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The problem of the scattering and absorption of a plane electromagnetic wave by a gyrotropic sphere is
solved in this paper. This is a generalization of the classic Mie scattering problem to the case where the
dielectric constant is a tensor having axial symmetry. For this problem, Maxwell’s equations are not
separable in spherical coordinates. The method of solution involves the expansion of the electromagnetic field-
inside the sphere in a complete set of vector spherical waves, which are solutions of the ordinary vector wave
equation. The amplitudes of the scattered spherical waves are found to be expressible in the form of a series
of ratios of determinants dependent upon the components of the dielectric tensor, the wavelength of the
incident plane wave, and the sphere radius. These scattering amplitudes are examined in various limits. In
the limit when the dielectric tensor is a scalar, the Mie results are recovered. When the wavelength of the
incident plane wave is large in comparison to the sphere radius, our previous results for helicon oscillations
are obtained in addition to new resonant structure induced by the incident electric field. Under conditions
when the wavelength inside the sphere is also large compared to the sphere radius (but large compared to the
incident wavelength), previous results in the Rayleigh limit are obtained. Selected applications of the results
of this paper have been made by Dixon and Furdyna (helicon oscillations, electric dimensional resonances
and cyclotron resonance in metals and semiconductors, Alfvén resonances in semimetals), and by Markiewicz
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(Alfvén oscillations in electron-hole droplets).

I. INTRODUCTION .

We consider the problem of the scattering and
absorption of a plane electromagnetic wave by a
gyrotropic sphere, This is a generalization of the
problem of the scattering by a dielectric sphere,
discussed in the classic paper by Mie.® The dif-
ference lies in the assumed form of the dielectric
relation between the displacement vector D and the
electric vector E:

- e

D=¢-E. (1.1)

Within the sphere we take the most general form
of the dielectric tensor consistent with axial sym-
metry:

€, €, 0
€=|-€,, €x 0 |. (1.2)
0 0 €

In the classic Mie problem the dielectric tensor is
taken to be isotropic (¢,,=0, €,,=€,.=¢€). The
basic difficulty of our problem is that there is no
coordinate system in which the Maxwell equations
are separable and which has both axial and spheri-
cal symmetry. In an earlier paper on the helicon
oscillations of a sphere we showed how to sur-
mount this difficulty and we apply here an equiv-
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alent technique to the more general problem.?
The basic equations are the Maxwell equations
for fields varying in time xe™¥? .

curl E - i (w/c)B=0, curl B+i (w/c) D=0,
(1.3)

where B is the magnetic field, c is the velocity of
light, and D and E are related by the dielectric re-
lation (1.1). The boundary conditions at the surface
of the sphere follow from these equations by stan-
dard arguments.® The normal comggnents__ of B and
D and the tangential components of E and B are all
continuous at the surface. These boundary condi-
tions are not all independent, as we shall see ex-
plicitly in our later discussion.

The problem we consider then is to find the so-
lution of these equations corresponding to an in-
cident plane wave plus outgoing spherical waves
(scattered waves) outside the sphere (where we
take the dielectric relation to be isotropic). In-
side the sphere we take the dielectric tensor to
have the general axially symmetric form (1.2).
That is, inside the sphere D must satisfy the equa-
tion obtained by eliminating B from (1.3) and using
1.1)

curl curl (€ +D) - (w?/c?)D=0. (1.4)
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Here
2€xx - z_ex:vz 0
€xx+€xy exx+€xy
e €xy € x
"€ +€2, €2 +e? 0 (1.5)
xxX xy X% xy
1
0 0
€

is the inverse of the dielectric tensor (1.2). We
call (1.4) the gyrotropic wave equation.

In Sec. II we discuss the classic Mie problem,
since much of the strategy is the same as in our
more general problem. There we introduce vec-
tor spherical waves, expand the incident plane
wave in terms of these waves, and apply the bound-
ary conditions to obtain the solution. We then con-
struct the cross sections. These items are pre-
ludes to corresponding items in the discussion of
the more general problem.

In Sec. IIT we construct the solution for the most
general axially symmetric dielectric relation. The
first task there is to construct the general solution
of the gyrotropic wave equation (1.4) inside the
sphere; outside the sphere the fields have the same
form as in the Mie problem. We then apply the
boundary conditions to obtain the solution. In Sec.
IV we discuss various limiting cases of the solu-
tion.

The applications of the theory depends upon the
particular form of the dielectric coefficients €;,
their dependence upon frequency and upon various
material parameters as well as external param-
eters such as magnetic field. This is generally
determined from calculations based upon more or
less simplified models of the material medium.

In the following paper by Dixon and Furdyna se-
lected applications based on the single relaxation-
time magnetoplasma are given.?® These include
helicon and electric dimensional resonances in
metals and semiconductors, cyclotron resonances,
and Alfvén resonances. These applications, and
many others, are of considerable experimental
interest and are worthy of much greater develop-
ment. If the history of the classic Mie solution is
any indication, the scope for further discussion of
our solution is enormous. In Sec. V we discuss the
possibilities for further work.

II. SOLUTION FOR AN ISOTROPIC SPHERE

In Sec. ITA we introduce the vector spherical
waves, giving the essential formulas we need.
Then in Sec. IIB we expand the plane wave solution
of Maxwell’s equations in terms of these waves.
With these results it is a simple matter to con-
struct the Mie solution; this we do in Sec. IIC.

Finally, in Sec. IID we give expressions for the
cross sections and discuss the solution in various
limits.

A. Vector spherical waves

The vector spherical waves are solutions in
spherical coordinates of the vector wave equa-
tion®: :

V@ U)-Ix(@xV)+42T=0. (2.1)

They can be expressed in terms of simple vector
analytical operations on the scalar spherical waves,
which are solutions in spherical coordinates of the

scalar wave equation
Vo +qu =0, T (2.2)

The scalar spherical waves regular at the origin
are

u,m(qr) =j1(q7) Yzm(;) )
1=0,1,2,...; m=0,x1,...,x1 (2.3)

where j; is the spherical Bessel function,® and Y, ,,

. is the (scalar) spherical harmonic.® We shall also ‘

want the outgoing spherical waves
ui (qr) =hi (@) Y1), (2.4)

where h{" is the spherical Hankel function.’®
The vector spherical waves regular at the origin
are of three kinds: !

_B.zm(q-f) = (1/51) vuzm’

Colg®) =[1(+1)] V2 u,,, (2.5)
R,(qP) = /q) VXT,,,,

where
L=—iFtx¥. (2.6)

(T is the infinitestimal generator of rotations for

a scalar field.) With the help of well-known formu-
las from vector analysis,” one can readily verify
that these vector fields satisfy the vector wave
equation (2.1). In the same way one can also dem-
onstrate the following identities:

VeEn=0, V-Biu=-ausn, _V.°—C»,,;,=O (2.

and

vxKlm=inlm’ -V.X—B’lm=0 ’ exélm-_- _iqxlm‘
(2.8)

The vector spherical waves can be expressed
explicitly in terms of vector spherical harmonics?:
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- 1 vz = N
A= (21+1) ];+1(q1’) Y;n, 1+1(7)

I+1 \¥2. = N
- (HE) e 3.146),

> 1+1 vz, Zn n
Bzm: 27+1 ]1+1(q'r) Yz,z+1(7) (29)
1 vz . - N
+(El—+—1) Ji-al@r ) YT 12, @),

6;m=j;(q7’)?§",1(77) .

-
The vector spherical harmonics Y7 ; in turn can
be expressed in terms of simple operations on the
usual scalar spherical harmonics:

Y1 ) =[(1+1)(21+1)] V2427 Y, (7)),
¥r @) =[1(+1)] V2 TY, (),
Y7 ) =[1@U+ D] V2 Y ().

(2.10)

In the application of the boundary conditions we
shall also need the formulas

7By, ==[10+ D]V [, /ar] Y, 3)

#+B,,=[dj, (@) /d(@)]Y,,#) , (2.11)
#-C,,=0,

and
#xR&,,=-ilj,(qr)/qr +dj,(qr)/d(q)] X7, )
= —io,(qr) ?;n, (7)),
=i [+ D]V2[j (qr)/qr] Y7, @),
=10, (gr) {(1/21+ V2 ()
+[@+1)/ @I+ DIV Y7 ()}

These all follow directly from the definitions (2.5)
with the use of (2.9), (2.10), and, in the case of
the first formula in (2.11), the identity

L?Y;,=1(1+1)Y,,.

(2.12)

(2.13)

Finally, we shall want the outgoing vector spheri-
cal waves A2, B, €1, which are obtained by re-
placing u,,, with u{}) in (2.5). If the spherical Bes-
sel functions j, are replaced by spherical Hankel
functions k{®, the formulas of this section hold as

well for the outgoing vector spherical waves.
B. Expansion of a plane wave

The plane-wave solution of Maxwell’s equations
(1.3) in an isotropic medium with dielectric con-
stant € is

BE@) =E,e*T, BE) =87, (2.14)
where
PP =ew?/c?, (2.15)
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and the amplitudes E and B are constant vectors
with the relations
— Ck - W A=
B, = —‘kxEn E1=—Eka1-
Consider first the expansion of the electric field
E( ) in (2.14), We begin by using the spherical unit
vectors

8, =-(&+i)/V2, &,=2,

(2.16)

=G H)E

(2.17)
to expand the amplitude
- S éxEe, | (2.18)
m=-1
Next we use the well-known expansion
e = S 61+ 1) 31k P87, (2.19)

=0
and the addition theorem for spherical harmonics®:

2l+1

Pk 7)= Z Y, (B)*Y,, ), (2.20)

to obtain the expansion

B()=4r 3 6)4,(r)
1=0

% mz Z:_l[ém'Yzm(E)] * B, [6,7,,0)].

(2.21)

The products of spherical unit vectors and spheri-
cal harmonics can be expressed in terms of vector
spherical harmonics®:
e )= 3V (PULLM | Imlm’), (2.22)
L,M
where (11LM |lm1m’) is the Clebsch-Gordan co-
efficient. Inserting this expression for each pro-

duct in (2,21) and using the orthogonality relation
for the Clebsch-Gordan coefficients,

> Q1M | tmim Y imim [ T1L' M) =8,1:8

m,m'
(2.23)
we get the result
© +1
ED=ar 3 S T (VB
L=1 M=-L 1=L-1
<E,j,(6r) YY)

(2.24)

The products of spherical Bessel functions and
vector spherical harmonics in this expression can
be expressed in terms of vector spherical waves
using (2.9). This allows us to rewrite (2.24) in the
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form

E@®) =4r

1=0

1 o o . a
3 @V [ InR)*xE- By A, ,(kT)
m=-1 s
-iY,, (k)*%- B, B, (k)
+¥n(k)*- E, C, (9],

(2.25)
where we have used the relations
1+1 1 2, A
(‘27:1“) ¥ima (k)+<2l+1> Y7, wralk)
=—ikx¥7 (%),
(2.26)
1 \V2o - (l+1 )1’2—»,,, -
(m5r) @ = (g55) el
=)'/vtm(i€’)ié ’

which follow from (2.10).

Usmg now (2.16), we see that the coefficient of
B,m vanishes, as it must since V- E =0, and we can
write (2.25) in the final form:

‘E(I‘) 47"2 E @) Yﬁ(k)*xk E1A1m(kr)

=1 m==1

- c—k-Y;",(k)*Xié * ﬁ]_ Clm(k?)] .

(2.27)

In the same way we obtain the corresponding ex-
pression for the magnetic field:

o

- l - ~ A = e
B =413 3 @) [ TnE)xk- B, &, 0)
+ %?,ﬂ;(ﬁ)*xé- E, C, (6]

(2.28)

The expressions (2.27) and (2.28) are our desired
expansion of the plane-wave solution of Maxwell’s
equations in vector spherical waves. They have
been arranged so that the terms proportional to the
electric amplitude E correspond to electric or TM
waves, while the terms proportional to the magnet-
ic amplitude i§1 correspond to magnetic or TE
waves.® There being no natural axis of symmetry
for an isotropic sphere, the most obvious choice
of the polar axis in the Mie problem is the direc-
tion of propagation of the incident plane wave, i.e.,
zZ=Fk. Inthis case

Yr@)X2=i[(21+1)/87]¥26 , m=+1  (2.29)

m?’

and vanishes for other values of m. For this choice
of axis the expansion is well known.!® We will

need the more general case when we attack the
problem of a gyrotropic sphere, where we must

choose the axis of cylindrical symmetry as the
polar axis.

'C. Mie solution

The classic Mie problem is the scattering of a
plane electromagnetic wave by a conducting di-
electric sphere. The medium outside the sphere
has a real isotropic dielectric constant €,, while
inside the sphere the dielectric constant is iso-
tropic and of the form:

(2.30)

where ¢, is the background (or lattice) dielectric
constant, and ¢ is the conductivity. The fields ,
outside the sphere correspond to the incident plane
wave plus an outgoing scattered wave:

T _F ik TLR
E,u =E,e +Egcat

=€, +i(4n0/w),

" L (2.31)
Bou( =B1eik. ! +Bscat ’

where
B2=€,w?/c?. (2.32)

The expansion of the plane wave in terms of vec-
tor spherical waves is given in (2.27) and (2.28);

the scattered fields can be expanded in terms of

outgoing spherical waves

B =41 3 G) (fzmA‘”(kr)
I,m

- é’%g,mcm(kr))
~ (2.33)

Buwe =47 ¥ (1) (21 KE206)
lyam

L s,

From formulas (2.7) and (2.8) it is obvious that
these scattered fields fulfill Maxwell’s equations
(1.3). In the same way it is clear that the fields
inside the sphere can be expanded in regular vec-
tor spherical waves

m _41T Z(Z ) (almAlm(qr) - —_clmclm(qr))

,m

(2.34)
=47 Y () (c,mK,m(q'f) + fg-a,m-é,m(q'f)) ,
I,m
where
P =€w?/c. (2.35)

The coefficients f,,,, g;,,, @, and ¢, are de-
termined from the boundary conditions at the sur-
face of the sphere. The continuity of the tangential
components of the electric field requires ?Xﬁom
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=1"><§in at the surface of the sphere. Using (2.12)
and the orthogonality of the vector spherical har-
monics, this gives

almal(qa) =flma§1)(ka) +?;n' 1(’;)* X]‘é * Ela,(ka) ,

(2.36)
and
i.(qa) M (ka) =, = ](ka)
Cim szﬁz =8im kcﬁ +Y, 1(B)*XE+ B, l
(2.37)
where
_1 d. .
a,(x)= 7'017[9571(96)] s
(2.38)

a®(x)= ——Ed—-[xh(”(x)]

The continuity of the normal component of the dis-
placement vector requires €,7* Eout =€ 7 E Us-
ing (2.11) and the orthogonality of the sphencal
harmonics, this gives

j (qa) n (ka)
A€ ——— g flm 2 _—Lk—EZ_—

+Y7 (B)* Xk By e, "(k“)

(2.39)

In the same way from the continuity of the tangen-
tial components of the magnetic field we get

C1n@1(qa) =gy nat" (k@) +?;n, 1(k)*Xk+ Bya,(ka),
(2.40)

flm=[<€2 j,;x) a)(y) -

where we have used the identity®:

afV(x)j,(x) = o, (¥) i (x) =7, (x) ;;h}”(x) - (x) %jt(x) =ix"

Similarly, from Eqs. (2.40) and (2.42) we find

j'ﬁy) o)/ (& j’iy) af(0) -

and
0,,9%1,(a0) =f,  kah P (ka) + X7 ,(B)* X+ B, kaj, (ka) .
(2.41)

Continuity of the normal component of the magnetic
field gives

ilga) _  B{V(ka)
qa Im ka

Cim +37, (e i B, 1ED

(2.42)

The six equations (2.36), (2.37), and (2.39)-(2.42)
are not independent since (2.42) is identical with
(2.37) and, using (2.32) and (2.35), it is seen that
(2.39) is equivalent to (2.41). We discard equation
(2.37) so that the electric coefficients a,,, and f,,,
are determined from (2.36) and (2.39), which come
from the electric boundary conditions. Similarly
we discard (2.41) so that the magnetic coefficients
C1m and g, are determined from (2.40) and (2.42),
which come from the magnetic boundary conditions.
This differs from the universal practice of applying
boundary conditions only to the tangential components
of the fields.'* Our choice, however, is more con-
venient in discussing the quasistatic limit, where
the wavelength of the incident field is large com-
pared with the sphere radius, but the wavelength
inside the sphere is not necessarily small.

The solution of these equations is straightfor-
ward. To simplify the notation we introduce

(1) - ~ ~ =
€, —h—'x—("la,(y))]yr,,(k)*xk- E,,

cz,,.=[ix'3/<“&3(7y‘)‘a§1>(x) - —@J—C)—a,(y)\)] ¥ (B)*xk-B,,

x=ka, y=qa. (2.43)
Then, from (2.36) and (2.39) we find
. (2.44)
@ .
€ h;ﬂaz(y»] Y7, ()* Xk Ey,
(2.45)
(2.46)

gzmz[('jéﬂa,(y) - j’;—y)a,(x))/(%)—ag)(x) - _ﬁ:ﬂa,(y))] ¥r (B)*xk- B,.
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These expressions for f,, and g,,, are well known.
Thus, interms of the coefficients @, and b, used by
van de Hulst and by Kerker,!

Jfim= "‘hﬁ", 1(E)*x7;‘ Ey, gin= -bz?;", ,(IE)XE- ﬁJ. .
(2.47)

For a summary of notations used by various auth-
ors see Kerker’s Table 3.1, pp. 60-63.

D. Cross sections

The intensity (energy per unit time per unit area)
of an electromagnetic wave varying in time e i¢*
is given by the time average Poynting vector'?

S=(c/87m) Re(E xB*). (2.48)

The differential scattering cross section is the
ratio of the scattered energy per unit time per
unit solid angle far from the sphere to the inten-
sity of the incident plane wave, that is,
(—dg—-’)sm =lim 727+ 8 -8,

5 (2.49)

The fields far from the sphere have the asymptotic
form

- - Pl -
Eom~Ele‘K YL Fett7 [y,

- - T - . (2’50)
B,,~B, e T +(ck/w)7XFe'*" /r,
where
- A . 4 - . ~ - A
R, 1) =5 2 (1inZ80)% 7 - 2 5, 756))
ik = ck
(2.51)

is the vector scatteving amplitude. This result is
1

easily obtained from (2.33) and (2.5), using the

asymptotic form of the spherical Hankel function®:
BB(x)~ (=) %™, x>1, (2.52)

In forming ginc and Emt in (2.49) we use, respec-
tively, the first and second terms in (2.50). The
result is

(2.53)

The total scattering cross section is

_ do
O scat™ f as (dﬂ ) st

2 2 2 2
=(4_'") Z: Iftml +(¢:’>/Ck) Iglm‘ , (2.54)
k Il,m l E1 i 2
where we have used the orthonormality of the vec-
tor spherical harmonics®

fdﬂ?{l,,,(?)- YI*(7)=6,0 16,0 By - (2.55)

The absorption cross section is the ratio of the
power absorbed by the sphere to the incident in-
tensity, that is

Oabs =—(_/‘d9’;"§) /’?C'-éjnc-
r=a

In the integral we form S from the fields (2.31) '
just outside the sphere. The integral itself can be
performed using (2.9) and the orthonormality of
the vector spherical harmonics. After a fair
amount of algebra the result can be expressed as

(2.56)

2 2 2 2 Im () Be Tk _ Y™ (B) R
oabs=—(ﬂ) 2 [—'ﬁ“' +(W/ch) g1 +Re(ﬁ"g”(k)><k Ef tEf“’.(éCk)g’"‘ n(k) Ef)] . (2.57)
1

) I, |

i,m

The fotal cross section (extinction cross section) is the sum of the scattering and absorption cross sec-

tions

ozot =Usca! +oabs == (

Comparing this with (2.51) we see the well-known
relation between the total cross section and the
imaginary part of the forward scattering ampli-
tude®®

Ot = (4n/R) Im[F (%, B)- B3/ |E, |?]. (2.59)

Note that the various cross sections are in fact
independent of the incident field amplitude [E, |
=(w/ck) IB, |, since the vector scattering amplitude

4m\’ (fra¥r(R) X BBy = <w/ck)g.,,.?;",<r‘e>-ﬁf)
% ) ,z;, Re( T, :

(2.58)

F and the goefficients fim and g,,, are all propor-
tional to |E, I.

From the point of view of the (isotropic) Mie
problem the above results are unnecessarily com-
plicated, since the direction of the polar axis is
left arbitrary. However, in the discussion of the
scattering by a gyrotropic sphere we must choose
the polar axis along the axis of symmetry of the
dielectric tensor, so this generality will be re-
quired,



6758 G. W. FORD AND S. A. WERNER 18

III. SOLUTION FOR A GYROTROPIC SPHERE

In Sec. IIT A we construct the general regular
solution in spherical coordinates of Maxwell’s
equations for a gyrotropic medium. In Sec. IIIB
we expand the fields inside the sphere in terms
of this solution; the fields outside have the same
form as in the isotropic case. We then fit the
boundary conditions to obtain an infinite set of
coupled equations for the expansion coefficients.
In Sec.III C we discuss the numerical solution of
these equations, obtaining expressions for the co-
efficients f;,, and g,,, which characterize the scat-
tered fields. Finally, in Sec. III D we discuss the
auxiliary eigenvalue problem which occurs in the
general solution.

A. General solution in a gyrotropic medium

We want to find the general solution of the gyro-
tropic wave equation (1.4). It will be convenient
to express the inverse dielectric relation occur-
ring in this equation in vector notation

E=¢"-D=B+y2-Dz+wexD)/e, (3.1)
where
2 2 2 2
g=fzxi§n, y= “EaxtEyy 1, W=f.z.v . (3.2)
exx € sz Exx

We will seek a solution of (1.4) in the form

ﬁ= zl: [almKlm(qF) + clmélm(qf)] H (3'3)

where ¢ is as yet undetermmed The irrotational
vector spherical waves B,m do not occur in this
expansion since divD is zero. In forming (3.1) we

1+1
R7, =H(l+2,m)H(l+l,m)ﬁ,,',+2+(ITZ-HE(H 1,m) *701

1/2
7= (l+2) H(+1,mH(1+2,m)d,,, ,+2+[l(l+1)]‘1/2(

I+3

1-1\V2
+<l-2) HQI,mH(I -1,m)d,, ;_, ,

need the formulas*

4 xKlm Z (l(l+ 1) all'xl'm
m = n
"G+ DI Gll'Bl'm+Mll'al’m) s

. = m
i#xB,,=2 (_ [T O —N’,",,'c’,,m) )

g

(3.4)
iixé,”ﬁ; (—M',",:K,,m— L;nllﬁzlm

+7(‘lr‘:t_1)5u'6vm) )
where
M7y ==H(I+1,m)6;0 ;. +H(,m)8;s _y ==M7, ,
N7 =[@+1) /1M H@+1,m)8,0 44y
+[/ @+ )] HA,m)80 ;= LT, (3.5)
L =[@+1)/@+ 2?51+ 1,m)8,, 14,
+[/@=D)T"HE,m)6 =N,
with
H(,m)=[(F - 1)@ -m?)/P@4F - 1)} (3.6)
Using the identity
2:V2=V+2x(zxV) (3.7
and (3.4), the remaining formulas which we need

are easily obtained;

2.2{,"‘2:; ®7%E, 0+ S8 B+ TRC) 9
’ 3.

-
Q'Em‘?: IZ’ (P;'ll'xl'm+Q,lul’§l'm+7(T+—l)5u’él'm) ’

where

HZ(z,m))o,.,, +H(Lm)H(I=1,m)b;,,_, =R |

S ~(+1D)H(+1,m) + le(l,m))é,,.,

(3.9)

T3, ==[m/(1+2)]|HI+1,m)8,;, 14, — /(1= 1)JH(I,m)6y,,,_, =PT,, ,

Q= (’”/l)[(l"'l)/(l"'z)]l/zﬂ(l'* l,m)611,1+1 ~ e/ + D]/~ 1)]1/2H(l;m)511,1..1 .

Putting expansion (3.3) in (3.1) and using formulas (3.4) and (3.8), we get the following expansion for the

electric field vector:
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=;ﬂ %[a,m(li”,+7R;",, l(l+1)6,11)+C,m(’}/.puo+1WM”,):]K11,"
~am et m m - §
+ [azm(Yszz'+ZW[l(l+1)]1 2511'> +C,,,,(7Q”,+1WL”,)] 1'm
j ~ rm L em meny — iw
- [a,m(yT,,.—zWM,,,) +c,,,,(1 _—(1(77;—1)—2)5,,,] 6,,,,,} . (3.10)

Remembering that E=¢-1D, we put this expression
in the gyrotropic wave equation (1.4). We then use
the curl formulas (2.8). Finally, equating sepa-
rately the coefficients of K and 6  tO zero, we
get an infinite set of equatmns for the coefficients
a;,, and ¢,

f‘;{“"m[@ T o= 1 R

+c;lm(M;nIl -1 %PT:I)} =0 N

(3.11)
,Z, [c""'(A WD l(?fl))é"‘
— (WP s i T8) ] =0,
where we have put
=/ -/ . (3.12)

For every value of A for which there is a solution
of these equations, there will be a corresponding
solution given by (3.3) of the gyrotropic wave equa-
tion.
The solution of Egs. (3.11) are of two types, cor-
!

(" =(m/DH( +1,m)b,: ., +[m?/1 (1 +1)]6;1,

HQ+2,m)H( +1,m)0 3, , ~

+(;+1 H3(I +1, m)+

"

Mmo —,
fﬂ,”, -

1H2(l’m))51',l ’

~ az(_)l-b'l.

The infinite matrices M7 and A7 are real and
symmetric so that when iy/ W is real the eigen-
values A are real. Further discussion of this
eigenvalue problem is given in Sec. IIIC,

For each m, 0, and eigenvalue A there will be a
corresponding regular solution —15?\,, of the gyro-
tropic wave equation. Thus

-5 TN i@ F) + 2 diu(VEinlaF), (3.18)

leven

- [m/(l + 1)]”(1: m)al’.l-n g =(")ly
[m/(l "'2)]H(l +1, m)al',l+1 ’

f
respondin_g_ to odd and even parity for the corre-
sponding D. For the odd solutions we write

a5, =§Cm Eodd, (3.13)
., L even,
while for the even solutions we write
dr,.(a)s{“’"’ ¢ oad, (3.14)
1. leven.

Then Egs. (3.11) can be written in the form of an
eigenvalue problem

Z( 11'”""5111'—511')\) Trm=0,

i7=1

l=1,2, oo,

(3.15)
where ¢ =%, and

=(-—)‘0’H'(l +1, m)bl',l+1 +[m/L( +1)]6,/,

- [m/(l - 1)]”(’2 m)al',l-x +H(l,mH(l - 1, m)al',l-z ’

+(=) "o HE, M8y, (3.16)
and
(3.17)
"
and
= 2 dEiaf) + Z diNC mlaF),
(3.19)

where ¢ is given by (3.12). The corresponding
electric field is found from (3.10). Using (3.11)
we can write
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mmo _ 1- i?tﬁ/ _mo 1 g a >
By = == " 4 '2; a7 S WBmad), (3.20)
where ‘
/ a ~/(Qqm m = f m m ()1
(2@ + z; d,:,,,[‘y(S,:,+Q,:,)+z W(W 8,y L1 ;)] , 0=(=)
Im(X) = (3.21)
o, q:(_)’°

Finally, the corresponding magnetic field is ob-
tained from the first of Eqs. (1.3), using the form-
ulas (2.8) for curl

i;? = ;;;— < ;g: d;;(x)lem(qr )

. 2 d;,.(x)ézm(q?)), (3.22)
and
By = o ( 2 40 inla)
- Z dim(k)sz(qF)>. (3.23)
leven

The symbol used here B}’ for the magnetic field
should not be confused with the symbol B;,, for the
irrotational solutions of the vector wave equation.

B. Satisfying boundary conditions

The electric displacement vector D inside the
sphere is a linear combination of solutions (3.18)
and (3.19), which we write in'the form

isms - :E: i —

A,m,0

G™(MDR(F). (3.24)

The corresponding electric and magnetic fields are

Bu= 2. i ZGmoETF) (3.25)
A,m,oC w
and
Bus= 2. i-L Gro(nBIOF). (3.26)

A,m,o

These expansions take the place of expansions
(2.34) of the fields inside the sphere in the Mie
solution. The fields outside the sphere are of

the same form as in the Mie solution. They are
given by Eq. (2.31), where the incident plane
wave fields are given by (2.27) and (2.28), and the
scattered fields are given by (2.33). The coeffi-
cients fm, Zimy and G™°(X) are determined by the

G T (e aiaa)

e

'
boundary conditions at the surface of the sphere.
The continuity of the tangential components of
the electric field requires # X Eou =# x K, at the
surface of the sphere. Using (2.12) and the ortho-
gonality of the vector spherical harmonics gives

_(:%’__[2( ") 2 (e (ga)

- 2L agunL220). J,(qa) )] e

_f,,,,a,l’(ka) +YT Rk x k- B a(ka) (3.27)

and
(=) "' §~ [ o g
= 2 (ema 0 2 2
(1) :
~gim 250D Ty xh- B, 2D (309)

where we have used the definitions (2.38). The
subscript 0 =(=)’"! on the left-hand side of (3.27)
means that the parity ¢ is odd if / is even and
even if I is odd; the meaning of the subscript
o=(-)"in (3.28) is just the reverse. The continui-
ty of the normal component of the displacement
vector requires €,7 * Eow =7 Din. Using (2.11)
and the orthogonality of the spherical harmonics,
this gives

=" S (¢ m J(qa)
27 (Zom a2 )

K (ka) wm s - jfka
=f 1m€; —LEElM"’YH(k)*X k "EIEZ_%L'

(3.29)

Syt

In the same way from the continuity of the tangen-
tial components of the magnetic field we get

(—l) +1

)l

= gimal (ka) +YT(R)* x k + B, (ka) (3.30)
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and
N 1-1
D7 2T e vamie)

=fimkaliP (ka) + 7, (B)* X k - E kaj,(ka). (3.31)

Continuity of the normal component of the magne-
tic field gives

(_i) a mo g jl(qa)
3 (emondzan 12220)

47 a=(-)!

-

(1) - A N i
- —uﬁ)—+Y',",(k)*)< b- Bl%ﬂ-. (3.32)

=& ka
The six equations (3.27)—(3.32) are not indepen-
dent. This is obvious since (3.32) and (3.28) are
identical, while using (2.32) we see that (3.31)

Yy RV (x)

X0 = { (a2 1) 2o () LAY

cq we, Y (%)
€q jy) .o ()1
Wty Af(N), 0=(-)
.
and
mo_ 410" VYT (R)*xk-B,, o=(-),

=
xzhl (x) _'Y’rlnl(ﬁ)*xﬁ.ﬁl, 0.:(_)“-1.

In obtaining these expressions we have used (2.45).

Equations (3.34) determine G™°(1). The coeffici-
ents fin and g;, can be expressed in terms of this
quantity by eliminating the terms involving E . be-
tween (3.27) and (3.29), and the terms involving
ﬁl between (3.30) and (3.32). The results can be
expressed in the form:

fum =2 (NG Wy, (33D

_ %% (%) mo ma
glm_—4'1—T(_;.')T Zx [YT°NG™ Vo= (-,  (3.38)
where

moyy= ) (& €q j;(v) x0,(x)
Y] (x)—< (cqa,(y)—wez—‘y—— ].—I(‘W)d‘;m(x) (3.39)

_cq 1) o sy
oy A7\, o=(=)*t.

( i) xolP(x)
(a,(m——'——'———)ds’,(x), o=(=)",

and (3.29) are also equivalent. Just as in the Mie
solution we discard equations (3.28) and (3.31), so
that the electric coefficients are determined from
the electric boundary conditions and the magnetic.
coefficients from the magnetic boundary conditions.

We now arrange these equations in a form more
suitable for their solution. To simplify the nota-
tion we introduce )

x=ka, y=qa, (3.33)

where here ¢ is given by (3.12). Eliminating f;,
between (3.27) and (3.29), and g;,, between (3.30)
and (3.32), we get equations for G™°(X), which can
be written in the form

CDXTO)G™O(N) =7, 1=1,2,..., (3.34)
A
where
(3.35)
(3.36)

Again we have used (2.45).

For each m and o equations (3.34) are an infin-
ite set of inhomogeneous linear equations for the
quantity G™()).

C. Numerical solution

Our method of numerical solution is the same
as that in Ref. 2. We truncate the eigenvalue
problem (3.15) by replacing the matrices by their
N X N upper-left-hand correr (i.e., I=1,2,...,N),
There will then be N discrete eigenvalues A (&
=1,2,...,N), which in general will be complex,
since the quantity i/ Wisin general complex. We
accordingly approximate the infinite set of equa-
tions (3.34) by the finite set of equations

N
ZX,’",;’G,’,’”=¢{"", 1=1,2,...,N, (3.40)
=1

where

XR=XT"(0), G¥=G™(\,). (3.41)
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Similarly we approximate the expressions (3.37)
and (3.38) by

lm 41[(1,)1 i{yrhon}g_ IRYAS S =1,2’_ ’N,
(3.42)
x mo
Eim™ T;J(Z)_l"Z{Y G, }_ Ity 1=1,2,...,N,
where
YR =Y (). (3.43)

The approximate equations (3.40) are, for each
m and o, a finite set of inhomogeneous linear
equations for the quantities G;°. By Cramer’s rule
the solution is'®

G'= ﬁ: ® cof(XT7)/det(X™), (3.44)
where the denominator is the determinant of the
N X N matrix X™ whose elements are the X7 .

Inserting this in expressions (3.42), we can write
them in the form

X%, (x)
lm 411’(7,)‘ (Z”:’V;'.w)q:(_)lﬂ X

(3.45)
%%, (x)
zf],%‘(ﬁt DCHAZUEEIE
where
o _ LY cof(X T, . (3.46)
det(X™)

i

T ) B i Z min(i, 1) (i ( )ZZ
J—‘--;—)—-L=a i), (x A
lElI2 =1 1’=1 m=—min(1,1’) O=2 He

where we have used (2.16) and (3.33). The total
scattering cross section is related to the imag-
inary part of the forward scattering amplitude
through (2.59).

It is not our intention to claim that the method
of numerical solution outlined in this section is

unique. For the applications we and others have
|
mAP]
PINOIC <zz+1)(z—m)!>
tm=sing  \dni(l+ D(I+m)l) =

—cos#sin? 6—‘1&—

S. A. WERNER 18

But, recalling the familiar rule for the expansion
of a determinant in terms of the elements of a
row, the numerator in this expression for Zy is
just the determinant of the matrix obtained by re-
placing the (I’)’th row of X™ by the I’th row of
Y™, the matrix whose elements are the Y7°,
Thus, suppressing the indices m and o,

Y, Yy Yy .0 Xy, X2 Xig
Z,,= Xoy Xpp Xps ... Xor Xa2 Xpg (3.47)
Xy Xgp Xgy ... X Xgp X
and
u X2 Xgs X1 X1 Xis
Y, Yy Yy Xp Xpy Xpg .
Z o=
2 a1 X3p Xy X351 Xap Xgg (3.48)
and so on.

With this interpretation of Z;}) as the ratio of
two determinants, the expressions (3.45) repre-
sent, for N large, a solution of the Mie problem
for a gyrotropic sphere. With these expressions
the various cross sections can be calculated using
the formulas given in Sec. IID. Rather than ex-
hibit all the resulting expressions we will here
write down only the expression for the forward-
scattering amplitude. Thus, from (2.51) we get

Yy xk £}

5,12 , o=(=)y*t
. (3.49)
Yl";(k)xle B, _(_)l
"'_——I—EITZ ’ = ’
I ‘
made, it has been found to be computationally

efficient and accurate.

D. Auxiliary Eigenvalue problem

The auxiliary eigenvalue problem (3.15) can be
solved exactly. The solution is'®

Zeoss® o=V

(3.50)

m
- (m cos 6Py —ksinzo#dgl__) o= (=),

dcos6
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where P;'=PJ%(cos¥) is the Legendre polynomial
and the eigenvalue A is given by

‘;Sinze 271/2
- ZWCOSG)] - (3.51)

A= %sinzh cosol:l
Here we choose, say, the branch of the square
root with positive real part. Then for each 6
with 0 < <7 there is a unique eigenvalue given by
(3.51) and a corresponding eigenvector given by
(3.50). The spectrum of eigenvalues is therefore
continuous, lying along an arc in the complex A
plane joining the two points A==x1.

This solution can be checked directly by in-
serting (3.50) in (3.15) and using the recursion rela-
tions for the Legendre polynomials,'” although we
should warn that this is quite laborious. We infact
discovered this solution by expanding the fields in-
side the sphere in terms of plane-wave solutions
of the gyrotropic wave equation (1.4), expanding
these plane waves in terms of vector spherical
waves, fitting boundary conditions, and finally
comparing with the equations obtained in Sec.
IIB.

The spectrum of eigenvalues being continuous,
the sums over X appearing in Sec. III B should
be interpreted as integrals, a convenient choice
being

>~ ae. (3.52)
.8 [

The solutions (3.50) are not normalized, but this
is not important since a change in normalization
only results in a multiplicative factor in the quan-
tities X7°(A) and Y7°(\), which cancels in the
expressions for f,,, and g,,,. This is seen most
explicitly in the (3.47) and (3.48) where a common
factor in each column obviously cancels between
the numerator and denominator determinant.

One might expect that a knowledge of the exact
solution of the eigenvector problem would be an
advantage in numerical computations. It seems,
however, that the numerical solution of the trun-
cated eigenvalue problem, described in Sec. IIIC,
gives a “best fit” to the eigenvalues and eigen-
vectors in each order, with corresponding rapid
convergence. An attempt at numerical solution
using the exact eigenvalues and eigenvectors has
been made by Dixon, using the Purdue University
CDC 6500 computer.'® He used the exact eigen-
functions in the expressions (3.41) and (3.43) for
X7 and Y§¥ with A, given by (3.51) with

9=kr/(N+1), k=1,2,...,N. (3.53)

He found that the convergence was much slower
than with the method described in Sec. IIIC. In
fact, before satisfactory accuracy was obtained
the matrix size N became so large that round-

off error in the matrix elements in the deter-
‘minants produced spurious results.

IV. RESULTS IN VARIOUS LIMITS

Here we discuss the form of our result in var-
ious limits. The first is that of an isotropic
dielectric relation, which we call the Mie limit.
There we show that we recover the results of
Sec. IIC. The next is the limit where the wave-
length outside the sphere ‘is long compared with
the sphere radius, although no restriction is made
on the wavelength inside the sphere. This is the
limit appropriate to most of the applications dis-
cussed in the following paper by Dixon and Fur-
dyna.?® When we further specialize to the case
where the wavelength inside is long compared
to the sphere radius, we speak of the Rayleigh
limit. The geometric-optics limit, where the
sphere radius is large compared with the wave-
length, is of great and enduring importance in the
classic Mie problem. However, we are unaware
of any applications of importance in this limit for
gyrotropic spheres, and therefore do not pursue
it here.

A. Mie limit

To recover the classical Mie solution for an
isotropic dielectric relation from the solution of
Sec. III, we must set €,,=€,,=€, and €,,=0. That

is, the parameters in the inverse dielectric rela-
tion (3.1) must take the limiting values

y—0, W=0, €—~¢,. (4.1)

From (3.21) we see that A}, ~0, and from (3.12)
that

cq/w—e,, T (4.2)

independent of . Then the expression (3.35) for
X7 (X) becomes ‘

e i (1)
(a,@)-—’-%”— o fx))dim(x), o= (=)

. R (x
X7~ : w
| (& aw- 2 L) 22p e o,
L o=(0)™, (4.3)

and the expression (3.42) for Y7°(u) becomes

C /.
(]_,;2') xjaéiﬁ)c) - al(y))dgm(K), o=(=)!
1

Y7Too) -~ ® ca i
w cq j,(y) xay(x)

( a,(y) - o, v W)ﬁm(h),

o= (=), (4.4)

Recalling that y =qa = (¢,/€,)" 2x we see that the
quantities in large parentheses in these expressions
are independent of A; the only place X appears is
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in the quantities dj, (). This has the consequence
that in forming the ratio of determinants Z7;,
[illustrated in (3.56) and (3.57)] the quantities fac-
tor from each row in both numerator and denom-
inator determinants. Hence, Z',"{’, will be propor-
tional to a ratio of determinants involving only

K|

(+J,(y)xa )
y 5w

Zi= w cq j,(y) xa,(x)
(o7 ton- G240 =20) (

o, (y) -

the d7,(2). But in this ratio when I’#I two of
the rows in the numerator determinant are iden-
tical and the determinant vanishes. When I’ =1
this ratio is unity and, since the common factors
from all the other rows cancel, we are left with

y))/( TORSILUILLSC )

Using this in (3.45) with #7° given by (3.36), and recalling (4.2), we can write

f,m—( 19 04y, () ote ))/( j,;y)a;,,(x)_

which is identical to the corresponding expression
(2.44) for the Mie solution. In the same way we
recover the expression (2.46) for g,,,.

B. Small-ka limit

We now consider the case in which the wave-
length of the incident wave is long compared with
the sphere radius. In our formulas this cor-
responds to the limit

x=ka-0, (4.7)

while y =qga is fixed. For small x¥ the spherical
Bessel functions can be approximated by®

G @)=xt/@Le D, RV (k) m=i (20 = 1)1 /xP

(4.8)

where (21 +1)11=1X3x5+..(2] +1) and from which,

using the definitions (2.38), we find

a,(x)=@ +1)x"/@L+ )1,

(4.9)
aP(x)=il(@l- 1)1 /x12,

We will also use the recursion relations for spher-
ical Bessel functions®

Q@L+1)7,(9)/3 =514(9) +,.4(9) ,
(4.10)
(Zl + l)djl(y)/dy =ljz-1(y) - (l + 1)j1+1(y) .
The expressions (3.35) and (3.39) for X7°(\) and

)
cq J(y) xaf(x) " (4.5)
e ly hl(x)> °=(—)l .

(1) - “ n -
<2h’x(x)a,(y)>Y;",(k)*xk-El, (4.8)
I
Y7°(A) become

Jia(¥) 5,0, o=(-)
s~ (e 2Ll a0 @

cq  j,(y) .
S8 1) ge ), gmiop,

and
FraMdi, ), o=(=)!
Y7o -~ ( ,(y)_ (l 1)];3(}3’)> & 0
(4.12)
_ea i)

o 3 A7 (N), o=(=)1,
Thus these quantities, and therefore also the
quantities Z75, defined by (3.46), approach a limit
independent of x. On the other hand #7° as given
by (3.36) is

InB)*xk.B,, o=(=)

FI+1 .11
mo AWty

AT T (4.13)

'Y’;"l(];)* xE 'Ex’ o=(_)t+1'

Therefore in the sum in the expressions (3.45) the
dominant term comes from I’=1. In these same
expressions the prefactor is

ijZ(x) xhz
4mi? arit2l + 1)1

(4.14)

Hence, we only keep f,, and g,,, the f;, and g;,,
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for higher I being negligibly smaller. Putting
these results together the expressions (3.45) give
%3 LA, =
Ban’? Zi enEy,
3 (4.15)

X m- AL =
(24‘")1/2 Zj, ey By,

Fim=

*
m

Eim™

where we have used the formula

- . 3 \V2 ., .
Y;’;(k)=—z<§;) Exe,, (4.16)

the fact, which follows from (2.16), that £+&,
-'I§1 =0. Note that the direction of propagation %
no longer appears in these expressions for f;,

and g,,,, Which is to be expected in this limit
where the wavelength is so long that the incident
fields are uniform across the sphere.

With the expressions (4.15) we can form the
various cross sections introduced in Sec. II. D (the
absorption cross section dominates). However, in
this long-wavelength limit one usually views the
incident fields as uniform ac fields which induce
ac dipole moments in the sphere, and it is these
which are the quantities of interest. To obtain
expressions for the induced electric dipole mo-
ment P and the induced magnetic dipole moment
ﬁ, we make a small-%r expansion of the expres-
sions (2.33) for the scattered fields. Using (4.8)
in (2.9) in which j, is replaced by %), we see that
in the sums in (2.33) the terms with 7 =1 dominate

and
=k

wez Y

(E‘w_ ay(y,) -2 Sk L)
A

Cqy Vi

)

o GV ) din ()= -

(o o) +8 Sl Ll ) gy ) - L BB 5y )

and in these terms the dominant contribution
comes from A'Y . which becomes

1im>

BN kD)= (1/iVER) Y [Y,,0) /2] . (4.17)

- Hence, using the formula

Y 7)) =(3/4n) /% 6,7 , (4.18)

we see that the scattered fields take the form of
dipole fields

"Ewan =V (F-B/r?), Buw -V (M),

(4.19)

where, using (4.15) and x=ka, the induced dipole
moments are given by

1

P--Lla® ), zmex-E,e, (4.20)
m= =1
and
1
M=1a3 2 znoéer.Be, . (4.21)
m=«1

In these expressions the quantities Z7° are ratios
of determinants given by (3.47) with / =1 and with
X7°(\) and Y 7°()) given by (4.11) and (4.12). Ex-
plicitly, for o=+ (even parity or electric) we get

(n) -2 *’Jy(ky—") A% (A e e

Ve

m+ _
Z 1=

<_“’_ @, ( )+ Cqr l!il’zl)

Cqy WE, Vg

Ve

()\.h)"f‘)’? MAtm()\k)"'

s di(Ye)d (M) e

e cq M) t ) =% B3W) ax .
(et diatn) -2 B0) 5y )

Yr

(4.22)
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and, for o =-(odd parity or magnetic) we get

b —jz(yh)d;m(xk) cee

Cqy we Ve

< J2 (Ve ) d3m (Rg) o

.
Zm= .
11

...(-—‘2— az(yh)+2 %_ Z (yk).>d-2'"(hk)——(%q€£ lZ:(y_yk_)__ A;m()\k)".
]

 Go( 94 T ()

Wey Y

o7 90) d3nhe)

Here y, =g,a, with

w K 1/2 o
=— | —— >
4qr c l—iAkW ’ Re /7% ’

In (4.22) and (4.23) the typical element in the first
three rows of the numerator and denominator de-
terminants are indicated. Note that numerator and
denominator differ only in the first row.

The expressions (4.20) and (4.21) represent a
complete solution in the small-fga limit. From
them one can easily obtain expressions for other
physically observable quantities. For example,
the power absorbed from the electric and magnet-
ic fields is

(4.24)

(Pelec =%wIm_15~ ﬁ* ’
1 (4.25)

Pmag =3 wImM- B* .

We conclude with some remarks concerning the
relation of our small-ka limit with the correspond-
ing results obtained with the so-called quasista-
tionary approximation.!®* This approximation,
which is appropriate to the small-za regime
where the wavelength is long compared with the
sphere radius, consists in expressing the fields ‘
outside the sphere as a superposition of multipole
fields. In addition, in the case of electric excita-
tion one neglects the magnetic multipoles and ap-
plies electric boundary conditions (continuity of

...(C—wq; ag(yk)+2 % -b(—}ﬁ)d;m(lk)—(—c"%& -‘M_)_ A;m(hk)-..

Y

(4.23)

#-D and #x E), while in the case of magnetic ex-
citation one neglects electric multipoles and ap-
plies magnetic boundary conditions (continuity of
B). The fields inside the sphere are treated with-
out approximation as in Sec. III. Unfortunately,
when this approximation method is applied to the
gyrotropic sphere problem it gives an incorrect
answer! The quasistationary result differs from
our small-ga limit only in the even rows of the
determinants. In the electric case, the even rows
of (4.22) are given by

[5:(9:)/9: 1din(xy) (incorrect) (4.26)
instead of
Fi(y)dha(ny) (correct), (4.27)

In the magnetic case, the even rows of (4.23) are
given by

Ji(y)dra(n,) (incorrect) , (4.28)
instead of
i) o j;(y,,)) -
(ck a; (yp)+1 we , Ve dlm(}‘k)
_ 9 Ji(9) A5, (x) (correct) . (4.29)

we Ve
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This failure of the quasistationary approximation
is surprising, since it is known that it gives the
correct answer for the small-ga limit of the clas-
sical Mie problem.*® The reason is that in the
gyrotropic sphere the electric and magnetic multi-
poles are coupled through the fields inside the
sphere, and it is incorrect to neglect the magnetic
multipoles when fitting boundary conditions in the
electric case and vice versa.

C. Rayleigh limit

In the Rayleigh limit the wavelength inside the
sphere as well as outside is large compared with
the sphere radius. Thus we obtain this limit from
the results in Sec. IV B for the small-ka limit and
assuming

y=qa—0. (4.30)

Here we will keep the lowest-order corrections to
this limit. Since in Sec. IV B we neglected such
corrections in forming the small-ka limit, to be
consistent we must here assume

>k . (4.31)

We will need the first two terms in the expansion
of the spherical Bessel functions®

510 =[ /(21 + 1) 1] (1 = 92/2(21 +3) +---) , (4.32)

and, using (2.38),

o (9)=[(1 +1)y'=*/(21 + ) 1] (1 = y?/(201+ 3)+ + ).

(4.33)

We begin with the electric coefficients. There we
will need the identity

A)——Z[(l -m?)y +i(A=-m)W] d ),
(4.34)

which can be verified using the definition (3.21) of
A9, and the eigenvalue equation (3.15) with 7 =1,
Using this in (4.11) and (4.12) for the casé 1=1
and ¢ =+, inserting the above expansions, and
using (3.10), we can show

X7 (W)= (c/ewa[Zy3(1 - &)+ $x3(1

~+9)d M) — 55

2 2 - .~
Y;’“()\)z%(l —-1316-> [(1 - m2)y —imW
+1_i-z1]d* ™,
€2

X =l (1 J{%) [ =m7— im (4.35)

. V7,.
?{;— -1 I'O_]dlm()\),

where quantities of order y* have been neglected
and we have introduced the small dimensionless
parameter

V= —i(l —iAW)y? = —i&(wa/c)? . (4.36)

But the quantities in square brackets in (4.35) are
independent of A. This means that these quanti-
ties can be factored from the first row of the num-
erator and denominator determinant in (4.22),
leaving two identical determinants which cancel.
Hence, Z 7} is just the ratio of ¥ 7*(A) to X 7*(A)
given by (4.35). Putting this in (4.20) we get the
following expression for the induced electric di-
pole moment:

1

g Z E-g[l+(1-m2)y—imW-% zV]é B,
- €+2¢,[1+(1- mz)y-sz—-an]

(4.37)

This_ expression, which includes the lowest-order
(in V) corrections to the Rayleigh limit, is the
same as that obtained by us previously using a
perturbation technique,?! excepting only that here
€, is not taken to be unity.

To obtain the corresponding result in the mag-
netic case it is necessary to expand the first two
rows of the determinants in (4.23). Using (4.32)
and (4.33) in (4.11) and (4.12) for =1, o= (the
elements in the first rows), we find

YW =%y*(1 - 5y2)d 1, (\) (4.38)
and
XT-(A)z(l_%yZ)dl.m(A): (4-39)

while for /=2, o=~ (the elements in the second
rows), we find

%2 (1 =&y?)(1 - axiw) 4,0}, (4.40)

where we have used (3.10) and (3.32). But, on account of condition (4.31), x<<y, we can neglect the terms

proportional to x? in this expression and write

X ()= — (1 =y))d;n(N) .

€,wa 15

(4.41)
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Using the eigenvalue equation (3.15) for I=1, one
can verify the identity

5 Y2 254 i W= 2IAW
;) ainlh)

d;’"(x)=<4-m my+iWw
(4.42)

We now rearrange the denominator determinant
in (4.23) by multiplying the elements of the sec-
ond row (4.41) by the factor

(3ce,/4wag)[5(4 — m2) ] 2my + iW) , (4.43)
using the identity (4.42), and subtracting the re-
sult from the elements of the first row (4.39). The
elements of the first row become
X™ - (3ce,/Awar)[5(4 —m?) |/ 2my + iW)X ™"

. T 2 oYy
ZmW—ﬁzV

o=

_l+am?y -
i

Y2(1=590d ., (4:44)

<h

where we have used (3.12), (3.33), and (4.36). But
now the elements (4.38) in the first row of the
numerator determinant differ from the elements
(4.44) in the first row of the denominator deter-
minant only by factors independent of A. The ratio
of the determinants is therefore just the ratio of
these factors. Putting this in (4.21), we get the
following expression for the induced magnetic
dipole moment:

~ 1 -
= 14 ek -B2
M=ia®— S
¢ 30,,;_11+§m27—§zmw—z-23fv

(4.45)

This result was also obtained by us previously.?

We should emphasize the importance of the con-
dition (4.31), which in effect says that the waves
within the sphere must be much slower than those
outside. If we relax this condition, the terms of
order V in the electric dipole formula (4.37) are
no longer meaningful since we have already
dropped terms of order (ka)?, which would be larg-
er. However, the lowest order result, obtained by
setting V = 01in (4.37), is valid without the restriction
(4.31). On the other hand, the magnetic dipole
formula (4.45), since it is proportional to V, is
never valid without the restriction (4.31).

V. SUMMARY AND CONCLUSIONS

In this paper we have formally solved the prob-
lem of the scattering and absorption of a plane
electromagnetic wave by a gyrotropic sphere. The
complexity of the problem arises from the fact
that the gyrotropic wave equation [Eq. (1.4)] is
not separable in spherical coordinates.

Our tenchinque for solution has involved the fol-

»
lowing steps.

(i) Expand the incoming plane electromagnetic
wave in the regular vector spherical waves A m
and C,,, [Egs. (2.27) and (2.28)].

(ii) Expand the scattered wave in terms of out-
going vector spherical waves A{%) and C{}), with
amplitude coefficients g,,, and f,,, [Eq. (2.33)]. The
scattering and absorption cross sections are di-
rectly related to these coefficients [Eqs. (2.54) and
(2.57)1.

(iii) Inside the sphere we chose to solve for the
electric displacement vector D. We expanded D
in terms of the vector spherical waves K,m and
C;n- [Eq. (3.3)].

(iv) We found that in order for this expansion
to be a solution of the gyrotropic wave equation,
special conditions on the expansion coefficients
a,, and ¢, must be satisfied. We found that these
special conditions could be cast in the form of an
auxiliary eigenvalue problem [Eq. (3.15)] in which
the components of the eigenvectors d,,, were a,,
and ¢, and the eigenvalues A determine the spec-
trum of allowed wavevectors g [Eq. (3.12)] inside
the sphere. The solutions to this eigenvalue prob-
lem were found to be separable into results of
even and odd parity (o = £).

(v) Thus, for each eigenvalue A, magnetic quan-
tum number m, and parity o we found a solution
_]5'{“’ of the gyrotropic wave equation [Eqs. (3.18)
and (3.19)]. The general solution, therefore in-
volves a sum over all of these solutions, in which
we called the expansion coefficients G™°()).

(vi) The electric field E and the magnetic field
B could then be written down using the inverse
dielectric relation [Eq. (3.1)] and Faraday’s law
[Eq. (1.3)], respectively.

(vii) The boundary conditions were applied in
Sec. IIIB. We required (a) continuity of B, (b) con-
tinuity of the normal component of _13, (c) contin-
uity of the tangential component of E. The appli-
cation of these boundary conditions led to six scal-
ar equations for the unknown coefficients G™(X)
inside the sphere, and the unknown amplitude co-
efficients f;,, and q,, outside the sphere. Only
four of these six equations are independent.

(viii) These equations were, in fact, found to be
matrix equations of infinite size. We outlined a
numerical technique for their solution in Sec. III C,
using the method of truncation. The results for
Jfim and g;,, could be expressed as a single sum
over Z,, [Eqs. (3.45) and (3.46)]. Each element
Z ;. could be expressed as the ratio of two NXN
determinants when the matrix equations were
truncated at a size N X N.

In Sec. IV we examined the general solution in
various limits: (i) Mie limit when €~¢,. (ii)
Small-ka limit. (iii) Rayliegh limit (ga - 0).
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In the following paper by Dixon and Furdyna® two
selected applications of the solutions presented
in this paper are given: (i) A gyrotropic sphere
made from a single-carrier semiconductor at
microwave frequencies. (ii) A compensated, two-
carrier magnetoplasma sphere.

Markiewicz®? has used our results to analyze
Alfvén-wave oscillations in an electron-hole drop-
let at microwave frequencies.

There are a number of directions where exten-
sions of this work may prove interesting and use-
ful:

(i) It is clear that the mathematical techniques
developed here could be extended easily to in-
clude magnetic materials (paramagnetic, ferri-
magnetic, and ferromagnetic) that are either con-
ducting or insulating.

(ii) Although the theory presented in this paper
is equally valid for large ka as for small ka, the
phenomena and resonant structure expected at
ka z 2, where the scattering cross section begins

to compete with the absorption cross section, re-
mains largely unexplored. New numerical algor-
ithms will probably have to be developed to prop-
erly examine this domain of incident wavelengths.

(iii) It is apparent that the extension of the re-
sults of this paper to slightly deformed spheres
would be useful in a number of research areas.
Except at very low frequencies, this appears to
be a rather forbidding task.
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