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Quasiparticle interference phenomena in thick Al films (0.6 ( d, ( 3.1 p,m) backed by thin Pb (d2 0.13
p,m) produce level structure which we employ to determine the dressed Fermi velocity v I and the electron-
phonon reuormalizatiou parameter Zs for films with pronounced [111]fiber textures. Although the proximity
effect systematically enhances observed energy-gap values as Al-film thicknesses decrease, vF and Zo remain
constant at (1.30 +0.01}X 10 m/sec and 1.56. We infer a BCS coherence length of (o(A1) = 1.54+0.05
p,m and a pairing potential decay length (at T = 0.95 K) of K ' (Al) = 1.47+0,07 p,m. Values of the Pb
energy gap inferred from virtual-state thresholds fall near the bulk average. Over the energy range
investigated (0-7 meV), quasiparticles are not damped significantly by Pb phonon emission at the Al-Pb
boundary.

I. INTRODUCTION

When two superconducting metals (M, and Ms)
are brought into intimate contact, the resulting
spatial change in the pairing potential (-

~
6s —4, ~)

causes incident quasiparticles to suffer coherent
Andreev reflections' at the M, -M, interface.
Andreev scattering in M» for example, corres-
ponds to transitions between energetically degener-
ate states (oi'=oi=E-E„) lying just above and be-
low the Fermi surface —that is, between states
with k'=k a (tc'- 6')' '/hvar, where vP denotes
the fully dressed Fermi velocity. In our experiment,
M, is athickAl film (d, —1 itrn) characterizedby area-
sonably long mean free path (l, -d, ) and M, is athin
Pb film (d, - O. l p, m) deposited over one surface of
M, . For .this geometry, interferenee effects involv-
ing incident and reflected portions of thequasipar-
ticles are expected to contribute quasiperiodic lev-
el structure to the one-dimensional density of
states p, (to, k~) evaluated at the free surfaceof M,
and, hence, to tunneling characteristics measured
at this surface. ' ' The approximate inverse de-
pendence on film thickness exhibited by observed
level spacings suggests quasiparticle standing
waves established between the two surface@ of M, .

When A, exceeds g» as in the present case, levels
with energies oi„(n=1,2, . . . ) in the range 6t &o&„

&+ correspond to bound states, while those with
a&„~ Q correspond to virtual states. ' Our experi-
ment basically consists of tunneling into M, with
the aid of thin, superconducting Al counterelec-
trodes (CE) separated from the free surface by the
usual natural oxide barrier. Comparisons between
observed and computed tunneling characteristics
are then employed to infer v~ and related quantities
of interest

Wolfram's theory' for these geometrical reso-
nances, based on an exact solution of the Gorkov

$(tLi) ye
-

y es ri cot

is defined in terms of the reflection coefficient

(2)

r(to) = (ft,~ —ft, r, )/(It, If, —r,r;),
and where k~ denotes the transverse component of
momentum (which is actually directed parallel to
all film surfaces). Other quantities appearing in
Eq. (1) are defined according to

ft,.=to+A, (tc) (i=1,2),
& (to) =(& '- &')"'

c = 2d, /hvar,

y=2d, /f, ,

while Re[pe(k~)oi/A, ] corresponds to the unper-
turbed density of states Since .the condition gs
«1 is frequently satisfied —either because of
damping associated with defect scattering (g cc e «),
or because of decreasing r = (as —b,,)/2u& at higher
energies —structure predicted by Eq. (1) can be
frequently decomposed into two series of levels:
one stemming from (26,/oi)p and another from 2gs.
These have asymptotic level spacings of kvg/2d,
and kv~~/4d„respectively, and will be referred to
as the 2d and 4d series. Clearly, defect scattering
not only controls the overall scale of structure via
g= (~hs —6, j/2')e &, but also the relative impor-
tance of the two series, since at higher energies
( 2p'(/ j (2s, /to)g )

= ( ) a, —a, ( /2s, )e &. For strong
damping (y &3.7) only the 2d series is resolved,
while for weaker damping both are resolved and th~

equations for spatially constant energy gaps in 3f,
and M„yields

p, (oi, k, )=Re p.(k, )
&

~1+ '1 . &I, (1)
(d ( 2(a, /(0)y+2g &

0, t 1 —p

where
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level spacing decreases from hvz/2d, to hv~/4d, .
In the latter instance, level amplitudes frequently
alternate in strength because of interference, giv-
ing rise to the so-called strong-weak (SW) effect. '
Comparisons between tunneling characteristics
computed utilizing Eq. (1) and those observed with
films of known thickness permit precise and reli-
able experimental determinations of v~ and the re-
normalization function Z(&u =0) =Zo = v+0/v+* = 1+X
evaluated at the Fermi surface, where v» and X

denote the bare band velocity and the electron-
phonon coupling strength, respectively. Procedur-.
es employed to compute characteristics for tunnel-
ing between two superconductors are outlined in
Appendix A.

Achieving adequate level amplitudes with evapor-
ated Al films presents a challenge because of prac-
tical mean- free-path limitations. Unlike softer
metals, Al films manufactured by the methods of
Sec. II rarely exhibit values of E, in excess of -1.5
pm. ' Since amplitudes scale as g= (~ 6, —6, ~ /
2&@)e & ~ (g —A, ~, realization of useful level
structure requires use of large gap perturbations.
Pb overlayers prove nearly ideal in that they pro-
vide substantial perturbations [60(bulk Pb)
—+(bulk Al}= 1.36 —0.14 meV -9+(bulk Al)] with-
out introducing noticeable metallurgical problems
which could in of themselves prevent the occur-
rence of level structure. We have, therefore,
utilized junctions of the form Al-AIO, -Al(M, )-
Pb(M, ) to measure vz* and Z, . As we shall see,
agreement between observed tunneling structure
and that computed from the weak-coupling form of
Wolfram's theory (+ =const) is quite good for y
&3.5; otherwise, strong-coupling effects in Pb
must be included via 6, = Re[a»(&u)] +i1m[a „(&u)]
before good agreement is restored.

We have devoted considerable attention to evalu-
ating l(V) characteristics (Sec. III) for a substan-.
tial number of junctions and analyzing the inferred
gap values for possible clues as to the overall
quality of the Al crystallites probed by tunneling.
Our I(V) characteristics and gap values generally
resemble those obtained previously by tunneling
into films and bulk single crystals (On rar. e oc-
cassions, approximately 4%%uo of the time, we also
observe two resolved energy gaps differing by S%%uz-

10%.) Taken all together, x-ray evidence, mea-
sured level amplitudes, and energy-gap values sug-
gest tunneling from high-quality Al(M, ) crystallites
having strong [111]textures and mean free paths
as long as -1.5 p, m.

II. EXPERIMENTAL METHODS

An oil-pumped conventional vacuum station
(glass-Viton-stainless- steel) equipped with water-

and nitrogen-cooled baffles provided pressures in
the range' 8 &&10 ' &P ~ 8 && 10 Torr. All metal
evaporations were conducted using resistively
heated sources: triple-stranded W baskets for Al;
Mo boats for Pb. Evaporation rates typically fell
in the ranges -300-500 A/sec for Al and 40—100
A/sec for Pb A.lthough only 99.9%-purity Pb was
used for overlayers in an attempt to limit l„
99.999%-purity Al material was used for all Al
films, including the thin (&.1 gm) counterelec-
trodes employed. Natural-oxide tunnel barriers
grown on these countereleetrodes by exposure to
air were subsequently masked with Formvar var-
nish to preclude tunneling from any film edges.
Only minimal delays (-10-20 sec) occurred be-
tween Al(M, ) and Pb(M, ) evaporations so as to re-
duce potential contamination of the Al-Pb inter-
face. Approximately 15 min were required to
transfer newly completed junctions to a 'He cryo-
stat prior to cooling to T= 77 K. A vibrating
quartz-crystal monitor provided initial thickness
estimates during film fabircations, while final
thicknesses were determined either by Michelson
interferometer (d, &I p, m) or Tolansky interfero-
meter (d, ~ I pm} after coating the entire substrate
with Al (-0.1 pm). Ordinary glass microscope
slides served as substrates for all junctions. X-
ray diffractometer studies carried out with films
of larger area, deposited by similar methods,
confirmed pronounced [111]fiber textures in both
Al and Pb films, although indications of a much
weaker [101]Al texture were seen in some in-
stances.

A conventional bridge spectrometer, patterned
after the design of Adler and Jackson' and operated
in the current mpdulation mode, supplied traces of
dV/df and d2V/dl' as continuous functions of dc
bias V. Quoted modulation levels (gV, rms) refer
to biases substantially above the sum-of-gaps po-
tential Vs=(b, cE+a, )/e and, hence, are much
larger than modulation levels pertaining near t/ ~.

III. dc TUNNELING

Of 56 junctions tested (0.90 ~ T &1.15 K), 48 pro-
duced acceptable 1(V) characteristics dominated by
single-particle tunneling; and of these, 46 yielded
traces similar to curve (a) of Fig. 1, while two
others yielded traces similar to curve (b). Char-
acteristics typified by curve (a) approximate those
anticipated for 6, =6«and generally resemble
results reported by Blackford and March' for
thinner films at comparable temperatures, al-
though the latter films exhibited somewhat sharper
current increases near Vs = (A + b,,)/e. This
broadening of the current rise is due in part to the
influence exerted by the first bound state which, by
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FIG. 1. dc tunneling characteristics. Trace {a) ap-
prixmates I(V) behavior anticipated for two supercon-
ductors having energy gaps which are nearly equal
{4CE=4&) and is representative of results obtained
with 46 junctions. Trace (b) suggests a second gap in
Mq and is representative of two junctions. Computed fits
based on Wolfram's theory are also plotted; areas
between observed and computed traces have been filled
in, I:ausing the trace broadeniugs apparent in the figure.
Experimental values of Vy= {Bcz+6&)/e are obtained by
the extrapolation method. tParameter values employed
for fitting (a) are 4CE = 0.140 (1+0.02 i) meV, 6

&
= 0.156

{1+0.02i), 62 ——1.40, c=0.742 meV ~, y=4.00, and T
= 0.95 K; for (b) & CE = 0,130 (1+ 0.02i), hg ——0.174(1
+ 0.02 i) with 6» h2, c, p, and 7' as before. ]

Eq. (1), depresses p, (~, k, ) at the gap edge accord-
ing to p, (h„k~)/p, (k~) =tanh-,'y, causing 5%-10%
effects (3 ~y ~ 4) in most of our junctions. On the
otherhand. , bulk Al single crystals" also yield I(V)
characteristics which resemble curve (a), includ-
ing gradual current increases at V~.

Trace (b) differs from (a) in that the current in-
crease ordinarily associated with V~ appears to be
repeated a second time at a slightly different bias.
Campbell and Walmsley have interpreted similar
behavior, observed with a thick' polycrystalline
film, in terms of two distinct energy gaps. Their
small gap is quite comparable to the values we ob-
serve with either type junction [trace (a) or (b)],
but their second gap is roughly twice as large as
any we have encountered. Our use of thin Al coun-
terelectrodes (d««g, ) presumably precludes oc-
currence of multiple gaps in these films, while
masking both sets of edges prevents tunneling from
potentially atypical edge regions. In view of these
precautions, we also interpret traces like (b) in
terms of two energy gaps having comparable
strengths in the sense of producing comparable
structure in I(V). .

The polycrystalline nature of our films raises a
question with regard to traces like (b): Do individ-
ual crystallites exhibit two energy gaps, or are
two crystallite populations involved, each charac-

FIG. 2. Energy-gap values {T=0.95 K) inferred from
I(:V) characteristics of the 13 junctions utilized to deter-
mine vp. Two junctions exhibit double gaps.

terized by a different energy gap? Blackford's
single- stal tunneling studies" do not support
the coex ance of two prominent energy gaps for
any ori tion, although some junctions apparently
evidenced weak structure in dV/dI which might in-
dicate a very weak second gap. His observations
do indicate substantial crystalline anisotropy
(-+17%), however, enough to easily accommodate
the gap variations (-+10%) exhibited by our two

atypical junctions. It seem8 more likely, there-
fore, that traces like (b) result from some chance
occurrence —such as preferential tunneling from a
large, atypically oriented crystallite, or realiza-
tion of an unusually strong minority texture —rather
than from two intrinsic energy gaps whose obser-
vation might, for example, signal uncommonly
good film quality.

Twenty-three junctions with acceptable I(V)
characteristics also exhibited some degree of level
structure in d'V/dI', and 13 of these (including the
two atypical junctions) evidenced sufficient struc-
ture to warrant their use in determining v~. Val-
ues of 6, for these 13 junctions 'appear in Fig. 2 as
a function of thickness. " As anticipated, thinner
films display modest gap enhancements due to
proximity effect. The two instances involving
double energy gaps —falling, as they do, either en-
tirely above or entirely below the smooth curve—
fail to suggest a trend. To enable comparisons with
previous work, ' "one would like to extract a gap
estimate d,,(~) = b,,(d, -~) which characterizes our
films when proximity effects are absent, and
which utilizes as much available information as
possible. Figure 3 presents a plot of in[a,,(d, )
—a, (~)] vs d, for the 11 single-gap junctions of
Fig. 2, where the value ~,(~) =0.127 meV employed
yields the best least-squares fit. Figure 3 demon-
strates that observed gap variations are described
quite well by d,,(d, ) =h, (~)+dhexp(-d, /K '), where
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K ' denotes the pairing potential decay length de-
termined by the slope of Fig. 3. The inferred value
K ' =1.47+0.07 p, m falls near Ko'=tv~/2sksT
=1.62+0.05 pm expected for a clean normal metal
(A. =0), but is noticeably smaller than the coherence
length g(T) =2.3 pm estimated for a clean super-
conductor (T,=1.23 K) using $(T) =0.74]o(l —T/
T,) '~', where $o is the BCS coherence length de-
termined in Sec. V.

The values of b,,(~) inferred at T= 0.95 K cor-
responds to a zero-temperature BCS value +(Al)
=0.177+0.07) meV, in reasonably good accord
with the Blackford and March'o result (60=0.186
meV), as well as with the smaller of the Campbell
and Walmsley results (+=0.17 meV). 's Rapid
variations in Blackford's single-crystal values of
~0 frustrate comparisons between his work" and
ours. Moving -6 off [ill], for example, causes
A, to increase from 0.150 to 0.200 meV, while
moving to another orientation ™12'off [111]re-
stores 60 to 0.150 meV —variations which span the
maximum range of his observations. " Even for
sharply peaked [ill] fiber textures, these results
may be interpreted so broadly (0.150 & ~ & 0.200
meV) as to be of marginal value in assessing crys-
tallite quality. We can say only that our limiting
value of A is compatible with tunneling from high-
quality crystallites having a strong [111]texture.

Theoretical I(V) characteristics obtained from
computations based on Wolfram's density of states
are also plotted in Fig. 1. These computations take
into account effects due to nonzero temperature,
angular dependence of the tunneling matrix element
(via P), '4 and residual gap smearing. As a practi-
cal matter, any successful calculation of I(V)
must provide for a certain amount of gap smearing,
even when I(V) rises rapidly near Vs. Following
Wyatt, Barker and Yelon, "we simulate residual
smearing (both in I, and CE}by replacing 6 (a
real constant) in the BCS formula p =Re[p, (k~)&/

FIG. 4. Observed (a) and computed (b) second deriva-
tives for the thickest Al film studied. The&generaQy
good agreement-bebveen (3,) and (b) extends through the
virtual-state threshold V= (b, m+6osj/e (encircled), per-
mitting precise determinations of the parameter 62 in
Wolfram's theory. Observed values 62 —-1.40+ 0.02 meV
differ but little from that of bulk Pb. Segments of (b)
have been displaced vertically for clarity. [Parameters
employed for (b) are hcE=0.166(1+0.051), &)=0.150(l
+ 0.05 j), 6 2

= 1.3S, c = 1.00, y= 4.00, p = 30, T = 0.95 K
and 53-p, V modulation. ]

(&u' —bP)' '] with A(1+f5)—that is, by adding a
small imaginary constant (5 «1}to A—which re-
moves the discontinuity in p at &= ~, adds states
in the gap region (0 ~ &o & 6) and, to a very good
approximation, preserves normalization. " Ac-
cording to Fig. 1, I(V) characteristics computed
for reasonable parameter values are in excellent
agreement with those actually observed.

IV. ac TUNNELING

Second-derivative data acquired with the thickest
Al film studied (d, =3.11 p, m) appear in Fig. 4. The
low modulation level employed yields a poor signal
at higher biases (energies), but preserves struc-
tural detail which occurs at lower biases. Esti-
mates based on normalized first-derivative ampli-
tudes suggest a value of y =4.0, so that 2d ampli-
tudes should exceed 4d amplitudes by a factor of
approximately 12 [ ( 2p'(/ ( (2s, /&)p [

= ( ( ~ - a, [/
26,)e & =~~], precluding resolution of the 4d series
and fixing the basic level spacing at Ave/2d .
Agreement between observed and predicted second
derivatives —the latter computed for y =4.0—is
seen to be quite satisfactory (Fig. 4), extending
even to subtle details such as sawtooth line shapes
(2 ~ &u=eV- b, cE ~3.5 meV) and fine structure near
~ =A, . Data acquired with larger modulations ex-
hibit virtual-state oscillations which extend to w
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FIG. 5. Observed level locations plotted against pre-
dicted locations for the junction of Fig. 4. Both dips
(g) and peaks (O) in d V/dI are plotted. The 45 line
included in the figure corresponds to perfect agreement
between experiment and theory.
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FIG. 7. Observed level structure for a comparatively
thin Al film. Vertical arrows mark anticipated 2d
level locations (8), computed from d& and vz (thick-film
value), assuming 62 does not vary with energy. The
dotted curve of Fig. 8 gives the actual structure pre-
dicted by this calculation.

= 8 meV and which allow a further test of the theory
by plotting observed values of Q„(corresponding to
peaks or dips in dsV/dI') against predicted values,
as shown in Fig. 5. The 45' straight line obtained
indicates excellent agreement and permits precise
determination of c =2d, /Itvg (hence, of v~ itself)
since only one value of c can yieM the good agree-
ment depicted.

First and second derivatives presented in Fig. 6
exhibit somewhat stronger structure corresponding
to y =3.4. This time 2d amplitudes exceed 4d am-

plitudes by a factor of approximately 8, yielding a
partially resolved 4d series. Agreement is again
quite good, reaffirming one's confidence in the the-
ory and in the basic level spacing assignment hvar/
2&& ~

Further decreases in y, achieved by decreasing
d„produce level structure whjch is not only
stronger —but which also has a different general
appearance, as shown in Fig. 7. Comparisons of
observed and computed tunneling characteristics
help focus attention on these differences. The re-
quired computations pose no problem since three
of the parameters needed are known with consider-
able precision [c frpm the thick-film average of
v~~ and direct measurements of d, ; b,, (=const)
from I(V); and gs ( const) from the virtual-level
threshold in d'V/dI' j, while the fourth (y) can be
estimated from normalized first-derivative ampli-

I ' I ' I ' I I

I I I
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FIG. 6. Partially resolved 4d structure observed with
an Al film of intermedi~a thickness. Levels of the 4d
series are indicated by arrows and labeled S' (weak),
while 2d levels are labeled S (strong). Curves (a)-(c)
represent experimental traces; (d) and (e) represent
computed quantities corresponding to (b) and (c), res-
pectively. [Parameters employed for (c) and (d) are
+CE 0.130(1+0.05i), 6 g 10.170(1+0.05i), E2——1.41,
c=0.831, p=3.4, P=30, T=0.95, and 140-1Lt,V modula-
tion. ]
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FIG. 8. Computed derivative structure for the junc-
tion of Fig. 7. Computations based on Wolfram's theory
with h2 held constant yield the dotted curve, while
similar computations with A2(e) = Re[4pb(M)]
+iIm[4pb(co)] yield the solid curves. [Parameters em-
ployed are: 4cE= 0.130(1+0.05 i), 4

&
= 0.190(1+0.05 i),

b, 2= 1.40, c=0.345, y= 3.1, k& = 0, and T=O.]



18 GEOMETRICAL RESONANCES IN' THE TUNNELING. . .

tudes. Results computed on this basis appear as
the dotted curve of Fig. 8, and comparison with
Fig. 7 shows that the observed 4d structure (la-
beled W) is much stronger than predicted; further-
more, dominant peaks observed at higher biases
are displaced from their predicted locations. In
general, therefore, Wolfram's theory in its weak-
coupling form is unable to provide an adequate ac-
count of our observations with thinner Al films
(0.6 & d, &1.0 p, m).

Good agreement can be restored, however, by in-
cluding strong-coupling effects in the overlayer,
that is, by relaxing the approximation A, = const
and permitting +(&o)=Re[+(&o)]+ ilm[a, ((u)] to as-
sume the correct functional form describing Pb.
Some insight into why this should be so can be
gained by noting that the relative importance of the
4d contribution varies as (2g'(/((2L, /&)g (

= [l~(&u)l/2nx]e r, and that l~(~)l= l&»(~)l ex-
periences large increases (-4&&) near peaks in the
phonon density of states which occur at ~~=4.5
meV and m~ = 8.5 meV. Of course, the fact that
[2p' (/) (»,/a)p ) scales as e " explains why de-
creasing y values emphasize effects due to +((o).
Repeating our previous calculations for d'V/dI'—
but now with complex value of ~(&u) = a»(a&) taken
from the compilation of Rowell, McMillan, and
Dynes" —we obtain the solid curve of Fig. 8. Corn-
parison of Figs. 7 and 8 shows that agreement has
been restored; level amplitudes and displacements,
the latter given by (I/2wc) arctan {1m[~(&u)]/
Re[~(~)]], are both accounted for. Inverting this
procedure, in the sense of inferring parameter
values from theoretical fits to observed structure
obtained with (three) thinner films (0.6 & d, & 1.0
pm), yields values of vz* which fall within 1% of the
thick-film average. For these films, variations in

+(&u) also influence the decrease of 2d and 4d level
amplitudes with increasing energy ((u=eV- LcE )
since [g(ar)( varies as (g(= [(d,,(~)- 2, (/2&v)e y

= [(+(~) (/2&@]e & at higher energies, yielding 2d
and 4d amplitudes in p, (&u, k~) which decrease as
d, , (~(~) )(I/&u')e r and (~(&u) ('(I/2~')e '~. The
occurrence of sizable effects due to changes in

a, (e) requires somewhat special circumstances:
M, must be strong coupling, of course, and defect
scattering in M, must not be too strong —but, also,
level amplitudes must not be quenched by spontan-
eous phonon emission in M, at energies below those
for which h, (&u) increase substantially. Hence, I,
should have its first phonon peak at a significantly
higher energy [&or(AI) = 20 meV) than that of M,
since spontaneous phonon emission- can be quite
effective in quenching level structure even in weak-
coupling superconductors.

Returning to thicker Al films (y &3.5), where ef-
fects due to +((u) are negligible, Wolfram's theory

Ioo
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FIG. 9. Decay of 2d amplitudes in d V/dI for the
junction of Figs. 4 and 5. The solid curve corresponds
to the theoretical prediction for P= 30. Absence of en-
hanced damping above &o r(Pb) = 4.5 meV demonstrates
the absence of Al quasiparticle damping by emission
of transversely polarized Pb phonons during encounters
vrith the Al- Pb interface. Accelerated amplitude decay
above 7 meV probably results from spontaneous emis-
sion of Al phonons, although longitudinally polarized
Pb phonons can not be ruled. out since ~L, (Pb) = 8.5 meV.

predicts amplitudes for p, (&u, k, ) which decay as
I/(os= 1/Qs, at higher energies. For specular tun-
neling (k~/k~ = sing = 0), numerical computations
show this prediction carries over to d'V/dI'. For
random tunneling, where all tunneling directions
are assumed equally likely, numerical computa-
tions show that Wolfram's theory leads to a 1/&u'

= I/O,' decay for d*V/dI'. Following McMillan, "
we parametrize the tunneling matrix element
(squared) according to p, exp(-pg'/2)= pe s&&es"'s,

so that behavior intermediate between these two
limits can be realized by adjusting P.'4 Second-
derivative amplitudes obtained with an Al film ex-
hibiting only 2d levels (y =4.0) appear plotted as a
function of Q, in Fig. 9. Dashed curves represent-
ing the specular and random tunneling limits are
included for comparison. The actual decay law
falls between these two extremes and, over the in-
terval 2.5-7 meV, can be fit quite w'ell by P =30,
a choice" which corresponds to an rms tunneling
angle of about 15'. Accelerated amplitude decays
observed at higher energies probably indicate the
onset of significant damping by spontaneous phonon
emission in Al. An interesting aspect of these re-
sults is the absence of any additional damping
above &or(Pb) -4.5 meV, indicating that quasipar-
ticles incident upon the Al-Pb interface from the
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Al side are not scattered inelastically by emission
of transversely polarized Pb phonons even though
such events are energetically permitted.

V. NUMERICAL RESULTS AND COMPARISONS

Values of vz* ([111])inferred by matching com-
puted and observed second derivatives for three
thin films (0.6 ~ d, & 1.0 p, m) and ten thick films
(1.0 &d, ~3.1 gm) ar'e presented in Fig. 10. Ab-
sence of any systematic trend in v~ with decreasing
thickness —and, hence, with increasing gap en-
hancement —demonstrates the insensitivity of Z, to
proximity-effect phenomena, at least on the scale
of effects encountered in our experiment. Also,
because of the smallness of the intrinsic gap in Al,
Z0 values for the normal and superconducting
states should be very nearly equal. Adopting the
plausible interpretation that scatter in our velocity
determinations (characterized by a standard devia-
tion of 0.04&&10' m/sec) is due primarily to random
errors in the measurement of d„we obtain the
value v~ ([111])=(1.30+0.01)&&106 m/sec, a result
which compares favorably with the specific heat
value (1.27&&10' m/sec) due to Daunt" and the
anomalous skin-effect value (1.29 &10' m/sec) due
to Fawcett. " Combining this result with the value
v~0([111])=2.03 &10' m/sec inferred from the
pseudopotential fit of the Fermi surface by Ander-
son and Lane" (based on de Haas-van Alphen mea-
surements), we obtain Zo([111])= v+0/v+*=1. 56, or
x([111]}=0.56—in fair agreement with theoretical
estimates by Allen and Cohen" (A. =0.53) and by
Ashcroft and Wilkins s

(A, =0.49), but substantially
larger than the emperical estimate (X=0.38) by
McMillan. 24 Finally, t)z* and 6 (Al) can be com-
bined to yield a BCS coherence length +(Al) =Kvg/
v+ = 1.54 s 0.05 pm which falls remarkably close
to the decay length K ' =1.47+0.07 pm inferred
from Fig. 3.
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APPENDIX A: COMPUTATION OF TUNNELING

CHARACTERISTICS FROM %WOLFRAM'S THEORY

Assuming the tunneling matrix element T(k~) de-
pends only on transverse momentum k~ =k~ sing—
where g denotes the tunneling direction relative to
the barrier normal —the current passing between
two superconductors (T =0 K) due to an applied bias
V can be written as'

r(v) I d~ I z
', Ir(a, )l'

X pep(~', P~) p~(~ y~)

d'k, T(k, )
'

(2.): .(')
pcE( ) J.) (+ y )p„(~', o)

(A1)

with ~'=eV- ~ and d'k =2np dk,
= 2p& ~ sing cosg dg. For a counterelectrode having
completely isotropic electronic properties,

'ps' CO

mhl' cosa [(~')*—a* (td')]'~') 'Re

(A2)

where the prefactor containing cosg corresponds to
p«(u&', k~) = po(k~) in the normal state [g«(&o') =0]
and where a«((d'} could, in principle, be a com-
plex function of energy. The current now simplifies
to

1(V) =K d~ p«(~', 0)

l.4—

fi/2
&& D(8) p, (+, 8) sin8d8,

0
(A3)

u)

E
O

L

V&([111]j= ( i.3p+ O.pi) x lp m/s

2 3
THICKNESS di (p)

FIG. 10. Values of vz (f111])as a function of Al film
thickness. Velocities marked by crosses correspond to
values obtained with two a typical junctions exhibiting
double energy gaps. The presence of two gaps appears
to have no effect on v+. x p (co', 0) p, (&o, 0), (A4)

where K is a constant and D(8) =
~
T(8)/T(0)~'. This

result is easily extended to nonzero temperatures
by introducing the usual Fermi-Dirac functions
[e.g. , f((u, T)] in the energy integration via the fac-
tor F(v, (o', T) =f(e, T) —f(&u', T).

In the extreme specular limit —where g is re-
stricted to vanishingly small values and all elec-
trons tunnel normal to the barrier D(8) sing a—s-
sumes 6-function character and Eq. (A3) reduces
to the so-called semiconductor result,

I() )=Kf dwF( l, Id', T)
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w/2 1/2

& ) =~~ f 'o(e) ede
[

E 0 ]
according to

(A5)

(A6)

so that a value of P =30 corresponds to {8)=15'.
In order to realize substantial ecconomies in

computing time, it is desirable to perform the in-
tegration over 8 in Eq. (A3) by approximate ana-
lytical methods. For the relatively large values of

involving the familiar convolution integral of two
one-dimensional densities of states. To improve
upon this result by permitting reduced rates of
tunneling for 8 &0, one must adopt a model for the
barrier in the sense of specifying the barrier
transmission function D(8). A Gaussian variation
D(8) =p exp(-p8'/2) proves a particularly tractable
choice. '7 The parameter P is related to the rms
tunneling (half) angle

y which characterize most of our films (y ~ 3.5),
this proves a relatively easy task since p, (&o, k~) is
dominated by the leading 2d term which can be in-
tegrated to yield

(A7)

where y=2wcQ, (ar). [One notes that Eq. (A4) is re-
gained in the limit as p-~, that is, as {8)-0.]
Currents can now be computed as a function of bias
by straightforward numerical integrations. Vtiliz-
ing the five-point parabola method, subsequent nu-
merical differentiations yield quiet and reliable de-
rivatives df/dV and d'I/dV which are then con-
verted into the desired derivatives using standard
identities. In instances where instrumental modu-
lation broadening influenced our derivative mea-
surements, computed derivatives have also been
modulation averaged using sinusoid amplitudes
equal to those of the experiment.
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