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Dispersion self-energy of an electron in a dielectric
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The self-energy of an electron in a dielectric medium is calculated using the dispersion-energy approach.
The approach that gave a qualitative value for the self-energy in an earlier publication is now improved to
produce the quantitative result.

The interaction between an electron and the
polar vibrations of an ionic crystal is widely
studied in the literature using the Frohlich Hamil-
tonian. The purpose of this paper is to show that
the interaction between a free (or a bound) electron
and its surrounding dielectric medium can also be
obtained using the dispersion-self-energy theory.
In an earlier paper, ' referred to hereafter as I,
the theory was applied to yield a qualitative esti-
mate for the interaction, but it is shown in this
communication that by a simple extension of I, the
value for the interaction energy, which agrees ex-
actly with the earlier theories, ' can be derived.
Thus dispersion theory provides a valid alternative
to Frohlich's theory' in the study of the electron-
lattice inter action.

The dispersion-energy formalism utilizes the
idea that the magnitude of the electron-medium
interaction is equal to the change the interaction
produces in the zero-point energy of the radiation
field. The change is obtained by using the dielec-
tric response of the medium through its frequency-
dependent dielectric constant e:(to) and by consitler-
ing the excitations of the electron fromits statidnary
state. The electronic excitations caused by its
interaction with the medium can be described as
dipolar and other multipolar excitations, as the
case may be. In I, only dipolar excitations were
considered on the assumption that others would
not contribute to the interaction. In this comment,
a simple procedure is developed to include all the
multipolar excitations of the electron in calculating
the electron-medium interaction. The result is
then seen to be in agreement with the earlier
theories.

A sketch of the general procedure for calculating
electron-medium interaction is described using
the dispersion self-energy formalism. For sim-
plicity and for the sake of comparison with other
work, we shall take the medium to be an ionic
crystal with a single vibrational frequency (do al-
though the generalization is straightforward. We
shall also assume that the electron is free.

where the tensor F depends on the stationary elec-
tron state and on the dielectric properties of the
medium. For convenience we rewrite (I) in terms
of its Fourier components

E(k, u}) = Q F(%,R', (o) ~ E(fs', (d) . (2)
k'

For nontrivial solutions for E to exist, the secular
equation

D(to) = [i-F(R,T', &)
~

=O (3)

must be satisfied. F(R, %, &o) is an infinite matrix
with 3 x3 submatrices. The natural frequencies of
the medium with the free electron present fn it are
obtained from the poles of the function I/D(&o). At
zero temperature the dispersion self-energy E, of
the electron is given, following Mahanty and Nin-
ham, 4 by

~ [F(R,F, (o)]'
(4)

where the contour encloses the positive real axis
and l takes positive integral values.

In I, Eq. (4) is used to derive the dispersion
energy by assuming that

F(r, r, &o) =G(r, r, &o)ot(r ),
where ts(r ) is the space-dependent polarizability
of the electron, and G(r, r, &d) is the well-known
Green's function that gives the electric field at r
due to a dipole at r —the dipole moment in our

Consider an electric field E(r, &o) with a fre-
quency co at a point r in the medium. The field
causes virtual excitations of the electron from its
stationary state, which is denoted by its wave vec-
tor %,. These excitations in turn generate an elec-
tric field with frequency e. If the generating and
the generated electric fields are identical, then
they are due to the self-excitations of the electron.
Thus,

E(r, v}=f P(r, r, w} E(r, w}d r,
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&kololk)(k Ied(r &}Ikb&

(dyne, , -40
0

, &k. lee(r, ~) Ik"&(k" Io Iiq»'I
(d~v ~ +9)

where 8 v, .„ is the difference between the energyO',Pp
of an electron in state Ik & and its energy in state
Ikg. If the operator

(6)

case being n(r }E(r ). Since n, the polarizability,
contains only the dipolar excitations of the elec-.
tron, the above assumption is far too restrictive
and can give only a qualitative estimate of the
dispersion energy.

The use of this assumption creates additional
difficulties which are dealt with in I by making
further assumptions. In this paper we calculate
F(%., k +) exactly but within linear-response
theory. In this theory the change in the average
value b. O(&o) of the operator 0 can be obtained for
a system in state lko& under the influence of a time-
dependent perturbation eP(-r, jd) in the following
form:

1 1 exp[i%' (r -r'}]
lr -r'I 2''

y(r, jd) =Q jtj(k, (o)e'" ',
ik E(R, (o) = P k, &o,

(6)

(10)

and the transformation

where V is the volume of the dielectric.
Further, in view of (7) we identify 60&(r, jd}&

= E(r, &o} and rewrite F(k, k', &o) in Eq. (2) using
Eq. (6) as

o = v„,[e/Ir r le(~)] (I)
is the electric field in the medium at r due to the
charge -e at r, then AO(&u) would be the field pro-
duced by the electronic excitation due to the per-
turbation -eP(r, v). To write Eq. (6) in terms of
its Fourier coefficients we use the following rela-
tions:

-4jje' ~ K &k. le '" 'lk &&k
e'" "lk,&

&kole'"'Ik &0"le '""Ik.&&

RVe((d) k k (0~» j, (dye + K
~ p

(12)

For a free electron, the states Ik& are the plane
waves, and their energies are well known. It is
easy to evaluate the matrix elements in Eq. (12) to
give

j }
-4jje'K f 1 1

jjj Ejto)k '(Qlj j j IU Qlj jj +to )4 +

X $kk' (13)

(14)

where the contour integration has to be performed
assuming

We now substitute Eq. (13) into Eq. (4) to give
the dispersion self-energy for a slow moving elec-
tron as

1 n'Ir", 1z.p,j=-,s .(j+-, , '
6 2m h(o, j

with

~(~) =~(™)+[~(0)—~(")]/LI -(jd&~ )'] (16)

The dispersion self-energy given in Eq. (14) is ex-
actly the same as the familiar polaron-energy ex-
pression in the weak-coupling approximation. Thus
the dispersion-energy approach provides an alter-
nate approach to Frohlich's electron-lattice inter-
action.

Although the polaron energy given by Frohlich's
theory or by the dispersion-energy formalism are
identical, the two approaches are distinctly differ-
ent. In the dispersion-energy approach, which is
of interest in this comment, the interaction of the
electron with the surrounding medium is treated
in terms of the dielectric properties of the med-
ium. If the medium has several natural frequen-
cies or if the frequencies depend on its wave vec-
tor, such properties can be incorporated into the
theory by using an appropriate form for e(jd„q,}
in Eq. (13).
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