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Ultrasonic velocity in the mixed state of Nb-26-at. % Hf
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The magnetic-field-dependent change in the ultrasonic velocity was measured in the mixed state of
Nb —26-at. % Hf at T = 4.14 K, using shear and longitudinal waves with frequencies 5-30 MHz. The
results are compared with phenomenological models in which the flux-flow resistivity is used as an effective
resistivity in -the Alpher-Rubin theory.

\

Previously' we presented measurements of the
attenuation of longitudina, l and transverse ultra-
sonic waves in the mixed state of Nb-26-at. % Hf.
The results were compared with a phenomenological
model" for the attenuation in the mixed state
which was proposed by Shapira and Neuringer
(SN). These authors used a simplified form for
the ac resistivity associated with flux-line mo-
tion' as an effective resistivity in the Alpher-Rubin
(AR) theory' to obtain an expression for the at-
tenuation in the mixed state. We also modified'
the SN model by using Thompson's result for the
flux-flow resistivity in the absence of pinning
forces' as an effective resistivity in the AR theory.
The revised theory improved agreement with ex-
perimental data for the H dependence of the at-
tenuation for high frequencies where pinning forces
could be neglected. Here we present measure-
ments of the H-dependent sound-velocity changes
for longitudinal and transverse waves in the mixed
state of Nb-26-at. /0 Hf and compare these with
both the SN model and the revised theory.

The H-dependent change in the sound velocity,
for shear waves with wave vector q ~ ~H and
longitudinal waves with q &H, is

(AV/V)„=—I V(H) —V(0)]/V(0) = yH'/8vdV'(I + P'. ), (1)

where d is the density of the sample, V is the
zero-field sound velocity (V~ for longitudinal
waves and V~ for shear waves), and p is the per-
meability. We define P=c'~p„/4w p V', where +
is the ultrasonic frequency and p„ is the normal-
state resistivity. Equation (1) is the classical re-
sult of the AR theory and has been extensively
verified for normal metals with low resistivities. '

The main assumption of the SN model is that
the sound velocity in the mixed state can be ob-
tained from the AR theory by replacing the normal
electrical resistivity with the mixed-state re-
sistivity for a frequency ~ equal to that of the
sound frequency. Employing an effective ac re-
sistivity for the mixed state, ' SN obtained an ex-
pression for the H-dependent velocity change".

(gV pH' ((1+r'+ rP, ) (1+r')
~i V, 8mdV' ~~ (I+r'+rP&)'+Pz (2)

(aV/V), (1+r'+ rP~) (1+r') (1+P')
(aV/V)„(1+r '+rP, )'+P,'

All quantities appearing in the right-hand side of
Eq. (8) were determined experimentally' and,
therefore, this model involves no adjustable pa-
rameters.

The attenuatiori data of Ref. 1 were also com-
pared with a revised theory in which the effective
resistivity in the AR theory was taken to be
Thompson's result, ' obtained from a solution to
the time-dependent Ginzburg-Landau equation.
This result, which, in the dc limit, gives the dc
flux-flow resistivity, should be valid only for
frequencies sufficiently high that pinning effects
may be neglected (~ » u&,). The revised theory
improved agreement with experimental da, ta for
the H dependence of the high-frequency attenua-
tion, and it also gave a good account of the at-
tenuation data at much lower frequencies where
pinning effects are important. Thus it seemed
desirable to compare the present velocity data
with the revised theory, even though the esti-
mated values' of &, are comparable to the fre-
quencies used in these experiments. Thompson's
result for the flux-flow resistivity has the form
p = p„/g where g = 1+y(1 —H/H„) and the quantity
y, defined in Eq. (16) of Ref. 1, is constant for

This result is for longitudinal waves with q &H and
shear waves with q ~ ~H and should be valid for
H, 2&H»H„. In Eq. (2), the parameter pz is ob-
tained from P by replacing the normal resistivity
p„by the flow resistivity pf = p„H/H, *,(0), where
H„(0) is the upper critical field in the absence
of paramagnetic limiting. We also define r = ~ /~,
where coo is a frequency characteristic of flux-
line motion known as the. "depinning frequency. ""
In comparing our experimental results to this
model, it is convenient to consider the quantity
(AV/V), /(b, V/V)„, obta. ined by dividing Eq. (2) by
Eq. (1):
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a fixed temperature. Using this result, we have

(~v/v), /(~v/v)„=g'(1+ p')/(g'+ p') . (4)

I
I I

In Ref. 1 we found that y = 3.2 reproduced the slope
of high-frequency attenuation data for T = 4.14 K
and was in order-of-magnitude agreement with
our a Pro~i estimate of this quantity.

Measurements of the sound velocity at T =4.14 K
for shear and longitudinal waves with frequencies
5-30 MHz were made as a function of magnetic
field in the sample of Nb-26-at. % Hf used pre-
viously. ' The system for sound-velocity measure-
ments, which employs a modified pulse-super-
position method, "had a resolution of better than
1 ppm. For shear waves with q &H and longitudinal
waves with q ~ lH, av/V was independent of H to
within this resolution. The physical properties of
our Nb-26-at. % Hf sample were discussed ex-
tensively in Ref. 1.

In Fig. 1 we show Av/V for 10-MHz shear waves
with q [lH at T =4.14 K. The dashed curve, cal-
culated from Eq. (1) using the measured values
of d, V„and p„, represents the AR theory and
is in good agreement with the data for H & H, ,
For H just below H„we see a peak in Zi, v/V that
is associated with a peak i.n the critical current
for fields just below H„(see Fig. 2 of Ref. 1).
In a manner analogous to our treatment of at-
tenuation, ' we will compare the sound-velocity
changes in the mixed state with (Av/V)„ the
sound velocity changes that would have existed at
temperature T and field H, had the material been
normal. We calculate (a /VV)„at fields 0.5
&H/H, 2& 1 by extrapolating to lower fields the
velocity changes measured at H&H„. In Fig. 1
we show this extrapolation for shear waves. The
extrapolation is carried out by making a least-
squares fit to the equation b V/V=mH', where m
is a constant. The measured velocity change in
the mixed state is identified with (b, v/V), .
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FIG. 2. Magnetic field variation of 4 V/V for longitu-
dinal waves in Nb-26-at. $ Hf.
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In Fig. 2 we show AV/V for 12-MHz longitudinal
waves with q &H at T =4.14 K. Again, the dashed
curve represents the AR theory and is in good
agreement with the data above H„. In Fig. 2 we
also show the extrapolation to lower fields of
veloci. ty changes measured at H&B„. Here too
we see a peak in b, v/V just below H„, which can
be associated with a peak in the critical current
J, for fields just below B„.

In Fig. 3 we show the normalized velocity
(b, v/V), /(AV/V)„as a function of H for the data
of Fig. 2; the peak in the experimental data is
clearly evident for H- 51 kG. The heavy solid
curve of Fig. 3 (denoted SN theory) was calculated
from Eq. (3) using the values of &u, (H) from Fig. 2
of Ref. 1. These values of +,(H) were calculated
from experimental values of J, . The peak in the
theoretical curve" below H„confirms our previous
identification of the similar peak in the experi-
mental data with the peak in J, . The SN model
gives reasonable agreement with experimental
values of (av/V), /(av/V)„ for H- 25-45 kG but
tends to overestimate the value of this quantity
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FIG. 1. Magnetic field variation of the ultrasonic
velocity change 4 V/V for shear waves in Nb-26-at. %
Elf.

FIG. 3. Normalized sound-velocity change (&&/V)~/
(4V/V)„as a function of magnetic field for the 12-MHz
longitudinal waves of Fig. 2.
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FIG. 4. Frequency dependence of (&V/+8/(& &/~)„
for shear waves in Nb-26-at. % Hf.

near H„. This same problem was also noted for
the high-frequency attenuation near H„and was
one of the principal motivations for the revised
theory. The dashed curve of Fig. 3 was calculated
from Eq. (4) using @=3.2 and II„=51.9 kG, values
which were used in Ref. 1 to compare the revised
model with the high-frequency attenuation data.
Except for the peak" near H„, we see that the
revised model gives a reasonable account of the
form of (b,V/V), /(b, V/V)„ for (25 kG) ~ 8&8„. In
general, we find that both the SN and revised
theories are in reasonably good agreement for
H- 25-45 kQ, for longitudinal waves in the fre-
quency range of our experiments.

The differences between the two models become
more apparent for shear waves. In Fig. 4 we
show the frequency dependence of (AV/V), /(AV/V)„
for shear waves with q ~H at T = 4.14 K and for
II=45 ko. Using @=3.2 and H„= 51.9 ko in Eq.
(4), the revised theory (dashed curve) is in good
agreement with the experimental points (solid
circles and triangle). The solid curves of Fig. 4
were calculated from Eq. (3) using e, (H= 45 kG)
(curve designated &u,) and —,'a, (H=45 kG) (curve
designated ~,/2). According to the SN model,
(hV/V), /(b, V/V)„ is quite sensitive to the value

of up, and tends to overestimate this quantity for
any reasonable value of (dp The best agreement
between the data and Eq. (3) is obtained with r =0
(~,= 0), in which case (b, V/V), /(b, V/V)„= (1+p')/
(1++) is, for example, -5% above the dashed
curve at 10 MHz. Since Eq. (2) for (sV/V), de-
pends more heavily on the contribution of the
imaginary part of the mixed-state resistivity
rp„/(1+r'), the difficulties of the SN model may
reflect this fact. Indeed, previous experiments"'"
with shear waves (g ~H) in the mixed state of un-
annealed Nb-25-at. % Zr (for which u, »&u) were
shown to be in good agreement with Eq. (1) upon
taking p„=0 (p =0). This i.s essentially equivalent
io making r » 1 (&0» &d) tn Eq. (2), a condltlon
that was. actually satisfied in those experiments.
Thus, for the. conditions of Refs. 12 and 13, the
calculated contribution of the imaginary part of
the mixed-state resistivity to (AV/V), is small
and SN obtained agreement between their data and
the model. Our experimental results may thus
appear to favor Thompson's expression for the
resistivity since the simple model used by SN
seems to encounter difficulties when the imaginary
part i.s large. However, Possin and Shepard'~
actually measured the imaginary part of the mixed-
state impedance and obtained good agreement with
the simple model, and so the situation is more
complicated. Additional theoretical work would be
extremely useful in th. is area.
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