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Collective oscillations in a simple metal. II. Electrical conductivity
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We calculate the conductivity tensor for a metal with an isotropic Fermi surface, including scattering and
allowing arbitrary frequency, wave number, and uniform static magnetic field (within the limits of Landau’s
theory). We discuss the present state of the theory of excitation of. cyclotron waves, and explain its
importance to the analysis of observations. We show that, although the Poynting vector for a cyclotron wave
is antiparallel to the group velocity and to the damping direction, inclusion of quasiparticle energy flow leads

to a net energy flow in the expected direction.

I. INTRODUCTION

We shall describe an effective method for calcu-
lating the complex conductivitytensor 5(q, w, H) for
an isotropic charged Fermi liquid in a uniform
static magnetic field. The calculation includes
quasiparticle scattering, an arbitrary wave vector
and frequency (provided only that ¢ <k and
w < €p/K, so that Landau’s theory applies; for the
same reason we require that Zw, <2zT, where w,
is the cyclotron frequency eH/m*c), and a finite
number L of Fermi-liquid parameters A, (L can
be as large as one likes). The conductivity can be
used to calculate the complex dispersion relation,
w=Q(q), for electromagnetic anes Form the
permittivity tensor, €(J, w, H) =1+ (41rz/w)or(q, w, H)
and determine w so that the equatlons qu qq- E
= (w?/c?)€+ E have a solution. T is the electric
field of the corresponding wave.

This program was carried out for cyclotron
waves (q* -I:I=0, wSnw,) many years ago by Platz-
man et al.,"»? omitting quasiparticle scattering,
with special emphasis on the effect of electron
correlations (the parameters A, of Landau’s theo-
ry) on the dispersion relation for vpq/w<< 1. They
compared their theoretical results with experi-
mental data on the reflection of microwaves from
alkali-metal foils, and so estimated A, and A, in
sodium and potassium. Microwave-transmission
data® were analyzed using the results of the pres-
ent computational method,*® which is really the
same as that used for analysis of spin-wave data
in the alkali metals.*%7 We are now giving a de-
tailed presentation of our method to complement
the preceding paper.®

The inclusion of scattering, with moderate val-
ues of w7 (~10-20) modifies the cyclotron-wave
dispersion relation most significantly at the ends
of the finite-frequency intervals for which the
waves exist at all in the absence of scattering.’-58

18

With no scattering, cyclotron waves are evane-
scent for w>(1+A4,)w,, and the wave number ap-
proaches zero as w approaches (1+A4,)w,. (In this
discussion we are focusing our attention on waves
near the fundamental cyclotron resonance at w=w,;
a similar story applies for the waves near any
harmonic w=nw,, except that different Landau
parameters A; are relevant.) In the presence of
scattering, there is no sharp cutoff for wave pro-
pagation. For real w, the complex wave number
q varies smoothly as w is increased through
(1+4,)w,, with Imq growing rapidly and exceeding
Req somewhere near (1+A4,)w,. For moderate val-
ues of w7, vg|q|/w is never small enough for a
series solution to be valid. At the low-frequency
end, w;, of the no-scattering pass band, nothing
remarkable at all happens to the complex wave
number. As w is lowered, Img gradually increa-
ses and eventually, well below w; for moderate
w7, Imgq rises rapidly and exceeds Req. In other
words, for finite w7 the cyclotron wave band is
significantly extended on the low-frequency (high-
field) side. For no scatteringandw 2 w 1, there are
several possible wave numbers. With scattering,
these branches of the dispersion relation also ex-
tend to w<w,. As a computational check, one can
make wT very large (2100) and recover the no-
scattering results as closely as desired.

The modification of the cyclotron-wave disper-
sion relation by scattering impliés serious diffi-
culties in the interpretation of data when w7 is not
very high. We could hope that the magnetic field
dependence of the transmitted signal is predomin-
antly given by a propagation factor exp(igL), where
L is the sample thickness (or perhaps by (singL)™
to account for multiple passes of the waves through
the sample, but ImgL > 1 in practice, so we can
ignore this refinement). This hope is in vain. It
is true that the oscillations of the signal are re-
lated to those of ef Reg L, but the relation is indirect.
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18 COLLECTIVE OSCILLATIONS

Even more troublesome, the first few oscillations
near the threshold w=(1+A,)w, occur where ReqL
«1, so they come entirely from the phase varia-
tion with magnetic field of the prefactor of e'¢%,
This means that serious analysis of data for mod-
erate wT cannot be done using only the dispersion
relation or even, presumably, the conductivity
¥(q, w, H) which applies in an infinite medium. It
is essential to solve a boundary value problem.
This we have not been able to do. In desperation,
several formulas for the prefactor of e*** were
generated by intuition and wishful thinking, and
their application is described in the immediately
preceding paper.

The first attempt was the equivalent current
sheet method,® which gave poor results. For or-
ientation, not for actual computation, we point out
that for no scattering and A,=0, the current sheet
method gives a prefactor, for the ordinary wave
(E,, parallel to Hy,), (80,,/8g)" « (w, — w)*/? for w,
near w.

The second attempt was an impedance matching
argument. The cyclotron wave impedance, rela-
tive to the vacuum, is E/H =w/cq. At the surface
of the sample where the cyclotron wave is gener-
ated, H is equal to the applied microwave cavity
field, which is relatively independent of Hy,, so the
electric field which is detected is H(w/cq)e**.
This gives a prefactor (omitting factors which are
field independent) ¢~!, a guess which works quite
well. To contrast this with the current sheet
method, note that, for no scattering and 4,=0,
g™ o« (w, — w)*/ 2 for w, near w. The phase variation
of g™ with field does seem to account for the sig-
nal oscillations near threshold.

The third attempt, least rational but most suc-
cessful, was to compare the first two attempts
and notice that for weak scattering and near thres-
hold, ¢! is proportional to 30‘33/ 89q. Accordingly,
the expression (90,,/8q)e* for the transmitted
signal was tried, and explaining its success® re-
mains a theoretical challenge.

In Sec. II we derive our algorithm for calcula-

. tion of the conductivity tensor. Although the pre-
ceding discussion has dealt with the case 'd-ﬁ: 0,
we shall not make any such restrictions hereafter.
In Sec. III we discuss energy transport for elec-
tromagnetic waves in the presence of spatial dis-
persion (dependence of o on gq). The issue is that
for waves propagating in the +x direction we must
have Img>0. For cyclotron waves, this implies
that the group velocity dw/dg >0, which is fine,
but Req <0, so that the real part of the wave im-
pedance is negative and both the phase velocity and
the Poynting vector are directed antiparallel to the
direction of wave propagation. We show that ener-
gy is transported in the proper direction, with vel-
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ocity equal to the group velocity, so there is no
paradox, but energy transport is predominantly
by the quasiparticle system with back flow in the
electromagentic field.

II. CALCULATION OF THE CONDUCTIVITY

A. Formal solution of the kinetic equation

The Landau kinetic equation is simply the Boltz-
mann equation with a self-consistent field GG(E, T,
t), and this is most simply written as an equation
for ¥ (%, T, t), defined in terms of the quasiparticle
distribution f(k, ¥, ) by

f(.E9 'f) t) = T)((F - eh" Gi(E, .f: t))
+6(ep-€)¥E, T, 1), a

where 7n(x) is the unit step function, ¢, is the qua-
siparticle energy, and €y is the Fermi energy.
The kinetic equation is

(@ 5€)tvphe 2t — Lok Xl ¥ 4 ev, B o h
-a—t' - 0€ +Vp a.f c F ﬁ +€eVp
= [ @ ol Eed) -e@®). @

The right-hand side is the collision term; w(% * &)
is the equilibrium scattering rate for scattering on
the Fermi surface (smeared by %25T) from B to B,
The self-consistent field, for |K |=kp, is

5<(E,?,t)=fdzk'i(é-i')\lr(ﬁ',?,t), @)

where 4 (13 'I;’) is related to the usual Landau para-
meters by

A A

E(&E'):%:(uu)lfﬁ P,GR). @)
H

We make a similar expansion of w(ié ‘5’),‘
~ ~ 1 o~ ~
wlh R = g7 1 D Py e B), (5)

assume that everything depends on ¥ and ¢ as exp
[i(q* T - wt)], and we have

. - A~ . ' e A - 9 ~
(W +ivpq o b — iw)¥ (B)- —vpk XH: Eﬁq’(k)

=—evF-fI-E—iwfd2§' )

rmw@RNE) . ()

If, for the moment, we pretend that the right-
hand side of (6) is known, we can solve (6) easily
by noticing that the characteristics are just the
particle orbits ink space in the dc field H, which
are known. (They are circles on the Fermi sphere
in planes perpendicular to '}'I, traced out with con-~
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stant angular velocity w,.) In particular, we con-
sider the equation

(W +ivpd * & —iw)¥ (E)
- Zogh X 381:‘1’(’3) = —iwly,(#), (7)

where Y, (%) is a standard spherical harmonic'®
(we choose the x, axis along -ﬁ), and write the so-
lution of (7) in the form

YE)= D Ve GXUm! |K | 1m) . ®)
1,m
The matrix K is defined by (7) and (8).

We now write the solution of (6), our actual kin-
etic equation, in the form

V)= 0T B). (©)

Tym

The ¥,,, then satisfy the equations

¥, = (mez'm'>[o.§,,,.-'E’
im lzm:‘ ! ' 1’1

Al' zw,.
* (1+A,, w > b ] ’

(10)

where

iev N
§,=- w’fdkky (). (11)

B. Calculation of the conductivity

The electric current density is expressed most
simply in terms of \It(ﬁ) because of the renormal-
ization of the current vertex:

T=oveevy [ SEbu)=s K28 T, )

where v, is the density of states at the Fermi en-
ergy. The vectors S, are

-

g1 = i(‘g'")llz(ievp/w)(i1 ¥ 1522) ’
5 =~ (Em 2(Gevp/w)R,.

The scheme for calculating the conductivity is to
truncate the equations (10) by settingA; and w,
equal to zero for I>L, solve the L®xL? system of
linear algebraic equatlons (10) for ¥,,,, and then
use (12) to express J in terms of ¥,,. In practice,
for the interesting cases q parallel or perpendicu-
lar to Hselection rules operate to reduce the dim-
ension of the truncated system (10) substantially.
At a test case for our scheme, let us calculate
% when 0=0. From (7) and (8) we find directly that

(13)

-iw
W — W+ 1MW,

(lm IK(E =0) [Z'ml) = 8110 Omme >

(14)

where w,=eH/m*c, m*:k,/vp. From (10) we find
that

—-iw - -
T wy—w, —iw/(1 +A1)+imwcs”' E, (15)

and then from (12),

\I'lm

-
Vpw? S5,

9= Zm: (wy —w, —iw/(1+A)+imw,)"

(18)

Substituting (13) for §,, leads to the usual formula
for o.

In the Sec. IIc we calculate the matrix K exactly.
Therefore, the only approximation we have made,
other than the use of Landau kinetic theory, is the
neglect of A, and W, for I=L.

C. Calculation of the K matrix

We must solve (7) in order to find {Im |K |I'm’).
This task has already been accomplished,*® but we
do it here to save the reader the trouble of trans-
lating notation. We choose coordinates so that i
=H%,,q = q(sinAZ, + cosA%,), introduce standard po-
lar coordmates 0, ¢ on the sphere, and note that
%o kx(8/0k)= 8/8<p. Define

X(8)=(vpq/w,) sinA sinb , an
Y (8) = (w +iw, — vpq cosA cosb)/w,. (18)
Then (7) becomes

9
Y (0)¥ — X (8) cosg¥ +13‘I—' == ¥,.(8,0), (19)
9 o,

whose periodic solution is

w(6, ¢)——;—w

(3

ad th(e’ @ - q,)eu’(o)@.

xexp{iX (6)[sin(¢ — &) —sing]}.
If (20) is substituted into (20)

21 T
W'm’ |K |tm) = f de f désinbY},.(6, 9)¥(6, @),
o 0

(21)
we have the first equation of Appendix A of Ref. 6.
We can, therefore, borrow the results derived
there, and we have, with C,,(8)=Y,,(6, ¢)e"** and
my (m,) the greater (lesser) of m and m/’,

m? K |1m) = (< 2T
wc

T
xfo 46 5in6 C,,,(8)Cye e (6)

JY(O)-m<(X(9))J.[y(9).m>](X (9))
sinmY (6)

(22)
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The skeptical reader can check that in the limit
q—-0, so that X -0, (22) gives us the simple re-
sult (14). In case X or Y is independent of 8 (A=0
or A=7/2), the integral (22) can be carried out
analytically.*

III. ENERGY FLOW IN SYSTEMS WITH SPATIAL
DISPERSION

When we are asked to solve an initial value prob-
lem for the electromagnetic field in a medium with
permittivity €@, w)=1+ (4mi/w)6(g, w), we find the
dispersion relation w=Q(q) for waves in the med-
ium, decompose the initial field into plane-wave
components with real wave vectors ¢, give each
component a phase exp [-iQ(q)¢], and add up the
pieces. Because of dissipative processes, each
component is damped (assuming that the medium
was in thermal equilibrium before the initial field
was introduced), so ImQ(d)<0. The procedure for
solution of a boundary value problem is different.
Consider a semi-infinite sample occupying the
region x,>0. The field is given at x, =0, and in
practical cases is monochromatic with real fre-
quency w. We suppose the excitation to be inde-
pendent of x, and x, (normal incidence) for simpli-
city. In the medium, far from the boundary, a
wave is propagated with wave number q:_f:oc elir,
The wave number ¢ is a solution of Q(g%,) = w with
real w determined by the signal generator, and ¢
is complex with Img>0.

If the damping of the wave is weak, we have
|ImQ(q)| < |ReQ(q)| for real g. [We are writing
Q(q) as an abbreviation for  (g%,).] We can solve
Q(g)=w, w real, by first choosing real g, such
that ReQ(g,) = w, and then writing q =q, + ¢, with
|8q| < |go| so that

w =g, + 69) = R(g,) + 5q (dnflq)> )
L)

8q = -ImQ(q,) (é%zio. |

If we neglect Im[dQ(q)/dq], we have
Imgq = -ImQ(g,)/2,(q,) ,

where v, = Re(d2/dq) is the group velocity of the
wave. We know that ImQ(g,) <0 for a stable med-
ium, and we want Img>0, so we must have v,>0,
which is sensible.

When this standard program is carried out for
cyclotron waves with w near nw,, we find that we
must choose Req<0. The wave impedance is E/H
=w/cq, which has a negative real part. This
makes it clear that we cannot possibly identify the
cyclotron wave impedance with the surface impe-
dance of the sample, even though that identifica-

tion is fairly successful in fitting microwave trans-
mission data. Moreover, the x, component of the
(time averaged) Poynting vector is, for

E=E, explilgx, - t)] + EXexp[~i(gx, — wt)],
(c%q/270) |E, |2<0,

so the Poynting vector cannot describe the energy
flow associated with the wave.

The paradox is resolved by imitating the dis-
cussion of electromagnetic wave energy in a dis-
persive medium.!! Let the envelope -flo vary slow-
ly in time and space. From Maxwell’s equations,

% (f:-%?—ﬁ-ﬁ'—aa%) +Ve 4—6;1--Ex-ﬁ=0,
neglecting magnetic phenomena (actually magnetic
phenomena cannot be distinguished from electric
phenomena macroscopically when spatial dispers-
ion is admitted). We have'!

D . 9
T3 =expi(q-X - wt)(-—zw+-é7)

. 9 -
x<(‘—z§=—,w+18—t) E, +c.c.

=expi(q°X - wt) (—iafé(ﬁ, w)+E,

dwe OE, oc oF,
t—_ -
9w ot g, ox,

so, averaging in time and space,

1 - - Z oE
-2—"[Im(wE3‘-<-E,)+ Re(Eg‘- LELS a—E-Q>

ot ot

8¢ oK, = a'ﬁo]
— *Q_—'—_—
Re(E 8q, 8x|)+H°

‘c - -
+V+ o Re(Ey xH)=0.

The first term is the power dissipation per unit
volume. If this is negligible, so that € is approx-
imately Hermitian, we have

17

?t—-+V 5= o, (23)

with energy density

=g (B B+ T ) (24)

and energy flow
Re(ﬁ*xm)———(E*’——q—’E)?,. (25)

The form (24) of U is standard,! and the second
term in (25) describes energy flow in the medium.
We can relate U and § defined by (24) and (25),
to the group veloclty V= =8§/83. By Faraday s law,

= (c/w)}gxE,, and therefore
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= X* o .
U= 41w Eg dw Eo, (26)
-> cz - - - ™ - -
S’—‘m—(ZE:'EO —q‘E:E—q'EQES‘)
w -o*. BE .-o -~
_'4_.EED -é-q-—‘ on‘. (27)
If we vary q, @, and ¥, in such a way as to always
have
qz_ﬁo_aa°-ﬁo=(wz/cz).é'io’ (28)
we find
(1/¢*)5(w?€) B, - (2E,q -+ B, 1- 3 E,)» 69
=q°6F, - 4§ 6E, - (w?/c?)E+6E,. (29)

Scalar multiplication of (29) by (c?/47w)EY, and
use of (26)—(28), yields

Usw-S5+53=0, (30)
or *
V’ ——-—aq _—0-- (31)

Inclusion of the energy flow in the medium, Eq.
(25), is just what is needed to avoid any paradox
about the direction of wave propogation in a medi-
um with spatial dispersion, even when the phase
and group velocities are in opposite directions.
The direction of wave damping, the direction of
wave packet propagation, and the direction of en-
ergy flow for a plane wave all coincide.
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