiles were obtained from our previous
measurements' performed using 60-keV y rays
from an '4'Am source. The results are given in
T'able III. . The profiles have been normalized so
that the area under the high energy side of the
profiles between P, =0.0 and P, =7.0 a.u. is equal to
6.16, the theoretical free-atom area. The Comp-
ton profiles are not altered from our previous re-
sults' and, indeed, the extension of our Monte
Carlo method does not affect the corrections made
for relatively thin samples and samples of low ab-
sorption. This is due to the fact that the scattering
angles of a double-scattering process are bound
to be so high that the elastic scattering contributes

only a small proportion to the total intensity and
then the approximation used previously (f~+ +f,=Z)i
is valid. For thicker samples, the proper inclu-
sion of elastic scattering gives rise to the increase
in double-scattered intensity, since there is then
a higher probability of small-angle scattering in
the sample and f2 approaches Z'. In Table III we
have also given the theoretical Compton profiles
calculated by Cooper et al."and Kubo et al." The
theoretical profiles of Table III do not include the
resolution effects of our experiment. By convo-
luting the theoretical profiles with the residual in-
strumental function excellent agreement is obtained
between theory and experiment. "' The experi-
mental Compton profiles of nickel were obtained
from the measurements of Manninen and Paakkari"
and Eisenberger et a/. "measured at Am and Te
energies, respectively. The latter measurement
gives a good check for relativistic calculations,
since at that energy the relativistic effects will be
significant. The results are given in Table IV.
The normalization constants are 12.17 and 12.25
for Am and Te radiation, respectively. At Am en-
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TABLE IV. Compton profile of nickel. Am and Te refer to the experimental profiles
measured using Am and Te radiation, respectively. The sample thicknesses were 0.291
and 0.0584 cm, the radii of the cylindrical samples were 0.6 and 0.95 cm and the scatter-
ing. angles were 165' and 173, respectively. The areas of the theoretical profiles do not
include the 1s2 contribution beyond 4.0 a.u.

p Theory" Theory No correction for MS
Am' Te"

Corrected for MS
Am' ' Te"

5,25.9
5.238
5.170
5.06&

4.919
4.725
4.487.

4,200
3.897
3.773
3.687
3.471
3.226

2.962
2,693
2.430

0.547

0,395

0.0
0.1

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0 1.402

3.5 1.082
4.0 0.872
4.5
5.0
6.0
7.0

"Reference 19
'Reference 17

5.38 5.086 + 0.40/0

5.37 5.075
5.31 5.027
5.23 4.943
5.10 4.827
4.93 4.684
4.70 4.519
4.48 4.340
4.30 . 4.154
4.14 3.969
'3.95 ' 3.787 + 0.5/0

3.60 3.448
3.25 3.153
2.92 2.885
2.61 2.624
2.29 2.365 + 0.6%
2.03 2.117
1.83 1.896
1.63 1.715
1.47 1.555
1.30 1.411
0.97 1.117
0.78 0.887 + 0.9%
0.57 0.688
0.48 0.571

0;414
0.303 + 1.5%

bReference 20.
"Reference 18.

5.159 + 1.0%
5.139
5.093
5.017
4,907
4.752
4.566
4.363
4.156
3.961

3.801 + 2.0%
3.466
3.167
2.887
2.617

2.355 + 5.0%
2.107
1.908
1.772

1.535
1.377
1.073

0.859 + 7.0%
0.706
0.598
0.445
0.340

5.258 + 0.4%
5.239
5.186
5.096
4.971
4.818
4.639
4.447
4.246

4.049
3.854 + 0.5%

3.494
3.182

2.899
2.622

2 ~ 349 + 0.6%
2.089
1.861

1.677
1.518
1.374
1.076

0.849 + 0.9%
0.653
0.542

0,392
0.291

5.325 + 1.0%
5.302
5.253
5.174
5.055
4.892
4.692
4,472
4.249
4.039

3.868 + 2.0%
3:.511
3.193
2.896
2.612

2.339+ 5 0
2.083
1-.877
1.742

1.494
1.333
1.030

0.821 + 7.0%
0.672
0.569
0.425

0.325

ergy, the theoretical area does not include 1s'
contribution in the momentum region from 4„2 to
7.0 a.u. , since the 1& electrons cannot then be ex-
cited. The agreement between the two experimen-
tal profiles after correcting for double scattering
is fairly good throughout the range of P, from 0.0
to 4.0 a,.u. that can be used for comparison. In
Table IV we have presented the theoretical Comp-
ton profiles of nickel calculated using a RFA (re-
normalized free atom) model" and a self-con-
sistent —linear-combination-of-atomic-orbitals
(SC-LCAO) model. '0 Agreement with theory is
much improved after correction for multiple scat-
tering. In Fig. 5 we have given the spectral dis-
tribution of double scattering for nickel at Am and
Te energies with the corresponding single profiles
normalized according to Eg. (24). The normaliza-
tion constants are 28.6 and 28.1 for Am and Te ra-
diation, respectively. It is seen that the width of
the double-scattered profile relative to the single-

I

scattered profile is the same at both energies.
However, the spectral distribution of double scat-
tering at 160 keV is more symmetric and centered .

at the peak of the single profile. In the case of ¹i
samples the ratios of double-to-single scattering
were 9.3' (Am) and 11.4% (Te) giving rise to a
correction of 3.4% and 3.1% .at ~(0).

In order to check the effects of Ribberfors cor-
rection terms in Eq. (18) we calculated the spec-
tral distributions including only the classical term;
i.e., the last term of Eq. (18). As expected from
the results of Williams" no significant difference
was found between the-nonrelativistic and relati-
vistic results and this gives us justification to
drop the first three terms of the square brackets
in Eg. (18) in order to reduce .the computing time.

D. Comparison with other work

Tanner and Epstein" have undertaken a thorough
analytic and Monte Carlo investigation of single-
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and double-scattere'd intensities in cylindrical
samples. Their approach is rather general and by
the introduction of a simplified model of the ex-
perimental situation they are able to deduce the
effects of different cross sections on the intensities
and the spectral distributions of double scattering.
Their results are in qualitative agreement with the
results of this paper, indicating that at the ener-
gies less than 160 keV the differences between the
polarized averaged Klein-Nishina and Thomson
cross sections are not marked. However, because
no application to experimental Compton profiles
was carried out it is difficult to make detailed
comparison with their results. The recent results
of Braun-Keller and Epstein"' ' give more insight
into the possibility of finding an operational tool
for correcting for the effects of multiple scattering
in Compton profile measurements.

Paatero and Halonen" have derived analytic func-
tions which can be used to estimate the amount of
double scattering in certain experimental situa-
tions. Using the results of their paper the ratios
of double-to-single scattering for nickel at 180'
scattering angle and with optical thickness p, d =0.1,
are 0.1'//~, 1.5%, and 14.4'% for Motto.', Am and Ye
energy, respectively. We can see from Fig. 3
that those results are very close to the values ob-
tained here.

The method of Felsteiner ~t al."has been dis-
cussed in earlier papers. In their last paper'4
they include the electron binding which was a se-
rious drawback in their earlier version. Their

results for titanium'4 are now in very good agree-
ment with thole of Manninen and Paakkari" cor-
rected for double scattering using our Monte Carlo
program.

1V. CONCLUSIONS

Using our recent extended version of the Monte
Carlo method of correcting for the effects of mul-
tiple scattering we have shown that the magnitude
of the relativistic and nonrelativistic cross sec-
tions is quite different at an energy of 160 keV,
but that the energy dependence of the two cross
sections is essentially the same. Furthermore,
we have shown that in the cases of interest, the
relativistic Elein-¹ishina and Ribberfors cross
sections do not differ significantly as far as these
are concerned, and one can use the Klein-Nishina
formula in order to make the calculations more
efficient. Finally, the validity of this work has
been assessed by correcting a number of experi-
mental profiles for double scattering. Compari-
sons between different experimental profiles as
well as between experimental and theoretical pro-
files all indicate the reliability of the results dis-
cussed above.
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