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We present a phenomenological approach to the nonlinear interaction between acoustic waves and

microwave electric fields in piezoelectric semiconductors. This paper is concerned specifically with the co-2'
three-wave parametric process in which the interaction of a pump {radiation) field at frequency 2' with an

acoustic wave at frequency co generates a backward-traveling acoustic wave at frequency co. The
threshold microwave field that is required for acoustic gain is found to be higher in the presence of charge
carriers than in their absence. With the application of a dc electric field, however, the sound waves can be

amplified at relatively low microwave-field strengths. In fact, under certain conditions a threshold field is not
required. The nature of the amplification process, however, is found to be dependent upon the polarization of
the microwave field and, in particular, it is sensitive to the nonlinear contributions to the current density.

Furthermore, we find that in a low-mobility semiconductor, amplification can also occur when the linear

electronic gain exceeds the lattice loss.

I. INTRODUCTION

Several experiments have been performed in re-
cent years that have been concerned with the non-
linear interaction between microwave electric
fields and sound waves in crystals. ' ' In a typical
experiment, a crystal placed in a microwave cavity
is subjected at t= 0 to a pulsed microwave electric
field of frequency ~ that is essentially uniform
over the dimensions of the crystal. As a result,
a sound wave of frequency co and wave vector q is
generated within the crystal volume. At I;= 7, a,

second pulse of frequency 2~ is applied. The non-
linear interaction between the forward-traveling
acoustic wave generated by the first pulse and
the microwave electric field constituting the sec-
ond pulse (sometimes referred to as the pump) re-
sults in the generation of a backward-traveling
acoustic wave of frequency (d and wave vector
-q and in the possible amplification of the forward-
traveling wave. The backward-traveling wave,
which is commonly referred to as a phonon echo,
is detected at t= 27. In quantum-mechanical terms,
the interaction is that of the conversion of a pho-
ton into two oppositely traveling phonons in the
presence of a phonon population (stimulated emis-
sion of phonons). ' A variation of the above experi-
ment involves applying the two pulses at the same
frequency. Experiments consisting of a single
pulse or of a sequence of three pulses have also
been studied and yield interesting results. These
experiments have shown that the echoes can be
generated either parametrically, where the cou-
pling of the fields arises via the parameters of the
solid, or by exciting a static, space-charge holo-
gram.

The study of such interactions is of importance
for a number of reasons. ' ' By observing the de-
crease in the amplitude of the echo in a two-pulse
experiment as the time v between pulses is in-
creased, one can obtain information about the in-
elastic scattering of phonons from crystal impuri-
ties and thermal phonons. Furthermore, the three-
pulse experiments can give information about in-
elastic scattering processes in a crystal and it has
been suggested that such experiments should be es-
pecially useful at low temperatures, where ultra-
sonic attenuation experiments are ineffective. Fi-
nally, the phenomenon can be of importance for the
generation and amplification of acoustic waves
and for the processing of signals in engineering
applications (e.g. , delay lines and the convolution
or correlation of signals).

The theoretical work up to the present time has
been concerned primarily with a description of the
interaction in insulators, although Shiren has dis-
cussed the acoustically induced charge transfer
process. ' The purpose of this paper is to provide
a treatment of the parametric process in piezo-
electric semiconductors. We shall consider in
particular the &-2& three-wave interaction de-
scribed above. With the aid of a specific solution
to a set of coupled-mode equations, the condition
for net amplification of the forward-traveling
acoustic wave and overall growth of the echo
wave with time is determined. This condition
specifies that acoustic gain is possible only above
a certain value of the microwave field, which we
refer to as the threshold field. We find that in the .

absence of a dc electric field, the effect of the lin-
ear and nonlinear conductivities is to increase
slightly the value of the threshold microwave field
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over its value in the absence of carriers. With
the application of a dc electric field, however, the
sound waves can be amplified at relatively low
microwave field strengths and, in some cases, a
threshold field is not required at all. For this
latter situation, the microwave fieldis needed only
to couple the forward- and backward-traveling
acoustic waves. Thus, under certain conditions,
the presence of both the dc field and the micro-
wave field will tend to enhance the growth of the
waves. The interesting feature of our solutions is
that the oppositely traveling acoustic waves sat-
isfy the same amplification condition; that is, the
asymmetry introduced by the dc field is not pres-
ent in the gain coefficient. It is found, however,
that the gain coefficient is dependent upon the po-
larization of the microwave field.
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where ( ) denotes taking the symmetric part of
the tensor. Expressions (2.2a) and (2.2b) then
yield

We shall assume that the coefficients have the fol-
lowing symmetry properties:

II. THEORY
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The stress tensor T,, and the electric induction D
can be obtained from the free energy by means of
the following expressions'.

E 1
T,~

= +—(E)D~+ E~D))
]f 7T

(2.2a)

and

A necessary condition for the observation of the
phonon echo phenomenon is the existence of non-
linearities in the medium. We shall assume that
the nonlinear interactions that occur among the
sound waves and the electric fields in the solid
arise from the anharmonicities in the interatomic
forces. The anharmonic terms serve to couple
the microwave field to the acoustical waves. Our
approach will be classical and phenomenological.
The crystal will be considered as a continuous
medium, which places a restriction on the ultra-
sonic frequencies that can be treated. Specifically,
the, phonon wavelength is required to be much
greater than a lattice spacing. We shall work in
terms of the free energy E which we expand as a
function of the electric field E and the strain ten-
sor S,.&

up to terms of the third order in the product
of these quantities

1
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and where we have taken E,.&= -4me,
&

and a,.= 0= b,, ,
since we are not interested in materials that are
polarized or stressed in the absence of the fields
and strains. The quantities eI&, PI», and C„',»,
represent, respectively, the effective dielectric,
piezoelectric, and elastic constants of the crystal.
It is seen, therefore, thai in the presence of a
sound wave and an electric field the equilibrium
properties of the solid are modified; in other
words, the crystal parameters are modulated by
the disturbances. From the above expressions we
can say something about the physical significance
of the nonlinear coefficients. The terms in D, in-
volving d,.», h,»„and y,.», represent contribu-
tions to the nonlinear polarization, while the ten-
sors A. ,», n and y, », represent the higher-order
contributions to the elastic constants of the crys-
tal. At optical frequencies, the coefficients d,»
are related to the quantities describing the elec-
tro-optical or nonlinear optical effects, while the
coefficients h,», correspond to the quantities de-
scribing the photoelastic (elasto-optical) or elec-
trostrictive effects. The piezo-optical coefficients
can also be related to the h,», .

The nonlinear interaction between a microwave,
electric field and an acoustic wave in a piezo-
electric semiconductor can be described theoret-
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ically by Maxwell's equations, the equation of mo-
tion of an elastic continuum, an expression for the
induced electronic current density J, and expres-
sions (2.4) and (2.5) for the electric induction D
and the stress tensor T,&

(we are assuming that
the material is nonmagnetic so that there is no net
magnetization; that is, H=B). In particular, we.
must satisfy the equations

18H 18D 4g»
V XE= ———,V XH= —— +—J,c &t ' c &t c (2 "t)

V' H = 0, V D = -4ve(n -n,),
and

8$; 8T;y (2.8)

where n is the electron density, n, is the equilib-
rium carrier density, p is the density of the ma-
terial, and $ is the lattice displacement vector.
In addition, there is the equation of continuity

&nV' J -e —=0
&t

(2.9)

which derives from Mmvvell's equations.
For the induced electronic current density, we

take a phenomenological approach which assumes
a local relationship between the electronic current
and the fields and gradients

J=nepE+ eDVn, (2.10)

where p, is the mobility and D is the diffusion con-,
stant, which is related to p, by the Einstein rela-
tion D=(pKBT/e), where T is the temperature.
This assumption is valid for low-mobility semi-
conductors where the electron mean free path is
much less than a phonon wavelength (ql «1). This
condition implies that an electron undergoes many
collisions over the distance of an acoustic wave-
length, so that j.ts motion under the influence of
the external field is averaged out.

For the purposes of this paper, we shall concen-
trate on the description of a two-pulse experiment.
We note that because of the nature of this type of
experiment, the forward-traveling waves gener-
ated by the second pulse will not in any way con-
tribute to the interaction that results in the forma-
tion of the echo. It is the nonlinear interaction be-
tween the microwave electric field and the fields
induced by the first pulse which gives rise to the
echo. The electric field and lattice displacement
induced by the first pulse are represented by

E, = b,(r, t) exp[i(q r —~t)] + c.c. , (2.11a)

g, =u,(r, t) exp[i(q r —&ot)] + c.c. , (2.lib)

while the disturbances associated with the echo
wave are written

E,= h,(r, t) exp[-i(q r+ ~t)] + c.c. ,

g, = u,(r, t) exp[-i(q'r+ &ut)] + c.c. .
(2.11c)

(2.11d)

The strains S,gg and 8,&, accompanying the sound
waves can be obtained from g, and g, by means of
the relation S,&= ~(8$,/8X&+ 8$&/8X, ). The micro-
wave electric field is taken to be given by the ex-
pression

E„=B„pe ""'+c.c. , (2.11e)

j„=o,S„+2A, S„S„,,

j =cr 8 +2JI $,8

(2.13a)

(2.12b)

(2.13c)

where

(2.14a)

(2.14b)

where b„, is a constant. We have neglected the
spatial variation of this field, because it is essen-
tially uniform over the dimensions of the interac-
tion volume. Furthermore, by assuming B„p to
be a constant, we are not taking into account the
depletion of the pump field. This, however, is a
higher-order effect, which we need not consider
at the present time.

It is known from previous work that the trans-
verse electric fields induced by a sound wave in a
piezoelectric material are negligible compared to
the longitudinal electric fields. ' Therefore, as
long as the amplitude of the microwave field is
assumed to be a constant, we need only consider
Gauss's law and the equation of continuity. How-
ever, since the microwave field is a radiation
field, the full set of Maxwell's equations must be
used when the amplitude of this field is allowed to
vary.

The total electric field in the crystal is given by

E = E~+ Ee+ E@+Eac ~ (2.12)

where we have included the contribution from a dc
electric field. We can expand J and n in a similar
manner. If we take the 2 direction as the direction
of propagation, then according to the discussion in
the previous paragraph E,= ~E, and E,=BE,. We
also require the dc fieM to lie along the -z direc-
tion. If the microwave field is assumed to be po-
larized along the 2 direction, then substitution into
Eq. (2.10) and use of Eq. (2.9) gives
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A, = A„,(-(()„(d„)

&x,g/av,
(1 —v„I",+iur/u)v)(l+ vz/ v, -is)/(ov)

(2.15a)

where

4sd . 4'Fo'11- + d +Z
C

4md . 4wo,
e= + dc+1

&(d

(2.22a)

(a. aab)

(o()p/ v,)( v()/ v, )
(1 —v z/ v, +i (d/(()D)(1+ vz/v, +

ice/�(vv)

(2.15b)

In these expressions, o, = n, ep, is the dc conductiv-
ity, &„=p, Ed, is the drift velocity of the electrons,
v, is the sound velocity, and (dv = v',ID is the diffu-
sion frequency. On the other hand, the polariza-
tion E„=yz„gives

while the second-order corrections are
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From Gauss's law and the e(luation of continuity,
we can derive the equation

'+4wJ, =O. (2.18)

g(1)+ g(2) g g(i)+ g(2)
1 1 1 & e e e (2.19)

We also assume that the amplitudes of the waves
are slowly varying functions of space and time
over the distance of a wavelength and the interval
of a period; that is,

eS . 8$—«iq8, «i(dS.
88 8t

(2.20)

Making use of these relations in expressions (2.4),
(2.10), and (2.18) and taking E„=zE„, we find that
the first-order fields are given by

8")=———(p+hE ) iqu +(1 4g 1 ~Q
1

& I dc
1

(2.21a)

St"= ———(S+SS„)(-(SM,+ '), (S.S))S
e

%e shall take a perturbative approach and write
the induced electric fields as the first-order fields
plus second-order corrections due to the interac-
tions between waves

In the above expressions, we have set e= E~~, d

dzzz PE —hzzzz and p pzzz From these expres-
sions, it is seen that in the presence of the dc field
the term h, », Ed, acts as an effective piezoelectric
tensor and consequently the induced fields remain
nonvanishing even in a nonpiezoelectric material
(P= 0). It is also interesting to note that although
the first-order fields vanish in a rionpiezoelectric
material when Ed, = 0, the second-order fields need
not vanish. This strictly nonlinear effect arises
from the fact that the tensor h,», serves to couple
the microwave field to the acoustic waves.

The lattice equation of motion can be written

p," =— P,„,E,+ C„ss, ah+„„sEPa

1 1
+ —& )E E)+= E„)& &~

+&,„,a)E&Sa)+ zPsya ~S

l I
+ —S,q S,Sq + X„, „S,S„„). (2.26)

(2.26a)

Qe P K = -(Q —Q )u + Yf huou)' Bz C q 8t

(a.26b)

Making use of this expression and expressions
(2.2la), (2.21b), (2.23a) and (2.23b), we find that
the amplitudes Q, and Q, must satisfy the following
set of coupled equations:

'+ —— =(u —u )u -q b„,u8Q1 P ()0 ~Q1
0e~
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where

and

u, = (P+ hEp, ) P+ h+ —E~, Im
eC

(2.27)
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—') \+ —(h+ —)E
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iq
P
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t), = 1 — Ep, +——(P+ hEp, )
y+P 4w 1
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The interchange 1—e will give the expressions
for u„g„and 4,. We also find that the sound
waves satisfy the following dispersion relations:

1 — E +—(P+hE )
&u,
' C y+ P 4w

q2 p C ac CC

(2.30a)

In deriving the above expressions, we have as-
sumed that the dielectric tensor is diagonal and we

Czzzz y = yzzzzz-
tions show that the corrections to the wave vectors
of the forward-traveling wave and the echo wave
differ in the presence of a dc electric field. In
Sec. III, however, we shall find that the electro-
mechanical coupling constant 4wP'/eC is small
compared to unity and that Re(f/r, ) s 1.' Further-
more, for reasonable dc field strengths in non-
ferroelectric materials, it turns out that hEp, «P
and (y+ P)Ep, «C. (Preliminary calculations indi-
cate that (y+ P)Ep, can become comparable in mag-
nitude to C in certain ferroelectric materials, thus
giving rise to the situation where +-0 for finite
values of the wave vector q. We intend to examine
this possibility in greater detail in a forthcoming
paper. ). Thus to a good approximation

p)'/q'= C/p = v,', (2.31)

where vs denotes the velocity of sound in the ab-

1 — E +—(P+hE )
C y+P 4w

q p QC

x he (h+ —
) h„ae(—)

l. (2.$Db)

sence of piezoelectr ic coupling. Equations (2.26a)
and (2.26b) can now be written in the form

~~a 1 au
'n) + ( (x) cx j)ug 7}) )Pupu

8g v 8$
(2.32a)

~~a
s=(Qi —Qg)v ui . (2.33)

For t& v, both the echo and the initial sound wave
are present, and one must obtain the solution to
the coupled-mode equations (2.32a) and (2.32b).
The solutions in the two time domains are then
assumed to join continuously at t= v. The results
of this calculation are given by

u, (t}= u„exp[-v, (u, —a,)t]

x exp[ pv, (o., —n, )(t —r)]

x(cosh[ —,v, N(t -r)]
+ ' ' sinh[2v, N(t —7)]j, (2.Ma)

' = -(u, —o.,)u, + q, S„pu,*. (2.32b)
8+8 1 8+8

' 8z v, Bt

The terms involving n, in these coupled-mode
equations have been introduced in order to take
lattice losses into account. ' These lattice losses
arise from phonon-phonon interactions, that is,
from the interactions between the induced sound
waves and the thermal phonons. Such interactions
can be important at the frequencies with which we
shall concern ourselves. These losses are ex-
pected to be dependent on the frequency & of the
ultrasonic wave, but independent of the carrier
concentration. An explicit frequency dependence
for n, will be assumed at a later stage in this pa-
per.

The above expressions have been derived for the
polarization E„=M„. If we require that E„be
polarized alo~ the y direction, on the other hand,
and if we neglect the tensor character of the non-
linear coefficients, then we find that the relevant
expressions can be obtained from our previous re-
sults by setting A, and A, equal to zero and by re-
placing h+ e/2w and y+P with h and y, respective-
ly. The interesting point to note is that the non-
linear conductivity is not present for this polar-
ization.

For the phonon echo problem, the boundary con-
ditions in. the time domain are well specified,
whereas the spatial boundary conditions are more
difficult to formulate. Hence, in order to keep our
discussion as simple as possible, we shall concen-
trate on the situation where the amplitudes of the
waves are only dependent on the time. For t&v,
only the sound wave generated by the first pulse
is present in the crystal; this wave is described
by the solution to the equation
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and

u,(t) = — ~ u,*,exp[-v, (ng —u, )t]2g, S~p

x exp[tv, (n, —u, )(t —r)] sinh[~v, N(t —7)],
(2.34b)

where

N= [(u, —u, )'+4', q,*IS„,I']"'. (2.34c)

From the above expressions, one finds that the
condition for net amplification of the forward-
traveling wave and overall growth of the echo wave
with time is given by

ReN
I

& 2u, -(u, + u, ) . (2.35)

where values of R&1 correspond to acoustical
gain. Numerical estimates of the magnitude of
this quantity will be presented in Sec. III. The
interesting thing to note is thai when R&1 both
the forward-traveling wave and the echo wave are
amplified. This is a consequence of the coupI. ed
nature of our solutions. It contrasts with the sit-
uation in the absence of the microwave field, where
the attenuation (amplification) of a sound wave de-
pends upon its direction of propagation in the dc
field.

The threshold microwave field
I h„,I,„satisfies

the condition
I
ReN

I
= ur. Solving for

I
h„,I,„, one

obtains

huo I
't„= g u'r(lmq, qf) '

T
- X/2

x (Imrt~q,*)'

It is evident that no threshold field is required for
(u, —u,)'& ur. Although this situation cannot arise
in the absence of a dc field, where a, = o;„we
shall find that the condition can be satisfied for
E~, 40.

III. NUMERICAL RESULTS

We shall now determine the magnitude of the gain
ratio R for various values of the frequency &, the
carrier concentration ~„and the dc electric field

Let nr= 2n,--(n, + n, ). For ur&0, the above con-
dition is immediately satisfied. We shall find in
Sec. III that such a situation can arise in a low-
mobility semiconductor such as CdS. For ur&0,
on the other hand, which is the situation for a ma-
terial like GaAs, we can define a gain ratio R

(2.36)

d= —(r„—(}'(, ) r, (3.la)

h= —(r„—1}'(, 1) }, (3.1b)

where r is the electro-optical coefficient, p is the
photoelastic coefficient, pg is the index of refrac-
tion at optical frequencies, and &„ is the dielectric
constant at microwave frequencies (the static di-
electric constant). For GaAs, some relevant pa-
rameters are

n= 3.34, a„=12, p= 6.34 glcm',

.p= 8000 em'/V sec,
m= 0.072 rnp= 6.56 x 10 g,

(3.2)

where m is the effective mass of the electrons and
p. is their mobility. From data on the electro-op-
tical and photoeleastic effects, we find that"

E~,. The calculation will be performed for the pa-
rameters characteristic of n-type GaAs and n-type
CdS. We must somehow estimate the values of the
nonlinear coefficients d, h, and y, because these
parameters have not yet been measured at micro-
wave frequencies in these materials. This can be
accomplished by following the procedure of
McMahon' and of Thompson and Quate' which
makes use of an extension of Miller's rule. Ac-
cording to this rule, it is assumed that when the
free energy is expressed as a function of the elec-
tric polarization rather than the electric field, then
the nonlinear coefficients which result are rela-
tively insensitive to changes in the frequency and
show l.ittle variation from one material to another.
As was mentioned previously, the coefficients d
and h are related to the electro-optical and photo-
elastic coefficients at optical frequencies. Fur-.
thermore, the nonlinear elastic constants for
quartz have been determined. " Hence, by using
Miller's rule, we can obtain estimates for d and h
from tabulated values of the electro-optical and
photoelastic coefficients and an estimate for y from
the data on quartz. Expressions for the linear and
nonlinear conductivity tensors can be obtained
from the results of Sec. II, while values for n, can
be estimated from the data of Palik and Bray. ' It
therefore becomes possible to estimate the magni-
tude of the gain ratio. We must stress, however,
that our treatment neglects the tensor character
of the coefficients. Therefore, our numerical re-
sults can only be taken to yield order-of-magnitude
estimates. Nevertheless, the calculation should
serve to give us some indication of the relative
importance of the various nonlinear coefficients.

Fallowing McMahon, we find that d and h are
given by the expressions
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r = 1.6 x 10 "m/V, p= 2.25 x 10 ', (3-3) TABLE g. Physical parameters for n-GaAs and n-cdS.

where the value for p corresponds to longitudinal
waves traveling with a velocity of 5.15 x 10' cm/
sec. Expressions (3.1a) and (3.lb) can now be
used to obtain

d=1.12 x10 ' cm'/esu (3.4)

(3.5)

Let us now determine a value for y. We can con-
sider expression (2.6c) as a series expansion in
the field quantities E and S. Then the expansion
coefficient y is given by

Parameter

d(cm2esu ~)

h

p(esu em 2)

P(esucm 2)

p(g cm+)
p(cm2 V ~sec ~)

v~(cm see ~)

vp (cm sec )

n-GaAs
(77 K)

1.12 x 10-6

2.61
x'].0~

7.07 x 104
12
5.34

. 8000
0.072mp
5.15 x 10&

1.80 x 10z

n-Cds
(77 K)

3.80 x 10&
1.32
6.17 x 106
1.68 x 10~

10
4.82

300
0.20mp
4.30 x 105

1.08 x 10z

8C'
y=2 (3.6)

8C'
y 2

gp Xy (3.7)

We can express this in terms of the polarization
Pas

ing these terms, we find that only the conductivity
tensors are modified by the dc electric field; that
is, the'dc field has no effect. in insula, ting GaAs or
CdS. This is to be expected in a linear theory,

where X= e„—1 is the electric susceptibility at
microwave frequencies. Using Miller's rule, we
can write

&P &P &E

in order to obtain

(3.8)

where the subscript refers to quartz. Following
Thompson and Quate, we shall take

=4N Pm,

X@=3.5.
It is then found that

y = 7.54 x 10' esu/cm'.

(3.9a)

(3.9b)

(3.10)

0

CL

We also need an estimate of the piezoelectric co-
efficient P. We shall assume that the electrome-
chanical coupling constant has the value'

4vP'/eC=3. 7 x10 '.
Since C= pv,', this gives

p = 7.07 x 10' esu/cm'. (3.12)
10

l i l I i I I I i i t l

10 10 10
E (v/cm)

The relevant parameters have been listed in
Table I, where we have also included the param-
eters for CdS. We see that for reasonable dc field
strengths

(4vd/e)E„, «1, hE, «p, (y+ p)E, «C,
which greatly simplifies the problem. By neglect-

FIG. l. Gain ratio 8 shown as a function of the mic-
rowave electric field @zp for various values of the dc
electric field and for v=1 x109 rad/sec and n=1 x10 3

cm . The parameters are those characteristic of n-
type GaAs. For this figure, the microwave field is
polarized along the direction of propagation of the
acoustic waves: Ez=g 8&.
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y + i((u, /a)+ (u/(o~)

y +i&a/&ov
(3.14)

where the dc field affects the motion of the elec-
trons and therefore the conductivity. In a nonlin-
ear theory, however, the dc field can be coupled
to the acoustic waves even in the absence of car-
riers, thereby modifying the equilibrium proper-
ties of the solid. The question naturally arises,
therefore, as to whether there are materials for
which the above-mentioned nonlinear terms are
not negligible. The expressions given above for d,
h, and y indicate that such a situation should exist
in materials with large static dielectric constants,
such as ferroelectrics, and preliminary calcula-
tions using the parameters characteristic of
BaTiO, have verified this. In insulating BaTio„
for example, the electric field dependence of the
dielectric constant can be appreciable. Additional
complications arise in such materials, however,
and consequently we shall deal with them in a
forthcoming paper.

By making the above approximations, we find
that I', can be written

where &o, =4m', /e is the dielectric relaxation fre-
quency and y =1 v~/v, . It follows that one can
write

-(2mP'/eC)((o, / v, )y
y + ((u,/(o+ &u/(oD)

(3.15)

In the linear theory, the electric field dependence
of the sign of 0., leads to the possibility of chang-
ing an acoustic loss into an acoustic gain. The
expressions for Z', and o, are obtained by replac-
ing y with y, = 1+ v~/ v,. For future reference, we

note that the maximum of a, with respect to y oc-
curs at a value of y„= -(&o,/&u+ u&/&uv), while the
frequency of maximum gain is given by +„
=(~ + )'~' We also note that for GaAs, +,=1.21
X10 go~ while for CdS, ~,= 5.43 x $0" no.

The calculations were performed for carrier
concentrations in the range of 10"-10"cm '. If
one makes a rough. estimate of the electronic mean
free path in GaAs at a temperature of V7 K, it is
found that l-6 x LO~ cm. This restricts our cal-
culations to frequencies ~ in the range of values
&7 &10"sec '. Values of 0., can be obtained from

C)
C)

C)

IX
IO

P4
O

tY

sec-'

0 = I x IO cm
I4

I x IO sec9

l6
I x I'0 cm

I

P I I I I I I I I I I I

1Q 10 10 1Q

E (V/cm)

1

I I I I I I I I I I I I

10 '10 10 10'

E„(V/crn)

FIG. 2. Gain ratio R shown as a function of the mic-
rowave electric field 8@0 inn-type Gahs for various
values of. the dc electric field and for co=1 x109 rad/sec,
n=l x10 cm 3, and Eg=s ~jg.

FIG. 3. Gain ratio R shown as a function of the mic-
rowave electric field 8@0 in n-type GaAs for various
values of the dc electric field and for co~1x 109 rad/sec,
g = 1 x 1016 cm" 3, and E~=8E~.
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the paper by Palik and Bray. ' For longitudinal
waves at a frequency ~ of 10' sec ', one finds
from their data that u, = 8.0 cm '. Their data also
suggests a variation of a, with frequency given by

u, - (d". We shall assume that this relation is
valid over the frequency range with which we are
concerned. Expression (2.36} can then be used to
compute the value of the gain ratio R.

In Figs. 1-6, we have plotted the gain ratio R as
a function of the microwave electric field 8» in
GaAs for various values of the dc electric field,
the frequency and the carrier concentration. Here
E„ is polarized in the ~ direction. These graphs
illustrate a number of interesting points. For low
values of 8„„the value of R is essentially inde-
pendent of the magnitude of S„„while for large
values of 8„„the dependence of R on 8„,ap-
proaches that found in the absence of the dc field
(a linear dependence), In the absence of the dc
field, amplification can only occur for very large
values of the microwave field. In fact, the thresh-
old field in this case does not differ greatly from
its value in the absence of charge carriers, where

TABLE II. Values of l q l /o.', for iusulatmg GaAs.

v (rad sec-~)

1 x109
5 x 109
1x1p"
5 x 10~0

1 x 10~~

5 x 10ii
1 x10"

4.57 x 10-5

2.81 x 10-5

2.28 x 10 ~

1.41 x 10+
1.14 x 10-5

7.07 x 10+
5.73 x 10-'

R is directly proportional to 8„,. To be more
specific, for the insulating material we have R
= lych„, I/u„where ri= i}~=q, . Typical values of
the quantity lri I/o. , are listed in Table II. The ap-
plication of the dc electric field, however, greatly
alters the characteristics of the problem. In this
case, it is evident that acoustic gain can occur
at relatively low microwave fieM strengths and
that there are certain combinations of ~, no, and

C)O —Y' =-5 O :y-=

0 'O
V =-l5

0 'O
I—

IX

fV

O
C4

O

P)
1O

se c

cm~

O
sec

Cm

I I I I I I I I I I I I

10 - 10 10 10
E (V!cm)

1O
I I I I I I I t I I I l

10 10 10 10
E (V!cm)

FIG. 4. Gain ratio R shown as a function of the mic-
rowave electric field 8&(} in n-type GaAs for various
values of the dc electric field and for co=1 xlp' rad/
sec, n=l x10 cm, and E&=zP&.i3 -3

FIG. 5. Gain ratio R shown as a function of the micro-
wave electric field 8@0 in n-type GaAs for various values
of the dc electric field and for co=1xlp rad/sec, n=1
xlp cm, and Ez=g&&.
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I I i I l
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E (V/cm)

I
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FIG. 6. Gain ratio R shown as a function of the micro-
wave electric field Sz() in n-type GaAs for various values
of the dc electric field and for a&=1 &&10' rad/sec, n
=1 X10 cm, and Ez=2Ez.

FIG. 7. Gain ratio R shown as a function of the mic-
rowave electric field $~0 in n-type GaAs for various
values of the dc electric field and for ar =1 X109 rad/
sec ands=1 &&10' cm . For this figure, the micro-
wave field is polarized transverse to the direction of
propagation of the acoustic waves: Ez=yE~.

y for which no threshold field is required. This
suggests that the presence of both the dc field and
the microwave field can enhance the amplification
of the waves. Under certain conditions, however,
the amplification can be suppressed; that is, the
value of R decreases with increasing 8„p. Our
calculations for the polarization E„=yE„, shown
in Figs. 7-9, indicate that this behavior results
from the nonlinear conductivity. This can be seen
analytically as follows. The minimum of R with
respect to 8„p can be shown to depend on the sign
of Re(7i, q*, }. For Re(q, i)~) &0, the minimum occurs
at I h» I

= 0, while for Re(q, q,*)&0, it occurs at the
value of I'S„pl given by

i h„, i' -(u, —u, )'Re(q, q,*)/2iq, q, ['. (3.16)

Substitution of the above value for
~
h„,

~

into N'

yields

(3.1'I)

For GaAs, it turns out that g, = —g,*. Thus, the
condition Re(ii, ii,*)&0 implies that Re(g,') & 0 or

lReg, I & I Imp, l, a relation which cannot be satis-
fied when the nonlinear conductivity vanishes.
There exists, therefore, an interplay between the
contributions from the linear and nonlinear cur-
rents and the effect of the microwave field is,
under certain conditions, to bring about a reduction
in the nonlinear amplification of the acoustic
wave.

It is of interest to consider what determines the
value of y for which a threshold field is no longer
required. For low values of S„p, the magnitude of
R is essentially determined by the value of u, —o,
When (o.', —o.',)'& &sr, athreshold field is not required.
We have mentioned above that 0., and n, are in-
creasing functions of ~ up to the frequency of max-
imum gain &u„= (&u, co~}'~' and increasing functions
of y up to the value y„= -(~,/u&+ ~/+o). It follows
that for frequencies in the range w& +„, the value
of y requiredtosatisfythe cnoitdio (nn, —o,',)' & a'r
decreases as & is increased. For frequencies in
the range co&~„, a, and n, decrease in value as
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FIG. 8. Gain ratio R shown as a function of the mic-
rowave electric field @&0 inn-type Gahs for various
values of the dc electric fieM and for co=1 X10 rad/
sec, n=1&&10'4 cm 3, and Ez=yE~.

FIG. 9. Gain ratio R shown as a function of the mic-
rowave electric field Szo in n-type GaAs for various
values of the dc electric field and for co= 1 X109 rad/sec,
n=l &&10' cm 3, and E&=yE&.

~ increases; thus for large frequencies, it will
not be possible to satisfy the condition for zero
threshold field. We also note that for a fixed fre-
quency and carrier concentration the value of R
increases as a function of y up to the value of y„
= -(&u,/&u+ u&/&uD). Figures 1-6 verify these re-
sults.

In CdS, we find that the lower value of the mo-
bility gives rise to the possibil. ity of having the
linear electronic gain exceed the lattice loss; that
is ~~&0. This leads to an additional mechanism
for amplifying the waves. Once again, increasing
the microwave field strength can enhance the pro-
cess.

As a final note, let us consider the effect of the
dc field on the amplitude of the echo wave. For
E„=O, we have lq, h„JR*I= lpga, I'~'=1, which
is independent of the microwave field. For E~, WO,

on the otherhand, we find that Iq, S„JN" I is small
compared to unity for low microwave field
strengths and approaches unity for increasing val-
ues of the microwave field. Let us restrict our at-
tention to low values of $„0, in which case the

acoustic waves are attenuated in the absence of
the dc field. For this situation, it is evident that
the effect of the dc field is to suppress the gen-
eration of the echo wave during its initial period
of growth. As we have seen, however, the expo-
nential growth of the wave can be enhanced in the
presence of the dc field and thus the wave grows
rapidly with time. The initial suppression of the
wave is therefore negligible compared to the am-
plification which occurs with increasing t.

IV. CONCLUSION

The results of our calculations indicate. that there
can be a significant enhancement of the phonon
echo process in the presence of a dc electric field
in semiconductors. In particular, the calculations
suggest that amplification of the forward-traveling
wave and generation of the echo wave can be at-
tained at much lower microwave field strengths in
the presence of a dc field than in its absence. In
those cases where a threshold field is not re-
quired, the microwave field is needed only to

1
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couple the acoustic waves. Our calculations
have also shown that the effect of increasing the
microwave field strength is either to enhance fur-
ther the amplification of the waves, or to suppress
this amplification. The latter situation has been
attributed to the nonlinear currents. Thus, the
nature of the amplification process is dependent
upon the nonlinear contributions to the current
density.

A more complete treatment of this problem
would require a discussion of how the amplitude
of the microwave field varies as a result of the
interaction. As was mentioned in the text, a de-
scription of this effect must make use of the full
set of Mmwell's equations. It is evident, how-
ever, that the lowest-order correction to the
microwave field would be proportional to the pro-
duct of the amplitudes Qy and u„and it is there-
fore a higher-order effect. %e intend to discuss
this aspect of the problem at a later date, along
with a theoretical description of the phonon echo
process in ferroelectrics, where many of the
terms that were neglected in this paper cannot be
ignored. It is also evident that in this paper w' e
have considered the situation in which the wave
vectors are perfectly phase matched. If, however,

the eave vector of the photon is included in our
analysis, then we may also have to consider the
effects of dispersion. Finally, it may be interest-
ing to extend the analysis to high mobility semi-
conductors such a n-InSb, where the electron mean
free path is much greater than an acoustic wave-
length (ql» i). In this case, the conductivities
would have to be derived using a quantum Liouville
equation approach.

It was brought to the attention of the authors
after this paper was submitted for publication that
some of the results presented in this paper were
anticipated by R. B. Thompson" in an unpublished
portion of his Ph. D. thesis, Stanford University,
1971.
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