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The convergence of the distribution of block spin variables to a product of independent normal Gaussians is
rigorously proved for every ferromagnetic system 'with nonzero magnetic field. This result extends to more
general situations and in fact a simple and general link is exhibited between the absence of a phase transition
in the framework of Lee-Yang theory and the convergence to a normal Gaussian fixed point unde«he
action of the renormalization group.

Being given a spin system, on a d™dimensional
cubic lattice Z", we consider subsets A of the lat-
tice, for example cubes, of volume

~ A~, and we
shall denote by S~ =Q„A o„ the sum of the spins
inside A. The fluctuations of a„are expected to be
normal in various situations away from critical
points, and correspondingly the probability distri-
bution of the variable S~ =(SA-(SA))/v'~A~ should
tend to the Gaussian measure (2~X) '"exp(-k'/
2X) dk when ~A

~
becomes infinitely large, where

y, =lim((S~) ) is finite and strictly positive. This
convergence when it holds is called the central-
limit theorem. The block spin variables asso-
ciated with different blocks A; are expected on the
other hand to become independent, in which case
there is convergence of the distribution of all
block spins variables SA. to a product of indepen-
dent Gauss ians. This latter convergence property
means, when it holds, that there is convergence to
a normal Gaussian fixed point under the action of
the renormaiization group' [alternatively, in some
approaches, ' one considers the nonlinear variables
q~, = sgn(SA, —(SA, )), the distribution of which
should then converge to a product of independent
variables taking value +I with probability —,]. In
contrast, the fluctuations are expected to be non-
normal at critical points, and convergence to a
normal Gaussian fixed point is not expected.

In view of the physical importance of the prob-
lem of fluctuations, it is of interest to ha,ve a sat-
isfactory theoretical understanding of the condi-
tions under which the central-limit theorem and
the convergence to a, normal Gaussian fixed point
hold.

Several rigorous results have been previously
obtained in this domain at large magnetic field, '
and under various other conditions by means of
decay properties of correlations, ' or of corre-
1ation inequalities or for one-dimensional sys-
tems. "

The purpose of the present paper is to present a
simple and general proof that the Lee- Yang condi-
tion on the absence of phase transitions, i.e., the .

absence of zeros of the partition function in ap-
propriate regions, implies convergence to a nor-
mal Qa.ussian fixed point. In contrast to previous
ones, " our method does not depend on conditions
on the decrease of the potential or of the correlations,
or on the sign of the potential, and thus applies
for instance to arbitrary Van der %aals forces.
The idea that the Lee- Yang condition might be
sufficient to provide a direct and gene al proof of
the central-limit theorem was previously men-
tioned in Ref. 13, where it was proposed to extend
the previous method of Ref. 10 to the multidimen-
sional case. Such an extension presents, however,
difficulties. '~ Our method makes a different use
of the Lee- Yang condition, which circumvents
these difficulties and is also well adapted to the
proof of convergence to the normal Gaussian fixed
point.

%e shall, below, restrict ourselves for sim-
plicity to spin-& ferromagnetic systems with two-
body potentials and nonzero magnetic field, but
the method applies similarly to more general
situations, as will be briefly outlined at the end.
In the particular case of ferromagnets, our re-
sult complements that of Ref. 9 obtained a,t zero
magnetic fieM above T„and those of Refs. 5 a,nd
7 obtained for nonzero magnetic field under cer-
ta, in conditions on the decrease of the potential
(see Ref. 11).

The energy of a configuration oA of spins a„at
each point x in a. box A' is given by

U~ (oA ) =- P J, ,v, o, —g h„o„,

where h„ is the magnetic field at the point x and
,J„,is the interaction potential between sites x
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and y, which is assumed for simplicity to be
translation invariant. It s'atisfies p IZ, „I

&

For a ferromagnet, one has J„,~ 0 for all points
x~y ~

The partition function in a box A' is defined as

Q, (P.), ~A)= g -pt-L. (;)1.
a =k
xeA'

(2)

For the infinite system, the one-point and two-
point correlations are the average values (o„) and
(a'„o',) of one spin or of the product of two spins.
The two-point connected correlation is defined by

o '(x, y) = &o'.o, ) —&o'. )&c,) .
These functions can be obtained as limi. ts of the
analogous quantities for a system in a box A' when
.A.

' tends to infinity. Finally, when the magnetic
field is constant (h„=h for every x), one can
prove" tha, t

O&)im Q v"(x, y)) =(P ~"(O, x))&",I
..z.

theorem" ensures that Q~ ('h+Q, ,z, 5~ )e0,
whenever Iz, I

& z„j=1, . . . , p for some z, & 0 in-
dependent of A and A'. : An expansion to the third
order of the analytic functiori InQ~ (h+ P,-, z) o~ ),
with respect to z„... , z~ then shows, by a direct
computation, that

(„ ).
=gz„&S, ), +- g z„z,

0'.= 7 (Xy8=7 xE, A f1( ~yEAg

ln exp g zJS~,

u~ (z, y)

The function Q~ can be rewritten in view of its
definition, as

P

+ g z„z,z,A„, ,(z„.. . , z„A, A'), (6)
n, B,y=7

where A„B ~
is an analytic function of z„.. . , z~

in the region Iz, I
& z, and is bounded by

g3 P

max „„-„ In@)( h-+Q z)'5~

2= 7, ~ ~ ~ sP

1
lim Q or(z, y) =0,

(4)

Q (h+P z;il~ )J=7

=e" g e '&"a„(A, A';h;Z„)
a~n~2I A [

The two expressions in the large parentheses of
(3) will be called, respectively, y~ and y.

Qle then state the following.
~Theorem: The central-limit theorem holds and

the distribution of the block spin variables SA.
converges to a product of independent normal
Gaussians for any ferromagnet with nonzero mag-
netic field. The distribution of the variables qA.
converges to a product of independent variables
with value +1 with probability 3.

Proof: As usual, we introduce for any number

p ~ I of variables SA. the chara. cteristic function

exp i t,SA.
2-7

The average value of the variable exp(g, ,z,.S~ )
for a, system in a box A' containing A can be re-
written, as can be checked from the definitions,
as

P P

exp zS~ =@A h+ z&A. A h,
j=7 A' &=7

where the numerator is the partition function of
the system in the box h,

' with magnetic field h +z,.
at the points of A&, j=1, ... , p, and h at the points
of A' outside Uq 7Aq. The well known Lee-Yang

=e 0 /p/(A A h)
(A/

2 A

x '"j Ie "- (,(A, A'; h;z„)l, (7}
p=x

where z„=(z„... , z„,', z„„,.. . , z~) and the:tiuan-
tities $~ are the 2IAI zeros of Q~' in the variable
e '&. Since Q)) does not vanish:when Iz,-I&zo)
j= 1, ... , p one has I e ' —$,(A, A;h;z„)I& r} for
Iz, I&-,'z, and all p=1, ... , 2IAI with some q&0 in-
dependent of A, A'. Cauchy formulas for the third
derivatives of lnQ~ then directly yield

I ~„,,(z„.. . , z„A, A )I &Z IA I (8)

when Iz;I & —,'z, and where K is independent of A, A'

and z 7q ~ ~ ~ y zp

By choosing z, =it;/v'I AI and letting A' first tend
to infinity (thermodynamic limit) for any given box
A, one then sees in view of Eqs. (3), (4), and (8)
that (exp(i Q, , t&S~ )) tends to II, , ex. p(- X, -'t&) for
any t„.. . , t~ when IAI tends to infinity. This con-
vergence of the characteristic function ensures,
through general results of probability, (weak) con-
vergence to the normal Gaussian fixed point. Fi-
nally weak convergence of probability measure
implies also convergence in a well-defined inte-
gral. sense; in particular the joint probability that
SA. be positive or negative, j =1, . .. , p converges
to the integral of the product of the Gaussians in
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The interest of the local-limit theorem has been
pointed out by Dobrushin and Tirozzi, "who

proved that the local theorem can be derived from
the integral theorem in the case of finite-range
potentials. Our proof of the local theorem, out-
lined below, applies to more general potentials.
One considers the formula

I

&lail»(~, =&)

e& )Al

2' - ~IAl
(exp(tt8, )) exp(- i') dt, (10)

which fonows from the definition of the character-
istic function by inverse Fourier transformation.

Equations (8) and (8) in the case p = 1 allow
one here to check that, for some ~&0, the contri-
bution to the right-hand side of (10) coming from
the integration domain ltl & 5v'lAl tends to the anal-
ogous contribution of the Gaussian. On the other
hand, the contribution of the domain 5 & t/v'l, y & v

can be shown to tend uniformly to zero when A l-~, by an extension of a related calculation made
in Ref. 13 for finite-range potentials. This ex-
tension can be found in Ref. 8 and is therefore
omitted here.

As a conclusion, we mention that our theorem

corresponding regions, from which the result for
the variables qA follows. Q.E.D.

Under the condition of our theorem and a further
slight condition on the decay of the potential,

l&(~) I
& C(1+ I&l)

' for some e & 0,
we have also obtained the local version of the
central-limit theorem, which strengthens the in-
tegral one and asserts that for any e & 0, there
exists A, sufficiently large such that for any A

containing A, :
supl&lcll »(s~ =0) —(2vx) '~'«p(-&'/2&)l« ~ (9)

has been stated in the simplest case, but in fact
it holds in more general situations: the interac-
tions are not necessarily ferromagnetic, and the
only condition needed to show the results for some
magnetic field h„ is that the partition function
QA ((h„},xE A') should not vanish when all h„be-
long to some complex neighborhood of h, indepen-
dent of A'. This is the condition of absence of
phase transition at k, in the Lee- Yang theory. As
a matter of fact, the original Lee- Yang condition
required only that QA (h) should not vanish when
all h„are equal to h. However, the counterexam-
ple of low-temperature antiferromagnets" shows
that this weaker condition does not prevent sym-
metry breaking. In the framework of Lee- Yang
theory, the condition for the absence of phase
transition has therefore to be stated in the strong-
er form mentioned above. Besides ferromagnetic
systems, this condition has been proved for ex-
ample for systems with arbitrary interactions and
arbitrary magnetic field, at high temperature. "

Our proof of convergence to a Gaussian fixed
point can be extended to more general spins than
spins &. It extends also to other observables, for
instance we can obtain that the fluctuations of the
energy are normal, by using conditions of absence
of zeros of the partition function in appropriate
domains of the potential, such as those proved in
Ref. 19.

Finally, the. stronger convergence obtained for
the block spin distribution (local-limit theorem)
is not only a mathematical refinement, but is
linked, through an extension of the results to ap-
propriate conditional probabilities, to the equiva-
lence of ensembles (see Ref. 18). In this connec-
tion, we can prove for general potentials the
equivalence of the grand canonical and canonical
ensembles in the absence of phase transitions.
Note, however, that a different approach to the
problem of equivalence of ensembles has been
given in Ref. 20.
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' Z„egE~ez«(& y) andby dt»ding
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~
A

~
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~
A ~

~/ ~
A
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