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The superconducting transition temperature T, and the upper critical field H,, in the rare-earth (R)
compounds R,MogS;, R,MogSe;, and RRh,B,, are theoretically studied within a model in which the
superelectrons mainly originate from the 4d electrons of Mo and Rh atoms. The fluctuation of local spinsinside
a Cooper pair weakens the BCS coupling. Thus, the quantities T, and H,, are strongly influenced by the
fluctuation. These quantities are obtained as functions of the intra- and interatomic exchange interactions
and the concentration of the spins. The theoretical results explain the existence of the upper and lower
superconducting transition temperatures T, and T,, in ErRh,B, and Ho,,MogS;, and the concentration
dependence of T, in La;,Gd,MosSe; and Sn, 5.,)Eu, Mo, 35Ss. The suppression of the spin fluctuation by
application of a magnetic field causes an increase of the BCS coupling. In calculating H.,,, this fact is taken
into account as well as the spin splitting of conduction bands and spin-orbit scattering. Our theory explains
the anomalous behavior of the temperature dependence of H., observed in Sn, 5 _Eu, Mog 35S,. It is proposed
that in certain compounds a superconducting state may- appear only in the presence of a magnetic field.

I. INTRODUCTION

The interplay of superconductivity and magnetism
has attracted the attention of many solid state phy-
sicists. ! The effect of a single magnetic impur-
ity on the superconductivity has been well under-
stood. ** However, the effect of highly concen-
trated or stoichiometic magnetic ions on the super-
conductivity is still open to question in spite of
considerable research efforts."? This is partly
because there existed no stoichiometric compound
suitable for studying this problem.

The recent discovery of the superconducting
compounds RRh;B, (Ref. 5) and RMoyX;, R being
rare-earth ions and X being S (see Ref. 6) or Se
(see Ref. 7), has brought about an amazing number
of examples concerning the problem. Supercon-
ductivity in®® ErRh,B, and!® Ho, ,Mo,S; is quenched
by a magnetic-ordering transition and, thus, these
compounds provide the first examples of supercon-
ducting-to-magnetic phase transition. However,
superconductivity in Thy ,MogSg, Dy, ,MogSg, and
Er; ;MogS; is quenched by a magnetic-ordering
transition only under a magnetic field.!! It is also
surprising that some of these compounds such as
PbGdy, ;M0gSs,'”!'? Lay, sEuy, ;MogSe,'* and Sny, 5 (1)
Eu,Mog, 55S5,'%'1? are ultra-high-field superconduc-
tors; the upper critical field H,, of these com-
pounds is much higher than 300 kG. Particularly
interesting is the temperature and Eu-concentra-
tion dependence of Hgy in Sny,y 1y, Eu,Mog, 5554.1%13
With increasing Eu concentration, H., at absolute
zero increases although the superconducting tran-
sition temperature T, decreases. Furthermore,
the H,, temperature dependence of the compounds
with a considerable amount of Eu ions is quite dif-
ferent from that of usual superconductors. The

objective of this paper is to study theoretically the
magnetic and superconducting properties of the
above rare-earth compounds. We discuss the
effects of magnetic ions on T, and H,,, taking into
account the collective nature of the motion of local
spins.

As is well known, an impurity spin acts on a
Cooper pair as a pair breaker and suppresses T',.!5
In calculating T, elastic scattering of electrons
due to a local spin is assumed by taking the local
spin as a static potential. At very low tempera-
tures, the quantum motion of a local spin is intro-
duced to take into account the Kondo effect. In our
systems with highly concentratedor stoichiometric
magnetic ions, however, the spins are coupled
among themselves through the exchange interac-
tion. Thus, there exists collective motion of spins
even in the paramagnetic phases. Therefore, one
must take into account the inelastic scattering of
electrons due to the spins.

In Sec. II, we propose a model Hamiltonian suit-
able for our compounds. In Sec. III, the effect of
local spins in the paramagnetic phases of both
ferromagnets and antiferromagnets on T, is
studied. The weak-coupling-limit condition for
spins is investigated. In this limit, the effective
BCS coupling constant is expressed as a function
of the staggered spin susceptibilities. Our theo-
retical study shows that the superconducting elec-
trons are different from electrons which contri-
bute to the exchange interaction between local
spins. The rare-earth ions in the compounds
RMogX; can easily be substituted by nonmagnetic
ions such as La and Sn. In Sec. IV, we calculate
the dependence of T, on the concentration of mag-
netic ions in ferromagnets and antiferromagnets,
extending the effective-Hamiltonian method of spin
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statistics proposed by Oguchi et al.'®!" The ex-
perimental results on T, for La,_Gd,MogSe;,'® and
Sny, 5¢1-x)Eu ;M0g, 3555,!% 13 are analyzed, and the de-
pendence of T, on the concentration of the magnet-
ic ions in ErRh,B, and Ho,, ;Mo¢S; is predicted.

In a magnetic field, local spins are polarized,
and the up- and down-spin bands of the conduction
electrons are split. Furthermore, the orbital
motion of electrons (the Meissner term) is modi-
fied by the spin polarization. These effects are
easily included in the usual formulation for type-II
superconductors. 2% It is also important to con-
sider the spin fluctuations in a magnetic field. %2
The magnetic field suppresses the spin fluctuations
so that the effective electron-electron interaction,
which has been reduced by the spin fluctuations
from the BCS interaction, increases. In Sec. V,
H_, is determined as the resultant of the interplay
of the following terms: the field-dependent term
of the effective BCS interaction, the Meissner
term, and the spin splitting of the bands. In Sec.
VI, the numerical results of various H,, versus
temperature T curves are shown, limited to ultra-
high-field superconductors. The theoretical re-
sults contained in the H,-vs-T curves qualitatively
explain the experimental results observed by
Fischer et al.'®!® in Sn,, (- ,Eu,Mog, 3:S5. A quan-~
titative comparison as well as results for H,, in
low- or moderate-field superconductors will be
given in a separate paper.

II. MODEL

The ternary rare-earth molybdenum chalcogen-
ides (X =S or Se) have a rhombohedral crystal
structure of a distorted CsCl type with a MogX,
cluster on the corner and a rare-earth ion on the
center. 2 It has been experimentally concluded that
the superconducting electrons of the sulfides are
the 4d electrons of Mo atoms. %1213 Although such
a conclusion has not been obtained in the selen-
ides, the similarity between the sulfides and the
selenides suggests that the same conclusion holds
for the selenides. The local 4f spins of the rare-
earth ions are coupled through the exchange in-
teraction. Since the local spins form a primitive
lattice, it is possible for them to order magnetic-
ally with a single wave number Q.% The exchange
interaction between the local spins originates from
the superexchange mechanism? and from the in-
direct interaction through the conduction electrons
. (the Ruderman-Kittel-Kasuya-Yosida interaction).
It is considered that the indirect interaction oc-
curs through the 5d and 6s electron bands of the
rare-earth ions which have large wave-function
overlap integrals with the 4f electrons. The su-
perconducting 4d electrons of Mo atoms also in-
teract with the local spins through the exchange

interaction I. Since the overlap integral of the
wave function of the 4d electrons of a Mo atom
with the 4f spin of a rare-earth ion is very small,
it is expected that the interaction / is extremely
weak compared with that between the 5d and 6s
electrons and the 4f spins of a rare-earth ion,
Therefore, the contribution of the superconducting
electrons to the indirect interaction between local
spins may be neglected. Actually, we will show
in Sec. II that a superconducting state should not
exist in the compounds at any temperature if the
magnetic ordering were caused by the indirect
interaction only through the superconducting elec-
trons.

The ternary rare-earth rhodium borides RRh,B,
have a tetragonal crystal structure, and the rare-
earth ions form a body-centered-tetragonal lat-

‘tice.? For these compounds we have no precise

information about the electronic state as found in
the sulfides.?’ However, these compounds may
also be described from the same view point as
RMo¢X,, because of the similarity of properties
between RRh,B, (Ref. 8) and RMo, X, (Ref. 28).

In the rest of this section the model Hamiltonian
for these systems is constructed. kp=f=c=1
is used. Neglecting the anisotropy of the crystal,
we write the Hamiltonian as

:}C:JCO +JCe, +Jccf +3Cff. (2.1)

The Hamiltonian for the superconducting electrons
is written

ser=3 [ttt (= g 9 - ieB G - ) 0o
+us [ @ HOWEHE - @u@],  @.2)

where m is the electron effective mass, A is the
vector potential, p is the chemical potential, upg
is the Bohr magneton, H (%) is the magnetic field
whose direction is parallel to the z direction, and
zp,(;:) is the electron field with spin 0. The elec-
tron-electron Coulomb interaction will not ex-
plicitly be considered. The Hamiltonian 3C,, is
the electron-phonon interaction given by

Kop=3 [ [ @ c@E-3@@eE), @.3)

where C(x - X’) is the electron-phonon interaction
potential and ¢(X) is the phonon field. The free-
phonon Hamiltonian is not written explicitly. In
the next sections, the weak-coupling limit will be
taken.- However, in order to clarify the effect of
local spins on superconductivity it is useful to
start our study from the more general viewpoint.
The Hamiltonian 3C is that of the local spin and
electron interaction, and 3Cs; is for the local spins:
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Koy =-132 [ off - D B - @0 @)

+S79T )P, (%)
+S7lR)%, (X}, (2.4)
chfz-‘Z; Jii§i°§i +gJIJ'BHZi: 9%, (2.5)

Here, the exchange interaction constant I may
have either sign. §, and ;‘]',, are the spin and total
angular momenta of the rare-earth ion at the site
R,, respectwely, and are related to each other by

=(gs~1)3;, g, being the Landé g factor. Jy;is
the exchange interaction constant. We note that
in our compounds RMogXy and RRh By, J;; is not
a function of I. The rare-earth ions except Gd**
and Eu®* have large magnetic-anisotropy energies
because they have orbital angular momenta. How-
ever, we will not write them explicitly.

The compounds which we are concerned with
belong between dirty superconductors. There-
fore, spin-flip scattering of the conduction elec-
trons due to the spin-orbit interaction as well as
non-spin-flip scattering are crucial to describe
the superconductivity. These scattering effects
will be taken into account later.

II. SUPERCONDUCTING TRANSITION TEMPERATURES

In this section, the superconducting transition
temperature T, is studied. Several authors?®-32
have extended the Abrikosov and Gorkov theory!®
to include the effect of spatial correlation between
impurity spins. In their theories, impurity spins
are assumed to exert static potentials on elec-
trons. In our system with highly concentrated or
stoichiometric magnetic ions, however, the spins
behave just like a Bose system because they are
strongly correlated through the exchange inter-

4
5t

action. As a result, the electrons are inelastic-
ally scattered by the spins and exchange their en-
ergies and momenta with the spins.3!"3%3¢ Several
authors®-% have also proposed indirect coupling
between conduction electrons owing to virtual ex-
citation of the spins in magnetically ordered states.
However, in the paramagnetic phases which we
are interested in, the motion of local spins is of
damping form because of the thermal effect. 3% 3¢
Therefore, we extend the previous theories in the
following way.

To set up the generalized Gorkov equations when
local spins are included, we first introduce the
following Green’s functions:

Ga,o(;r) EIT') == <T-r[¢a(§’ T)Zbg(§', T’)D ,
F oy o7, /7)== (T L1E, LG, 7)),

Flo, o &7, X'T7) = = (T Y_oX, (X', T)])
. . (3.1)
D(XT, x'7) =~ <T,-[¢(X, T)(]b(X',‘ T')D )

X @7, Byr') = (T [SHDSHD
X R, Ry = (TS1(DSHND

where the spin Green’s functions are defined by
using the fluctuating parts of the spins; S§ - (S,)
with (S,) being the polarization of a local spin due
to a magnetic field.?"?> Here, 7 is the imaginary
time, 7T, is the time-ordering operator, and (A)
denotes the thermal average of A taken in the
exact state; (A)=TrAde ™ /Tre™ and 8=1/T. The
spin Green’s functions have opposite signs from
the others so that they are related to the spin
susceptibilities. Using Hamiltonian (2.1), the
differential Green’s-function equations are ob-
tained as

[V, - ieA®)] +u.> G (X7, %' 1) = 6(T = T')6(X - X') = fdsxlc(x T Lo &y, T X, T)PHE, T)])

+1 Z 5(R, - DT [s5 (), &, Dol )]

+(TISi (9, &, D&, DY, (3.2)

<-§; —5- 1%, +zeA(x)]2—u.>F..(x'r 21 = [ a, CE- )T Lo Gy, G DU, 7D

*’Z 8®; - DT ISH &, DR’ 7))

where

he=W —Oh, O=+0T =, h==ppgB+IcS,),

— (T ST, Dyt &, 7D, (3.3)

(3.4)
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¢ being the magnetic-ion concentration and B the magnetic induction. The electron-phonon (multiparticle)
Green’s function in Eq. (3.2) is calculated as

- - B > - > -> -
(T Lo&y, NP x, DIE', 7)) =~ Jo‘ ar, fd3xz J.d3x3 C(Xy = X)D(Xy, Xp:T = T)FF, (X, X507 = 7))

XF (X, K37 = T') + 00 e (3.5)
where the dots denote the term which contributes to the normal self-energy. The Green’s functions on the
right-hand side of Eq. (3.5) are determined self-consistently. On the other hand, the spin-electron
Green’s functions in Eq. (3.2) are calculated up to first order of the electron-spin interaction as

B - - - = - - >
(T LSEHT (X, TN, 7)) =1 ; fd3x1 JO- Aty 8(R; = X)X (Ry, RyiT = TOF (X, X:T = TOF (X, XiTy = T') +o o0,
(3.6)

- -> B - - — - - -
<TT[S;(T)¢A(xy T)ll)t(x', T’)D =1 Zj: fd3x1 j{; dTi 5(Ri - X1)X'*(Ru RJ:T - 7'1)FI,(X1, XiTy - T)Fn(xly X':Tl - T’) Foeee,
, (3.7

Here, the dots in Eqs. (3.6) and (3. 7) denote the terms which contribute to the normal self-energy. When
the order parameter is defined as

AG Eie)=-T 2 ( [, [d, CG-Z)OR, - 5D Gy, Fyiea- e
1

+12 g 6(§.{ - §)5(ﬁj - §1) [Xzz(ﬁl N ﬁ.j:en- 61) +X-*(§‘ 5 ﬁ,:en +€t)]>Fr;(;, }?1:51), (3. 8)

Egs. (3.2) and (3. 3) are rewritten
. 1 - . e - - - > - - - e d -> -
(%n 5 (Vo= ieART + 1y - 2R, x'=en)> GoilX, X"1€,) + f dxy A, Xyzen)F 11Xy, X'1€,) = 8(x - X') (.9

-

f 3%y D* (X, Xp:€,)G 1 (X, X"2€,) + (ie,, _-2-% [V, +ieA@) P -p, +2 &, X" - e,,))F,,(SE, X":€,) =0, (3.10)

where Z,()'Z, §':e,,) is the integral operator for the normal self-energy with spin 0, and ¢, and ¢; are the
imaginary frequencies defined as €¢,=271T +3%) and €; =27T(l +%) with » and { integers. Here, the rela-
tion F1, (x,, X:¢,) =F!,(X, X;:€¢,) was used. Contrary to the usual Gorkov equations,'*?® the order parameter
is nonlocal in space. This nonlocality originates from the fact that the spin fluctuations as well as the
phonons are of long range in space. Thé parameter A(X,X":€,) corresponds to the wave function of a
Cooper pair, and % and X’ are the coordinates of the electrons constructing a Cooper pair. As seen in
Eq. (3.8), the spin fluctuations inside a Cooper pair act on electrons as an effective interaction.

In this section we neglect for simplicity the terms involving the vector potential. Then, the electronic
Green’s functions recover the translational symmetry. By using the Fourier coefficients of the functions,
we find

AR, e,)=T Z‘ 2 LC@ |2D@, ep—€0) + X @, €= 1) + X @, €5 €7)]
q

"A(E"a 351)

P S— - = (3.11)
—[lie; + Epuge €1) [lde; = Epogu (—€) [ +1 (K= aQ,e)l?
—
where C(Q) is the Fourier transform of the elec- g_ncluding the self-energy Z,(K,¢,) with momentum
tron-phonon interaction. In deriving Eq. (3.11) we k and spin 0. The energy is measured from the
used Fermi energy. Equation (3.11) is essentially the
ia - same as that for the paramagnon system?’-2 if the
8i=N; Z:Sa exp(iq-R;). (3.12) electron-spin interaction I and the spin Green’s

functions are replaced by the short-ranged elec-
In Eq. (3.11), &,(e,) is the normal electron energy tron-electron interaction U, and the paramagnon
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propagators,’®3 respectively.

Equation (3.11) depends on the phonon and spin
Green’s functions so that it belongs to the strong-
coupling system.?® In the following, we consider
the weak-coupling condition. The phonon Green’s
function is written??

D(q, &) == 20,/(e} + @), (3.13)
where w,_is the phonon energy and ¢, =27Tv, v being
integer. The parameter A(K,¢,) with |e,| <wp,
is finite below T, wp being the phonon Debye
energy. In the weak-coupling limit (T, <w,), re-
placing the phonon energy w, by wp and taking
(e, —€;)? to be zero because re,,— €| <wp, the pho-
non-mediated electron-electron interaction in Eq.
(3.11) is substituted with the BCS interaction ggcs
as

- |C@ D@, en—€1) = |C(@) |2(2/wp) =gncs -

The spin Green’s functions in the paramagnetic
state are of damping-type and are written®?

X@ra)
@)+ e

X*(d,e,) =3x7"(d,6,) = (3.14)

where the anisotropy of the spin fluctuations was
neglected, for simplicity. Here, x(d) is the static
spin susceptibility which is defined to be the stag-
gered susceptibility measured in units of (g;— 1)?
X (g, 1p)?, and I'(G) is the damping constant. Re-
ferring to the case of the phonon-mediated inter-
action, the weak-coupling treatment for the spin-
mediated electron-electron interaction requires
that T, < I'(q) with certain d values. The damping
constant I'(§) is conventionally expressed as?!’?2

Q) =ﬁBo/x(i) ) (3.15)

where B, is a constant dependent on the magnetic
materials but independent of temperature. Al-
though we have no information on I'(q) in the com-
pounds which we are concerned with, we assume
that the condition T, < I'(§) holds. Since our study
is restricted to the weak-coupling limit for both
the electron-phonon and the electron-spin inter-
actions, we may also neglect the normal self-
energy due to both phonon and spin fluctuations.

In the weak-coupling limit without magnetic field,
Eq. (3.11) is written

AR) =T Z ' Z [gBes = Px*(@) - I*x™*(@)]

Ak-4q)

“ ) (3.16)
e+ +1ak-F)12

As seen in Eq. (3.16) the spin fluctuations sup-

press the BCS interaction because the sign of the
terms is opposite to that of the BCS term. We
assume that the BCS interaction is usually stronger
than the interaction due to the spin fluctuations.
Therefore, the summation in Eq. (3.16) is taken
over ]e, | <wp and the prime on the summation in
Eq. (3.16) indicates this restriction. The elec-
trons which contribute to superconductivity are
restricted to those near the Fermi surface. Since
both the incident electron and the electron scat-
tered by the spin fluctuation should be near the
Fermi surface, the equation to determine T, is
given from Eq. (3.16) by

AR =gueNO) [d5,T. 2" )

) 3.17
drg @1

12 1 R 9
8ett=8BCS ~ 35" fi d(cosb) [x" <2qu sini )

+x™ <2kpz; sing )] s
(3.18)

where 6 is the scattering angle, ¢ is the unit vector
in the direction k- P, and N(0) is the density of
states at the Fermi level in the normal state.

A. Ferromagnets

When we define the Fourier transform of the ex-
change interaction given in Eq. (2.5) as
J, =“Z;) ., explig- (B - )], (3.19)

the staggered susceptibility in mean-field theo-

ry, % ig written
X@) =x"(@) =2x"(d) =Cy/(T - T,), (3.20)
with
T,=2Cyd,, (3.21)
Co=%cS(S+1), (3.22)

¢ being the magnetic-ion concentration. In ferro-
magnets with magnetic-phase-transition tempera-
ture T equal to T, the spin fluctuations with
small momenta are dominant so that x(q) may be
written

x(@) =Cy/(T =T, +Dg?, (3.23)
2

Inserting Eq. (3.23) into Eq. (3.18), we obtain



3C,I°N(0
Tc=1.14wDexp{-1/ [:gBCSN(O)—j}’%I#

T, T, +4k2D\]
Xln(-—ﬁ-—”———-—”—>}; .
T,-T,

(3.25)

Since the value of £r may be of the order of the in-
verse of the lattice constant, Eq. (3.25) is ap-
proximated by

( 2
T,=1. 14wDexp{—1/[ Zacs N(O)—%Jw
0

<nlzIm)l}

The numerical calculation shows that T, deter-
mined from Eq. (3.25) is well approximated by
that from Eq. (3.26). As seen in Eq. (3.26), T,
decreases with increasing T, and I when T,>T,,.
The relation between T, and T, obtained from Eq.
(3.26) is plotted in Fig. 1 for four values of 312/
2Jygpcs the parameter T, is the superconducting
transition temperature of the system without local
spin and is given by

(3. 26)

Ty =1.14wp exp[-1/g5csN(0)]. (3.27)
As seen in Fig, 1, the superconducting region is
drastically reduced by the spin fluctuations. This
is because the spin fluctuations prefer the spin-
triplet state of conduction electrons rather than the

Ferromagnets
1.0 A m
(2)
0.8 (3)
(4)
T /Te
0.6 :
31%/(2J0Qpcs) =
0.4
(1) : 2.5x107?
(2) : 5.0x1072
0.2 (3) : 7.5x%x1072
(@) : 1.ox10™"
0 I T
(0] 0.2 0.4 0.6
— T,/T.

FIG. 1. Relation between the superconducting transi-
tion temperature T, and the Curie temperature T in
ferromagnets obtained from Eq. (3.26). The parameter
T, is defined in Eq. (3.27).
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spin-singlet state in a Cooper pair. This fact is
not restricted to ferromagnets. In Sec. IIIB, T,
in antiferromagnets is discussed.

B. Antiferromagnets

As seen in Eq. (3.18), the spin fluctuations which
weaken the BCS coupling depend on the Fermi wave
number. When we define the wave number 6 which
specifies the magnetic state below T, the spin
fluctuations around Q are dominant. When @ is
much smaller than 2k, the spin fluctuations
around Q contribute effectively in Eq. (3.18) so
that the result is similar to that in ferromagnets,
as discussed above. When @ is much larger than
2kr, the spin fluctuations around Q do not contri-
bute to the effective interaction in Eq. (3.18) be-
cause the fluctuations around Q cannot scatter elec-
trons on the Fermi surface. In this case, the mo-
mentum of the spin fluctuations included in Eq.
(3.18) is much smaller than @ so that we may re-
place the staggered susceptibilities in the equation
by that with ¢ =0. Then from Eq. (3.18) we have

2
T.=1.14w; exp[_1/<chSN(0)_ 32?1 A;(0)> ]’
c— 4o

(3.28)

where T(<T,. Although the effect of the spin fluc-
tuation is weak compared to that in ferromagnets,
we still find that the effect is crucial. When @ is
not greatly different from 2k, the scattering of
the electrons due to the spin fluctuations becomes
anisotropic. In this case, the anisotropy of the
order parameter should be taken into account for
solving Eq. (3.17). This problem will be treated
in a separate paper. However, Eq. (3.28) holds
semiquantitatively even in this case.

At this stage, it is worthwhile to mention the
mechanism of the exchange interaction between lo-
cal spins. Let us assume that the exchange inter-
action between local spins comes from the indirect
interaction only via the electrons which contribute
to the onset of superconductivity. Then, the inter-
action I, which is estimated from the relation
Jy~I°N(0),""*® is considerably strong if the para-
magnetic Curie temperature © is of order of 1°K
[6=%S(S+1)J,]. In this case, the effect of the ,
spin fluctuations becomes extremely large. Refer-
ring to Eqs. (3.26) and (3. 28) as well as to Fig. 1,
we find that superconductivity does not exist at
any temperature in these magnetic systems.
Therefore, we conclude that in the compounds,
RMogX and RRhB,, the superconducting electrons
are neither 5d nor 6s of the rare-earth ions which
are responsible for the indirect interaction between
local spins.

The dependence of the staggered susceptibilities
on the concentration of local spins was calculated
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within mean-field theory. However, mean-field
theory does not work when the concentration de-
creases substantially. In Sec. IV, the mean-field
theory for calculating the staggered susceptibilities
is improved.

IV. MAGNETICALLY DILUTE SYSTEMS

In the compounds RMogX,, the magnetic ions can
easily be substituted by nonmagnetic ions such as
La* and Sn**. The concentration of magnetic ions
was introduced with mean-field theory in Sec. III.
In this section, the superconducting transition tem-
perature T, in a magnetically dilute system is
studied by improving mean-field theory.

When magnetic ions are substituted by nonmag-
netic ions, the magnetic transition temperature
T, decreases, and at a certain value of the con-
centration of the magnetic ions T, vanishes, al-
though at high temperatures the magnetic suscep-
tibility shows the Curie-Weiss law with a finite
paramagnetic Curie temperature (here, we neglect
the possibility of a spin-glass state). For sim-
plicity, we assume that there exists exchange in-
teraction J between the nearest-neighbor spins.
The concentration of the magnetic ions is given by
c. In the system, some of the ions are isolated
from the others and do not contribute to the collec-
tive properties of spins. The isolated-ion prob-
ability is given by (1 - C)?, z being the number of
nearest-neighbor sites. Therefore, the concentra-
tion of nonisolated ions is

¢’ =c[l=(1-c)]. @.1)

However, even if the magnetic ions are coupled
with each other, the magnetic phase transition is
not expected in the low-concentration system be-
cause of the statistical effect. For treating this
statistical effect, the effective-Hamiltonian method
developed by Oguchi et al.'®!7 is used. This meth-
od is extended to calculate the spin susceptibilities.
The details are given in Appendix A.

First, we discuss the ferromagnetic case. Fol-
lowing Appendix A, the magnetic transition tem-
perature and the staggered susceptibility with a
small wave number g are expressed as

T 2
7= In[z"/(z" - 4)]’ (4.2)
x (@) =2c'S(S +1)p{2 - 32'(1 - ¢7287)

+[&+1)/z][1 - (27")!

X(l - e-28-r' )]qz ~1

(4.3)
with
J’=§S(S+1)J, 4.4)

z'=1+(@z-1)’, (4.5)
where the distance between nearest-neighbor spins
is taken as unity. Here, we note that the critical
concentration ¢, below which T, vanishes is given
by

cll-(1=-c,)]=3/(z-1). (4.6)
Inserting Eq. (4.3) into Eq. (3.18), we obtain

( 313N (0)C!
Tc:l.l4wDexp1-1/|:gscsN(0)" 2f2kF2Tc

fi+aRLS }
X ln<—1——]7iu>] ( N (4. 7)
where

Cl=%c'SES +1),

fi=2-2"[1= exp(-BJ’) cosh(BJ")] , 4.8)

z'+1
z

e Sinh@.J)),

Bed’

with B,=1/T,. In Fig. 2(a), the numerical results
for T as a function of ¢ are given by the solid lines
for various values of I2N (O)/ T,. The dotted line
shows T, given by Oguchi et al.!” For calculating
T,, we took z =6, ggcsN (0)=0.3, 4kp =1, S=1,
and J’/T, =0.5. The ratio T,/T,, is not sensitive
to the values of ggcsN(0) and 422 (hereafter, the
values of these parameters are fixed at 0.3 and 1,
respectively). Even when the ferromagnetic trans-
ition does not exist because of the low concentra-
tion, the superconducting state disappears at very
low temperatures. This is because the suscepti-
bility increases with decreasing temperature at
very low temperatures as x(0) <1/T. Since we
neglected the effect of the isolated spins which act
on electrons as pair breakers, as studied by Abri-
kosov and Gorkov,' our results have only quali-
tative meaning at very low concentrations. In
Fig. 2(b), both T, and T, are given for various
values of J'/T, with I’N(0)/T,, taken as 3.2

X 10", The other parameters are the same as
those in Fig. 2(a).

Ishikawa and Fischer!! have observed that the
compound Ho;, ,MogSg is a superconductor in the
temperature range between 1.2 and 0.64°K. The
susceptibility measurements above 1.5 °K give a
positive paramagnetic Curie temperature © of
0.54°K. ' We calculated the superconducting
transition temperature T, in this compound as a
function of the magnetic-ion (Ho*) concentration.
In this calculation, we used z =6, S=3, T,
=1.56°K, and J'=0.18°K, which was estimated
from ©. In Fig. 3(a), the solid lines show T, for
various values of I°N(0). The dotted line shows

(1 - exp(=BJ’)
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Ferromagnets
1.0 7
//
0.8 /
PN/ T, = /
T./T co !
c co
() : 1. y" //\
0.6 1 /
T/ Teo
0.4 A
0.2 1
o + e —
[0} 0.5 1.0

—concentration ¢

Ferromagnets

12N0y/ To
o8

0.4

0.2

—=concentration ¢

FIG. 2. (a) Dependence of T, on the concentration of
magnetic ions ¢ in a sfmple cubic ferromagnet. The
solid lines show T,/T,, for various values of I*N (0)/T
and the dotted line shows T,/T,. The parameters are
taken as S=1, J'/T=0.5, gacsN(0)=0.3, and 4k%=1.
(b) Relation between T, and T for various values of
J’/T 4 as-a function of the concentration ¢ in a simple
cubic ferromagnet. The value of I’N (0)/T, is taken as
3.2%x10°%, The other parameters are the same as those
in (@).

T,. The black circles and the triangle, respec-
tively, represent the experimental values of T,
and © observed by Ishikawa and Fischer. ! When
we tentatively use the value N(0) =0.5 eV™1,!? we
find |I| =0.81 meV.

In ErRh,B, the superconducting transition occurs
at 8. 7°K and the superconducting to ferromagnetic
phase transition at 0.9 °K.%? Assuming the mag-

(Hoe Ai-c)i.2MogSs

(A : Non-magnetic ion )

1.5 4
T (°K)
1.0
N(0) (10° °K)
=13.2
0.5 1

Erc AI-C Rh484

(A: Non-Magnetic ion)

101 -
0.410~
T(°K)
5 | FN(0) (107%°K) L
=14.6 —=
10.410
o . T
o 0.5 1.0

—C

FIG. 3. (a) Theoretical results for T, and T, when the
magnetic ions are substituted by nonmagnetic ions in the
compound Ho; ;M0Sg. The abscissa gives the concentra-
tion of magnetic ions. The black circles show the exper-
imental values of T, observed by Ishikawa and Fischer
(Ref. 10) in Ho; sMogSs. The triangle is the experimental
value of © (Ref. 10). (b) Theoretical results for T, and
T, when the magnetic ions are substituted by nonmag-
netic ions in the compound ErRh,B,. The abscissa gives
the concentration of magnetic ions. The solid circles
show the experimental values of T, observed by Fertig
et al. (Ref. 8) and Moncton et al. (Ref. 9) in ErRh,B,.

netic lattice of a body-centered-cubic crystal

(z =8) and S =1 as the spin value of an Er® ion,

T. is calculated and the results are given in Fig.
3(b) by solid lines for various values of I2N(0). In
the figure, the dotted line which shows T, is almost
overlapping with the solid line corresponding to
I’N(0)=4.1%X1073°K. The closed circles are the
experimental values of T, observed by Fertig et
al.® and Moncton et al.® The other parameters
appearing in Eq. (4.7) were taken as T, =8.83°K,
and J' =0.295°K. When we use the value N(0)
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=0.5 eV-!, we find [I| =0.84 meV. It is highly
desired to observe the concentration dependence of
T, and T in the two compounds mentioned above.

In antiferromagnets with nearest-neighbor ex-
change interaction, the wave numbers Q are on the
Brillouin-zone boundary. Therefore, the stagger-
ed susceptibilities in Eq. (3.18) may be replaced
by the uniform susceptibility x(0), which is ob-
tained by changing the sign of J’ as

x(0) =3c'S(S+1)g/[2-32"(1-&®'")].  (4.9)

Then, T, is calculated as

T,=1. 14wDexp[—1/(chsN(0)

2¢’S(S + 1) I’N(0)8,
29— ,é:z 1(1 - eZBcIJ'Ij>] .
(4.10)

McCallum et al.'® have observed the specific
heat and the susceptibility in La;_,Gd,MogSeg for
various values of ¢. This compound has a nega-
tive paramagnetic Curie temperature 6 at any
value of ¢. In Fig. 4(a), the theoretical T, results
for various values of I?N(0) are shown along with
Ty and |9| . The experimental values observed
by McCallum et al.!® are also plotted in the figure.
The parameters z, S, and T, were taken as 6, %,
and 9. 0°K, respectively. The exchange interac-
tion J’ was taken as —0.45°K, for which value the
theoretical © at ¢ =1 agrees with the experimental
one. The Néel temperature T, at ¢ =1 calculated
by using the value of J' is 0.8°K, which is in
agreement with the experimental value observed
by McCallum et al.!'® The theoretical curve with
I2N(0) =0. 018 °K reproduces the experimental T,
results quite well. This value of I2N(0) gives
|[F| =1.8 meV if N(0)=0.5 eV™! is used.

In the compound Sny, 5¢;.c)Eu.Mog, 3585 studied by
Fischer et al.,%'? a Eu ion is in the divalent state
Eu®* and has the same ionic radius as a Sn* ion.
Therefore, substitution of Eu ions by Sn ions
changes neither the lattice constant nor the elec-
tron-atom ratio. In Fig. 4(b), the theoretical
values of T, as a function of the Eu concentration
¢ for various values of the parameter I12N(0) are
given, as well as the experimental values ob-
served by Fischer et al.%'!® Here, we assumed
the Néel temperature of the stoichiometric Eu
compound to be 1°K (J'=-0.64°K). The other
parameters used for the calculation are z =6,

=%, and T =13.0°K. The theoretical curve
with 1°N(0) =0. 035 °K agrees with experiment for
¢>0.4. From this result, we find |I| =2.5 meV
for N(0)=0.5 eV."! The theoretical values deviate
from the experimental ones for ¢<0.4. This dis-
crepancy may come from the facts that the atomie
mass of a Eu ion is very different from that of a

La,..Gd. Mo, Se,
-h
10 -
IN) (1072°K)
=0.9 _
S22
T(°K) 1.8L
] 5 )
8
-
0 1
0 0.5 1.0
— C
Snl.Z(I—C)EuC MOG.3SSG
15
I N0y (1072 ° K)
= 1.3
o?
T(°K)
5 i
0 .

0 0.5 1.0

FIG. 4. (a) Theoretical results for T,, Ty, and |© |
are shown by the solid, dotted, and dot-dashed lines,
respectively, as a function of ¢ in La; .Gd,MogSes. The
parameters z, S, J’, and T, were taken as 6, 3,
—0.45°K, and 9.0 °K, respectively. The open circles
and the triangles show the experimental results for T,
and |© |, respectively, observed by McCallum et al.
(Ref. 18). The solid line with N (0)=1.8 X1072°K agrees

"with the experiment except at ¢ =0. (b) Theoretical re-

sults for T, and T are shown by the solid and dotted
lines, respectively, as a function of ¢ in

Sny g (1-¢)Eu Mog, 3585. The parameters z, S, J’, and T
were taken as 6, -;—, - 0.64°K, and 12.5°K, respectively.
The solid circles are the experimental results for T,
observed by Fischer et al. (Refs. 6 and 13). The solid
line with I°N (0)= 3.5 X102 °K agrees with experiment
when ¢ >0.4.
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Sn ion and our theory has only qualitative meaning
when the concentration of the magnetic ions is quite
low, as mentioned above. As seen in Figs. 4(a)
and 4(b), T, is almost independent of the concen-
tration at very low temperatures. This is be-
cause the susceptibility x(0) becomes almost zero
at these temperatures. In this paper we concen-
trate ourselves on the paramagnetic phases. The
antiferromagnetic states will be studied in a sep-’
arate paper.

V. UPPER CRITICAL FIELD

In a magnetic field, the superconducting trans-
ition temperature decreases because of the Meiss-
ner effect and the spin splitting of the conduction
bands. In our compounds with many magnetic
ions, the local spins are polarized by the magnetic
field. The vector potential acting on the orbital
motion of conduction electrons is related to the
magnetic induction B rather than the magnetic
field H,

B=curl’&, (5.1)
where
B=H+41M. (5.2)

Here, M is the magnetization and is given by
=-gs(gs- 1)-1“'B<sz>CN0, (5.3)

where N, is the number of local spins in a unit
volume, and ¢S,) is the local spin polarization in-
duced by the field and has a negative value. In
the compounds studied the value of 47M reaches
up to a few kG. The polarization of the local spins
in the magnetic field causes the spin splitting of
the conduction bands, as discussed in Sec. IIIL.
Since the electron-spin interaction I, which may
have either sign, is of the order of 1 meV in the
compounds studied, as obtained in Sec. IV, the
usual Pauli paramagnetic effect may drastically
be modified by the polarization of the local

spins. 247 As studied in the preceding sections,
the spin fluctuations suppress the effective BCS
interaction. Since the fluctuations decrease in the
field,?!"2? the effective BCS interaction increases
with increasing magnetic field. In this section we
formulate the upper critical field of dirty super-
conductors taking into account these effects of the
local spins.

As discussed in Sec. III, the order parameter is
nonlocal in space because the spin fluctuations are
of long range. The spin fluctuations inside a Coop-
er pair produce an effective interaction between
the electrons. The size of a Cooper pair in space
is of the order of the coherence length £~ vz/T.,

v being the Fermi velocity. *® On the other hand,
the force range of the spin-spin interaction is of
the order of the nearest-neighbor distance between
spins. Therefore, the spin correlation length is
also of the order of the distance unless the tem-
perature is extremely close to the magnetic trans-
ition temperature. !’ Because of the smallness of
the spin correlation length compared with the size
of a Cooper pair, we may replace the nonlocal or-
der parameter by the local one after summing up
the spin fluctuations inside a Cooper pair. We are
restricted to the case of the isotropic g.;; given in
Eq. (3.18). Then, Eq. (3. 8) is reduced in the weak-
coupling limit, for both electron-phonon and elec-
tron-spin interactions, to be

AR) =g H)T O F1L (X, %ey), (5.4)

where the effective coupling defined in Eq. (3.18)
was rewritten g, (H) because it is a function of
the field. Once the order parameter is expressed
as the local one, it is straightforward to obtain
the integral equations

G“()'{., iI:en) ZG:'i(SE, i’:en)

- [arx aGICHE Ry Fuu(®, B,

(5.5)

F. (X, X"€,) = fd3x1 G:‘A(iiy - en)A*(§1) Gn(szp §':E"),

(5.6)

where G} (X, X":€,) is the Green’s function in the
normal state.

Since the range of G7.(%, X":¢,) in space is short
compared with the radius of an electron cyclotron
orbit in a magnetic field, we may introduce the
semiclassical phase-integration approximation

- - - . *1 - T
G (X, Xi€,) =GW(X, - X:¢,,) exp (ie ds-A@S)),
o oo x
(5.7

where G")(X, - X:¢,) is the Green’s function without
the term involving the vector potential. Using
Egs. (5.4), (5.5), and (5.6) and retaining a term
linear in A(X), we have

AR =gue BT 3" [ %Ko (R, - Tee,)
n
| b R -
x exp(Zief d3-A@E )) AR)
X
—god )T Y [, Ko - Tee,)
n

X exp[-i (X - %,)- '] AR),

(5.8)
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with

' =iV, - 2¢A(X) , (5.9)
Ko, o(%; = X26,) =G, (X, — X —€,) GRo(X; — X:€,) .
(5.10)

When we introduce the Fourier coefficient K_;, o(d:e,)

aSSO

- d? - 1.3
K—o, o(r:e,,) = f ('2—15_3 K-a, a(qien)eiq r y (5- 11)

Eq. (5.8) becomes

(1 — Zopo(H)T Z 'K.q,o(d= ﬁ":e,,))A(§) =0. (5.12)

A. Dirty limit

Although we have not introduced the effect of im-
purities explicitly, it is obvious how the effect
enters in the equations in the standard way.?' Let
us first calculate H,, in the dirty limit taking into
account the non-spin-flip scattering of electrons.
Following Appendix B and neglecting the term of
the order of (#/€;)?, we have

Kq, o(q:6,) =mN(0)(|e, | +iohe,/ |e,| +L7oq? v2)

(5.13)

where 7, is the relaxation time and is expressed,

by using the non-spin-flip impurity potential # and

the number density #, as
73l = 20N (0)n |u |2. (5.14)

Introducing Eq. (5.13) into Eq. (5.12) and taking®®
A(x) = exp(-eBx?),

we find the equation for determining H ,(7T),

r . 1 ioh e'erzB
In 7 - Re\:IP(E)- ¢<§ * 32T T 6T ﬂ =0
(5.15)
with
T oo(H) =1. 14w, exp[-1/g. .o HIN(0)], (5.16)

¥(z) being the digamma function.

The spin-orbit interaction of conduction electrons
reduces the effect of the spin splitting of the band
on the superconducting transition temperature. %
This interaction is quite important in our system
because the splitting becomes extremely large.
The spin-orbit interaction potential is expressed as

20

ius ok (KX K')- &, (5.17)

where k and kK’ are the momenta of the incoming
and outgoing electrons, respectively, and G is the
Pauli spin matrix. Leaving the detailed calcula-
tion to Appendix B, we find the equation for deter-
mining H,(T):

1“75(77) +-§ [(1 + (33_—1’135177 )ZP(% +0.)

b
+<1 - —2———%—1—72-> l[)(% +p*)‘J "d)(%) =0,
(bs - Is)
(5.18)
by=(3750)",
Is =(Th, (5' 19)
0. = (1/27T)[as + (b2 - 121 /2],
with
as=>bs+ %eTOU?’B ’
(5. 20)

750 =%WN(0)ﬂs|“so 2,

where 7, is the number density of the scatterers.
Here, we assumed 7T, Tgo. In the limit of weak
spin-orbit interaction, Eq. (5.18) is reduced to

Eq. (5.15). On the other hand, in the limit of
strong spin-oribt interaction, Eq. (5.18) is reduced
to

T 1 etw%:B L
mT—co(_fT)W(E +_62-1TL>_ ¥(z)=0. (5.21)

B. Effective coupling constant

Equation (5.18) is different from that for the
usual superconductors® because T,y (H), %, and B
are functions of the magnetic field. The functional
forms of k and B are given in Egs. (3.4) and (5. 2),
respectively. In this subsection, we consider
T.(H) and g.;¢(H). The effective coupling constant
Zoz¢(H) is a function of the staggered susceptibilities °
in a magnetic field. The susceptibilities were cal-
culated by using the mean-field theory of Ref. 21,
According to Ref. 21 we have

X*(q) =cS*B(BSa)/|T - 2¢J S*B(BSa)],  (5.22)
X"*(q) =2¢SB,(Sa)/[a - 2¢J SB,(BSa)] , (5.23)
a=-g'ugH +2cd\(S,),

(5. 24)

g"—’gJ/(g.r-;l),

where B,(z) is the Brillouin function, B.(z) =(d/
dz)Bg(z), and J, is given in Eq. (3.19). For sim-
plicity, the concentration of spins ¢ was intro-
duced within mean-field theory instead of using
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the effective-Hamiltonian method given in Sec. IV.
When the magnitude of |{S,)| is less than 0.3S at
the temperature and field we are concerned with,
we may expand the Brillouin function and retain
terms up to third order and have

X*q) = Co(1 = b)/[T - T,(1-d)], (5.25)
X (q) =2C)(1 = $b)/[T - T (1 - 3b)], (5. 26)
b =5 BHS? + (S +1)*]d?, (5.27)

where T, and C; are defined in Egs. (3.21) and
(3.22), respectively. From Egs. (5.25) and
(5.26), it is easy to see that the staggered suscep-
tibilities decrease with increasing magnetic field.
In ferromagnets, the susceptibilities around
g =0 contribute to g.¢(H) dominantly so that we
approximate J, as
2J, =2J, - Dyq*. (5.28)
Using Eqs. (3.18), (5.22), (5.23), and (5.28), we
have

IZ
Zett(H) =gpcs — Zk_f;D_o

T - c(2J, - 4k§,-D0)SzB;(BSa)>
X[1“< T - 267,5°B.(BSa)

a— c(2J,— 4k:D,)SB,(BSa) )
+2 l“< 4= 307,55 (B5a) ]

(5. 29)

When we approximate 4k%D, to be 2J, because kg

is of the order of the inverse of the lattice constant
and because the results are not sensitive to the
value of 4k}3D,, Eq. (5.29) becomes

I T
gett(H) =&BCcs — EJ—O [ln <T _ ZCJOSTZB;(BSG)>

+2In <{:"2?j;%—3—s@§c—l_)> J '
(5. 30)

In antiggrromagnets, Zest(H) depends on the wave
number Q which describes the antiferromagnetic
properties as discussed in Sec. HOI. In the case
that @ is large enough, the dispersion of the
staggered susceptibilities in Eq. (3.18) may be
neglected. Substituting the staggered suscepti-
bilities with the uniform ones, we have

S%B4(BSa)
Zets(H) =gpcs —I°c (T — 2¢J,S*B(BSa)

2SB¢(BSa)
a- ZCJOSBs-(BSa)> , (5.31)

where J(‘)<JQ.

VI. ULTRA-HIGH-FIELD SUPERCONDUCTORS

Since the compounds we are concerned with belong
between the dirty superconductors, the spin-oribt
interaction is quite strong, as shown in experi-
ments. 121 Therefore, we first study H,(T) in
the limit of strong spin-oribt interaction (Tgo— 0),
in which the band-splitting effect is erased [Eq.
(5.21)].

Near the superconducting transition temperature
T, where Hey(T) is small, He,y(T) is expressed by
expanding Eq. (5.21) up to second order in the
field as

TH)-T meTwiB
Too(H) — 12T, (H)

TR
et vFE)
+15.938 <6ch0(11) ,
(6.1)

where we used ¥'(3) =£(2) and §”(3) =— 14£(3) with
d"P(z)/dz"=9'"(z). Here, B is a function of the
field and given, from Egs. (5.2) and (5. 3), by

B=[1+4ng’'upNyx*(0)]H. (6.2)

We note that T 4(H) is also a function of the field.
Using the susceptibilities in Eqs. (5.25) and (5. 26),
the effective coupling constant g, (H) is written

gets(H) =gpcs ~ % [In<7‘———T_:(_l:b_)>

+21n<?:?§:—§15>]

6.3)

for ferromagnets, and

Cy(1-b) 2C,(1-%p) \
gorel) =gzcs ’IZ(T—QTo(l Rt T-1,- i)

(6.4)

for antiferromagnets. It is easy to see from Egs.
(6.3), (6.4), and (5.16) that g.¢,(H) and thus T (H)
are functions of H2, This is in strong contrast to
the case of the usual superconductors in which
T.(H) in Eq. (6.1) is replaced by a constant T,
independent of H. From the above relations, we
find that the polarization of the local spins reduces
the usual value 12/ 'rre'rovf, of the initial slope of
HcZ’ [dHcZ(T)/dT]T:Tc’ to

[1 +47g’u sNox*(0)]1(12/meTw?) -

When the temperature goes i;o zero and the Zee-
man energy of the local spins is much larger than
the exchange energy, Eq. (5.21) is rewritten

deTwiB=4ynT,(H), (6.5)

¥ being the Euler constant (Iny=0.577...). Since
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the effective coupling constant is expressed as
GotelH) =gncs— 2¢I’S/g'up H, (6.6)
for both ferromagnets and antiferromagnets, T (H)

is written

2¢cI’S ) 6.7

TeolH) =Ty (1 _gacs N(0)g'usH

where we assumed ggcs > 2¢I%S/g’ugH. Inserting
g

Eq. (6.7) into Eq. (6.5), we have

24T 2cI’S
Hey(0)= eTo”i*Tco (1 T ghes N(0)g'p BHc2(0)>
_47Tg,“'BN()CS' (6.8)

As seen in Eq. (6.8), at low temperatures H(T')
almost recovers the value it has in the system

Ferromagnet 3 Ferromagnet
a .
39 @ 1N/ T, =3.0x107 (0
Hx10? . 0/ Tyy=3.
H
2
I
0
Ferromagnet
3 (c)
L 12Ny / Tgq
s :1.0x107
~ 2 4
H
| _
0

FIG. 5. (a) Theoretical results for H(T) as a function of 'f‘:T/Tco in a ferromagnet with T,,/T 5= 0.105 and 12N (0)/
Typ=1.0 x10°%, The ordinate gives the magnetic field A= aH with a=e-rovI§/T,_.o. In the calculation the parameters S, g/,
c, and @ were taken as -;-, 2, 1.0, and 6.72 X10"3 kG™!, respectively. The dotted line shows H(T) in the system with-
out local spin, as a reference. The inset is the enlarged portion of the figure which shows the lower critical tempera-
ture. (b) Theoretical results for H (T) when the value of I’N (0)/T,y increases to 3.0 x10"3 from the value 1.0 %1073 in
(@). (c) Theoretical results for H ,(T) when f‘M increases to 0.525 from 0.104 in (a).
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without local spin. In the following, we present the
numerical results for H(T).

A. Ferromagnets

The numerical results for H,(7T) in ferromagnets
as a function of temperature T are shown in Fig. 5,
for various values of I°N(0)/T and T,/T 4. Here,
the temperature and the magnetic field H are re-
spectively normalized by T,y and o as T=T/Tco and
H=aH, where a=eTwiT,;. For the numerical
calculation, S, g’, ¢, and a are taken as 3.5, 2,

1.0, and 6.72 %1073 kG!, respectively, referr-
ing to the compound Sn,, 5(;)Eu,Mog, 555 113 In
this case, unity for H corresponds to 149 kG.
Changing @ only causes scaling of the magnetic
field in ultra-high-field superconductors. In each
Fig. 5, the dotted line denotes H.,(T) in the sys-
tem without local spin as a reference. Figure
5(a) is the result for T,/T, =0.105 and I’N(0)/T
=1.0X10"%, When there is no magnetic field, the
superconducting state appears in the temperature
range between T/T 4 =0.765 and 0.230. With in-
creasing magnetic field, the upper critical tem-
perature decreases according to Eq. (6.1). On
the other hand, the lower critical temperature
rapidly shrinks because the ferromagnetic trans-
ition temperature disappears in the field, as shown
in the inset. By further increasing the magnetic
field, the upper critical temperature starts to
increase because the spin fluctuations are sup-
pressed in the field. When the field becomes
strong enough, the local spins are forced to align
because of the field and the spin fluctuations al-
most disappear. Therefore, H (T) behaves as
if there were no local spin. The small deviation
of H.,(T) at low temperatures from the H,(T) for
the system with no local spin is due to the fact
that the suppression of the fluctuation is not com-
plete in a finite field, as seen in Eq. (6.8).

In Fig. 5(b), we show H_(T) when the value of
PN(0)/T,, is increased, and in Fig. 5(c), we show
ch(T) when the exchange interaction between local
spins is strengthened. As seen in these figures,
the upper critical temperature at zero field de-
creases with increasing I2N(0) and T,/T, and for
these parameters the superconducting state does
not exist at zero field. However, application of
the magnetic field induces the superconducting
state. This is due to the following reason: In no
magnetic field, the electron-electron interaction
due to the spin fluctuations overcompensates the
BCS interaction, and g..s(H) becomes negative. In
the magnetic field, the spin fluctuations are sup-
pressed and g.q(H) returns positive. This fact
suggests the possibility of the onset of supercon-
ductivity in the field.

B. Antiferromagnets

Figures 6 show the numerical results for H,,(T)
in antiferromagnets. In Fig. 6(a), I?N(0)/T,, and
0/T,,=T,/T,, are taken to be 3.0 X 10" and -1.04,
respectively. We note that the paramagnetic Curie
temperature |O| differs from the magnetic transi-

Am.iferromcgnet

3 - (a)
~~~~~ - N0/ T,=3.0x107
\\ ®/TCO= -1.04
~ 2 ]
H
I __
0
0
Antiferromagnet (b)
3 7
_ N© /T, =3.0x107
®/T,=-0.104
~2
H

FIG. 6. (a) Theoretical results for H,,(T) as a function 7
in an antiferromagnet with paramagnetic Curie tempera-
ture /T 4=—1.04 and I’N(0)/T ,=3.0X 10°3. The other
parameters are the same as those used in Fig. 5(@). ()
Theoretical results for H(T) with 6/T 4=~ 0.104 and
I’N(0)/T,=3.0x10"%. The other parameters are the
same as those used in (a).
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tion temperature T, in antiferromagnets when they
have distant-neighbor exchange interactions. When
the magnetic field is larger than (T —T,)/g’u 5,

the spins are forced to align uniformly owing to
the field, and above the field H,(T) increases
along the dotted line with decreasing temperature.
The spin fluctuations decrease with increasing
magnetic field. Therefore, in ultra-high-field
superconductors the behavior of H,,(T) is similar
to that in ferromagnets except for the small-field
region. In Fig. 6(b), the H_,(T)-vs-T curve with
I?N(0)/T,,=3.0X10" and ©/T,,=-0.104 is given.
Even in antiferromagnets, the superconducting
state at zero field does not exist when I is large
and/or |e| is small. It has been observed that in
the compound Sn, ,;-,,Eu,Mog_45S;,%** the super-
conducting state at zero magnetic field does not-
exist above x =0.9. From the above theoretical
results, we suggest that application of the magnetic
field may induce the superconducting state in the
compound.

The temperature dependence of the upper critical
field H,,(T) has been studied in the strong spin-
orbit interaction limit. In the following, we briefly
discuss how the spin-orbit interaction modifies
ch(T) when the interaction is reduced. In Fig. 7,
lines (1) and (2) represent the numerical results

Antiferromagnet

3 -
(1) and (3):
[0 Aso r oo
(2) and (4) :
) Ago =4.24
~ 2 | ‘
H (3) and (4) :
1/Tco ==1.0,
{ IN(O) =-3.0x107>
1 4 0/T¢o =-1.26
0 v »

0] 0.5 1.0
—_— T

FIG. 7. Theoretical results for H(T). The lines (1)
and (2) represent H4(T) with Ago=1/37T ;Tso= and 4.24,
respectively, in the system without local spin. The lines
(3) and (4) represent H  with Ago= and 4.24, respec-
tively, in an antiferromagnet with ©/T 4=-1.26,
I/T=-1.0, and IN(0)=— 3.0 X10°3, The other parame-
ters are the same as those used in Fig. 6(b).

for A\go=1/37T ;Tgo=> and 4.24, respectively, in
the system without local spin, and the lines (3)
and (4) represent those for Ago= and 4.24, re-
spectively, in antiferromagnets with 6/ T,,=-1.26,
I/T,,=-1.0, and IN(0)=-3.0 X107, When ! is neg-
ative, the Pauli paramagnetic term is reduced by
the polarization of the local spins in the field.*”
Therefore, line (4) increases at low temperatures
compared with line (2). Furthermore, we see that
the H,,(T) curve becomes steeper when Ago=4.24
at intermediate temperatures. The anomalous be-
havior of H_,(T) has been observed by Fischer

et al *»13 in Sn, , -, Eu,Mog 45S;. The quantitative
comparison between theory and experiment will be
given in a separate paper. If I is taken to be posi-
tive the value of H_, becomes very small even
when A\g5=4.24. Therefore, in the compound, the
interaction I must be negative.

In this paper, we restricted ourselves to the
superconducting state of spin-singlet BCS pairings.
We also note the possibility of triplet BCS pairing
in the region of low temperatures and weak mag-
netic fields which we assigned as the normal state
in Figs. 5(b), 5(c), and 6(b), because the spin
fluctuations prefer the electron spin-triplet state,
as mentioned in Sec. III. This possibility will be
discussed in a separate paper.
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APPENDIX A: STAGGERED SUSCEPTIBILITIES
' OF A MAGNETICALLY DILUTE SYSTEM

Let us consider a randomly diluted magnetic
system, in which spins with S =3 interact among
themselves through the nearest-neighbor exchange
interaction J. We take a nearest-neighbor §R and
§Rw spin pair in the system, the subscripts in-
dicating the lattice site R and its nearest-neighbor
site §+'ﬁ, respectively. The effective Hamiltonian
for the spin §R may be written

¥y=—2'AS%, (A1)

where z’ is given in Eq. (4.5), and A is a parame-
ter which is determined self-consistently. When
a magnetic field H*, which is measured in units of
grhp(gy;=1)7, is applied in the z direction, Eq.
(A1) is rewritten

30y = 2"\ S% - (2/ 0N + H?)S%,, (A2)
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where O) represents the increase of A due to the
field and is proportional to H*. From Hamiltonian
(A2), the density matrix p, for the spin at R is
constructed.

The effectgye Hamiltonian for two spins at the
sites R and R+p is written

Seir= —2J Sg* Spyp —1(2" = DA +[(z’ - 1)ON+H*]}
X (S%+5%,,) . (A3)

Using Eq. (A3), we have the density matrix py; for
two spins. Then, we take a trace over Sg,, in pyy,
and determine the parameters X and 81 by the rela-
tion

TT Rep P11 =Pr1 - (A4)

The parallel susceptibility X#?(0) in paramagnetic
phases (A=0) is obtained as

x*#(0) =c’(TrS% py)/H*
=3c'B/lz'e™® cosh(BJ) —z'+2], (A5)

where the effect of isolated spins was neglected.

We shall calculate the longitudinal-spin correla-
tion function in the paramagnetic phases without
magnetic field. When the spin at the origin 0 is
fixed as “+,” the probability that the neighboring
spins are “+” increases. This effect propagates
to the more distant spins through the e§change in-
teraction. Let us consider the spin at R. Because
of the effect due to the spin at 0, the parameter A
of Sp in Eq (A1) must be replaced by A+ ER+D),
where b’ is one of the vectors from R to the
nearest neighbors. Therefore, the Hamiltonian
for the spin at R is written

3¢ = -[z' A + o (R)]S%, . (A6)

where o(ﬁ) is the statistical average of the devia-
tion of the interaction given as

Y ER+B)=0(R). (A7)

The density matrix p; for the spin §R is calculated
to first order in 0. In the same way, the effective
Hamiltonian for two spins at R and R+p is written

Hrp= =29 8g* 8., = (2" = DS+ 5%,,)

-3 ER+P)SE

p'#p

-3 ER+5+5")S%, (A8)

p¥#=p

Using Eq. (A8), the density matrix py, for two
splns is also constructed. Taking the trace over
5 rsp iD Py and using the relation (A4), we find o(R).
The longitudinal-spin correlation function (S%S%)

is obtained as
(S55%) =380 (R), (A9)

which is the same as the Fourier transform of the
staggered susceptibility x**(g) times the tempera-
ture T'.

In the system with S>3, we replace J by J’
=(4/3)S(S+1)J and the factor 3 in Eq. (A5) by
25(S+1). Then we find Egs. (4.2) and (4.3) for T,
and X(q), respectively. For the calculation of the
Néel temperature in an antiferromagnet the reader
is referred to the papers by Oguchi et al,'5'7

APPENDIX B: DERIVATION OF THE KERNELK_, , (_c;:e,, )

The impurity potentials are introduced as fol-
lows®:

VK, k') =u +iugo k2(k XK') * T, (B1)

where # is the non-spin-flip scattering potential
and uge is the spin-flip scattering potential defined
in Eq. (5.17). Using the Born approximation and
assuming that the Fermi surface is spherical, we
have the normal-electron Green’s function without
the term involving the vector potential,

G;?‘,(l?, €n) = (’LEn - ‘iku)-l ’ (BZ)

where Ekgis the normal-electron energy with mo-
mentum k and spin o, which is measured from the
Fermi energy, and

€.=€,m,, n,=1+1/27|¢,], (B3)
with
Tl =Tl +T5h, (B4)

where 7, and T4, are given in Eqs. (5.14) and

(5 20), respectively. For calculating the kernel
K_, ,(d:€,) in Eq. (5.12) involving the potentials Eq.

(B. 1) the self-consistent equations are given in

Fig. 8 and expressed as

K., .(:€,)=K7, ,(q:¢,)
x[1+@o+v,)K., ,@:€,)
+20, K, _(@:€,)], (B5)
vo=[27N(0)7,]™?,
=[67N(0)750l™,

FIG. 8. Self-consistent equations for the kernel
Ky 0¢(§:€,) due to the impurity potentials Eq. (B1), where
o denotes the spin state of the electron..

(B6)
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where K°, ,(d:€,) is defined as

=0,0

Ko@) = [ o5e Ol -Fime,) G2 (Ric,) .

(B7)
Solving Eq. (B5), we have
K., o (@:€) =K%, ,@:€,)[1 - (0, -v,)K3, _,({:c,)]
*{[1 - (wo+v,)K?, (@G:€,)]
X[1= o+v)K? _,(G:€,)]
-20, K%, (@€ K] (@) (BS)

It is easy to see that Eq. (B8) is reduced to Eq.
(5.13) when T4y~ <. Taking the dirty limit and
assuming 7, <<Tg,, we find

N()(le,l+il €, /l€, l+a +b,)
(le l+a)’ -2+ 12

K-c,u(azen) =
(B9)

where b, I, and a  are given in Egs. (5.19) and

(5.20). Inserting Eq. (B9) into Eq. (5.12), we ob-
tain Eq. (5.18).
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