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Band structure of thin films by the linear augmented-plane-wave method
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%e present a linear augmented-plane-wave method for solving the band-structure problem in thin

crystalline films. The potential is separated into a muffin-tin potential inside the film, a potential depending

exclusively on the normal coordinate outside the film, and corrections in both regions. The method is tested

on (100) and (111)monolayers of Cu using a standard muffin-tin potential.

I. INTRODUCTION

With the aim of studying chemisorbtion on tran-
sition-metal surfaces using the density-functional
formalism' we have developed an efficient self-
consistent band-structure method for thin films.
Our method is an adaption of the linear aug-
mented-plane-wave (LAPW) method' ' to the film
geometry shown in Fig. 1. In the present paper
we desc ribe and test the film LAPW method for
solving the band-structure problem and in subse-
quent papers we will treat the problems of self-
consistency and interatomic-f orce calculations.

Recent calculations of the binding in bulk tran-
sition metals" and in diatomic molecules, ' in-
cluding transition-metal dimers, ' seem to indicate
that the local approximation' to the density-func-
tional formalism will also be useful for studying
chemical binding near transition-metal surfaces.
The one-electron problem for a surface is tedious,
however, because the symmetry is low, there are
many inequivalent atoms, and the muffin-tin ap-
proximation is too crude for the potential.

The linear muffin-tin-orbital (LMTO) method, '"
employed for the bulk and molecular calculations
in Refs. 6-8, will undoubtedly prove useful for
thin-film calculations. In fact, muffin-tin orbitals
(MTO's) have for some time been used in non-
self-consistent calculations for a geometry of
alternating layers of film and vacuum, " and ef-
ficient LMTO formalisms for thin films have re-
cently been devised. " The techniques of cellular
integration' employed in Refs. 7, 8, and 11 may,
however, prove inconvenient when calculating in-
teratomic forces, because the cell shapes gen-
erally change as the atoms are displaced. Qne
should probably abandon the cells and perform the
integrals over the interstitial region between the
muffin tins by a Fourier-transform technique
similar to the one described in Sec. DJ7 B of Ref.
2.

In this situation we have preferred to investigate

the potential of the LAPW method as an alternative
to the LMTO method, despite the fact that an ade-
quate description of the wave functions in a tran-
sition-metal system requires 30-40 LAPW's per
atom but only nine (s, P, and d) MTO's. (This
corresponds to mRy accuracy for the eigenvalues. )
We have thus given higher priority to accuracy
and ease of programming than to physical trans-
parency and computational speed, but it is our
hope that, once obtained, the results of thin-film
LAPW calculations may be interpreted using a
simple real-space description such as the one
provided by the atomic-sphere approximation " 'a
to the LMTQ method.

In addition to those mentioned above, "'"several
methods" "have been proposed for calculating
band structures of transition-metal thin films.
The film Korringa-Kohn-Rostoker (KKR) method"
is equivalent to the film LMTQ method" applied to
a muffin-tin potential but it does not have the ad-
vantage of leading to an eigenvalue problem. The
self-consistent pseudopotential method of Louie
et al."makes use of the sandwich geometry men-
tioned above. " Even in bulk Nb, this method needs
at least 100 OPW's per atom to converge to mRy
accuracy, and for transition metals at the end of
a series convergence will presumably be even
slower. In the self-consistent LCAO method of

Jay et al." the electron density outside the film is
described by the tails of the atomic orbitals.
Whether this approximation is adequate for the
chemisorption problem remains to be seen. More-
over, the basis set must include at least all oc-
cupied atomic orbitals and this will make the ap-
plication of the LCAO method to 4d and 5d transi-
tion metals rather costly. So far, only the two
last-mentioned calculations have been carried to
self-consistency and computations of total energies
or interatomic forces, have not been attempted.

In Sec. II we review the ideas behind the linear
one-electron methods, ' and in Sec. III we present
the details of the I APW formalism for thin films.
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The method is tested in Sec. IV by computing the
energy bands and state densities for (100) and (111)
monolayers of Cu and the results are compared
with those of Kar and cloven. " Our density-of-
states calculations were performed by the triangle
method, which is analogous to the tetrahedron
method" used for three-dimensional Brillouin
zone integrations. This technique is described in
Appendix A.

II. LINEAR ONE-ELECTRON METHODS

In a linear method' the solutions 4&(r) of Schro-
dinger's equation are approximated by linear com-
binations

(~(r) = Q Ao)(8(r)

of energy-independent basis functions $o(r). The
coeff icients AG,- are determined from the Rayleigh-
Ritz variational principle which leads to the eigen-
value equations

+ (Ifo o-EPo o»o~=0.

the Hamiltonian and overlap matrices.
In the construction of tto, advantage is taken of

the fact that, in those regions of space where the
kinetic energy E —v(r) of the electron is numeri-
cally large and the wave function therefore varies
rapidly, the one-electron potential e(r) essen-
tially has the muffin-tin form. This is spherically
symmetric inside nonoverlapping spheres sur-
rounding the atoms and, for the film geometry
shown in Fig. 1, it is independent of r„ in the
vacuum regions outside a slab containing the
spheres. In each muffin-tin (i.e. , inside a sphere

FIG. l. Film geometry. The primitive cell of cross-
sectional area A. is indicated by the dashed-dot lines.
Region I is the interstitial region, II are the spherical
muffin-tin regions, and III+ IV are the planar muffin-
tin regions.

or outside the slab) Schr'odinger's differential
equation (H~ —E)Q(E, q) =0 for the muffin-tin
potential separates such that the solutions are of
the form

4~(E,4) = 0,(E, qV'~(q) (3)

He're, $~(E, q) is the regular solution of the one-
dimensional differential equation (H~, —E)P~(E, q)
= 0, for quantum number L and energy E, and

F~(q) ie a complete set of orthonormal functions
spanning the boundary of the muffin tin.

Specificially, for a sphere centered at Q and of
radius s&.

q= lr-@I, 0-q-"n,
q=(r q)y!-r @!, i=(@,f, m), (4)

&f&~(E, q) =(f o,(E, q), Fi.(q) =i ' I', (q),
and tf)) tends towards a constant times q for small
q. For a, vacuum region, extending from Q
=Q, (=+5) towards infinity:

q=- Ir, —q, I, — &q-o,
q=r„, 1.=(q, , K„), (5)

0 (E q)=4 - (E q) & (q)=A "e*""'
and Qo, .x tends towards a constant times
exp[q(K~~ —E)'~'] for q tending towards minus
inf inity.

If the one-electron potential in the muffin tin
at g consists of the muffin-tin part only, i.e. , it
has the form eo(q), a solution 4& of Schrodinger's
equation may be expressed as

&a(r) = Z ~;,[4,.(4)+ ~o,4,„(i)] (8)

in each muffin tin. It may be shown that Q~„(q)

e,.(r) = g E„.y,(E,, g)
L

in that muffin tin.
The essential idea behind a linear method is

based on the observation that the functions

P~(E, q) are usually linear in ener'gy over almost
the entire range of interest, which covers of order
one Rydberg. That is,

e.(E, q) = e,„(q)+(E-E.)e,„(q), (7)

where E„ is an arbitrary energy in the middle of
the range of interest and where p~, (q)

-=Q~(E„,q)
and Q~, (q) =-[&Q~(E,q)/SE)s . With g~(E, q) nor-
malized to unity in the appropriate muffin tin,
P~„(q) and Q~„(g) will be orthogonal.

The basis functions in (1) are now defined as a
set of functions which are continuous and dif-
ferentiable in all space and are augmented as
follows:
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and (t(~„(q) have different logarithmic derivatives
at the muffin tin [i.e. , (t]~„(s)/(t]~„(s))-"(t]~„(s)/(t]~„(s)
where, for a spherical tin, s is the radius and,
for a planar tin, s is zero] and the conditions of
continuity and diff erentiability therefore uniquely
determine the coefficients CG~ and cd~.

In the film LAPW method the basis functions in
the interstitial region are the set of symmetrized
plane waves which vanish at x, =+a. Since this
set is complete in the entire a slab (see Fig. 1),
it is overcomplete in the interstitial region, and
it is this degree of freedom which is administered
by the variational principle in such a way that for
a solution of (2),

and with fl being defined as in (4) and (5). The
potentials vg vanish outside their respective muf-
fin tins, and V „is constant in the interstitial
region (I) and vanishes everywhere else. The
remaining non-muffin-tin part of the potential is
v, „which we shall assume vanishes outside the
a slab. In what follows we shall closely follow
the notation of Ref. 2, which we denote as linear
methods (LM).

A. Interstitial region (I)

In the interstitial region, the LAPW)s are de-
fined as being the even and odd plane waves

e4o Co~((ro~
6

Q A6/C6~ =E/ —E„ j. /2

XK( &— II IIiK ~ r cosG~ t'~
X

sinG~ r~

III. FILM LAPW FORMALISM

We consider a film periodic in the r„direction
as indicated in Fig. 1. In order to be able to split
the eigenvalue problem for a given Bloch vector
k„ into even and odd parts, we shall restrict our-
selves to considering films with reflection sym-
metry about the z, =0 plane, where x, is the co-
ordinate perpendicular to r I. The translation
vectors are R„, the primitive-cell area is A, and
the reciprocal lattice vectors are 5„. The three-
dimensional vector (r„,);}is r. We express the
total one-electron potential as

v(r) = Q vo (q) + V „+v„„(r),
Q

with ()I denoting the positions of the muffin tins,

(1O)

for all L, as ve would expect by comparison of
(1) and (8) with (6) and (7). Since the error of (7)-
is of order (E —E„)', we expect that the errors of
the eigenvalues obtained from (2) are of order
(E/ —E„)4. This, as well as (9), is only true when
the Hamiltonian in (2) has the muffin-tin form,
i.e., v(r} =vII(q) in all muffin tins. If the potential
has non-muffin-tjn contributions inside the muffin
tins, the exact eigenfunctions cannot be written as
in (6), and the eigenvalues obtained from the vari-
ational principle will, consequently, have addi-
tional errors of second order in the non-muffjn
tin contributions. It may be noted that, in princi-
ple, there are no errors from the interstitial re-
gion.

K,(—= k„+5„, K, =—K„+5~ =—K,

z=z =z =(z'+G')'/' (12)

Furthermore,

G, =n)i/2a,

where

1)3)5)~~)
n =

6 ~ ~ ~

such that the set XK is complete and orthonormal
in the a slab, and each function vanishes for y~
= a and -a. Throughout this paper we shall adopt
the notation that the upper (lower) expression or
sign corresponds to the even (odd) parity.

B. Spherical muffin tins (II)

Inside any sphere, the LAPW is that linear com-
bination of the functions

(14)4';,.(&, (I) = 0;,.„(~i)+~;,(&)0;,.„(|1),
defined in (LM2.2), (LM2.2), and (LM2.7),' which
matches continuously and differentiably onto the
function (11). Therefore, in the sphere sur-
rounding the atom at Q,

(2/0)' '&& -'(e'". ' '+ e' -' ')~

~

~

~(2/II)i/2 x i( f)(eiK ~ r eiK ~ r) (11)

where 0 =2aA. and

& /& C( (D )
—[e' '' Y*,„(K,)+e' - '~Y* (K )]

]I("„(r)= — Q 4v j,(If'sy) @' '~ . . „' ™
@e(,(D, e] I—'(-()[e'"*'er, (r, ) —e'"-'(r,"„(K ]]

(15)
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where D =—Dz, (lf'sg) is the free-electron logarithmic
derivative given by (LM 2.29).

In the basis of

(26)

C. Planar muffin tins (III+ IV)

Since vacuum regions or planar muffin tins are
not specifically dealt with in LM, we shall now

cons1der them in some detRil.
Inside R plRnRl Dluff1I1 tin, the solut1on of Schr'0-

dinger's ditferential equation for the muffin-tin
potential and the energy E is

(F. , &I) =A ' 'e'"&i ' '«y(h q) . (16)

Here, &t&(S, q} depends on the energy, the Bloch
vector, and the reciprocal-lattice vector through

s =E- Ii„+0„I'=z-z'„, (17)

where 8 is assumed tofall below g(-m), and y($, q)
satisfies the one-dimensiona~ Schrod1nger equa 1on

The normalization is

«&v))= 'f , &*&&,e«w=& . (19)

ach val~e of G„we use the energy- and
Bloch-vector- independent functions

y, (q) =-y(S„,q) and y, (q) -=—~&'
~ se(~, q)

(20)

.where, instead of fixing E„and using $„(k„,5„), we

fix

h (D) =h, + (u(D)[1+ &d'(D)(Q,'&] (29)

of the function inverse to the logarithmic-deriva-
tive function, D($) =

&t '(8, 0)/&t&(h, 0), is confined
to the energy range 8,+ —,'&P„'& '~' wh'ch, as seen
from the figure, increases for increasing IS„I.
For typical lattice sizes (see Sec. IV) the potential
parameters for a given S„~—0.5 Ry apply for all

the matrix elements of the Hamiltonian 8-
=——&'+v(q) for a planar muffin tin are then

&c a'„(D') IH; IC'„(D}&

=6;,,; ( (D)+(&„+If'„)[I+ (D') (D)&i„'&]j,

(2'I)

where K~'~ =k~~+G~'~ Rnd K~~ k~~+CT~) ~

The overlap integrals are

&@;.(D') ICg„(D)& =66;„o„[1+~(D')~(D)&@„'&] .

(28}

Except for the Bloch vector dependence of 8,
the formalism given above for a planar muffin tin
is seen to be quite analogous to the one presented
in LM for a spherical muffin tin.

In Fig. 2 we show P2, D„, D„', and &&f&2&
'~' as

functions of the energy 5„for self-consistent
potential' outside a jellium film of width 5 a.u.
and of density corresponding to x, =3 Bohr radii."
The variational estimate

h„=$„(P„), (21)

and hence use the linear expansion (24) to express
the k~ as well as the E dependence of the wave func-

tion in the vacuum regions.
As a consequence of (19), P„(q) and g„(q) are

oxthogonal. The outgoing logarithmic derivatives
at the boundary of the planar muffin tin are

D, = Q„' /P„and D'„= Q„' /&t&„, (22)

and these are always different because

(D. D'. )e„i„=1— (23

We have adopted the notation &t „=- &t „(0) and &t&„

=—&t&„(0). From P„(q) and &t&„(q) we can now con-
struct R function of arbitrary logax'lthmlc dex'1va-

tive B, that is
0 0

~(D, q) = A„(q)+ ~(D)A„(q), (24) g [Ry]
0

&~(D) = —. ,
" = y„2(D"„-D„)

&
D D'„" " D D'. (25)

FIG. 2. Potential parameters as functions of 8 for the
self-consistent potential (Hef. 9) outside a jellium film
of width 5 bohr radii and density corresponding to r, = 3
bohr radii (Ref. jL9}.
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Bloch vectors in the irreducible part of the two-
dimensional Brillouin zone, and for E„&-2 Ry they
also apply for several reciprocal lattice vectors.
The potential parameters for a constant potential
are given in Appendix B.

In a planar muffin tin the LAPW is given by (26),
although normalized, and with D chosen in such
a way that (26) matches continuously and dif-
ferentiably onto (11), i.eel

W

( ) x)3 C)It„(D, (I) os(GxQ ) (30)
sm(G, q, ),

where Q, =ah and

Gx tan(GK QK )

-G, cot(G, Qx)
(31)

D. Hamiltonian and overlap matrices

Por the one-electron potential (10), and with the
I.APW representation defined by (11), (15), and
(30), the Hamiltonian and overlap matrices may
be expressed as

Ifo.;(k„)= &xK. IB lxK&x+ &OK-. IBI eK&zx+ &IK III I4&zz„„

= &XK' I +~mtmlxK&x«XX«ZXX+ &&Ks I kmt I &'K&x«ZX«XXX

(Qq, l
—&'+g;ldg& „—&xIt. l-&'+I' .Ixit»

+ (&ei I-~'+g ~~le;& —&x;, I-~'+I ...Io~& ~ ~
III + IV

=68'o(K'+~ z )+(&&It lz' &i&it& x+xz xxz

+ I e"e» sl&'«» Ie ((c«,(K', K)(I'«,(K', K)sk„ek, (K', K) —K s, ])q~XI l

+66,- a-'(B(0, 0;1)D„—B(G', G, ;D„)(t)„(t)„+(h„+K'„)[B(G,', G, ;D'„)(t)'. +B(G' G 'D.)(t". &&',&1

+ (K l l
+ Gx Gx + p m gz )((Gx Gx ) Sxxn [ (G, —Gx )5 ]—6

(s G

(+(K'„G'G, + V z, )(G, +G' ) ' sin[(G, +G')5])

Q, (k )=ll, +( I e'~ " l' e I k (K,K)cs (K,K))
Q~ II

+6 - (x-'(B(G) GK D')j'+B(Gxl Gx;D )(t)„'&Q'&+(G, —Gx) 'sin[(G, —Gx)b] — o;o, ~

y(G +G,')-'sin[(G, +Gx)t)] j .

In the contributions from the vacuum regions

I
(G ' s ' —Gc ')(G, s —Gc),

j. )

(Gx c'+ Ds ')(G, C+ DS),
(35)

in the contributions from the spherical muffin
tins, each term in the l sums is Hermitian, and
the sums are conver ed at l =2-3 provided that
V „=z)y(s~) f» all . The functions I' and b, are
defined in (LM3.11)—. (LM3.14) and W is defined as
in (LM3.4} with the Legendre polynomial P,(K' «K)
substituted by

(P,(R', R) =P,(K,' K, ) cos[(G, —G,')Q )

~P, (K' K) cos[(G, +G,'}Q, ] .

with s=-sin(bG, ), s'=-sin(bG, '), c=cos(bG, ), and
c' =—cos(bG,').

Usually the non-muffin-tin part of the potential
v„,(r) is significant only in the interstitial region
and in the outer parts (q =sg for spherical tins,
and q =0 for planar tins) of the muffin tins. In the
interstitial region, the I.AP%'s equal the plane
waves (11) and at the muffin-tin boundaries they
are continuous and differentiable. Therefore, in
the regions where v„, is significant, the I APW's
resemble plane waves and the approximation

nmt I %it&x «zx «xzx &Xfzs I +nmt lltK& x «xx «zzx

=-~..„(G,G) (36)

is usually a good one.
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IV. RESULTS

We first tested the film LAP% formalism on a
square-well potential which was 1 Hy lower in the
b slab than elsewhere, and which had a width equal
to that of the Cu films described below (Table I).
The agreement with the exact results was perfect
within the accuracy of our calculations. We now
present and discuss results obtained for (100) and
and (ill) monolayers of fcc Cu.

The primitive reciprocal lattice vectoIs for the
(100) layer are G'„=(1,0) and d'„=(0, 1), expressed
in a cubic frame and in units of (2v2 ) /va„where
a, is the lattice constant for the bulk. 'The corners
of the irreducible part of the two-dimensional
Brillouin zone (2D-IBZ) are T'=(0, 0), X=(—'„0),
and M={~,2). For the {111)layer, G'„=(l, v 3 )
and G'„=(2, 0), in units of (2M2) m/ a~3, and the
corners of the 2D-IBZ are P =(0, 0), M =(1,0),
and K = (1,I /M3) .

We used a muffin-tin potential which, inside the
b slab (I+II), was the standard" bulk potential for
Cu, obtained by superposing relativistic atomic
charge densities on a bulk crystal and using Slater
exchange with n =1. In the vacuum region (III+IV)
our potential was set equal to the self-consistent"

potential outside a jellium film of the same width
and of density corresponding to x, = 3 Bohr radii,
the value appropriate for bulk Cu." Finally, the
potential inside the b slab was shifted rigidly up-
wards such that, for the (100) film, our d bands
fall in the same energy range as those of Kar and
Soven." These authors superposed atomic charge
densities on the proper monolayer and used n
=O.V07. Our potential parameters, which apply
to the (100) as well as to the (ill) film, may be
found in Table I.

The summation over angular momenta in (32)
and (33) is rapidly convergent, and we found that
the errors of the energy eigenvalues caused by
truncation after l =2 and 3 were less than 4 and
0.2 mRy, respectively. In the further calculations
we included all terms with l ~ 3.

Ip Fig. 3 we illustrate the convergence of the
energies as the number of LAPW's included in
the basis set, and the "extra" width e- b are in-
creased F.or a given value of max(Ã) (denoted K
in the figure) all LAPW's of a given parity, and
with ~k„+4„+5~

~

~ max(K), are included in the
basis set. Of the two states considered in the
figure, the energy of the odd state converges slow-
er than that of the even state because the odd state

TABLE I. Potential parameters from which the band structures of the (100) and (111)monolayers of Cu

were calculated.

G, (2) (3)

Planar MT g —v(- oo) (RX)

(bohr ')

(bohr ')
(bohr ')

(RV)

—1.0

1.625

0.770

2.527

3.034

-2.0

2.542

1.251

3.865

6.800

-5.0

4.278

2.132

6.446

18.552

Spherical MT E„—V „
u (-0-1)

10S42 (-0-1)

(RW)

(RV)

(RV)

0.500

-0.058

5.204

0.500

1.146

4.803

0.500

-0.073

0.307

0.500

5.202

5.749

0.844 0.677 -0.065 0.563

(RW) 5.322 7.486 0.790 14.855

s = b =a, /2~2

(Rv)

(bohr)

—1.072

6.831

'The three groups of reciprocal-lattice vectors are specified in Table II.
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f1)

a
K

0.350—

fi)
C'

UJ

a/b= 59

a/b =1.5 56
I

even

0.3/ 5

6
bK

a/b = '1.5 70

I

67

is d like and the even state is sPd' like. For a- b

=0 the trial function (1), constructed from any
finite number of LAPP('s, is forced to have nodes
at the boundaries of the b slab while, for a- b &0,
there are no such constraints. The accuracy of

FIG. 3. Convergence of two of the eigenvalues for a
single (100) layer of copper atk]L—- {~~,6) (2~2} YI/a~ as
functions of a/b (see Fig. 1) and the number of LAPW's
included in the basis set. E is the maximum value of
[k~~+G~~+ G~(. The number of LAPW's, i.e., the dimen-
sion of the eigenvalue problem, is indicated for the
smallest and largest E for each value of a/b. For the
single layer, b equals the muffin-tin radius. The odd-
and even-parity states- considered here have d and spd
character, respectively. Note the difference in the two

energy scales.

the energies therefore increases with increasing
values of a, provided that I) and max(K) are fixed,
but the number of G~ values also increases [see
(13)]. For a given number of LAPW's (i.e., 5
vectors) above 30—40, the accuracy of the ener-
gies is seen to be fairly independent of (a b) for
values between 0.5 and 1.5 times the muffin-tin
radius (i.e. , 1.5 & a/5 = a/s & 2.5), which is the
range of non-muffin-tin contributions in vacuum. "
The energies for the (111) layer converged in a
way similar to what is shown in Fig. 3, and we con-
clude that with about 30 odd and 35 even LAP%'s,
the energies are converged to better than 5 mHy.
In the calculations to be described below, we set
(a —b) equal to the muffin-tin radius (i.e. , a/b
= a/s = 2) and included 41 odd and 51 even LAPW's
for the (100) film and 40 odd and 52 even LAPW's
for the (111)film. This corresponds to max(sK)
=6.5, a value often employed in APW calculations
for bulk transition metals.

In order to justify our use of k„-independent po-
tential parameters (21) for the planar muffin tins,
and in order to minimize further the number of
these parameters, we investigated the dependence
of the energies on the choice of $, =$„(5„). Some
results are given in Table II. For 8„ less than
about -5 Ry, (Q„') '/' is larger than 20 Ry and,
using (29), we realize that the potential parameters
for h„=-5 Ry apply to the 15 largest 5g 's with an
accuracy better than 0.2 mRy. The only noticeable
change of the energies in Table II is that of the
highest energy [E—v(- ~) =0.90-1.0/ Ry = —0.17
Ry] which becomes less accurate by 4 mRy as 8„
corresponding to 4„=(0, 0) is changed from -0.5
to -1.0 Ry. The values of ($2) ' ' tend towards

TABLE II. Dependence of the energies for the (100) monolayer of Cu of the choice of ~8„(G„)
[as in Eq. (21)] for the planar muffin tins.

Gi( [(2~2) mI
' a, ~. (Gq)- ~(- ) (Ry)

(0, 0)
(1, 0)
(o, 1)
(1, 1)
(-1,0), (o, —1), (1,—1)
(- 1, 1), (- 1, —1), (0, 2), (2, 0), (1, 2),
(2, 1), (2, 2), (0, —2), (-2, 0), (- 1, 2),
(2, —1), (1,—2), (-2, 1), (-2, —1), (- 1, —2)

-0.5
—1.4
—2.0
-2.6
-3.2

-5.0

-0.9 —1.0

—5.0

Energies at

ku = (I/3, I/6) (2~2) m/a

(Ry relative to V,
= e (- ~) —1.072 Ry)

odd

even

0.8993
0.4397
0.3890

0.4825
0.4347
0.4055
0.3451

0.9019
0.4397
0.3889

0.4824
0.4346
0.4055
0.3448

0.9034
0.4397
0.3889

0.4824
0.4346
0.4055
0.3448
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zero for g„values increasing towards v(-~) (see
Appendix B) and, for h„=—0.5 and —1.0 Ry, we
find (P„',)-'~'=1.29 and 3.03 Ry, respectively. If
one chooses to let g„be independent of k, ", it is
therefore impossible to use any S„higher than
about —0.5 Ry because max(k'„) is about 1 Ry. The
example in Table II indicates that even with a max-
imum g„of -1 Ry, the errors remain small. In
conclusion, we found that three sets of k„-indepen-
dent potential pg. rameters for the planar regions
were sufficient to yield an accuracy better than 5

mRy.
The energy bands shown in Figs. 4 and 5 along the

symmetry lines of the Brillouin zones for the (100)
and (111) monolayers, consist of five narrow d
bands crossed by and hybridizing with a broad sP
band. When comparing our energy bands for the
(100) layer with those of Ear and Soven" we find
that the structures along the line from I' to M are
identical. The d-band widths are slightly different,
but no more than one would expect from the dif-
ferences in the potential constructions.

The densities of states for the (100) and (111)
band structures are shown in Figs. 6 and V. They
consist of a relatively small sP contribution with

the shape of a step function and a large d con-
tribution with pronounced structure. The d-band
widths for the two films are lV'„"=0.15 Ry and
W'„"=0.20 Ry while, for thebulk, 8;=0.25 Ry. The
ratios W'„"/W, =0.60 and W~"/W~=0. 80 are nearly
equal to the square root of the ratios between the
numbers of nearest neighbors [i.e. , (—;,)'~'=0.58
and (—,', )'~'=0.71, respectively]. This is what one

would expect from a simple tight-binding theory with

constant transfer integrals [see, for instance,
(LM 4.34)].

The densities of states were computed with a
linear interpolation technique described in Ap-
pendix A. We used a uniform k„mesh of size

,I'I and, I'I for the (100) and (111)films, re-
I

spectively. This gives 91 points in the 2D-IBZ,
including 36 points on symmetry lines, and thus
divides the irreducible zone into 144 triangular
microzones. These are the regions over which
the energy bands are linearly interpolated.

It turned out that the omputational speed of our
method is essentially determined by the time it
takes to solve the eigenvalue problem (2).

V. CONCLUSION

We have generalized the linear APW energy-
band method to deal with thin films. The method
has the advantages that it is computationally effi-
cient, it can treat a general local potential, it
can be made self-consistent, and it applies to
simple as well as transition metals.

In order to illustrate and test the method, we

have presented the results of energy band and den-
sity of states calculations for (100) and (111)
monolayers of Cu using a muffin-tin potential,
and we find good agreement with the results of Kar
and Soven."

APPENDIX A

In order to calculate spectral properties of
films (e.g. , densities of states, optical transi-
tions, etc.) we have adapted the tetrahedron meth-
od for three-dimensional k-space integrations" to
two dimensions.

For simplicity we shall only consider the calcu-
lation of the density of states

(A1)

The 2D-BZ is divided into triangles of equal

0.8

0.6

~ 0.5

0.4
QJ

0.3

0.2

0 ] l

r X Y M Z I'

CL
~ 0.6

~ 05
P

0.4

0.3

0.2

0.1 I' g M T' K T

FIG. 4. Band structure along the symmetry lines of the
two-dimensional Brillouin zone for the (100) monolayer
of Cu. The states even (odd) under reflection are drawn

in full {dashed) lines. The zero of energy is at V „
= v(- ~) —1.072 Ry.

FIG. 5. Band structure along the symmetry lines of the
two-dimensional Brillouin zone for the (111) monolayer
of Cu. The states even (odd) under reflection are drawn

in full (dashed) lines. The zero of energy is at Vm«
= v (-~)-1.072 Hy.
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FIG. 6. Density. of states
for the (100) monolayer
of Cu. The contribution
from the odd states is in-
dicated by the dotted line.
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Here f&,(z) is the length within the ith triangle of
the constant-energy line of energy E, ~'M ~~, is
the magnitude of the gradient in the triangle, and

j is the band index.

(A2)

areas. In each triangle the energy band E&(k„)
is approximated by the linear function which takes
the proper values in the corners of the triangle,
and the integral (Al) is replaced by

A(z) =2x(2w)-' g !vz!;,'f„(z). .

E —E,
(E E}(Z E)

(z z )2
"(E)=21 '

(E z )(z z )

(AS)

We shall now derive the expressions for N, , (z)
in terms of the three energies E, & E, & E, at the
corners of the ith triangle. Ne drop the subscripts
j and i.

Since l(z) is a continuous and piecewise linear
function of energy we obtain, for the interval

E ~(E
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FIG. 7. Density of states
for the (111)monolayer
of Cu. The contribution
from the odd states is in-
dicated by the dotted line.
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TABLE III. Vacuum potential parameters for a constant {zero)
potential.

1
= (-b )2

V V

1

D, = 3(-8„)2
1

P' = 2(-g )2

4 I

Constant vacuum
potential

I I /

(j'5 2 = -4$

1

and, for the interval E, & E & E3,

E, —E
(E, —E,)(E, —E,)

(E E)2
(E, —E,)(E, -E,)

Here, I is the number of triangles in the 20-IBZ
and n(E) is the integrated density of states which,
for E-E, , equals zero and, for E~ E„equals
2I-'. For E~E, or E~ E„N(E) equals zero.

0-
Exact--- u(D)+8 V

E(D)
-3 -2

I

0-1

e/(- e„)

FIG. 8. Exact logarithmic derivative, D($) = (-g) ~,
and the estimates (25) and (29) for a vacuum region of
r,ero potential.

APPENDIX B

We shall give the vacuum-potential parameters
for the case that the potential is constant in the
vacuum region (q &0). These parameters may
serve as a reference for vacuum-potential pa-
rameters in general.

Fol

P (g q) = —(2X) ' '(1+ 2 Xq)e~' .
The logarithmic derivatives are

&(&)=4'(&, 0)&0(&.o) =l,

D'(h) =(f)'(8, 0)/P(h, 0) =3K .
v(q) =0 and h

-=—&' & 0,
the normalized solution of (18) is

y(g q) (2y)l /2exa

and, by differentiation with respect to 5,
(B2)

The potential parameters for an arbitrary 5„
are given in Table III. In Fig. 8 we show the exact
logarithmic derivative together with the estimates
(25) and (29) which have errors of order (8 —h„)'
and (8 —8„)', respectively.
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