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We study random magnetic systems emphasizing the concept of gauge invariance and gauge-invariant

disorder (frustration) introduced by Toulouse and Anderson. We formulate our models in a gauge-invariant

manner and introduce gauge-invariant correlation functions to isolate the effects of gauge-invariant disorder.

Specifically, we study the Ising and X-Y models in two and three dimensions in a frozen distribution of
frustrations. Using duality transformations, we obtain expressions for the energetics of frustrations and their

effect on correlations. We study simple configurations of frustrations quantitatively. In addition we

reformulate the quenching procedure in terms of frustrations.

I. INTRODUCTION

Consider a system of spins interacting with each
other through random ferromagnetic and antifer-
romagnetic bonds. One might think naively that
all the possible bond configurations are important
in determining its thermodynamic properties.
However, it is well known that there is a class of
configurations (known as Mattis models') for which
the randomness is trivial since it can be eliminat-
ed by a suitable redefinition of the spin variables.
This situation led Anderson and Toulouse to the
idea of relevant and irrelevant disorder. Ander-
son' advanced the concept of frustration as a mea-
sure of relevant disorder and Toulouse' realized
the existence of a local (gauge) symmetry of ran-
dom magnetic systems at the microscopic level. 4

Once the existence of a local symmetry is recog-
nized it becomes apparent that there are certain
configurations of bonds which cannot be trans-
formed into that of a pure system by any redefini-
tion of the spin and bond va. riables (gauge trans-
formation). We say these configurations have
frus tration.

The idea of frustration is that competing inter-
actions in a random system can lead to configura-
tions where not all the bond interactions can be
simultaneously satisfied. In this situation, the
ground-state energy is always larger than in the
"pure" system and the state is highly degenerate,

The purpose of this paper is to present a sys-
tematic study of gauge symmetries in random
magnetic systems and its consequences. Using
duality transformations we obtain expressions for
the energetics of frustrations and their effect on
correlations. In order to filter out relevant from

irrelevant disorder, we make extensive use of the
concept of gauge invariance. In fact, many of our
ideas have been borrowed from lattice-gauge-theo-
ry studies. '

In Sec. II, we show that the partition function of
a magnet in a frozen configuration of bonds is
gauge invariant. Then we conclude that only frus-
trations can change the nature of the phase trans i-
tions allowed for the system. In addition, we con-
struct gauge-invariant spin-spin correlation func-
tions which provide a measure of the effect of the
relevant disorder. These correlation functions
are defined along a path connecting the correlated
spins and are path dependent. In fact, gauge-in-
variant correlation functions along two different
paths differ by the total amount of frustrations
they encircle. ' This path dependence is also
closely related wi'th the "fermionic" character of
order and disorder variables, as discussed by
Kadanoff and Ceva. ' At the end of Sec. I, we dis-
cuss the problem of quenching the frustrations,
i.e., the averaging of the thermodynamic quantities
over different configurations of bonds according
with some probability weighting factors. It turns
out that, when averaging gauge-invariant quanti-
ties, frustrations behave as if they were an inter-
acting system in thermal equilibrium with each
other at an effective temperature. The classical
interaction Hamiltonian can be calculated and
turns out to be temperature dependent. The rest
of the paper is devoted to the analysis of both the
frustration network and the nature of their inter-
action in two and three dimensions. It should be
mentioned that we make no attempt to study the
possibility of a spin-glass phase in any of the sys-
tems discussed below.
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Section III deals with the random two-dimension-
al Ising model. By performing duality transforma-
tions, we derive a relationship between the energy
associated with a frozen distribution of N frustra-
tions and the N-point correlation function of the
spins in the dual lattice. This result is analogous
to results of Ref. V. We then use this relation to
calculate explicitly the temperature dependence of
the energy associated with having a single frustra-
tion and a pair of frustrated plaquettes in a sea of
unfrustrated plaquettes. It turns out that single
frustrations cannot exist at low temperatutes but
it is easy to create them in the paramagnetic re-
gime. For the case of a frustration pair, we show
that at low temperature their energy increases
linearly with their separation, with a temperature-
dependent coefficient that measures the line ten-
sion associated with the string that joins them.
This confinement picture is lost at the critical
temperature, where "melting" of the string leads
to a finite energy for single frustrations. Above
T„we show that this interaction is effectively
screened by the rapid fluctuations of the spins of
the lattice. Using again duality transformations,
we compute the decrease in the effective magneti-
zation of a trivially disordered Ising system
brought about by the presence of frustrations.

In Sec. IV, we study the three-dimensional Ising
model in a frozen configuration of bonds. Here
frustrations are never alone but instead they ar-
range themselves into networks. ' Using duality
transformations, we then calculate the energy as-
sociated with a closed tube of frustrations and
show that, at low temperatures, it is proportional
to the area spanned by the tube, whereas in 'the

paramagnetic phase, it becomes proportional to
the length of such a tube. For interacting tubes,
at low temperatures the tubes interact with each
other through a linear potential at short distances
which saturates at large separations.

Sections V and VI deal with the X-F model in
two and three dimensions, respectively. In the
two-dimensional case, frustrations turn out to be
equivalent to fractional impurities (vortices) in the
two-dimensional Coulomb gas. The particular
case of half charges has been studied in detail by
Villain. ' As in the Ising case, we study the ener-

getics of frustrations and the gauge invariant cor-
relation function in both dimensionalities.

A collection of appendices provide most of the
technical manipulations we have used to derive
duality transformations of gauge-invariant correla-
tion functions.

—PH =Kg g o,A, ,o(, -

(&i)

where K is the coupling (K=P i/i) and the summa-
tion runs over nearest-neighbor sites. The vari-
ables A, &

specify the distribution of bonds and re-
side at the links (ij) of the lattice (Fig. 1). In gen-
eral, the bond variables (A;&j may be arbitrary.
However, we will only consider the case in which

&&& =+1. Thus the kind of disorder which may
take place will grow from the competition between
random ferromagnetic and antiferromagnetic in-

teractionss.

We may ask how the thermodynamic quantities
differ from one configuration of bonds to another.

Consider the Hamiltonian (2.1) and single out a
site i and all the links emerging from this site.
Let us perform the local transformation'

(2.1)

(2.2)

where (i,j) is the above-mentioned set of links
(Fig. 2).

II. LOCAL SYMMETRIES AND DISORDER

A. Disordered magnets and gauge symmetries

Let us consider the problem of describing the
behavior of a magnet in an arbitrary configuration
of bonds. At first we will discuss frozen distri-
butions of them, i.e., the bond distribution is held
fixed and not allowed to fluctuate. The problem of
quenching (i.e. , the averaging of thermodynamic
magnitudes over different distribution of bonds)
will be discussed at the end of this section.

To be more explicit, consider the case of a dis-
ordered Ising magnet in d dimensions. ' This sys-
tem consists of interacting Ising spin variables 0,
(o, =+1) residing at the sites (i} of the lattice. The
classical Hamiltonian is

X

FIG. 1. Location of the
degrees of freedom of the
spin-glass system. Here the
dark dots represent the spin
(site) variables 0, and the
crosses represent the link
(gauge) variables A.

+ '; +

FIG. 2. Gauge transformation. Dark circles are spins
pointing up and white circles are spins down. The signs
on the links denote the values of the link variables A.
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The Hamiltonian (2.1) is invariant under this
transformation. Moreover, it is also invariant
under the most general local transformation of
this type G({v',})which can be constructed by an
arbitrary combination of site transformations like
(2.2). G({r,})acts on the spins and bond variables
as

«PfB[{of};{Af~)l =[{~;o;&'{rfA;Jr;8, (2.3)

where 7'& =+1.' The local symmetry we have just
discussed is called a gauge symmetry, the trans-
formations G({r,})are gauge transformations and
the A variables are gauge variables. We shall see
how this symmetry can be used to get information
about order parameters, correlations, etc.

As an example, consider how the gauge symmetry
works in an annealed spin-glass. By an annealed
spin-glass we mean a system where the o's and
A's are statistical variables to be averaged over
at the same time. However, as is well known, this
is an uninteresting system. In our "gauge lan-
guage" this fact can be expressed as follows: the
partition function of the annealed spin-glass is
given by

A{A)= P exp(K, g e,A„er~
(flag) ]

(2.7)

depends on all the details of the configuration of
the gauge fields. However, consider two configur-
ations {A}and{A'), which are related through a
gauge transformation,

Z{A;.,}=g exp K, o,A,'&a~

&&J)

exp Kr 0'k7;A4y7'io
&U&

glass. In this case we will no longer consider the
gauge variables on the same footing with the spin
variables but we will first take the thermal aver-
age over o, compute all interesting magnitudes
(free energy, correlation functions, magnetization,
etc. ) in a given field of A' s, i.e., in a given distri-
bution of flipped bonds. Later on we will average
over distributions of gauge degrees of freedom ac-
cording to some prescription. At first sight, it
appears that the partition function in a given con-
figuration of A' s, i.e. ,

X„..„., = P exp x., ge, A,.,e,).
(fyg) (A, )

(2.4) exp ff, Q o',A,o,' Z{A-=„},
&iJ&

(2.6)

Suppose for the moment that we fix all the o's
to be 1. It is easy to see that there is no loss of
generality involved in such a choice. In fact, for
an arbitrary configuration of 0's and A' s
[{o,};{A.,j], we can always find a gauge transfor-
mation which maps this configuration to one anoth-
er for which all 0'; =1. In particular, if we choose
for the gauge transformation defined in (2.3} v'& =o&l,

we get

Since the Hamiltonian (2.1) is gauge invariant,
both configurations have the same energy and
therefore give the same contribution to Z. Thus

P exP Xrg rr,.A,.rrrr)
(a~ ) (A~y) & g g&

=2" Q exp K, P A, ~ ~, (2.6}
(g ~) &gyp )

where N is the number of sites and 2N is the num-
ber of independent gauge transformations. How-

ever, (2.6) is just the partition function of a sys-
tem of independent spins on the links interacting
with an external uniform field K, which has a triv-
ial solution.

A more interesting system is the frozen spin

where 0'& —0'&T'&.

Thus, Z{A) is invariant under gauge transforma-
tions and hence Z{A} is not a, functional of the con-
figuration {A}itself but rather on those features
of that configuration which do not change with a
gauge transformation.

B. Frustrations

W'e now turn to the problem of describing the
gauge-invariant properties of a configuration de-
grees of freedom. For the time being, we shall
restrict ourselves to systems with Ising degrees
of freedom EA, o=+1). Such variables are elements
of the Z, group. Later on, we shall discuss cor-
responding generalizations to more complex sys-
tems like the X-Y' spin-glass [a model with U(1}
symmetry ].

To begin with, note that the product of A vari-
ables around'a closed loop of links on the lattice
is invariant under a gauge transformation. In fact,
this is the most general gauge invariant quantity
that can be constructed from the A's alone. In

particular, consider the smallest possible loop,
i.e., the loop made of four links surrounding an
elementary square ("plaquette" ) of the lattice.
Since the value of the product of the A's around
each plaquette of the lattice is a characteristic of
the configuration of A' s, which is invariant under

gauge transformations, it is natural to define a
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plaquette variable 4 „-» such that

(2.9)

where i, j, 0, and / label the corners of the pla-
quette ijkl. We say that there is a frustration lo-
cated ata plaquette if 4 =-1 at this plaquette.
Since A'= 1, the product of the A's around an ar-
bitrary loop of the lattice is equal to the product
of the @'s for each plaquette enclosed by the loop.
Therefore, the value of all gauge-invariant quan-
tities are specified by the values of the plaquette
variables 4.

The plaquette variable 4 is the analog in Z,
gauge systems of the field strength or gauge cur-
vature of conventional gauge theories. When 4
=-1 at a plaquette, we say, interchangeably, that
there is a frustration, curvature, or dislocation
there. For our purpose, this means that it is im-
possible to arrange the spins so as to satisfy all
bond interactions around this plaquette (Fig. 3).

The partition function (2.7) is gauge invariant.
'Thus, it is only a function of the value of the 4
variables. This means that the partition function
(and the free energy) do not depend on the detailed
distribution of flipped bonds but only on the dis-
tribution of frustrations. Therefore, the partition
function has the property

Z(AJ = Z(A '] =—Z(C') if (A] -(A ']. . (2.1O)

Since Z(C']. is the partition function in a fixed dis-
tribution of frustrations (4;], we define the free
energy in'such distribution to be

K,F(4, I= —ln Z(C';J: (2.11)

FIG. 3. Frustrated plaquette.

In this language, we can understand the Mattis'
model (A;, = e,.e, , e; =+1) as a gauge transformation
of the pure Ising model (A, j= 1). Thus the Mattis
model is a random Ising model without frustrations
(in fact the most general one) and it has the same
(zero external field) free energy as the pure Ising
model.

As we have shown frustrations are the only type
of disorder that can modify the nature of the phase
transitions of the system. Let us give some sim-
ple examples of frustrated two-dimensional Ising
models. Consider first the case with only one
flipped bond [Fig. 4(a)]. According with definition
(2.9), the two plaquettes adjacent to the flipped

bond are frustrated. Suppose now that we want to
separate the frustrations. One possible way is to
put a dual string of flipped bonds between them,
as shown in Fig. 4(b). However, there are several
configurations with the same frustration content.
One of them is shown in Fig. 4(c). Both configura-
tioris differ by a gauge transformation. A closed
dual string of flipped bonds [e.g. , Fig. 4(d)] has no
frustrations. A gauge transformation performed
at all sites enclosed by the string transforms this
configuration into allA =1. Note that the lowest-
energy configuration for Fig. 4(d) is just an island
of flipped spins whose boundary is the dual string.
Analogously an infinite domain wall [Fig. 4(e)] has
no frustrations. In this case the ground state has
the spins on each side of the wall pointing in op-
posite directions.

Constructing a frustration at a single plaquette
[Fig. 4(f)] cannot be accomplished by flipping a
finite number of bonds near that plaquette. In fact,
it is necessary to make a dual string of flipped
bonds running from the frustration to the boundary
of the lattice.

In contrast to frustration-free configurations
[Figs. 4(d)-4(e)], where a ground state with a,ll
bonds satisfied is possible, configurations with
frustrations always have unsatisfied bonds and
hence have higher energy. For instance, in Fig.
4(b), the lowest-energy configuration has all its
spins parallel. The difference in energy between
that state and the unfrustrated situation is propor-
tional to the length of the string. Thus, a single
frustration will have an infinite energy.

The case shown in Fig. 4(g) has some interesting
features. Even with the boundary condition that all
spins point up at infinity, there are two degenerate
ground states: the central spin up or down. This
illustrates the fact that frustrations tend to create
additional degeneracies in the ground state since
not all bonds can be satisfied simultaneously. "

C Correlation functions

We have just discussed the meaning of the free
energy in a fixed distribution of frustrations. It
is thus natural to ask the same kind of questions
about the correlation functions. We should point
an important difference between both quantities.
Suppose we are to compute the correlation function
between spins o at sites i and j. In a fixed dis-
tribution of A' s, we write

(0',.c&)~„~=X[A) ' Pa;v, . exp K, Pv, A, c) .
(ting )

(2.12)

This correlation function is not gauge invariant
since a local gauge transformation at site i (or j)
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IJ FIG. 4. (a) One flipped
bond creates two frustra-
tions. The thick lines de-
note Qipped bonds. (b) and
(c) Two separated frustra-
tions are created by a dual
string of flipped bonds be-
tween them. The broken
line is the dual string.
The strings shown in (b)
and (c) are equivalent.
(d) A closed dual string
of flipped bonds is a closed
domain wall. It does not
create frustrations. (e}
An infinite domain wall is
a dual string running from
one side of the boundary
to one another. {f) A sin-
gle frustration has an infi-
nite string of Qipped bonds.
(g) Four frustrations creat-
ed by two flipped bonds. The
orientation of the central spin
(dark dot) is the degeneracy
of the ground state.

(g)

changes the sign of this function.
We have argued that only gauge-invariant dis-

order (frustrations) can change the nature of the
phase transition, and thus we need a gauge-invar-
iant correlation function to probe this transition.
We may define a gauge-invariant analog of (o,o'z)
by inserting a "string of A' s" between (T& and o&.

Then the gauge-invariant correlation function is
given by

Consider two different paths I',(i,j) and i",(i,j)
(Fig. 6) and the corresponding correlation func-
tions (o, , o&)r and (o„o&)r . Let us define the
closed loop I' as I'=1,+1",. Then

(av )„=(vv )„([[[A =(trv ) 4)
r S

(2.l4)

where S is the region enclosed by I'.
Thus, the two correlation functions differ by a

(2.13)

where &(i,j) is a path connecting sites i and j and
OA means the product of all the A variables along
the links of the path (Fig. 5)." Clearly this cor-
relation function is gauge invariant. It depends
both on the position of the correlated spins and on
the path I' itself.

FIG. 5. Gauge-invariant
correlation function is de-
fined for two lattice sites
(i and j) and the path I';.
of links joining both sites.
There is a 0 variable at
each end and anA vari-
able at each link of the
path I']~.
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we have already shown, it is gauge invariant and
depends only on the distribution of frustrations.
The object we want to compute is (E)„,~, where
K, is the inverse spin temperature and P the prob-
ability given in (2.14). Clearly,

(E), = QP(A}E(4;,j PP(A}. (2.1V)

FIG. 6. Two different paths between sites i and j. The
correlation function for both paths differ in a factor
(-1)~, where N is the number of frustrations within the
dashed area.

Since F(4;j=F(Aj for all the configurations of
bonds (link variables), which have the same dis-
tribution of frustration (4&j, Eq. (2.1V) splits into
sums over distributions of frustrations, i.e. ,

factor of ( 1) raised to the number of frustrations
enclosed by the loop. Therefore, the difference of
the gauge-invariant correlation function along dif-
ferent path with same end point provides a mea.—
sure of the frustration content within the loop.

Consider now an arbitrary configuration of bonds
free of frustrations (pure gauge disorder). Such
a configuration is gauge related with the config-
urationA, ,- =1 for all links. Then all these config-
urations of bonds will have the same gauge invari-
ant correlation function. Certainly, gauge-nonin-
variant correlation functions will be different for
different configurations. However, those differ-
ences are not related with any change in the phase
transitions of the system. We know that both the
pure ferromagnetic (A, &

-1) and antiferromagnetic
(A,-&- —1) Ising models are frustration free. In
the ferromagnetic case, the gauge-invariant cor-
relation function reduces to the ordinary spin-spin
correlation function. In the antiferromagnetic
case, it reduces to the staggered correlation func-
tion.

D. Spin glass as a system of frustrations

P if A =1

1 —P if' =-1,
(2.15)

and assume that the total probability distribution
P(A} for configurations of bonds factorizes, i.e.,

P(Aj=]$ P(A) .
links

(2.18)

Consider now the average of a gauge-invariant
quantity, for instance, the free energy E(4,j. As

Up to this point, we have only dealt with a frozen
distribution of frustrations. Now we wish to make
some comments about the spin-glass problem,
i.e., the averaging of quantities over different dis-
tributions of bonds (quenching).

We will use the usual. bond probability weighting
factor P(A)

P(A) =-,' c{e&e"'. (2.18)

Equations (2.15}and (2.19) then give the result

(2.20)

This change of parameters allows us then to
write for the frustration-distribution probability
weighting factor

g'PQ)= (—) P'exp
(Pz gA~), {2 21)

We can now easily recognize the right-hand side
of (2.21) to be (c{/2)» times the partition function
(2.7) written in the gauge o; =1 for all sites.

From Eqs. (2.11), (2.18), and (2.21), we get

(F)r,8
= Q exP —(PyE(4 {,P~j)E(4;, k,j

{c;)

P exp(- P&E(4, ,Pf}} (2.22)

This equation is valid not only for the free ener-
gy but for all the gauge invariant quantities.

Therefore, when averaging thermodynamic quan-
tities frustrations behave as if they were in ther-
mal equilibrium with each other and interacting
through a classical Hamiltonian (configurational
energy) given by F(4 „P&j. The temperature of
the system of frustrations is given by 1/P&. The
Hamiltonian F(4'„Pzj can be derived from the cor-
relation functions of the dual system. %e will il-
lustrate this procedure in the following sections.
We should note, however, that the Hamiltonian

(2.18)

where the sum Z'P(A} runs over all the config-
urations of bonds with the same distribution of
frustrations and therefore it weights distributions
of frustrations. Let us now define P& and o. to be
two parameters such that
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will not be, in general, a simple sum of pairwise
terms. In fact, it is a complicated configurational
energy and it will depend on the temperature of the
frustrations. Note that the quantity being aver-
aged in (2.22) is the same Hamiltonian E{C'»P&}
evaluated at the spin-glass temperature 1/Kz.
Furthermore, the normalization factor can be
easily shown to be equal to the partition function
of the annealed system.

In the spin-glass literature it is usual to find the
phase dia. gram represented by a plot of K (spin
temperature) versus P probability). " We can now

understand these diagrams in terms of frustration
temperature. At P =2, the frustrations are at in-
finite temperature (Pf =0). In this situation, the
density of frustrations is extremely high. As P
increases, the temperature of frustrations de-
creases and at P = I the frustrations are at zero
temperature. This state is the pure ferromagnet;
(P = 1) and there are no frustrations here. All the
models which are connected through gauge trans-
formations with the pure ferromagnet are also at
zero-frustration temperature. The situation is
symmetric around the point P = & .

K(s)) =. P "g sxp K Ps,A, &ss)
{ffg}

(2.7)

In Eq. (2.8) we showed that Z(A) is gauge invar-
iant, i.e., if {Aj and {A'j are two bond configura-
tions related through a gauge transformation, then
the partition function is the same for both config-
urations and so is only dependent on the distribu-
tion of frustrations (4}. Consider now the sum
Z'ZQJ restricted to all configurations which have
the same distribution of frustrations. From
(2.8)- (2.10) we can write

P'Z{AI = 2"Z{4), (3.1)

where 2" is the total number of gauge transforma-
tions (volume of the gauge group).

Therefore, the partition function can be written"

K(P)=P " Q (Ii ll(K;,K„A„Kss,—1))
(Agq } i

x P sxP K P s;K„ss), (P.P)

{flag

}

where s is the dual site at the center of the plaquette

III. TWO-DIMENSIONAL ISING SPIN GLASS

A. Model

We shall first discuss the two-dimensional (2-D)
Ising model in an arbitrary configuration of bonds.
The partition function is given by Eq. (2.'I)

ijkl. The Kronecker ~ replace the constraint in
Eq. (3.1). Up to an (infinite) constant Eq. (3.2)
takes now the form

B. Duality

The duality properties of models like Eq. (3.4)
with 4 = 1 (unfrustrated case) have been extensive-
ly discussed by Wegner" and Balian et a/. " In
this section, we will show how to extend those
methods to the frustrated case, i.e., 4& =-f. We
will follow Balian quite closely. I et us apply the
duality transformation to the model described by
the partition function (3.4) in the ease 4' = 1 (all i).
The dual partition function (for K~ finite) is given
by

Z = (—,
' coshK~ cosh'K, )"

xg sxp I P((s,.s 1)s+.H (s- 1)),
(S I } (i j~)

(3.8)

where N is the total number of lattice sites. The
dual coupling Pj' and dual external magnetic field
H* are related to the original link and plaquette
couplings through the relations

e-2~i = tanhK„e-" = tanhK, . (3.6}

The dual model is defined on the dual of the
square lattice and at each dual site i ther+ is a
dual spin s- Equation (3.5} is just the partition of
a 2-D Ising model in an external uniform mag-
netic field.

If we now let K~-, the external field H* van-
ishes. Thus, the system becomes the well-known
2-0 Ising model in zero field. Notice that Eq,

K(P,)=P- ); Pg.*p~K, g.,K,p,)&P (A3J}{g } ( &i.g )

x exp Kp 4q 4)~A~~A~, A, ]
)

(3.3)

This partition function describes an Ising model
with a frozen distribution of frustrations. In order
to simplify matters we choose the gauge a=1 (all
sites) and, in that gauge, the partition function
then reads

Z(C,.}=II g e p~K, gA„t'

(3

+K~ Q C)fA(~Aq~A~, A, )
~

.
Ht

(3.4)
In what follows we shall always write the partition
function in this form.
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(3.6) implies that low temperatures and high tem-
peratures are exchanged through a duality trans-
formation.

In the previous discussion the system was uni-
form (i.e., all the bonds were the same). How-
ever, the duality transformation holds even in the
case that the couplings K„K~, vary throughout the
lattice. In this case Eq. (3.6) becomes a local re-
lationship between dual couplings. Since in two
dimensions links are dual to links and plaquettes
are dual to sites, the coupling at each link trans-
forms into the coupling on its dual link and the
plaquette coupling transforms into a local external
field.

%e now turn our attention to the case 4 =-1 at
some plaquette which means to flip the sign of the
coupling K~ at that plaquette. 'Thus a system with
some 4& =-1 is just a system with some K~ n&g@-

tive.
From Eq. (3.6) we get the equivalency

K~ -K~ =H*-II*+-,'im. (3.7)

So that, in general, the following identity is true

e 2" '(" ""o "=tanh(K C. ).i (3.8)

exp[ —,
' in'(1 —s)] = s, s ='+I, (3 8)

combined wiN Eq. (3.8) leads us to the conclusion
that when we flip a plaquette coupling in the orig-
inal model we are bringing down a dual spin vari-
able (at the site dual to that plaquette) in the dual
system. Thus, for arbitrary 4-„. the normalized
function (3.4) (for finite K~) after a. duality trans-
formation (3.6)-(3.8) becomes

To flip the sign of a coupling is equivalent to
shift the dual coupling by —,i)T. This trick has been
exploited by Kadanoff and Ceva in their discussion
of disorder variables in the 2-D Ising model. The
identity

),-)(();I))
' 'ceps ).-)p(s-, s. -8 e-

(() ), ) l,
)i

O,-O-) /2i rY Y
si i i ij . i j i & s

i f g 8
~(, » exp@& &p(s s ~Q a*s )

1 i j i j i

(3.10)

where the a,verage is taken in the dual system. In
order to fix a distribution of frustrations we now

let K~ -~. Then from Eq. (3.10) the normalized
partition function (3.4) in a specified distribution
of frustrations turns out to be equal to the N-point
correlation function of the dual zero-field Ising
model at the tempera, ture given by P,*. Note that
the limit K~-~ is essential not only to specify the
distribution of frustrations but also to avoid the
destruction of the phase transition of the 2-D Ising
model. In summary

g s(&-oI&/2 (3.11)
Z (4 —I] ' I

K)

Since Z«, (C ]=—e «&«» I» (F is the free energy),
then (3.11) gives the cha, nge in the free energy due
to the effect of the frustrations as

exp( sc, sp»e ,») =
' 's,"' "-'),*. -(p. (p)

~x

i

C. Energetics of frustrations

Let us now discuss some specific examples. Un-
fortunately little is known about the behavior of
this general N-point correlation function. Never-
theless, some of the known general features are
important for us. In the unmagnetized phase of
the dual Ising model (i.e., high temperatures in
the dual Ising are low temperatures in the spin-
glass), the i()»'-point correlation function vanishes

identically if N is odd. Thus, frustrations come
in even numbers (neutral configurations) in the
low spin-glass temperature phase.

%e now take full advantage of all the available
information about the magnetization and the two-
point correlation function of the 2-D Ising model
in zero external field in order to study the ener-
getics of frustration systems. "

The change in the free energy of the system due
to the presence a single frustration is given by

/()F„„(,= -(1/K, )log(s) ~ = -(I/K~)logM(p&*),

(3.13)

where M(P,*) is the magnetization. Since the latter
is exactly known we obtain

-(1/8 ~K—log(1 -sinh 2KI, ), K, &K,
(high spin-glass temp. )

Si;ngle~

~

~

~

~K, &K, (low spin-glass temp. )

(3.14)

where sinh2K, =1 is the critical point of the 2-D
Ising model.

In fact, at low temperatures (spin-glass), a sin-
gle frustration is strictly forbidden since the ex-
cess free energy is infinite. At high temperatures
of the spin-glass system a single frustration costs
a finite amount of free energy (it has a finite
"mass"). The fluctuating Ising spins screen the
frustration at high temperatures.
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Let us now study the interaction energy for a
pair of frustrations in an unfrustrated sea of spins.
The change in the free energy due to two frustra-
tions can be obtained from the two-point correla-
tion function of the dual Ising model. There are
two regimes. At low spin-glass temperatures
(K, &K,) the dual system is in its disordered phase
(high temperature implies pp&K, ). The correla-
tion function decays exponentially at large dis-
tances with a correlation length $ given by

t'(0 ()= (2V 2 ( log s inh2P)
~
} ' = (2&2

I
log s inh2K~ t } ' .

(3.15)

Thus the excess free energy associated with a
frustration pair separated by a distance 8 along
the diagonal becomes (note that for Tc 7, the spin-

spin correlation function is not rotationally invar-
iant)'6

aI'(R) = -(1/K, )log(s,s„)-(R/K, g)+O(logR) .
- (3.16)

As Eq. (3.16) shows, the excess free energy
grows linearly with R and therefore the energy
necessary to separate two frustrations by an in-
finite distance is divergent. Thus, in the low

(spin-glass) temperature phase frustrations are
"confined. " One can picture the two frustrations
as held together by a "string" whose tension ~ is
given by the coefficient of the linear term in (3.16),
l.e.)

7' = 1/K t = (W2/K )
~
Iog sinh2K,

~
. (3.17)

At the critical point the correlation length di-

verges and the string tension goes to zero like
~K, -K ~. In other words, "melting" of the string
holding the frustrations together leads to a change
in the force law.

In the high (spin-glass) temperature phase "con-
finement" is lost. Here the dual system is in its
ordered phase and hence the dual spin-correlation
function approaches a constant value at infinite
distance

(s,s„)-M'(Pg)[I y (V,/R') exp(-R/2$) + ],
(3.18a)

F, = (sinh42K, /4v(l —sinh'2K, )'. (3.18c}

Therefore, the excess free energy at high (spin-
glass) temperatures is given by

~&(R) = 2~E„„„-(V,/R') exp(-R/$) .
)

(3.19)

This means that at high temperatures frustra-
tions are "free" and they interact through an at-
tractive short-ranged screened potential. The
range of the potential is just the correlation length

Note that this range is strongly temperature
dependent.

D. Correlation functions of the Ising model with frustrations

%e now wish to study the effect of frustrations
on the two-point correlation function of spins on
the original spin glass. Since we are not interest-
ed in the effect of nonserious disorder (i.e., the
disorder which is not associated with frustra-
tions), we have to study the behavior of the gauge-
invariant correlation function in the presence of
frustrations.

The gauge-invariant correlation function is given
by

CF(), ))( )) ( . . A
~) I)(4I))))~). (3.20)

The average is taken as explained in Eq. (2, 12).
C„«»(4($ is a gauge-invariant quantity. Thus all
the a~rguments made for the partition function (2.V)

which lead to the form given in (3.5) are valid in
this case.

Cr, . ,{4-,) as given by (3.20) can be rewritten

where M(PP) is the magnetization which is given by

M(P)) = (1 —sinh '2P()'~' = (1-sinh42K, )'~'.

(3.18b)

$ is the correlation length (3.15), and V, is the
constant

Z(„,~)Z(, ,)(r;(Qr( .)A, )cr)e. p(xZK&, , &&o,A, ,&-. v~, +'K-Z AAAA C'-, , )
C r «, » (@ ) = lim (3.21)

where AAAA means the product of all the link
variables around the plaquette i '.

These gauge- invariant two-point correlation
function obey a duality transformation. Through
this transformation the two-point (gauge-invariant)
correlation function in the presence of a distribu-
tion of N frustrations maps into the N-point gauge-

invariant correlation function of the dual system
in the presence of two frustrations, where the po-
sitions of frustrations and correlated spins are
interchanged. Note that the gauge-invariant dual
N-point correlation function has strings of dual
link variables a joining the dual spins pairwise.

The relation is given by



4798 FRADKIN, HUBERMAN, AND SHENKER

with a pictorial description given by Fig. 7 and (a)
C, is the frustration field of the dual system, and

-1 if i'=i, j
othe rwise.

(b) I' (i, j ) is a path of dua, l links which goes

(oq(11 r(;, )A)oq&'x,(4 )-( 1)„~ ~=~ ~ l~ r &I II I e(11"l'ts (11- &~)s- J& *8~}
(3.22)

(~i(ll«; »»o &. (4'-=I) (Il."';[s- (ilr- &- - is)s- 1& *%=I)
I

fromdualsite i to j . Theparameter n labels the
different paths. In the case when N is odd, one of
these paths runs to the boundary; (c) Again re-
member that e '~*=tanhA, (d) In the factor(-1)",
n is the total number of intersections between the
path I'&, &, and all the dual paths I'(i„, j,). The
derivation of Eq. (3.22) is given in Appendix A.

Let us now discuss the influence of frustrations
on the asymptotic behavior of the gauge-invariant
correlation function. We shall restrict ourselves
to the case of two frustrations.

X
I
I
I

L wwq

i "~
I

I

I

I

X '1

'2
I------X

8 I'

1

j I —7 I"3
l
I

I

L---X j

I

1. High-temperature behavior

The behavior at high (spin-glass) temperatures
can be most easily studied directly by means of
the high-temperature expansion.

In Eq. (3.14) we showed that one free frustration
can exist at temperatures higher than the transi-
tion temperature. Let us study the effect of one
single frustration on the behavior of the gauge-
invariant: two-point correlation function. Cons ider
the simple case of a frustration in between the
correlated spins. The string of link variables is a
straight line of links joining the spins with the
frustration adjacent to the string. To make an ex-
plicit high-temperature calculation we choose the
special flipped-bonds representation of the frus-
tration shown in Fig. 8. To the first nontrivial

JL R LINK$

JL

I 2
'3

s
IIIIII I

I

81 l

I

1 l

I
I

~a~~~ad
X

X

FIG. 7. (a) Gauge-invariant spin-spin correlation func-
tion. The correlated spins reside at sites i and j, and

F(;&~ is the path of the string of gauge variables A. The
frustrations, here denoted by crosses, are linked to-
gether by strings with paths F. (b) The dual transformed
of the situation described in Fig. 7,(a). Correlated spins
and frustrations exchange their roles. The 'string F in-
tersects the paths F three times: the correlation func-
tion picks up a minus sign tEq. {3.22}].

d LINKS

FIG. 8. Frustration lying between two correlated spins.
The dark links represent the flipped bonds we choose as
a representation of the frustration (cross). The broken
line is the path F of link variables.
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sem~aa~wa~m~~~XX

FIG. 9. Two nearest-neighbor frustrations pierced by
the string of link variables.

power in x=- tanhK„we get

0), A 0'~ ~ 4- 0(o~ ~

FIG. 10. Magnetization of a region between two frustra-
tions. The situation is the dual of that depicted in Fig. 9.

M(R d+ 1)x', (3.23)

where ~i -j I =R and ~f —i
~

=& measures the dis-
tance of the frustration to one of the spins. Of
course, this formula is only valid when Bx«1.
As expected, the correlation function decreases
in the presence of the frustration.

An analogous computation for two nearest-neigh-
bor frustrations lying between the two spine (Fig.
9) gives the result

0'g A 0'g ~ @- 0'~0'~ ~

x =—tanhKi.

= 1 —4d(R —d + 1)x', (3.24)

2. Low temperatures

At temperatures lower than T„ there is long-
range order and the random system is "magne-
tized. " It is interesting to see how the magnetiza-
tion is affected by the frustrations.

Consider two frustrations a distance A apart and
let us compute the (gauge-invariant) magnetization
at a point between them at a distance d from one
of the frustrations (Fig. 10). This situation is the
dual of that shown in Fig. 8 for which we obtained
the high-temperature result above.

The duality relation (3.22), together with (3.23),
allows us to write

A Kg
P(f, ~)

= (-1)[1—2d(R —8+1)(x*)'], (3.25)

x*=tanhP*=e '«~j
Once again Eg. (3.25) gives the answer to first

nontrivial order. The magnetization is locally de-
creased and the effect is nonuniform. In fact, this

decrease is largest midway between the two frus-
tration. The minus sign of Eq. (3.25) arises from
the fact that the string of A's (Fig. 10) we have
chosen crosses the string of a's in the dual case
(Fig. 8).

E. Flipped bonds, frustrations, and disorder parameters

The results we have obtained in Sec. III C can al-
so be understood in terms of an Ising model with
flipped bonds.

One possible alternative realization of an Ising
model with two frustrations is an Ising model with
a dual string of flipped bonds connecting the two
frustrated plaquettes along some path F [Fig. 4(d)].
Any path is equally good; models with different
paths differ only by a gauge transformation. Such
a configuration of flipped bonds is actually an in-
terface or domain wall, as discussed by Fisher
and Ferdinand. " Our string tension is nothing .

more than the interfacial tension of the domain
wall that appears in their work.

Kadanoff and Ceva have shown that there is a
duality transformation connecting the normalized
partition function in the presence of a dual string
of flipped bonds and the correlation function in the
dual system. This quantity, which for us is the
partition function in the presence of frustrations,
in their language is the correlation function of the
disorder variables. Thus, frustrations have a
close connection with disorder variables. ' ' In
fact, the "fermionic" character of the order and
disorder variables [i.e., the fact that one picks up
a factor of (-1) by moving disorder variables
strings through spin variables] is just the path
dependence of the gauge-invariant correlation
function, as discussed in Sec. II.
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@,',.~s =A,-,A,-nAnsA r, , (4.1)

where i,j,k, I are sites in the three-dimensional
cubic lattice which define the plaquette. Unlike
the situa, tion in two dimensions where the pla-
quettes are associated to dual sites, in three di-
mensions plaquettes are associated with dual links
(see Fig. 10). So the frustration in three dimen-
sion, has a vector character. From its definition,
it is clear that the 4 variables obey the constraint

Il"=I
faces

(4.2)

where the product is taken over all faces compos-
ing a closed surface on the lattice. [Consider, for
instance, an elementary cube of the lattice (Fig.
11). If we consider the product (4.2) on that sur-
face, it is clear theA variable at each link of that
cube occurs twice in the product. Since A'=1, Eq.
(4.2) is an identity. j

IV. THREE-DIMENSIONAL ISING SPIN GLASS

A. Frustrations in three dimensions

Vfe want to discuss now frustrations in the three-
dimensional Ising model. Frustrations will also
be introduced here in the same way as in the 2-D
case. There is anA variable at each link and a
frustration variable at each plaquette defined by

l

I ) lp

II—

I

FIG. 11. Cube and the six links dual to its faces.

From the viewpoint of the dual lattice (not the
dual model), this constraint says that there should
be an even number of dual frustrated links asso-
ciated entering each dual site. Thus, the only
allowed configurations of frustrations correspond
to closed loops of dual links on the dual lattice; a
result already pointed out by Toulouse. '

B. DuaIity

We start with a 3-D Ising model with a fixed dis-
tribution of frustrations. In analogy with Eq. (3.4),
we write for the partition function"

Z(C;,) . Z&„, & p(Z&;,K,A; Z&,»,&K A, /A, A, A,C',», )
Z(C' = If

p(-/&l, &
&K&A /+~& &»»K/ A OA//4Aa&A &l)

(4.3)

e '"&*=tanhK e '"&*=tanhK~.

Let a to be the gauge variable associated with the dual link ij (i and j are two neighboring sites in the
dual lattice). The normalized partition function (4.3) (finite K~) takes the form

(j-0- j)/2
Zf@& .3 ~{"'}(H&I I& 1 &

) exp(Kt~&I, && & I+K»~&&
& &7&&

&exp(K Z&- &a- +Kg~&----&a /--.a ~ -)
&~ j& ji T. t

(4.4)

(4.5)

+he define the excess free energy of the frustrated system in analogy with the 2-D case. It is known"'"
that the partition function (4.3), for K~ finite, and &j&,», -1 at all plaquettes, is self-dual. Link interactions
transform into plaquette interactions, and vice versa, through the duality relationship

which is equal to the correlation function

(4.5)

The proof of (4.5) is entirely analogous to the
proof of the 2-D case. Again we are interested in
the constrained situation K~- ~ and (4.4) implies
that K,*-O. Thus the averages (4.6) are taken in
the pure gauge system described by the partition
function

K„„„=P cap(K& P a;7a~ a,a„.
~

. (4.7)
(e( )J &&7 feKe&&

The Hamiltonian of (4.V) is gauge invariant [i.e. ,
it is invariant under the transformations (2.2) and
(2.3)]. Elitzur" has sliown that such local sym-
metries are never broken, i.e., the expectation
,value of any gauge-noninvariant quantity 8 is iden-
tically zero for all values of the coupling constant,
i.e.,

(4.3}
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Therefore, one may ask in which case is the
quantity in (4.6) gauge invariant. As we have al-
ready discussed in Sec. IIB only the product of a
variables around any closed loop of links is gauge
invariant. This is the way in which the constraint
discussed in (4.2) is realized in the dual system.
Note that in contrast to the 2-D situation the par-
tition function for one frustrated plaquette is zero
for all temperatures.

C. Energetics of frustrations

As discussed above, the simplest configuration
of frustrations is a closed tube of frustrated
Plaquettes (Fig. 11).

The normalized parition function of this tube is
equal to the expectation value of the product of the
a variables along the loop I' of dual links threading
the frustration tube. This expectation value is
the Wilson loop integral.

The excess free energy for this tube is given by

(4.8)

NAe, K&&K

«g g Kg PKQ
P

(4.10)

where A is the minimal area spanned by the loop
I" and L is the perimeter of that loop. K,* is the
critical coupling of the dual model and is the dual
of the critical coupling K, of the 3-D Ising model.
The coefficients n and P are temperature depen-
dent. In the original Ising model, this implies
that the excess free energy of a closed tube of
frustrations behaves like

From high- and low-temperature expansions (in
the dual model), it is known that the loop integral
has the asymptotic behavior'" "

(n/K, )A, K~&K, (low spin-glass temperatures),
,)=

(P/K, )I, K, &K, (high spin-glass temperatures),
(4.11)

Let us now look at the interaction between two
tubes of frustrations in various relative orienta-
tions.

'

Consider first two face-to-face tubes (Fig. 12).
In order to compute the excess free energy of that
configuration of frustrations at low temperatures,
it is useful to go to the dual system and consider
there the expectation value of the two dual loops
of a variables at high temperature. The leading
diagram in the high-temperature expansion of the
dual system is that one which covers the minimal
area surface spanned by the loops. This is the

(tanhK*)~ = e-2rg& (4.12)

which is the area law quoted above.
For two loops, the character. of the minimal

surface changes with the distance R between them.
The two situations are shown in Fig. 13(b) and
13(c). If d is the linear dimension of the loop, we

get, to leading order,

just dual analog of the statement made by Toulouse'
and Kirkpatrick" that the ground-state configura-
tions correspond to covering surfaces of minimum
area. For one loop, we then obtain

&Frl(R, d) = BdIt, B«d, (4.13a)

FIG. 12,. Closed tube of frustrated plaquettes. The bro-
ken line represents the loop of dual links involved in the
loop integral (3.10).

(4.13b)~r~(R, d) = 4d', A» d,
at low spin-glass temperatures (K, »K,). At high
spin-glass temperatures, the excess free energy
can be evaluated directly through the high-temp-
erature expansion in the Ising spin-glass model.
The result is to (leading order)

(4.14)n.Fr, (R,d) = 8d, K, «K, .
Equation (4.13a) shows that at low temperatures,
R «d, there is a, linear potential between the loops
whose strength is proportional to the perimeter
d of the loops, a result suggested by the 2-D re-
sults. In contrast with the 2-D case, though,
this potential saturates at a distance R -d and,
R»d, has only a weak R dependence. Thus, loops
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action favors configurations with neighboring spin
parallel to each other.

We can introduce disorder in the system by ad-
justing the interaction to favor configurations with
neighboring spins tilted by an angle (0 at each
link (ij). The form of the interaction is now

K, cos(8, —8,.—g,.~) . (5.2)

In particular «Ij,,= 7«corresponds to flipping the
sign of the interaction.

Define a link-gauge degree of freedom U, , such
thats

U, , = exp(i«tj, ~) .
Then E«I. (5.2) can be rewritten"

(5.3)

of frustrations tend to bind but they are not con-
fined. There is also an orientation effect in the
interaction between tubes. For two loops oriented
as in Fig. 13(d), the minimal surface does not
change character so there is no strong distance
dependence. In analogy with the 2-D case, at high
(spin-glass) temperatures, the R dependence is
weak for all distances.

In the 3-D case, it is also possible to compute
gauge-invariant correlation functions using duality
transformations, as we did in the 2-D case. The
proof and results are given in Appendix A.

V. 2-DX- YSPIN GLASS
/

A. Gauge symmetries in random X-Y models

Up to now, we have discussed random Ising
spin systems. We can extend our treatment to
X- Y systems for which the degrees of freedom
are fized-length two-dimensional planar rotors
S= (cos8 sin8) sitting at the sites of the lattice.

The standard nearest-neighbor ferromagnetic
coupling is usually written

Z,(S,, S,) -=fr,S,.S,=If, cos(8, —8,), (5.1)

where ij are nearest-neighbor lattice sites and Kf
is the coupling constant for this link. This inter-

FIG. 13. (a) Two face-to-face tubes frustrated plaquet-
tes here represented by the closed loop of dual-link vari-
ables threading the plaquettes together. (b) When R «d
the minimal surface spanned by the loops is the lateral
surface (shaded in the figure). (c) When R»d the mini-
mal surface is the surface spanned by each loop inde-
pendently. (d) The minimal surface spanned by two ortho-
gonal loops.

,'Z, (S,U—fy,*+. H.c.),
with S&=- e'~&

The partition function in a fixed configuration of
gauge degrees of freedom {UP is given by

(5.4)

Z«U, ,j= exp —' P(S,.U",, S,". +H. c.j), (5.5)
(s))

where f «z j means a normalized integration over
all the angles between —«« to 7«.

Define a local gauge transformation G{v,.), with

V,. = exp(iy, ), such that the spin and link degrees
of freedom transform under G{v) like

(5.6)

In compact notation

G(v) {s„U„j={vp„v,U, ,V,*.). (5.7)

e '@ ~» = U]~U»U~gU„-, (5.8)

around that plaquette.
Thus, from E«I. (5.3), the frustration angle may

be written

2 jj'4«~«(«= t/i&~, g~((+ $«, «+ «Ij««(mod 2v) . (5.9)

From the periodicity of the interaction (5.2) we

arrive at the conclusion that only fractional values
of 4 are meaningful. Note that to reverse the sign
at the link ij (i.e. , g, &= 7«, (,~=0 otherwise), is
equivalent to setting 4 „»=—,'+ ( integer) for all

Hence, each spin rotated by X& and each link
angle by the difference X,.—X&. Again the key point
is that the interaction (5.3) is invariant under the

gauge transformation (5.6}.
With the above definitions all the remarks al-

ready made in Sec. II apply to X-Y systems with
almost trivial modifications. In particular, the
partition function (5.8} is gauge invariant and we
only need the gauge-invariant features of the gauge
configuration.

Let us define a frustration angle 2p4&», at
plaquette ijkl such that
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the plaquettes which contain the reversed link as
shown by Villain. '

Thus, the random X-F model is.a frozen con-
figuration of frustrations 4,z~, derived from the
angles (0, has a Hamiltonian given by

z(e(()]= g sxp( (K,r'2) I ('„(r))
(E~(i)) (i, w)

xexp -i g („(i) l„(i)[ ~5(&p l„(i)).
(, ,)

" " )"',"

H =E, Q cos(8; —8j —g(~) .

Instead of writing Eq. (5.10) as a constrained
Hamiltonian, as we did in the Ising case, it will
prove to be more convenient to deal with a Hamil-
tonian depending explicitly on the angles )1),~.

(5.10)

0;g -=4(i) . (5.11)

A plaquette is defined by a corner (i) and two
directions [(), and v, i.e., (i, pQ. In particular, the
frustration field can be written

(5.12)

where ~~ is the finite-difference operator

&.X(i) = X(i) —X(i —e.), (5.13)

where e„ is the unit vector pointing in the p, direc-
tion. In two dimensions a plaquette (i, p v) is
uniquely associated to the dual site i at its center
and we often consider the scalar frustration 51 (i)
residing there

4(i) = Z~„„C'„„(i), (5.14)

where q„„ is the 2-D Levi-Civita tensor.
In this notation, the resemblance between the

frustration field C „„(i)and the electromagnetic
field tensor is evident [Eq. (5.12)].

Consider the partition function of the two-dimen-
sional random X-F model in an arbitrary field of
frustrations (Eq. 5.10)

z[e(i)]=f ere exp g K, see[5„s(i)- p„(i)])
(i, v)

(5.15)

Following Ref. 23, we consider the Villain ap-
proximation of (5.15), i.e.,

e~' = e~ P e p[x-(P/2)(8 - 2 1) ))]. z

Performing a Fourier expansion at each link,
we obtain a system of integer-valued variables
l„(i}residing on links. The partition function now

reads

(5.16)

8. 2-DX- Yspin glass

It is convenient to change our notation. A link
whose ends are the sites i and j can be equivalently
described by one of the sites (i) and a direction ([(().
Thus we writ~"'"

By solving the constraint

l „(i)= g „„&„n(i), (5.18)

I (i) = 0 (mod integer) .
i

This result is analogous to the vanishing of (0)
in the Ising model due to the global symmetry
a —-o. In both models fixing boundary conditions
at infinity allows symmetry breaking quantities
such as Eq. (5.20) to develop nonvanishing expec-
tation values.

By using the Poisson summation formula;" we
can write in terms of the Coulomb gas picture

(5.21)

z[i( l)]= g f see exp(2rrr P [5 (i)+ sr(r)] er(r ))
(~(f))

1x exp — P [~„y(i}]'
2K) (. )

(5.22)

The evaluation of the Gaussian path integral then
gives the result

Z[S(i)]=Z. Q exP(rrz, g [rs([)e e(i)]
(m(i)) i, )

(5.23.a}

where Z,„is a spin-wave partition function and the
summation is restricted to strictly neutral con-

we can map the (normalized) partition function
(5.1V} into a correlation function of the surface-
roughening model" whose partition function is
given by

Z„= P (sxp -(K,/2) g [s„s(i)]'). (5.)2)
(n (i)} (i, v)

Thus, we obtain the result

T e [ xp( x(x[)s(-i)e]), (5 20)
Z(4(i) =0)

If we perform a global shift by m of all the n(i)
variables the partition function (5.19) is left un-
changed, but the expectation value (5.20) picks up
a phase exp[2)[imZ4(i)]. Hence, for arbitrary
boundary conditions, the expectation value (5.20}
vanishes identically unless the frustration system
is "neutral, " i.e.,
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figurations, i.e.,

g [m(i) + 4 (i)]= 0.
i

The propagator D(i —i) is the lattice Coulomb
Green's function and in two dimensions it has the
asymptotic behavior

(5.23.b)

I( -j)-iogl -jl+-' (5.24)

where —,
' z provides an effective chemical potential

for the vortices m(i).
Therefore frustrations in the X- Y model map

into fractionally charged impurities in the Coulomb
gas.

q =1+(8w/K, )exp( —2K,p, ), K, »1. (5.25)

For the single frustration, the excess of free
energy is logarithmically divergent and excludes
its existence at low temperatures.

On the other hand, at high temperatures, the
2-D Coulomb gas is a plasma and we expect
Debye screening to take place. Therefore, the
impurities interact via a short-range screened
Yukawa potential and the excess free energy of an
isolated frustration is now finite. The excess
free energy of a single frustration at high temper-
atures is easily computable in the low-temperature
expansion of the dual (surface-roughening) model.

D. Gauge-invariant correlation functions

As in the Ising model, the spin-spin correlation
function is distorted by the presence of frustra-
tions. We define the gauge-invariant correlation
function for this model &SP&&I",.

&
as

&S,. S,.&,,, =&S,. PI U*„)S,*. + c.c.&

cos 8,.—8,.—,» 5.26

C. Energetics of frustrations

Consider two frustrations (charges) located at
dual sites i and j with strength 4;. = q and 4;. = -q.

At low temperatures, the 2-9 Coulomb gas is a
dielectric" (a dilute gas of dipoles). Thus, the
two frustrations interact with their original log-
arithmic Coulomb interaction renormalized by di-
electric constant given by"

where Zr&, , ) means the summation of the p vari-
ables along all links on the path I'(ij) between
sites j and j.

Just as in the Ising model, this correlation
function is path dependent. Consider two different
paths I",(ij }and I',(ij) such that inside the area
enclosed between them there are frustrations of
total strength 2wQ. Then

&&a= Q ()~+2wQ. (5.27)

where the left-hand side averages are taken in the
X- F model and the right-hand side in Coulomb gas.

The angle 8(i —j) is the polar angle of the vector
j —j, where j and j are the positions of the cor-
related spin and the frustration and [8(j —i)
—8(i —j)]r is the angular parallax of the frustration
(or vortex) as seen from the ends of the path I".""
The rules for computing these parallaxes are given
in Appendix B. The fact that the gauge-invariant
correlation function is path dependent resides
entirely in the way the parallaxes are computed.
For instance, if a frustration Q lies to the right
of a path and to the left of one another, the argu-
ment of K&I. (5.28) differs by 2wQ between both
paths. The reason is that the parallax is spanned
counterclockwise in the first case and clockwise
in the second (see Fig. 14).

For instance, let us compute the spin correlation
function in the presence of two frustrations q and
—q (Fig. 14). At very low temperatures, the
leading term (all m = 0} gives the result

Thus, the phase of the cosine in (5.26) is shifted
by 2wQ. When Q=-'„ this result gives the usual
(-1) factor that we obtained in the 2-D Ising model.

For the pure X- Y system, at low temperatures,
there is strong evidence that the two-point corre-
lation function falls off with a power law. " In
order to evaluate the effect of frustrations on the
correlation function, we go to the Coulomb gas
picture which gives (see Appendix B).

(cos(8, —8,.—Zr &;,. ) (&,)&» {4(i))
&cos(8, —8,)&»

&cos(~Im(j) [8(j —&) —8(i —j)]r&;,y))&{4'(~)}c.

&cos(~-, )«( i) [8(i —f) —8(i —j)])&, ,
(5.26)

&cos(8z —8, —Zr&z, )q),~)&»,{4(L/2) =q, 4( L/2) = q]

&cos(8s- 8O))»

(5.29)
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+q

-q

FIG. 15. "Salt crystal. "
Each plaquette is frustrated.
The strength is q. This is
Villain's "odd model. "

studied this model with q = —', (the "odd model" ) and
has also found this double degeneracy. '

VI. 3-D X-Y SPIN GLASS

A. Prustratio'ns in the 3-D X-Y model

FIG. 14. Gauge-invariant spin-spin correlation func-
tion in the presence of two frustrations (impurities) of
strength q and -q. The parallax is 2'. The dark line
represents the string of gauge variables g.

Thus, the correlation function has the asymptotic
behavior (R large)

&cos(ez- eo —~r&a, o)4ia))» 4 -qt

(cos(e„-eo))»~

cos(4qm) . (5.30)
const

For R»d, we can approximate &o=-, » —.d/R.
If we confine ourselves to the ease q = —,

' (flipped
bonds) then Eq. (5.29) becomes

(cos(e, —e, —I'„q)),(q, -q)
= (-1)const. [1——,'(4q d/R) ]IR+'»&' . (5.31)

Again, as in the Ising case, we pick up a (-1)
in front of the gauge-invariant correlation function
signaling the existence of frustrations in the
system.

Finally, it is interesting to see what the X-Y
model with all plaquettes frustrated looks like. In
the Coulomb gas representation, this means study-
ing system with charged impurities at every site.
Qne system with well behaved energetics is a
"salt crystal" with an impurity charge q on one
sublattice and -q one the other (Fig. 15). The
ground- state (zero-temperature) conf igurat ion
has no vortices present (all m = 0). When q = —,',
though, there is another state degenerate with
this one: m = 1 at all dual sites for which q = ——,

'
and m = -1 when q =-,'. This has the effect of
shifting one sublattice into the other. Villain has

The definition of the three-D X-F spin-glass
follows naturally from its definition in two-D. The
different dimensionality, however, changes the
structure of the frustrations as well as the proper-
ties of the dual models.

To begin with, let us consider the frustration net-
work for this model. As in the 3-D Ising model,
frustrations arrange themselves into spatial net-
works. The reason is that the frustration fieM in
three dimensions is a pseudovector, as follows
from the definition (5.12)

2~C „„(i)= &„q„(i)—&„y„(i). (5.12)

This relationship also shows that the frustration
field obeys a constraint, which is analogous to the
one we discussed in Sec. 1V. Equation (5.12)
makes 4„„(i)the circulation of P„around the pla-
quette. In three dimension, we can describe this
circulation as a pseudovector, i.e., the flux of the
field strength of the gauge variable g„ through the
plaquette. Therefore, we can define a pseudovec-
tor g, which lives on the dual link piercing the
plaquette, and describes the direction of the frus-
tration flux across the plaquette, as

y (i) = ,'e ~„4„„-(i), (6.1)

where (i,o.) is the link dual to the plaquette (i, p v)."
From Eg. (5.12) we see that y (i) is just the curl
of P„(i)

2m' (i)=e„„&„g„(i). (6.2)

This expression has the same form as the magnet-
ic field of electrodynamics. Note that since y (i)
is a curl it is divergence free

& y, (i) =0 (mod integer), (6.3)

at each dual site i. This is the analog of the con-
straint we found in the 3-D Ising model. If we now
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interpret the S-D X-Y model as a lattice version
of the Ginzburg-Landau theory for a superconduc-
tor, we can regard these structures as tubes of
frozen fractional. magnetic flux.

Because of the continuous nature of the degrees
of freedom of the X-Y model, many other types of
configurations are also possible. In particular,
since the frustration flux 4 ~ is a continuous vari-
able, the flux can spread out with the result that
any configuration of magnetostatic fields is possi-
ble for the frustrations themselves. For instance,
we can construct configurations for which 4 „-1/r',
which is analogous to a magnetic monopole and its
associated strings.

Let us now perform the duality transformations
to partition function of the random 3-D X-Y model,
which is given by

( 2K

Z[H, (0]= 216 exp(Z, Q eon[0, 6(1)-6,(()]).
(i, e)

(6.4)
The procedure is essentially analogous to that we
already employed in the 2-D X-Y case.

The first step is again a Fourier expansion of
(6.4) per link. After integrating out the angular de-
grees of freedom e(i) we are left with the con-1
strained system

Z[P„„(()]=Q exp(- Q 1,'(~'))
( tif, (i)) ' (C, f )

xexp —t l~2 ~2
(i, v )

&&

' '5(a, l„(i)}, (6.5)

which is the same as (5.17). The differences, how-
ever, become apparent as soon as one solves the
constraint condition. In this case, we obtain

l, (i) = e„„~s„n~(.i), (6.6)

where the integer-valued variables n, (i) reside on
the links of the dual lattice. Therefore, after sol-
ving the constraint of Eq. (6.6), the normalized

partition function (6.5) can be written as an expec-
tation value of the dual system, which is a gauge
theory with integer-valued degrees of freedom
n~(i). Its partition function is given by

Z„„,.= P exp (
—(-,'Z;) Q [n„n„([)]') .

(n~(R)) (i, vv)

(6.7)

Then"

=(exp 2wig ~,(i)y„(i) )„„„,
Zfy „(i)= 0j

(6.8)

where the relationship between ((() (i) is given by
(6.1). We should note that the partition function
(6.V} is invariant under the local gauge transfor-
mation

n~(i)-n„(i) + &~S(i) (6.9)

Thus, Eq. (6.9l picks up a phase factor
exp(-2vi E-, S(i)&~(()„(i)) under the transformation
(6.9), and therefore it is not a gauge-invariant
quantity.

Hence, we can write

(exp (2ei P n, (i)p„(i)) )„„,.=0, (6.10)
{i,v)

unless the frustration field obeys the constraint
(6.8). We should also note there is a fundamental
difference between the constraint (6.3) and the
"neutrality" condition that we discussed in the sec-
tion dealing with the 2-D X-Y model. awhile the
global symmetry involved in (5.20) can be broken
by specifying suitable boundary conditions, the lo-
cal symmetry (6.9) can never be broken. Thus Eq.
(6.10) is an identity which is valid for all values of
the coupling K, regardless of boundary conditions.

The partition function (6.8) can also be written in
terms of the topological excitations of the 3-D X-Y
model (quantized vortex strings) interacting via
Coulomb interactions. Applying the Poisson sum-
mation formula to (6.8) we obtain

Z[p (i)]=+ J* Hip„exp (- P [0„6„(i)-np„(i)]')
(m~(g)) (t, PV)

xexp( P Heie„([)[en„(i)ei,(i)]),
&(1,.)

(6.11)

where gauge invariance once again demands that (6.11j vanish unless the following constraint is satisfied:

&,[y,(i)+n, (i)]=0.
Performing the integrals in Eq. (6.11},we obtain"

(6.12)
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(6.13)

where Z,„is a spin-wave partition function and the
summation is restricted to those configurations
which satisfy (6.12), and in three dimensions the
Coulomb lattice propagator D(i —j) has the asym-
ptotic form

is most convenient. The leading contribution to
the free energy [all m„(i) =0] is given by Eqs.
(6.13) and (6.14) as

(6.15)

D(i j} —(1/ li —j I)+ const. (6.14)

In the absence of frustrations, the constraint
(6.12} requires the topological excitations of the
3-D X-F model to form closed loops. When frus-
trations are present and 4 p„(i}=integer, at a
point one can have a monopole at that point and a
vortex string that can begin (or terminate) there.
This situation has already been discussed by Ein-
horn and Savit. "

B. Energetics of frustrations

1. Low temperatures

Consider first the excess free energy associated
with a closed tube of frustration flux, analogous to
the configuration we have already discussed in the
3-D Ising model.

At low temperatures, the representation (6.11)

For a tube of linear dimension R, a simple elec-
trostaticlike calculation that gives

AF = (const)Q'R log R+ 0(R), (6.16)

where Q is the frustration flux in the tube.
The result (6.16) has a weaker dependence in R

than the area law we found in the 3-D Ising model.
The R log R behavior arises from the fact that
X-F rotators can always relax continuously around
a frustration tube.

2. High temperatures

A convenient representation to calculate the high-
temperature properties of the X-F model is the
constrained system described by the partition
function

~[«;&[exp I -~&; .,e.(f)f.(f) lexp -~ 5&,. „,f'.(i) [ II,.6(d, l„(i))

2

(6.17)

The integer-valued variable l„(i) lives on the
(i, il, ) link of the original lattice and g, (i) is the
gauge field angle. Therefore, to study the high-
temperature (K, small) behavior of the X-Y Vil-
lain model in the presence of frustrations is equiv-
alent to studying the' constrained model (6.17) at
low temperature (1/K, large).

The lowest-energy excitations of this model are
elementary plaquettes with l„=1 or -1 around the
plaquette. The leading term in the low-tempera-
ture expansion of (6.15) gives

"0]=1 —2 exp ——
~ Q ( 1 —cos[2ve„„(i)]],

2l
l ()~ pp)

(6.18)

whe~e 4'„„(i) is defined in Eq. (5.12). Let us look
at the configurations of frustrations we examined
at low temperatures. Consider a closed tube of

frustration flux of strength Q and perimeter length
L, . For this case (6.18) gives an excess free ener-
gy

dF = (2/K, )(1 —cos2vQ)L exp(-2/K, ), (6.19)

if Lg 2/K~&g g

As in the 3-D Ising model, we get a perimeter
law.

VII. CONCLUDING REMARKS

Let us summarize the results of the above sec-
tions.

In two dimensions, at low temperatures, Ising
frustrations have a linear interaction energy;
X-1' frustrations, logarithmic. At high tempera-
tures large spin fluctuations "screen" the frustra-
tions and we have exponentially damped interac-
tions. In both models frustrations decrease the
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magnitude of the spin-spin correlations, as ex-
pected.

In three dimensions the constraints require the
frustrations to form divergenceless configurations:
closed tubes in the Ising model and more general
spread flux configurations in the X-T model. At
low temperatures we have an area law (Lk) for an

Ising tube, LlogL for the X-F tube. At high tem-
peratures fluctuations give a perimeter law (L) for
both cases.

We would like to stress once again the impor-
tance of studying gauge-invariant quantities. In
particular, the gauge-invariant correlation func-
tion emerges naturally as the correlation function
to be studied when relevant disorder is present in
the system.

Finally we observe that frustrations can be re-
garded as fractional topological excitations or
merons of each model. In two dimensions a sin-
gle frustration is a disorder variable in the sense
that it breaks the symmetry of the dual model.

In three dimensions the situation is somewhat
different due to the existence of constraints on the
possible configurations of frustrations. In any

case, it is always possible to construct a frustra-

tion network which behaves as a disorder variable
in the sense that it has a nonvanishing expectation
value in the disordered phase.
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APPENDIX A: DUALITY RELATIONS FOR THE

GAUGE-INVARIANT SPIN-SPIN CORRELATION

FUNCTIONS IN THE PRESENCE OF
FRUSTRATIONS: ISING MODEL (d = 2,3)

The gauge- invariant spin- spin correlation func-
tion (o,(II«» &A)o,.), in the o =1 gauge, can be
written

c

2 }„»(IIr« . &A) exp(K&K&(nksA+K»Z/p&aqnettes AAAA4'&)
0. ' A 0,' = lim

$ t
J

&'( i, is
& &t ~&st} p(K&~&inks + Kp+&s&aqnettes ~~@&)

(A1)

gegA ie (g-t» /2)A

Let us define a shifted link coupling K,(1") along the path 1:

)
K, , l(=I",,

L cJ
K. ..12, l & I',,

Kq(4)-, ) =—Kq4s-, . (A3

Define R to be the distance (number of links) between sites i and j: R= ii —j i. With the definitions given

above, the gauge-invariant correlation function reads (for finite K~):

»is exp(gk„„,K (I'& )A++
& q„„„,K&(4' )AAAA)

r(&, & & Q }„»exp(K&Q „,A+En&,q„„„,K~(4)I )AAAA)

(A4)

which turns out to be equal to

II„)=,,z,„,(»„...-.~,(.„)(t,~.~,(n)a})(n...,„.....~,(e)(t,~~ t..~,(e)})

Z, „,(II, coshK, (l+ tanhK, A))(II coshK, (4) [1+AAAA tanhK (4)])

We want to derive a duality relation for (3.21)-(4.9). The first step is to bring all the A variables into the

exponentials. The following identity is useful for that purpose:

A. Two djmensions

(A6)

In two dimensions the duality relation takes the form [see Eqs. (3.5)-(3.10)]

i "(II&coshK, (I'))(II~ coshK~(4; ))Q, -, exp@&& »Ke& (I') (s&s» 1)+Q-, H*(4;)(s-, 1))

(II, coshK, )(II coshK (4)-))Q,I) e p@,-I, K*, ( -
»

—I)+Z, H"((t)l)( -- 1))

where {S,".] are Ising spine residing at the sites i of the dual square lattice. Ke&(I') and H*(4-,) are defined
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K&(1)=-2 lntanhK, (I'), H*(C) =-21ntanhK2(4).

Remember that E*, and E, follow the same duality relationship. Since

i cosh(P —nti»)e lt 2&lntanh&»-&nt 2& = cosh Petit 2) lnt ann l

is an exact identity, (A6) can be written

(A7)

(A8)

The duality relations (A7) together with the fact that

tanh(p -2i«) =(tanhp) ',
lead us to the conclusion that the line dual couplings K,*(I') satisfy

E+ 'f l —FK+(I) =
K~ if l & F.

,(A10)

(A11)

We conclude that the string of gauge variables IIX transforms into a string of fliPPed dual bonds (Fig. 8).
The flipped dual bonds are those which are pierced by the string.

We now return to the constrained situation E~- ~. Thus we set H*= 0.
The correlation function, in the dual system (with a dual string of flipped bonds), is written

(A12)

We now proceed to write (A12) in a gauge-invariant manner.
Define A;; to be the dual gauge variable of dual link i j . Then (A12) holds for the configuration

a
t& =K,*(I')/K*, .

Introducing strings of 2 s between the s variables pairwise, Eq. (A12) can be written (for this configura-
tion of A' s)

( ( )„Z&, &{II"t,'[s; (IIr &-, ,-. )a)s-, ])exp(E&-, -,-)K,*(r)s-,s;)
J

Z&, &@I"t2[s-; (II„&", -, ,a)s;. ])exp(Z&-, -,. &K,*s;s-,
(A13)

with the same conventions used for Eq. (3.22). Again n is the number of times the path Iconnect'ing the
correlated spins i and j crI2sses the paths I" joining the frustrations. Equation (A13) is manifestly gauge
invariant. Thus, from Eq~l (3.'1), we can write

&II,", [s; (II-„&-, -, )a)s-, ]&,*, &c(ig)
(A14)

where

c(i') =~

~ ~

~otherwise .

tions we have performed from Eq. (A5) up to Eq.
(A12) can be paralleled here too. Thus, in analogy
with (A12) we can write

B. Three dimensions

We have already pointed out in Sec. IV that the
3-D Ising model is dual to the 3-D Ising gauge
theory [Eq. (4.7)]. Therefore, all the manipula-

fl-C&ij )/2
&II&&,»at& &x,*&r)

&II a&1 oi&)l 2)
(A15)
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where
-E~, if the plaquette P is pierced by l

x+(r) =
K~, otherwise .

Since frustrations come in tubes (see Sec. IV)
from Eq. (A15) it follows that the gauge-invariant
spin-spin correlation function in the presence of
frustrations dualizes into the loop integrals in the
presence of a tube of overturned plaquette cou-
plings. This tube begins and ends at the corre-
lated spins and follows the path I' of A, variables.

APPENDIX B: DUALITY RELATIONS FOR THE GAUGE-

INVARIANT SPIN-SPIN CORRELATION FUNCTION IN

THE PRESENCE OF FRUSTRATIONS: X-Y MODEL
(d=2 3)

The gauge-invariant function for an X-Y system
if given by

&r = (cos g [&( ~(i) —e) (i)]S.(i) ()(.,«»
((z, t )

(al)

where g, (i) are the gauge variables, Q„(i) is the
frustration field [27((t)„(i)=e„„~&„g,(i)], and S„(i)
is an integer variable which specifies the path l
connecting the correlated spins, i.e.,

1 , if (i, p, ) (= r
S„(z)=

0, otherwise.

The thermal average is taken in a fixed distribu-
tion of frustrations. So

Re IBe exp(iZ(,. „)S„[t)„8(i)—(„(i)])exp(KQ(,. » cos[b „e(i)—(„(i)])C~=
fng exp(K, Z'(s „)cos[n„e(i) —q„(i)])

(B3)

The first step in the duality transformation for an
X- Y model is to perform a Fourier expansion at
each link. Further integration over the angular
X- Y variables 9 at each site leads to the existence
of constraints in the transformed model. Within
the Villian approximation the correlation function
(B3) takes the form

C„= g expI-i g [l„(i)+S„(i)]g„(i)
Z{S,}„,,„

xp — l'

~.P „(i)+S„(;)]= 0, (B6)

can be satisfied if we write l„+S„as a curl, i.e.,
l,(i) = q,„t)..n(i) —S„(i),

where the dual variables n(i) are the (integer-
valued) degrees of freedom of the (dual) surface-
roughening model in two dimensions.

Hence, Eq. (B3), written in terms of the surface
roughening variables n(i), reads

A. Two dimensions

In two dimensions the constraint that the integer-
valued link variables l „(i) must satisfy,

x I6(&,[t,(i)+ S,(i)]),

where Z{S,}is the partition function

Z(S.) = P exp — P l', (i))
(r„(&)) 2+t (~, t )

x II 6(t).,[l„(i)+s„(i)]). (B6)

Cr = Re
1

Z.,{S.}
x P exp( se(ge(i)p(i))-

(n&7)) i

1x exp — p [b,n(i)+ q „„S,(i)]'
2K& &1, &)

2 w y(i) = e „„&„q„(i). (B6)

These expressions are valid regardless of the
dimensionality 4 of space. In fact, Jose et al. ,

"
have obtained Eq. (B5) in their discussion of the
correlation functions of the pure 2-D X- Y model.
We follow closely their approach. Space dimen-
sionality becomes important in solving the con-
straints.

The partition function Z, „{S„}represents a surface-
roughening model with all its integer variables
shifted by one unit on those dual links perpendicu-
lar to the original path I . Defining the dual of
the string variable S„(i) as

t„(i)= q,„s„(i) (»)
the partition function Z„{t„(i)}takes the form
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Z, ,(t,(i)}

P exp(- g [x„e(i)et„(i)]'] (810)
(n(i)) 2 t (7, ~)

Thus,
e

C„=(eee] +Xee(i)tt(i))).,(t„(])]. (811)
i

For arbitrary boundary conditions, the frustration
field (())(i) must satisfy the "neutrality" condition

Q, pii) =0 (mod integer) [Eq. (5.21)].
From (B11)we see that, through a duality trans-

formation, shifted bonds are mapped into corre-
lated dual variables and vice versa. We have
already found this result within the Ising-model
duality transformations.

Finally, we can perform a further duality trans-
formation: the mapping to the Coulomb gas. The
Poisson summation formula transforms (Bl1) into
the expression

and

1 +OO

C„= Re QZ(P(1)} ( (()]

u3(e px] 2-ivg [y(i)+m(i)]3{(i) [exp — [a„3{(i)+t„(i)]
r«, »

(B12)

Z{p]= g f xttexp —Xet Pm(i)x(i)]exp( — g [e,x(i)et (1)]').„
Cm«)} l Ãs«»

(BL2)

In order to integrate out the 3{ variables, it is usefuL to expand the square and to reqrite (B12) and (B13)
in the compact form

C„= Re' g exp — p t', (1)
~

&3{exp — p [4„3((i)]'—g1 1,-. ~
"'" 1

~ V X(L)

where the source J(Q} is given by

J(y}=2vi[y(i)+m(i)]- —a„t„(i).
K,

After performing the path integral, the expression between brackets in (B14)becomes

c.„(r)Cr= '" Re Q exp -iQ [y(i)+m(i)] —&'„G'(i j)t„(j)
Zb'}

xexp 2mE, pi+m i 6 i —j P]+m]
i, j

(B15)

where C,„(l ) is the spin-wave result for the cor-
relation function of the pure system

We also define the angle 8(r)

8(r') = ImG'(r), (B20)

c..(r)=. (.», g e.x,(;)8(;,)e.s„(,)).
(i, ])

(BI'I)

Z($} is the partition function of the Coulomb gas
with impurities, G(i —j) is the lattice Coulomb
propagator and

G '(i —j) = G(i —j) —G(0) . (B18)

The reduced lattice Coulomb propagator G'(7) is
asymptotically equal to log ((r( (d = 2). Following
Jose, Kadanoff, Kirkpatrick, and Nelson" we
make use of the Cauchy-Riemann equations for
G'(z).

which represents the angular position of the vortex
or frustration respect to the integration site j. The
branch of the logarithm is chosen in such a way
that 8 is measured accordingly with the usual con-
vention from the positive X axis and ranges be-
tween 0 a,nd 2p. Thus,

g Z„G'(I 3)t,(3) = g q„„a'„G'(I-j)S„(j)

= —Q 4„'ImG'(i —j)S,(j)

=-[8(i.-i) —8(i-j)]„,

q „ch~ReG'(i —j)= -A'„ImG'(i —j). (B19) (B21)
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where the expression between brackets is the
parallax angle of the frustration (or vortex} as
seen from both ends of the path I". However, it
has to be specified whether this angle is being
scanned clockwise or counterclockwise. Such a
specification depends on the position of the path
(i.e., is path dependent). Consider the case in
which the path is a straight line I', from site i
to site j. Then for all frustrations lying to the
left (right) of the path, the parallax angle has to
be computed clockwise (counterclockwise). For
an arbitrary path 1" the rule goes as follows:
compute first the parallax for the straight path
I'c. Then compute the closed line integral (B20)

along the path I'+ I', (where I', is the negatively
oriented path I',}. If the frustration is left inside
the closed path and the orientation of that path is
positive (negative) then the line integral (B20)
along an arbitrary path I' is shifted by 2w (-2v).
For a pure vortex, all these considerations are
unimportant since they imply shifting the argument
of (Bl5}by 2mn. Since frustrations are fractional
vortices, these shifts are detectable. In fact,
they are in analog of the (-l}"factor already found
in the 2-D Ising model.

Finally, the gauge-invariant correlation function
Cr/(j)} in the Coulomb gas representation is

C,lq()} & os(~;[~(')+ (')][8('- ) —8('- j)] )&, ,{q()}
C ({((i)=0} &cos(Z;..m(i')[8(i' —i) —8(i' —j)])) Iq)(i) =0}

(B22)

where the numerator is averaged in a Coulomb gas with a fixed distribution of impurities (frustrations)
q)(i) and the denominator is the pure Coulomb gas. The sites i and j are the endpoints of the path I'. Note
that since the denominator is evaluated in the pure Coulomb gas, it is path independent.

B. Three dimensions

In three dimensions the constraint

t,P „(i)+S.(i)]= 0 (B22)

can be solved by requiring l „+S„to be a curl, i, e.,
I „(i)= e,„,&„n,(i) —S„(i),

where the dual variables n, (i) are the integer-valued degrees of freedom of the (dual) gauge theory in
three dimensions.

Hence, Eq. (BS), written in terms of the (dual) gauge variables n„(i), reads

C = - tte g exp -2tri P n, (i)p„(i))exp(- P [e„n„(i)—e„n (i) —t„„(i)['),
ZQT(t (}tee{tilt(I) ' (it li) ~( ((, lep)

where

(B24)

(B28)

(B28)t,„(i)= e,„)„S2,(i)

and Z»(t„„(i)}represents the partition function of the (dual) gauge theory u)ith a tube of shifted plaquette
intexacti ons.

{t„„(i))= g exp(— P [X,n„(i) —t „n (i) —t„„(i)]) .
&n&(i & +l (7, ttv)

I

Thus, the gauge-invariant correlation function is

Ct{p„(i))=(eee(2 e P n, (i)(t,(i))),{t,.(i)) .
(i, tt)

(B2&)

(B28}

In the gauge-theory picture, the line S„(i), defining the pathof the correlationfunction inthe 3-DX-I' model,
is just a line (tube) of external magnetic flux "injected" in the system by sources residing at the endpoints
of the path 7'. Here again the frustration field is constrained by the condition t), ,(t) (i}=0.(mod integer).

To write E(l. (B28) in terms of the topological excitations of the 3-D X- Y model, we use once again the
Poisson summation formula
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Zee{t„„(i)}ce{te„(i)}=ReP, et X„exp(xet P [p„(i)em, (i)[X„(i))
fm~(T)} (i, ~)

x exp — Q [e.x„(i) —x.x „(i)—t„„(i)['),
2+1 (i, vv)

Expanding the square in the exponent we obtain

(B29)

ZoT{t„„(i)}Cr {q„(i)}
+CO

=Re P ezp( P t'„„(i) . etx„exp[+ J„(i)x„(i))exp(- P [e„x„(i)—tt„x„(i)['), (BOO)
(m~(i)} 2+l (i, ev} 2+g (i, Pv)

where the current J„(i) is given by

J„(i)= 2 }[i[p„(i)+ rn „(i)] + —a„t„„(i). (B31)
K,

Since t„„(i)is an antisymmetric tensor, the last term in the current does not affect the constraint equation
(6.12)

~.~.(i) = o.

Hence, we obtain

Z {t„„(i)}C„{p„(i)}=Reg ezp — P t', „(i))exp(- —' g Z„(i)G'(i —j)J,(j)),
{m~(i) (jw)(jv )

(6.12)

(B32)

where G (i —j) is the reduced Coulomb lattice propagator in three dimensions and the summation is re-
stricted to those configurations which obey Eq. (6.12).

After some algebra, Eq. (B32) takes the form

C {90„(i)} (cos(-,'Z-, ;[V„(~)+m„(i)]G,'-, ;,q„„,h„S,(j))), , {y„(i)}
Crb „(i)=O] &cos(P~ -, m„(~)G'(i i)&„„„~„S,(j)))t, {q „(i)}

(B33)

where the averages are taken in the gas of topological excitations with impurities (numerator) and without
impurities (denominator).

The spin-spin correlation function of the pure system is given by

C,{p,(i) =0}=C. (eee(—P m, (i)G'(i j)e„„,etS(j))), .{te„([)=0}.
i, $

The.factor C,„is the spin-wave approximation to the correlation function

(B34)

C,„=exp —— & S i G' i —j &~8~ j1

i~ j
(B36)

At large distances, C,„is given by

C,„=exp(l /4 wX,B) . (B36)
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