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Quasiparticle picture for the de Haas-van Alphen effect
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Physical arguments are given for the quasiparticle behavior observed in the de Haas-van Alphen effect.
An upper limit to the maximum deviation from quasiparticle behavior which may be observed is given and
the asymptotic behavior as T~O is derived. These results indicate why the deviations from quasiparticle
behavior might appear small, even for large magnetic fields. Misinterpretations of earlier work are clarified
and an application of the picture to experiments on nearly ferromagnetic palladium-nickel alloys is made.

In our work, Simpson and I found' that the de
Haas-van Alphen (dHvA) oscillations are affected
by electron-phonon interactions only to the extent
that the cyclotron frequency co,*=eH/m*c, which
occurs in the amplitude of the oscillations, has the
electron band mass m renormalized to rn*. There
are no further temperature dependencies due to en*
or due to the electron lifetime v,~(T) as seen in
transport properties. This quasiparticle result
was shown' to be valid as long as the cyclotron
frequency ~,* is much less than any characteristic
phonon frequency co,„. co,„is defined as the lowest
frequency peak in the phonon density of states. If
there are no peaks at lower frequencies, then ~,„
is the Debye frequency. In almost all physical cir-
cumstances we have ~,*« ~ „. In our model, the
mass enhancement I*/m was precisely the same
as that occurring in the low-temperature electron-
ic specific heat. This was due to the fact that we
considered all electron orbits to be spherical with
identical isotropic coupling to the phonons. In
most metals this is not the case. Tomlinson and
Carbotte' have calculated the anisotropy of the
coupling for lead. From their work we would ex-
pect m*/m for most orbits to be close to the aver-
age seen in the specific heat.

Since the results we found were presented rather
mathematically and they are of importance to ex-
perimentalists in the field, I should like to give
some more physical interpretations to our results.

In Ref. 1, it was shown that it is not the real or
imaginary part of the self-energy evaluated at the
Fermi energy which contributes to the dHvA effect.
It is the analytic continuation of the full self-energy
evaluated at the poles of the Fermi function ~„
=(2n+1)vkT. The same sum over poles appears in
all oscillatory thermodynamic effects, even with-
out interactions. It arises from an integral which
weights an oscillatory function e'~' with the Fermi
function f(s). The oscillatory function brings in the
discrete electron thermal energies co„above the
Fermi energy separated by 2mk~T. The theorem
we proved in 1, Eq. (3.4), the "generalized Fowler-

Prange" theorem, may be restated as follows. If
(v„/&u~„)'«1 for all ~„which contribute significant-
ly to the oscillatory behavior, then the renormali-
zation effects due to electron-phonon interactions
enter through

Note that the function f(&u„, T), which represents
the entire effect of the phonon interaction, is real.
Restating this in yet another way, we may say that
for ~,*« ~,„, those electron states which contrib-
ute to the dHvA amplitude (e & u&„s &o,*/v), do not
probe any detailed phonon structure. They see
only one of the moments of the phonon spectrum,
the one that gives m*/m.

I should like to review some facts about the dHvA
effect which go intO the proof of the above state-
ments. Temperatures such that vkT ~ K~,/n', re-
present the high-temperature limit for the dHvA
effect. In this case only the first pole at ~, =mkT
makes a significant contribution. The lowest
thermal level precisely probes the m*/m moment
of the phonon spectrum. As usually stated' one
needs a fairly sharp Fermi surface on the scale
of (d, in order for oscillations to appear. The os-
cillations are due to electrons being dumped out of
a quantized Landau level as the level moves
through the Fermi energy with the variation of the
magnetic field. If kT»@or„ the electrons are
thermally spread over many Landau levels above
the Fermi level and no change inoccupation num-
bers occur as a Landau level moves through the
Fermi energy.

For kT«5~„ the dHvA effect includes the sum
over many electron thermal levels ~„, up until ~„
= e,/v. For higher thermal levels the amplitude
is negligible. Still, as long as co,« ~», the de-
tailed phonon structure is not probed by the elec-
trons, they see only the average which leads to an
m*/m renormalization of the mass. This is the
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case for most orbits in most metals. However, if
one can find situations where ~, approaches ~,„,
deviations from undamped quasiparticle behavior
should occur. In order to make a somewhat real-
istic calculation Simpson and I chose to use the
measured phonon density of states of mercury (&o»
= 21'K), rather than a Debye or Einstein model.
To get a large cyclotron frequency (d,* we chose a
large magnetic field, 100 kQ, and an electron orbit
with a low band mass, m*/m =0.183. With the re-
alistic density of states chosen, a computer calcu-
lation was used to obtain the deviations. The nu-
merical work showed that in this case deviations of
the amplitude from quasiparticle behavior as large
as I"l% were possible. The experiments done by
Palin4 on mercury in a slightly smaller field (82
kG} were consistent with our predicted deviations.
The way this worked out was that a (2 to 3)% change
in slope of the in[A(T)/T]-vs-T plot could account
for the predicted deviations. Since the thermal ex-
pansion of mercury seems to be changieg the band
mass by this amount, the experiments to see the
predicted deviations in the most favorable case
were exceedingly difficult.

I should like to emphasize that there is a simple
and direct method for evaluating the deviations
from quasiparticle behavior. Given the model for
the phonon spectrum and the coupling to electrons
(n'F) for a particular orbit, the following equa-
tions [(3.4) and (4.1) of Ref . 1] will give the de-
tailed predictions for the amplitude in the dHvA

effect:

2n'(v)F(v)

0

x jl+2P 1+( ~
)

A = Q exp — —[u)„+g((o„)]
2w

C

The thermal levels which exist along the imaginary
energy axis should become as useful in describing
equilibrium thermodynamic effects as the imagin-
ary part of the energy is useful for describing life-
time effects in transport processes.

We may do some further analysis using this ap-
proach to help elucidate why the deviations from
quasiparticle behavior grew at most to IV% in the
example of Ref. 1 where the magnetic field was
chosen to be 100 kG, m*/m =0.183, and the elec-
tron-phonon mass enhancement 1+X =2.6. The am-
plitude was shown in Eq. (4.6) of Ref. 1 to have a
lower limit

A. ~ [2 isnh(2 'vkT/N&a*)]' =—A' .
As we argued earlier, for ksT/$&u,"a1, A ap-

proaches this lower limit, which is the quasiparti-
cle result. The largest deviations from quasipar-
ticle behavior occur in the, amplitude for ks'T/ff&u, *
«1. In this limit the amplitude must be handled
quite carefully. A large number of thermal levels
v„must be. summed over. This, point is empha-
sized by Mueller and Myron. ' In the limit &uf/&u»

»1, kT/S&o~«1, the self-energy that enters the
amplitude may be approximated by f(&o„}a vksTX.
Thus in the low-temperature very-high-field limit
the greatest deviations from, quasiparticle behavior
will occur. An upper limit for the amplitude may
be estimated using the lower limit on the self-ener-
gy:

A & [exp( —2v'Xks T/k &o,)]/[2 sinh(2v'ks T/K&o, )] .
The ln of the deviations are measured by

[exp( —2 v'Xks T/k (o,)]sinh(2v'ks T/k (o+)
A' sinh(2v2ks T/S(o, )

In the limit kT/h&o,*«1, we have

ln(A/A ) & ln(1+ X) =In(m*/m) .

Thus for fields such that &o,/~»» 1, the upper
limit for the maximum deviation we might expect
is ln(1+ X), equal to 0.96 for mercury In this.

light, it is perhaps not too surprising that for
&u,*/v „a1, our previous numerical work has shown
deviations only as large as ln(A/A, ) equal to 0.1'I.
The work of Mueller and Myron' shows larger de-
viations for fields larger than 100 kQ but is limited
by the upper limit given above.

Our previous numerical work indicated the diffi-
culty in obtaining a numerically convergent series
for kT/S&u~« I. The details of this slow conver-
gence were emphasized in Ref. 5. Their analysis
may be used to show that in the very-low-tempera-
ture limit

lim —ln(A/Ao) = 0 .
0&T

Thus the extrapolation of the amplitude to zero
temperature is simple once the asymptotically
flat region is reached for ln(A/Ao). This would
then imply that the curve drawn in Fig. 4 of Ref. 1
has reached its maximum value and may be ex-
tended to T =0 with zero slope.

With the above analysis one may gain some more
insight as to why deviations from the quasiparticle
result are not readily observable. An upper limit
to the deviations from quasiparticle behavior is the
ln of the electron-phonon mass enhancement. This
deviation will occur only for fields much greater
than the highest characteristic phonon frequency.
The most a magnetic field can do to the mass en-
hancement is remove all of it. The deviation will
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not appear in the high-temperature limit k~T ~Neo,*
as we argued earlier, but will grow as the temper-
ature is lowered to be muoh less thank&of/ks.
Thus, the change in slope of a ln(A. /A') plot as a
function of temperature will be small except under
extreme experimental conditions. Mueller and
Myron' have calculated explicit values for the de-
viations in the high-f ield limit.

Now I would like to clarify a misunderstanding in
the work of Gantmakher. ' He claims that the re-
sults of our work apply only to mercury since we
used numerical methods in the last stage of our
calculations. From our original work and the re-
statement above it should be clear that as long as
(d,*«&,„, an undamped quasiparticle behavior
should describe the dHvA effect. For co,*(~,„, the
deviations mill be small and mill depend on the de-
tailed orbit in the particular metal we are consid-
ering. Because of its strong-coupling low-lying,
phonon modes and low-mass electron orbit, mer-
cury is just about the best metal to use to see any
deviation from undamped quasiparticle behavior in
the dHvA effect. In the largest fields then avail-
able, with the smallest mass orbits, the effects of
deviations are theoretically predicted to be of the
order of 2%%uq in the measured slope which is just
about the accuracy of the experiments. '

Gantmakher also interprets our work physically
by the statement that the influence of the variations
of the scattering probability with temperature off-
sets the changes in effective mass. In fact, the
way the problem was formulated r,~ does not ap-
pear a,t all. We could, if we wished, follow a sug-
gestion of Hopfield, ' and rewrite the mass enhance-
ment term at a very high temperature as follows:

2w Q Tm+

2wk T m* 2mk T

exp B

where at high temperatures' we have (for the elec-
tron-phonon problem k T» 5'ar, „)

exp(-2v2ksT/k&o, ) is the amplitude without mass
enhancement, and exp(- 2v/e, r~) is the electron-
phonon lifetime effect. Here we have used the
high-temperature limit of the phonon occupation
function n(v) = ks T/kv, and the identity

m* " 2n'(v)E(v)
nz o v

I do not believe that this helps elucidate the phys-
ics. First, because it is not true in general but
only when k~T»5(d, „. Second, the dHvA oscilla-
tions are observable at temperatures up to but not
much greater than bur,*/ks [due to the amplitude
factor exp(-2w'ksT/ke, *)]. Thus the dHvA high-
temperature regime is almost always the low-tem-
perature regime for electron-phonon interactions.

Next I would like to question the conclusions in
Ref. 6. Gantmakher has approached the problem
on the basis of "classical" calculations of the elec-
tron lifetime r,~ (1/v, ~ in Gantmakher's notation)
in the presence of the electron-phonon interaction.
The conclusion that the calculated v,~ is consistent
wi. th experiment seems to be based on the follow-
ing. The experimental results of Palin' for ln(A/T)
vs T are used and the effect of 1/v, ~ [nT'~'X, »(4')]

. js subtracted. The new points found are shown to
fit a straight line as well as the l.ine drawn through
the original experimental points. That would be
just fine if there were no importance to the slope
of the line. Palin very carefully determined what
the slope of the line should be by doing auxiliary
experiments at a series of fixed temyeratures. He
plotted in(A/H'~') vs 1/H to get the effective mass.
The results were consistent to within 2% with the
effective mass determined by the slope of in(A/T)
vs T. When we use the figure shown in Gant-
makher's work, "we find that the change in slope
made by his r,~ correction is much larger than 2%
(-30% for the 82-kG case).

This predicted deviation is yet another indication
that a simple interpretation of the electron-phonon
interaction as producing a lifetime effect, which
ma, y be represented as a Dingle temperature, is
invalid. There may be another formulation
of the dHvA effect which makes use of the
real and imaginary parts of the self-energy along
the real energy axis. The formulation we have
used' is valid and is the most direct one available.

In their work, Mueller and Myron' suggest
higher-field low-temperature experiments to dis-
cern the difference between the predictions of our
work and Gantmakher 's.

The last subject I would like to discuss is the ap-
plication of our work to nearly ferromagnetic sys-
tems. In a recent experimental work H5rnfeldt,
Dronjak, and Nordborg' examined the dHvA effect
in the nearly ferromagnetic alloy PdNi (0.35-at. %
Ni). They observed a rather large shift in the po-
sition of the spin-split zero, which was interpreted
as an exchange enhancement of the spin-splitting
factor due to the Ni impurity. They also find that
the cyclotron mass is unenhanced for the particular
orbit studied. This observation contradicts the
prediction we made, ' since the specific heat is
found to be enhanced by 6% at this alloy composi-
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tion. There are several possible explanations.
The most likely is that the electrons in this orbit
are too weakly coupled to spin fluctuations to see
the effect of this amount of Ni. In fact HUrnfeldt
et al. analyze a particular orbit (on the I'6 sheet)
and estimated a 6% change in the susceptibility en-
hancement factor (bS,'/S, =0.25/4) upon the addition
of 0.35-at. %¹ito Pd. Now in the original PdNi
alloy experiments' it was found that the enhance-
ment of specific heat is much less than the en-
hancement of the susceptibility, in qualitative
agreement with theory. '0 If we use the experimen-
tal ratio (&y/yr ~)/(&y~/y~, ) = 0.23 given by Chou-
teau et al.' for these low Ni concentrations we
would predict a change in mass enhancement of the
orbit considered by H5rnfeldt et al.' of 1.4%. This
estimate is in agreement with their measurement
that. m* is unchanged to within the experimental
accuracy of (3-4}%."

Possibly one of the most significant discoveries
found in the work of H'hrnfeldt et al.' is the rather

low value of the Dingle temperature (T~-1'K) for
0.35-at. % Ni impurity. As they point out, ordi-
narily it takes only 100 ppm magnetic impurities
in noble metals to reach this value for the Dingle
temperature. Experimentally, Ni behaves more as
a host atom than an impurity scatterer when dis-
solved in Pd. This fact opens the field of nearly
ferromagnetic alloys to study by the davA effect.
The results on other alloy compositions of PdNi
should be quite interesting. In addition, the RhNi
nearly ferromagnetic alloys offer another inter-
esting system to examine.
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