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Theory. of bound states associated with n-type inversion layers on silicon~
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The ground state and two excited states of an electron bound to a charged impurity located at the interface
between silicon and silicon dioxide have been investigated. The interface was taken to be parallel to a (001)
plane and a static electric field perpendicular to the surface was assumed. Calculations of the electron
binding energies as functions of electric field were made for a bare charged impurity with screening by free
carriers neglected. In addition, the oscillator strength for electric-dipole transitions was calculated. It was
found that the binding energy increases with increasing electric field and approaches that of the
corresponding state of a two-dimensional hydrogenlike atom in the limit of infinite electric field.

I. INTRODUCTION

The development of metal-oxide-semiconductor
(MOS) devices has stimulated a great deal of in-
terest in the basic properties of inversion layers
at semiconductor boundaries. A number of these
properties are influenced by the presence of im-
purities and their associated electronic bound
states. We have investigated using a variational
technique the ground state and two excited states
of an electron bound to a bare charged impurity
located at the interface between silicon (001) and
silicon dioxide.

Theoretical investigations of the wave functions
and binding energies of donor states localized at
or near semiconductor surfaces without inversion
layers have been carried out by Karpushin' and by
Bell et a/. ' The effect of n-type inversion layers
and electric subbands has been studied by Stern
and Howard' for InAs and Si(001) surfaces. They
considered the screening produced by the inver-
sion-layer charge carriers, but restricted their
numerical results to the two-dimensional limit.
In the present paper we eliminate the latter re-
striction, but neglect the effect of screening.

For the case of an n-type impurity at a semi-
conductor-oxide interface where )he potential en-
ergy rises discontinuously to infinity, the ground
state is, in hydrogen-atom nomenclature, the

2P, level. ' In addition, the first excited states to
which a transition might be observed in optical
absorption are the Sd» and 4d» states. This re-
sult is due to Levine' who showed that a state can-
not exist unless l+ng is an odd integer and that
both / and m must differ by +1 in an electromag-
netic transition. Here we consider only the 3d, i
excited states.

As has been stated, we consider the Si(001) sur-
face orientation. With such an orientation, the
constant-energy ellipsoids can be divided into two
kinds, namely, those for which the major axis is

perpendicular to the surface and those for which
the major axis is parallel to the surface. We will
consider ellipsoids of the first type, since they
lead to the. lowest-lying bound states. ' We intro-
duce a coordinate system in which the z axis is
directed into the depth of the semiconductor along
a normal to the surface and place the n-type im-
purity at the Si-Sio, interface.

In a.previous publication, ' we studied the effect
of an electric field normal to the interface on the
2P, and 3d„bound states using the variational
trial functions of Karpushin' and Bell et al.' Al-
though these trial functions are reasonably good
for small electric fields, they are not satisfactory
at high fields. In particular, they do not lead to
the correct limiting values for the binding energies

' at high fields. In the present paper, we overcome
this difficulty by using a new type of trial function.
The binding energy of the impurity ground state
which we calculate is compared to the recent ex-
perimental data of Hartstein and Fowler. '

II. THEORETICAL DEVELOPMENT

We consider two contiguous semi-infinite half-
spaces, one of P-type silicon and the other of
SiO„with a common boundary parallel to a (001)
plane of the silicon. We assume that the potential
energy of an electron undergoes a discontinuous
jump as the electron passes from the silicon into
the SiO, . This discontinuity in energy is about
3 eV (Ref. 3); however, we shall assume that the
discontinuity is infinite and that the electronic
wave functions vanish at the boundary. In the re-
gion of the inversion layer, there is an electric
field present which in general is a complicated
function of the distance from the interface. To a
good first approximation' one can take the elec-
tric field to be constant, a procedure which we
adopt in this paper.

We assume that an impurity ion of charge +Ze
is located at the boundary between the silicon and
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U(r) = -2/r, (2)

where r =(x'+y'+z'). '/' The term involving 5 in
Eq. (1) represents the interaction of the electron
with its own image. Our Hamiltonian consists of
that of Karpushin with the addition of the electric
field term.

We shall be particularly interested in the regime
of large electric fields where the electric sub-
band energies are large compared to the impurity
binding energy. The problem is then analogous to
the problem of an impurity in a high magnetic
field' and the problem of separating the electronic
and nuclear motions in the theory of molecules and
solids. We use the same sort of adiabatic ap-
proach that has proven useful in the latter two

problems.
Let us write the Hamiltonia, n in the form

H =Hp+H~,

the Si02. For this situation, Karpushin' has
shown that in the absence of an external electric
field the lowest-lying bound states associated with
a (001) interface on silicon are primarily derived
from 'the energy ellipsoids whose major axes are
perpendicular to the interface. This situation
continues to hold in the presence of an electric .

field. We therefore consider only the ellipsoids
just mentioned. We also neglect intervalley
interactions between the two ellipsoids perpendi-
cular to the surface. Finally, we operate within
the framework of the effective-mass approxima-
tion.

In the light of the foregoing discussion, we em-
ploy the Hamiltonian

g2 g2
, +, —y, +U(r)+ —+zhz, (1)

8g Bp Bz - z

where y = m, /m „5= (e, —z, )/4Z z„z= h ' (e, + z,)'/
4Z'm', e', g is the external electric field, m, and

m, are the transverse and longitudinal effective
masses, respectively, and fy and e2 are the di-
electric constarits of the SiO, and silicon, respec-
tively. In Eq. (1), energy is measured in units of
the effective Rydberg, 6t* =2m, e'Z'/k'(e, + e,)' and
length in units of the effective Bohr radius, ap
= 8' (e, + e, )/2Zm, e . For the silicon-silicon diox-
ide system with Z=1, $*=42.3 meV and ap*

=21.8 A. The potential energy U(r) takes into
account the interaction of the electron with the im-
purity ion and with the image of the impurity ion
and also the screening of the impurity-ion poten-
tial by electrons iri the inversion layer. In the
present paper, we neglect screening and take
U(r) to have the Coulomb form

Q2

H =-y --+ —+ghz z ~0
~z z

8 8a, =- —,—,+U(r).x 8$
(4b)

Let the eigenfunctions of H, be denoted by f~(z).
We expand the eigenfunctions g(r) of H in terms
of the functions f~(z):

0(r) = +X'"'(z, y)f, (z) .

To determine the functions Xi ~(x, y), we substi-
tute Eq. (5) into the Schrodinger equation for g(r),
multiply from the left by f *„(z) and integrate over
z from 0 to infinity. We obtain

+ «f g (z)U(r)fg(z),
0

and we have assumed that the f~(z) are normalized
to unity. Equations (6) constitute a system of dif-
ferential equations which determine the functions
x' (,y).

The expansion given by Eq. (5) is quite general
and could be applied at any electric field. At
high electric fields where the differences between
the eigenvalues Epg are large compared to the
impurity-binding energy, however, we anticipate
that one term in Eq. (5) will dominate and the
others will be small correction terms. In the pre-
sent paper we proceed even further and assume
that the wave function g(r) consists of only a sin-
gle term

g(r) =X'"'(z, y)fg, (z),
where f~,(z) is the electric subband wave function
of lowest energy. For f~ (z) we choose the varia-
tional form of Fang and Howard'

f (z) = (5'/2)' 'e "'z, z &0.

For the lowest subband Ap, there is a series of
bound states. We shall discuss the ground state
and the lowest excited states that are coupled to
the ground state by electric-dipole transitions.
The overall wave functions for these states have
the symmetries of hydrogenic 2pp and Sd» states,
respectively. For these states, we choose the
y+0~(x, y) to have the variational forms

where E and Ep~ are the eigenvalues of 8 and H„
respectively,

~ oo 8 8
(~'l&, l» = «f~v(ze fk(z)=,„+s ~ 5xv

where X(ko)(& y) (+2/2&)j/2e-a2P/2 (loa)
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(lob)X&~0& (», y) =(a,'/12»)' '(»+iy)e " ',
where p =(» +y )

In the spirit of the adiabatic approximation, one
would determine the parameter b by minimizing
the expectation value of Hp. We shall generalize
the situation by determining all variational para-
meters through minimizing the expectation value
of the total Hamiltonian H. This procedure leads

to different values for b for the 2p0 and 3d»
states which we designate by b, and b„respec-
tively.

III. RESULTS

A. Energies

The evaluation of the expectation values E» and»p
E3Q~ y

is str aightforw ard . The results are

, +a.
a,'+10a', b', —13a',b', —6a, b', +2b,'

2aAX,'

= -( yb, )+ -5b, +

a,' b,' 60a,' —615a',b', + 270a, b,' b, (X, —b,

6a'+ 197a,'b', —420a,'b', —674a,'b', +529a,'b3'+80a'3b3'+8c', b', +4b,'+ 3

3 3 3

(12)

where X; =(a', +b~)'~' for i =2, 3. The values of the
variational parameters a, , b, in each case were
obtained from the equations

». ~E2np 0
&a 'd b2

(13a)

8E3u„
Ba3 8b3

(13b)

E, = ,'yb'+ -', 5b+ 3h—a/b, (14)

from which one determines the optimum value of
b by minimizing E,. From the minimized values
0 E2$ pp E3tf ~ ~

and E„ the b ind ing en erg ie s are
calculated from the equations

In order to obtain the binding energies, we must
obtain the expectation value of the Hamiltonian
without the impurity term. It is sufficient to con-
sider the Hamiltonian 0, given by Eq. (4a). We
use the variational trial function given by Eg. (9).
The expectation value of the Hamiltonian Hp cal-
culated with this trial function is given by

the electric field in Fig. 1. We see that the bi.nd-
ing energies increase monotonically with increas-
ing electric field and approach a'symptotic limiting
values at very large fields. The limiting values
at high fields correspond to the binding energies
of two-dimensional hydrogenlike atoms. The bind-
ing energies of the 2p, and Sd„states increase by
factors of over 10 and 4, respectively, from zero
field to very high fields. Associated with the in-
creases in binding energies are decreases in the
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We have calculated the variational parameters
and the binding energies for the 2Pp 'and 3d
states for electric fields ranging from zero up to
10' esu. The results are tabulated in Table I.
The binding energies are plotted as functions of
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O IO IO IO IO IO'

ELEC&RIC FIELD (esu)

FIG. 1. Binding energies vs electric field for the 2P0
and 3d~& states. The dashed lines are the two-dimension-
al values.
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TABLE I. Variational parameters a and 0 and binding energy & for the 2PO and 3d+f
states as functions of electric field 8. The units are indicated in parentheses.

8 (esu) a(1/a~y
2p Q

S (1/,*) &' (e ') a (1/a~p)
Myg

b (1/a~p) g&(g g)

1
10
102
103
1p4

yp5

10'
10
108
10'
10~o

0.91
0.93
1.05
1.34
1.78
2.29
2.81
3.25
3.57
3.84
3.88

1.64
1.72
2.20
3.80
7.68

16.34
35.26
76.16

164.4
354 ~ 5
763.9

0.38
0.46
0.66
1.01
1.51
2.11
2.70
3.20
3.55
3.80
3.90

0.60
0.67
0.83
1.04
1.20
1.29
1.32
1.33
1.33
1.33
1 33

0.69
0.89
1.59
3.37
7.40

16.20
35,19
76.12

164.4
354.5
763.9

0 ~ 14
0.20
0.27
0.35
0.41
0.44
0.44
0.44
0.44
0.44
0.44

B. Oscillator strength

Using the variational wave functions which we
have obtained, we have calculated the oscillator
strength for the transition 2pp 3d, y as a function
of the electric field. 'When atomic units are used,
the oscillator strength for a traosition between
states i and j produced by an electromagnetic wave
with electric vector in the z direction takes the
form

4IIi IP.II &I'
lj Eg & ''i & (18)

where p is the e component of the electron mo-
mentum. We shall consider the radiation incident
normally on the oxide-semiconductor interface so

05-
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FIG. 2. OscQlator strength vs electric field for the
2Pp 3'+ g transition.

h

effective Bohr radii in the plane of the oxide-
semiconductor interface. The effective Bohr radii
are inversely proportional to the variational para-
meters c, and c, and decrease by factors of over
4 and 2 in going from zero field to very high fields
for the 2p, and, Sd» states, respectively.

that the electric vector is parallel to the surface.
We take e = x. The required momentum matrix

element is found to be

32 a2a2 (y3ys)1/2
(8d~zlPxl2PO& =

~8 (a + )3 (y +y )3' (17)

The results for the oscillator strength are plotted
as a function of electric field in Fig. 2. We see
that the oscillator strength initially increases
with increasing electric field, reaches a maxi-
mum, and then gradually decreases.

IV. DISCUSSION

In our previous paper' on this subject, we em-
ployed the variational trial functions of Karpushin'
and Bell et cl.' to investigate the effect of an
electric field normal to the SiO, -Si interface.
These trial functions do not have the form speci-
fied by Eq. (8) and do not give the correct limiting
values for the binding energies at high fields—
namely, 4.0$* for the 2pp state and 0.4448* for
the 3d„states. The trial functions used in the
present paper, on the other hand, give the correct
limiting values of the binding energies.

These limiting values are the binding energies
of the appropriate states of a two-dimensional
hydrogenHke atoin. It should be noted that the
two-dimensional value is closely approached for
the 2Pp state only @t very high electric fields in
the 10 -10' -esu range. Such fields are in fact
not realizable in the SiO, -Si system since the en-
ergy barrier between the SiO, and Si is only -3 eV.
Physically achievable fields may reach as high as
10' esu (Sx 10' V/cm), where the 2p, state binding
energy is intermediate between the two-dimension-
al and three-dimensional limits. Thus, the use of
the two-dimensional binding energy in discussing
the properties of inversion layers may be some-.
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what misleading. Furthermore, some of the theo-
retical assumptions made are untenable at the
very high electric fields.

The calculations reported in this paper are
based on a number of simplifying assumptions.
We have already alluded to our use of an infinite
potential barrier at the SiO, -Si interface. It
would be desirable, particularly at the higher el-
ectric fields, to use a finite barrier of -3 eV. One
would then have to allow penetration of the elec-
tron into the oxide. In the present work we have
assumed that the impurity ion is located exactly
at the interface. In an experimental situation,
however, the impurity will, in general, be situ-
ated at some finite distance from the interface.

- This possibility is taken into account in th'e Stern-
Howard formalism and is currently being inves-
tigated by detailed calculations. Another point
which should be raised is that the interface is not
a mathematical plane, but in fact is a somewhat

O

diffuse entity extending over a region of 5 —10 A."
This might be taken into account by using a posi-
tion-dependent dielectric constant which varies
smoothly from the value for silicon to that for
SiO, across the transition region. Another as-
sumption which we have made is to ignore the pre-
sence of the constant energy ellipsoids whose
major axes are parallel to the interface. Taking
into account these ellipsoids would lead to addi-
tional higher-lying bound states and some modi-
fication of the bound states already considered
due to intervalley coupling. We have also assumed
that the electric field due to the inversion layer
is a constant, whereas, in reality, this is not so.
Nevertheless, the work of Stern and Howard' in-
dicates that the variation of the electric field over
the dimension of a bound state is rather small.
Finally, we note that our use of the effective-
mass approximation may lead to some error, par-
ticularly at the higher electric fields where the
bound-state wave functions are compressed very
close to the interface.

Let us now compare our theoretical results with

the experimental results of Hartstein and Fowler'
who have measured the conductivity of n-channel
silicon metal-oxide- semiconductor field-effect
transistor (MOSFET) devices in which Na' ions
were diffused through the oxide to the oxide-semi-
conductor interface. Over a certain temperature
range, the peak conductivity can be described by
an activation energy which Harstein and Fowler
identify as the binding energy of an impurity band.
This binding energy for the case of a narrow im-
purity band should be identifiable with the binding
energy of an isolated impurity that we have con-
sidered in the present paper. By varying the sub-
strate bias Hartstein and Fowler were able to
vary the electric field in the inversion layer and
thus were able to study the activation energy as a
function of electric field. They found that in a
sample with 5x10" cm ' oxide charge density the
activation energy varied from 18 meV at zero
substrate bias to 25 meV at -15-V substrate bias.
The corresponding electric fields are estimated
to be 19.9 and 60.4 esu, respectively. From Fig.
1, we see that our calculated binding energies for
the 2PO ground state at these two electric fields
are 0.50(R* and 0.60{R*, respectively, or 21 and
25 meV, respectively. Thus, our theoretical
results agree rather well with experiment.

In fact, the good agreement with experiment is
probably fortuitous because of the many approxi-
mations we have made. For example, the im-
purity ions are not exactly at the interface, and
the interface itself is not a geometrical plane as
we have assumed. We have neglected whatever
screening and impurity banding are present in the
experimental situation. Also, at the relatively
low electric fields in the experiments, our varia-
tional wave function can probably be improved.
All of these aspects are now being investigated.
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