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We present a theory of the Brillouin scattering of light from long-wavelength acoustical phonons in an
opaque crystal which takes into account the effects associated with a finite skin depth. The theory
incorporates the photoelastic back scattering of the penetrating light, the effect of the thermal elastic strain
induced surface corrugation on the reflected light, as well as the interference between the two scattering
processes. We relate the scattering cross section to the spectral density of the elastic-strain fluctuations in
the materials, which we construct from the relevant classical elastic Green's functions for a semi-infinite
elastic medium bounded by a stress-free surface. We. present representative computed line shapes and
compare the relative strengths of the different contributions to the spectra for various angles of incidence.

I. INTRODUCTION

Any theory of the inelastic scattering of light
from elementary excitations in opaque solids must
take explicit account of the boundary or boundaries
through which the light enters and leaves the solid.
This is due both to the refraction of the light as
it enters and leaves the solid and to its attenua-
tion with increasing distance into the solid.

The experimental observation by Parker et al. '
of inelastic scsttering of light from the optical
vibration modes of long wavelength in the poly-
atomic metals Zn, Mg, Bi, and AuAl, stimulated
further interest, both theoretical and experimen-
tal, in the ine1astic scattering of light from opaque
solids. A theory of this effect was presented
shortly after, ' and was soon followed by a theory
of the inelastic scattering of light from the long-
wavelength acoustical vibration modes of. metals
and opaque semiconductors. ' At about the same
time experimental results for the inelastic scat-
tering of light from long-wavelength acoustical
modes in silicon and germanium were presented
by Sandercock, 4 together with theoretical consid-
erations concerning such scattering processes.
Subsequent theoretical and experimental work on
this problem has been carried out by Dresselhaus
and Pine, ' by Dervisch and Loudon, ' and by Dil
and Brody. ' Recently, Loudon' has pointed out
that the approximation of the dynamical Green's
function for a semi-infinite crystal used by Ben-
nett et al. ' to simplify the calcu1ation of the scat-
tering cross section led to a distortion of the re-
sulting line shape. In this paper Loudon has fur-
ther studied the scattering at normal incidence
for a crystal slab of finite thickness on the basis
of a Green's-function approach. In a recent paper
by the present authors' a theory of the inelastic
scattering of light from the long-wavelength
acoustical modes in a semi-infinite elastic me-

dium, assumed to be isotropic, was presented.
This work, like that of Loudon, ' j.s based on the
dynamical Green's-function tensor for a semi-
infinite, isotropic elastic medium, bounded by a
plane, stress-free surface, which has been de-
termined recently. " It is not limited to normal
incidence, and no simplifying approximation is
made concerning the Green's tensor, of the kind
employed earlier by Bennett et a~. ' in calculations
of line shapes.

All of the work cited above dealing with the in-
elastic scattering of light by long-wavelength
acoustical phonons in opaque solids has invoked
the usual mechanism governing the scattering pro-
cess, namely, the modulation of the dielectric
tensor of the solid by the long-wavelength acousti-
cal vibrational modes, which can be treated as
spatiaQy and temporally varying strains in the
solid, the elasto-optical ef'feet. However, it has
been shown recently by Mishra and Bray" that
the dominant mechanism involved in the inelastic
scattering of light from acoustoelectrically ampli-
fied long-wavelength transverse bulk acoustical
waves in GaAs and CdS is reflection from the rip-
ples produced on the surface of the solid as the
acoustical wave passes through it.

In the present paper, we present a theory of the
inelastic scattering of light from long-wavelength,
thermal equilibrium, acoustical phonons, in an
opaque solid which incorporates the contributions
to the scattering cross section from scattering via
the elasto-optical effect, reflection by surface
ripples, and the interference between these two
scattering mechanisms. Calculations of the scat-
tering cross section are carried out for varying
angles of incidence and for polarizations of the
incident light parallel and perpendicular to the
plane of incidence, as well as for several scatter-
ing angles, and the relative importance of the two
primary scattering mechanisms is determined as
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a function of these experimental conditions. Be-
cause the scattering is due to long-wavelength
acoustical phonons (and to Rayleigh surface waves
as well), the Fourier transforms with respect to
time of the strain and displacement correlation
functions, and the mixed strain-displacement cor-
relation functions, which enter the expression for
the scattering cross section, can all be expressed
in terms of the dynamical Green's tensor for a
semi. -infinite elastic medium bounded by a planar
stress-free surface. The elements of this tensor
have been obtained recently for an isotropic me-
dium" and for an hexagonal medium whose basal
plane is parallel to the surface. " The scattering
of the electromagnetic radiation is studied in first
Born approximation with the aid of the electro-
magnetic Green's functions used in our earlier
work" and developed further in more recent
work. " The numerical calculations of the scat-
tering cross section are carried out for aluminum,
with the approximation that it can be treated as
an isotropic elastic medium, and the elements of
the photoelastic tensor required are obtained from
the work of Bennett e«~. '

When the work reported here was nearly com-
pleted, two papers dealing with the theory of the
scattering of light from surface ripples due to
long-wavelength, thermal equilibrium, acoustical
phonons in an opaque solid appeared in print. ""
In the first of these, Dervisch and Loudon" have
shown that the contribution to the cross section
for scattering from liquid metals arising from the
reflection by surface ripples dominates that from
the conventional elasto-optical effect. In the sec-
ond, Loudon" reaches the same conclusion for the
scattering from opaque solids generally. In these
two papers the scattering by surface ripples is
treated independently from the scattering by the
elasto-optical effect, but the conclusions reached
are qualitatively and quantitatively in agreement
with those presented here.
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Ffo. 1. Scattering geometry considered in this paper.

diation k, is in the x,-x, plane and makes an angle
01 with the normal to the interface. The angles
8, and y, specify the direction of the scattered
wave.

From Maxwell's equations, we obtain the vector
differential equation governing the electric field,
in the absence of any macroscopic currents Qow-
ing in the medium, to be

V x [V x E (x, t ) ] = ——, , D (x, t ) . (2.1)

The electric displacement vector is given by

D, (x, t) =g t '~, , (x~t, t ')Z,.(x, t '), (2.2)

and we write the dielectric tensor as

e;;(ele, e') f" e '"" ' ='e;;(tele, e) (2.3)

In writing E(I. (2.2) we have assumed a (spatially)
local relationship between D(x, t ) and E(x, t '). Due
to atomic displacements in the medium, the bound-

ary defining the interface between the crystal and
vacuum is given by

x, =u, (x„0,t), (2 4)

II. FORMAL DERIVATION OF THE SCATTERING

EFFICIENCY

We consider the scattering of a plane wave of
electromagnetic radiation incident upon the. sur-
face of an opaque medium. We assume the am-
plitude of the electric field inside the medium is
attenuated as we move deeper into the material
such that we ma, y neglect any scattering from the
back surface. Hence it is sufficient to treat the
material, in the absence of any thermal fluctua-
tions, as if it filled the entire half space x, &0,
with its surface in the x,-x, plane.

The scattering geometry we consider is illustra-
ted in Fig. 1. The wave vector of the incident ra-

e,(,. )((six, t) =c,"&((g)5,, + 5~,(, &((six, t),
where

(2.6a)

where u(x„x„t) is the time-dependent elastic dis-
placement at the point x=x~~+ x3x3) x~) ax] +x2x2
being the component of the position vector parallel
to the surface of the crystal. Consequently, the
dielectric tensor for the vacuum-crystal system
is given by

~„(v~x, t) =8(x, —u, (x((0, t))6,,
+e(us(x((0~ t) x3)c,(;. )((o~x, t), (2.5)

where e,.(",. )(coax, t) denotes the dielectric tensor
inside the material. We may write
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E() ((d) = 6) ((d)) + ZEE((d) (2.8b)

is the complex dielectric function of the medium
in the absence of any strain fluctuations, which we
have taken to be isotropic. The modulation
Qe,(&)((E)ix, t) arises from the photoelastic coupling
to the elastic fluctuations,

~„(~rx, t) = ~.(~ix,)~,-,. + ~~,.',. '{~ix,t)e(-x,)
+ t)c,-(2)((six, t) . (2.8a)

Here e,((d)ix,) is the dielectric function for the
vacuum-crystal system in the absence of any
fluctuations,

t)~,.(,'.)((six, t) = Q k, ,„,(&u)u„(x, t) . (2.Va)
~,(~ i x,) = e(x,) + c,")(~)e(-x,) . (2.8b)

AS

here k, ,„(~)are the photoelastic coefficients re-
lated to Pockels' elasto-optical coefficients through
the relation

The photoelastic modulation of the dielectric ten-
sor inside. the medium t)e,",.)(~ix, t ) has been de-
fined in Eq. (2.Va). The second modulation,
t)e,(,'. )(&uix, t), which arises from the presence of
surface corrugation, is given by

E(((d)) = Q ~O ((d))& W)~O
mn

(2.Vb)

5e,',"((uix, t) = [6,",. '((t)i, t) —5,, ]U(x; t), (2.8c)
and u, , (x, t) are the elastic displacement gra-
dients, where

u, , (x, t) = su,. (x, t)(sx, (2.Vc) U(x;t) =e(u, (X, O, t) —x,}-e(-x,). (2.8d)

After some manipulation we may write the dielec-
tric tensor of the vacuum-crystal system Eq. (2.5)
in the form

With the use of Eqs. (2.3) and (2.8) the differen-
tial equation obeyed by the electric field Eq. (2.1)
may be rewritten as

92 Qt . g2

dt ' —e '"" "[e(-x )t)e;",'((u[x) t)+ t)e,"((uikt t)]E,.(x, t ') . (2.9)
a', dg

We define a Green's function G„B(x,x', t —t ') as the solution of
2 82—tt. tX* »E(*, tx—t ') Pt".„. Itt "f '

(I~()g(x-'t""-'" »IE(x, x', "It')-
= —4vt) &5(x —x')5(t —t '), (2.10)

subject to boundary conditions at the plane x, =0 which ensure the continuity of the appropriate electric
and magnetic field components across it, as well as outgoing wave conditions as x,--~.

With the help of this Green's function Eq. (2.9) may be transformed into an integral equation,

E (x, t ) = E ' '(x, t ) I , Q Jd 'x'
fdt 'G„ t(x, x', t —t ')

4m c'

x '„J'dt e-*'""'-'" [e(-x')t)~ "'(aix't ')
2n

+ ~~,(E,)(nix't ')]z,(x', t "), (2.11)

I

where E "'(x, t) is the solution of the homogeneous
equation and corresponds to the electric field of
the wave specularly reflected from the flat sur-
face in the absence of fluctuations.

We first consider the following integral in-
volving t)e"' in Eq. (2.11),

d'x'G
8 x, x';t -t' GAB', ,

' Q x't' E&x', t"

x U(x', t ')Z, (x', t "). (2.12)

d x 6 8(x x 't —t )[f8'(Qix t )-58)]
By
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1 if 0&x3&ue(x((0) t ) tUx', t) =

0 otherwise, (2.18a)

From the definition of the function U(x'; t ') in
Eti. (2.8d), we note that when u, (%('(0, t ') )0,

and when u, (x))0 t ) &0,

it u, (ytf0, t ') &x, &0,

0 otherwise.

Thus, we have from Eq. (2.12)

(2.18b)

2fd'x'G„t(x, x' t —t ')lit,",'(G(x', t ')E„(x', t ")
sy

u3(%~'~0, t ')2fd xe(u (xto t )) dx'G t(xx t 't ) [ttiy'yy(e(yt t ) otyjxy(x t )
0

~ 2 fd'*„e(-.,(E„O, t ))
By

dx,'G„()(x,&', t —t ') [68(y '(Q ~x't ') —5 By]zy(x't "). (2.14)
tt3 (X))0 0 g )

Since u, (x('(0, t '), the surface ripple amplitude, is small we retain only terms up to the lowest order in this
amplitude on the right-hand side of Eq. (2.14). We do this by replacing the integrands in the integrals over
x3 by their values at x3' = 0. In doi ng so, we take ace ount of the fact that the di scontinuity of 0 & is across
the flat surface, x, =0, while that of the electric field E is across the rippled surface, x, =u, (x((0 t ) Thus
up to terms linear in u, (x()0 t ) E(l (2 14) reduces to

d' x' G„(8 xx'; t —t')5f gy(Q~x t )Ey(x t )

=(t«y(G)-t) gfdu(e(u(XO( ))G.,(xxO+, t t )E(EO-;t-)
8

+ 8(-u (x'0, t '))G ()(x, x'0-; t —t ')E()(x'0+; t ")]u (x'0, t ') . (2.15)

Here 0+ and 0- denote, respectively, whether the limit x3=0 is approached from above or from below.
Using the above result we may write Eq. (2.11) in the form

0
EJx, t) E' '(xt)+=„, P, f0'x,

, dx,' dt''G„tlxx'; t-t')
4mc' ~ oo

a2
x — dt" e '""'-'" 5&e"'( Qxi't')E (x' t")

gg. /2

+ g d'x" dt ' dt" fe "&(Q) —1]
1 dQ

4)re' 2F

x G x, x'0+;t —t' „6u, x,'O, t' E x'0-;t"
gg I2

+G t(x, x'„0—;t —t );,e(-u, (xy'o t')) Et(x'„0+; t"))u,(x'„0, t ). ' (2.16)

We are interested in obtaining an expression for
the scattered field in the first Born approxima-
tion. Thus, we replace the exact field R(X, t) in
the integrands on the right-hand side of Eq. (2.16)
by the solution to the homogeneous equation,
F'&(x, t).

The Green's function G z(X, if', t —t') defined by
Eq. (2.10) has been evaluated by Maradudin and
Mills, ' From their results, we observe that

G„,(%, 3f'0+; t -t')E't, '&(%I(0-; t )

=G, (%, x'„0-;t t')Z', '&(%„0— t"+)- (2.17)

(2.18)

where

With the help of E(l. (2.17) and the identity 9(x)
+e(-x) =-1, the expression for the scattered field
in the first Born approximation becomes

Et„' (lf, t) =E„' (R, t)+8 ' (if, t),

(R, t)E=t y, Q fd'x'„dx, ' fdt'G„t(x, o', t —t') t, f dt 0& «"ty
By

x ( i''t )E',"(x,t"), (2.19a)
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3"(x )) -=g f a'x f axo x(x„a;,,o+ ~ -)) „f axf [x(x(0)-(lx-'""-'"'

Xu3(X)I(0, t')E(30)(%30-; t") . (2.19b)

I(') is the contribution to the scattered field due
to photoelastic scattering and R ' is the contribu-
tion due to scattering from surface corrugations.

In obtaining the result for the scattered electric
field given by Eqs. (2.18) and (2.19), in particular
in deriving Eq. (2.19b) for the amplitude of the
field scattered by the surface corrugations, we
have, in fact, used the Green's-function approach
developed by Agarwal" for the study of the scat-
tering of electromagnetic radiation from a rough
surface. In the present case the displacement
amplitude u, (x(,0, t} plays the same role as the sur-
face roughness profile function in Agarwal's
formulation of the rough surface problem. The
scattered field R ')(x, f} due to the photoelastic ef-
fect is a first-order field (in the deformation
parameters), is independent of the surface cor-
rugation, and satisfies the Maxwell boundary con-
ditions across the plane surface g, =0. As a re-
sult, the amount by which it fails to satisfy the
boundary conditions at the corrugated surface is
of at least second order, involving products of
the deformatidn parameters and the amplitude of
the surface corrugation. The zero-order field
f ' (x, f} and the scattered field 5 ' (x, t) due to
scatteririg from the corrugated surface then com-
bine to satisfy the boundary conditions at the cor-
rugated surface to first order in u3(x()0, t) just as
in Agarwal's theory. For additional references
which bear on the equivalence of the result obtained

E(0)(k(0) ) g 1 a(k(o) )@(I) (2.20b)

Here k(' = k'tt x, +%3' x, is the wave vector of the
incident light in the vacuum, &, the frequency of
the incident, light and

&,i', = -[e',"(((),)(0'o/c' —0(„' ']'t', fm(lt(.'), ) & 0,
3

(2.21)

is the g, component of the incident wave vector
inside the medium. gz' is the amplitude of the
incident electric field of polarization )( (parallel
or perpendicular to the plane of incidence) and

2y(o)«a. (k«( 0) )
3

j(0) y(k) ~2 &

3 3;l
(2.22a)

(g) ~ (0) "-

II x'f(0)) —2 ~3;1 t ~ II X3F j ~XI) e(i)( )y(0)
o

(2.22b)

Substituting Eq. (2.20a) into Eqs. (2.19a}and (2.19b},
and performing the integration over t", we get

by Agarwal with those obtained by other ap-
proaches, the reader is directed to the papers by
@roger and Kretschmann, Marvin gt g), , Mills, ~

and Elson." From Ref. 13 we have the expression
for E(,') (%, t) for x3&0:

«( 0) (4)
E (I, t) =et" I)

'"ll '" 'e' 3:I"3E (R } (2.20a)

where

1 .-(o) .-, , (~), a2
E")(x t)=

Qt P 4 2 d x' dx' dt'6 ()f ff't-t'}et~)I '"II'(33;&'3
tl 3 8 tJ2

7T C W0O

By

[e ' '()e "((0 t%'t')]g (k'") (2.28a}

E(„')(jf,t)= 4, Q d'x(I dt'6 (,3)'(Ox+I;)t-t') e(I
'"II [e(0' ((t)0) —1]4mc' tt 0(g ~ tl ~ 0 0

X [. -(oa0t' (f) () f))] E(0)(f(0)) .

(2.23b)

In these equations, we observe that due to the smallness of ihe acoustical-phonon frequencies compared
to (t)„ the frequency of the incident light, we may ignore the time derivatives of 5e(3'~ (+0t%'4') and

Q3 (XII 0 t') compared to the derivatives of e '~t . Thus, we have

«(0) «(])
dx3 dt'G 6&,&';t-t' e'"~t '"tt "sl"3-'~0'

X 8g & (~ tX«)ft)E 0 (k 0
) (2.24a}



4l86 K. R. SUBBAS%AMY AND A. A. MARADUDIN

(2) i- i (o)oI&o ((do)

7f C

.-(o) -,
d xg dt G»)(x, xI(0+; t —t') e'" 3 '" ie ' &' u3(xI( t )E (k ) .

(2.24b)

The translation invariance of the system in the z, —z, plane allows a partial Fourier transformation of
the Green's functions,

G „z(x,x', t —t ') = d'k,
)

(27()'
e»" If'(& 3 &(()-»») (t-t') G (k Q ~ x xi)

7r
(2.25)

One has" for g, )0

G„»)(k Q;x,0+=(4»(c'/Q')e'"3"3g ' (k Q)

with

(2.26a)

g;» (k3Q) = Q S„»(kii )S»» (k 3)g3» (kii Q I+) ~
(2.26b)

2
(k3QI+) k(») —e(Qo)k

clio"'

0

Q' k(3') -e(Q)k3
c'

0

-o„o,s(A))

e(Q)k'3

(2.26c)

S»»(klan)

=

o)
-k, A 0

(o oo,„

(2.27)

The wave-vector components Q, and k3' are de-
fined by

Here S»,. (kii) is the matrix which performs a rota-
tion in the Qy Q2 plane to align ktt along the x,
direction,

g2 1l2
k," = —e(Q) 2 —k'3, Im(k(3") (0. (2.28c)

C

For x, )0 and x,'&0, the region of interest for
E(„')(x,t), we have

2

ag ll & 3 3

0
(Q2/ 2 k2 )1/2 ) k2

C
(2.28 a)

with

(2.28b) g»»(k3, Q) = g S3»(k3)S»(k3) gai (k»Q) i' (2.29b)

g3»( II ) k(») &(Q)k
-

&k n&=-

a a(')

Vsing Eqs. (2.25)-(2.29), we get

0

Q' k(,"-e(Q)k,
c (&) (2.29c)

zr'r(x, t)=-ra'. p fO' r. '„ dx3 dt' d ktt
(2»()'

~(0)ik ~ x-$ At c(k
tt

-k ))) ~ x tte 0

xe 3 3;1) 3e 0 g (k Q)6e (»)ix t )E (k )p
(~), (~)

(2.80a)
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3'„"(3,t)= -f4[a", !4,) —)1 Q fd'x'„ f dt
.] x-~a~

(2v}' 2v A'

If, recalling E(l. (2.7), we set

/

«( 0)
&&

ei(k )[
-k ))) ~ 3 [)e-i( )dP- [))t'g(+)(f A) g(o)(g(o)) (gl 0. tP) (2.30b)

haply (Ii[) ) A) = Q a'~()(k[)) A)h3„„.(~3) &',"(k'"),
8y

(2.31a)

in E(l. (2.30a) we obtain

E'„"(R, t) = -(u', Q
0

~ .g
d

ll d« ik 3-lot i(k) -k ) 3)) i(3 +3 . )x' i(v -Q)t'll, ll'e 3 3 I 3e
(2i( ' 2)[ 0

xh„„,(k, , A) 33„,(%', t') . (2.31b)

Invoking Maxwell's equations, we may obtain the
magnetic field of the scattered wave, 8 ' (X, t) in
terms of the electric field R ' (X, t) defined by E(ls.
(2.18), (2.30b), and (2.31b). The magnetic field
may also be written in the form

8"(x, f) =H "'(x f) i 8'"(x, t), (2.32)

where the first term arises from the photoelas-
tic scattering, while the second term arises from
the surface-ripple mechanism of scattering. The
time-averaged rate of energy flow in the scat-
tered wave is given by the real part of the complex
Poynting vector

8 x[, t)=Q $8'" x, t[),
g =1 j=1

where

(2.34a)

S""(x,f) =—[E"'(x,t)]*xylo)(x, t) . (2.34b)

After some straightforward algebra using Eqs.
(2.30b) and (2.31b), one has

S""(x f) = ' —h[3)S ( A)=8, 2. (2)';-
(2.35a)

In view of E(ls. (2.19a) and (2.32), we may write

S(%, t) =—[E ' (x f)]*xH"'(x f) (2.33)
with

S»((l)[A) = gP g [h83, (kll (3) )] hB[
Pv 0 'fl' 8

0 0

dx3 dx3e '"3"3e'"3'3 ""q,( (I) [A~
x' x), (2.35b)

& *[t[ n) = [~["[~)—)I 2 Q [))sr .(3'[', ra)I' Q )s'~()'ll'~)
Pv. 8

0
xE' '(k[t') dx3e '"3"3~' ((1[[A~x 0) (2.35c)

and

0
h 3)) (k[[ (L) ) dx3 8 3@3[)((I))AiOx3 )

Pv ~ 00

(2.35d)

S ((I,A)=(E,"'([dQ) —1~' g g g g3 (h„'"~,)[&k"(~"')]*
8

(2.35e}
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In the above equations, we have introduced the
quantities S„",(q„Q~x,x,')=I iq (1 —5„)+5, ex,

(Os =
CO() —,

I (s)-l (0)
II II ~ll &

[ 2/&2 (S(s&)2]1/2

2 ~ [(S(s))2 2/cs]1/2

2
s )(S(s))2

(S(s))2) 2/ 2

(2.36a)

(2.36b)

(2.36c)

8-iq'„1- 5„3 + g„3
3

x S„«((f„Q
~
xsxs),

(. 8Ss s(q„Q
~
x,O) =

~
iqs(l —5ss)+ 5ss

xS s(q„Q~x,0),

(2.39a)

(2.39b)

u3;I+a

with

(2.36d)

1 jg
Im jp,".', &O. 2.36e

S.-' «QIOx') =
~

-i~.('- 6")+5"

x S„(q„Q
~

Ox,') . (2.39c)

(u,(x, t)us(x, ', 0, t'))

d
(2)))'

1f II-1f Il2F'
x e '"""S',(q„Qix, 0), (2.37b)

{u,(x„0, t)u s(x', t'))
2

(2)()' (2 v)

x e '"""Sss (q„Q~Oxs'), (2.37c)

and

Furthermore, the quantities Ss"„(q„Q
~

xsxs') appear-
ing in Eqs. (2.35b)-(2.35e) are related to the dis-
placement gradient and displacement correlation
functions according to

(u, s(R, t)u, „(x', t'))

dA;" .(- -. )

2'
x e '"" ' 'Ss"«(q„Q'~xsxs) (2.37a)

In Appendix A we show that the displacement cor-
relation functions are in turn related to the classi-
cal elastic dynamical Green's functions D,s(q„Q

~
x,x,')

through

iS [n(Q) + 1]S () q((Q
I
xsxs) =

P

x{D„s(q„,Q+iO/xsxs')

[D,.(q„, Q+io~x;x, )]*].
(2.40)

Here n(Q) is the Bose-Einstein occupation factor
and p is the mass density of the crystal.

Now from Eqs. (2.34a) and (2.35a) it is a simple
matter to show that the contribution to the average
rate of energy flow per unit area into the solid
angle dQ, about the direction (I)„(p,) due to modes
with a given q, , from radiation in the interval
(((),, ((),+d(d, ) is given by

87Tc 87T los

(2.41)

(u, (X„O, t)u, (x,', 0, t'))

2r'
x e-1""-("% (q A~00) (2 37d)

Here, and in what follows, 0 (00 co,.
From this result we now proceed to obtain the

scattering efficienties. Using the definitions Eq.
(2.20b) and Eq. (2.31a), we write

g [h()„„(k'„",(0,)]*hs„„(k,', ((),)
Note that the Fourier transforms of all the above
Correlation functions may be obtained from the
Fourier transforms of the displacement correla-
tion functions,

7'(ll )(I1p. I1 z)/i)E( 1)E(1) (2 42a)
f, &=II sj

(u„(x, t)us(x', t))

d q„
(2)()'

x e '"""S (q„Q~x,x,'), (2.38)

T'"'(y, v I1')/')= Q Q ns'"'(k"'(o )[S „„„((u,)]*
pg 7'5

x u.„,„,((d, ) [r «(k("]*r,"(k("),

(2.42b)
through the relationships and
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I)1&11)(k(s)0) ) g [g (k(s&(0 )]kg (k&s)(0 )

Also,

(2.42c) Similarly we have two more sets,

([ (&)( )]s I) g [ &+&(k(s)

[e(&)(~ ) I]g [J (k&~2)~ )]4 g(+)(k(s&~ )g(0)(k(0))
e}

T(12)(~p)E('I &@& I) (2 43a)

x [g(0)(k(0))]sy (k(s)~ )

T(21)(pp)g( I)@(I) (2 44a)
g, g=ll, l.

T""()1)))= Q m'"'(k"'(o )[k„„„((0)]*
pa

~ [rI(k'")]*r;(k("), (2.43b)

T(21&(~&) g g ~(21&(k(s&

x [rI(k"&)]*I'"(k' '), (2.44b)

~(12)- [e«&( ) I] g [g (k&s&& }]Sg&+&(i &s)& )

(2.43c)

~(21)(k(s) ) [ (&)( )s I] g [ (+)(k(s) )]s

x g„(k'„s'(0 ), (2.44c)

(&&( ) I I2 Q Q Q [ (+)(k(s) )]sg(+&(k(s)~ )[g(0&(k(0))]sf(0)(k(0)) Q T(22)E(1)E(1&
e x A,

'
g, @=i},J.

(2.45a)

T&22& ) (&&( ) y P ~ ~(22)(k(s)~ ) A'"'(q„n) = i g T'„„'(o.p)

and

x [r((k&")]*r(k(") (2 45b)
dX,'e'"2"su, ' (q„n I'OX,),

~(22)(k(s) ) g [g(+&(k&s&~ )]sg(+)(k(s&~ ) (2.45c)
(2.4"ic)

If we choose the incident radiation to be polarized
either parallel or perpendicular to the plane of in-
cidence, 'from Eqs. (2.34)-(2.45) we obtain for the
scattering efficiency for polarization )i (= (~ or &},

A,",&(q„n}= iT&'„'&~„(q„n
I
oo).

In the above we have introduced

(2.47d)

d Z„N0cose,
d ciao c 40

u 2(q„nIx,x,} .„[( ) I] ~,2(q„nIx,x,).

where

}2[1)(n)+I]x 3 e ]) qi)
& P, g=a )

(2.46)

(2.48)

From Eqs. (2.48) and (2.40), we note that the
quantities 5) e are related to the elastic Green's
functions D e through

A',",'(q„n)=2 QT„"„"(aP)

x e("2"ia&'"„(q„n
I
x,x,')

(2, 4Va)

0
X dX e-("2"2+22(q„n

I X,o)
«oo

(2.4Vb)

A',",'(q„n) =i QQ T'„"'(c(P iIv)
oe uu

0 0
x dx, dx,'e '"3 "3

«oo «0O

u, (q&(n
I
x,x,') = (D,2(q„n+ io

I x,x,')

—[D2 (q„n+ioIx,'x,)]*]. (2.4S)

This completes the formal derivation of the scat-
tering efficiency in terms of the classical elastic
Green's functions.

III. BRILLOUIN SPECTRUM FOR A CRYSTAL WITH

ELASTIC ISOTROPY

The discussion in Sec. II has been quite general&2

In this section we obtain explicit expressions for
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the scattering efficiencies assuming photoelastic
coeffici.ents appropriate to a cubic medium and
elastic isotropy.

With this assumption the photoelastic tensor
assumes the following form

Using this form for the photoelastic tensor in
Eqs. (2.42b), (2.43b), and (2.44b), we may
write Eqs. (2.4Va) -(2.4Vc) as

(3.1)

0 0

A,'", '(q„Q) =i dx, dx'e '"~" e'"8"'
3

3 a2— '„"'(n) al,'"(n) , —x,","(n) ) '„"'(n) , n„(q„& I . .')
z=1 j~i 3 3

+ &cj ~*+ cj ~* i+~X;j 0*
p -»;jR~ &q, q, X3X3

A,',"'(q„n) =A &,")(q„n)+A &",)(q„a)
0 3

=i dx, e '"3 "3+ iaf' '3(q)+8,&312)()7) n, ,(x„p)
~ {)0 j=1 3

0 3
8dx efxsx3 Q i~(12)()i)8+6{12)(~)8 n (p x )

~ CO j=l 3

(3.2a)

(3.2b)

Explicit expressions for the coefficients n',.',.", g', ,'.",
and a,'."' are written out in Appendix B.

The relation between the correlation functions
n,.f appearing in Eq. (3.2) and the dynamical elastic
Green's functions D,j is established in Appendix A
and displayed in Eq. (2.49). Using this relation,
we may note that the integrals in Eq. (3.2) have
the form

D f (x3$ x8) Df f (x3p x3) y

12 ( 3P 3) 21 (X3t 3) 12 ( 3!X3) 1

(3.5a)

(3.5b)

13~23( 31 3) D81~ 82( 31 3) - Dl 2 (3x 3&x33) 3 (3'5c)

D',.js' is the part that arises from the presence of
the surface. The following symmetry properties
of these functions may be noted

f d. dX'e fxf xsefxsxi
3

x [An „(x„x,') +A*n„(x„xs')j
2i Im

dx dx e ~ 8e'"8 8
3 3

2 Re

x [AD„(x„x,') +A*D„(x„x3')j

(3.3)

(3.6a)

D12(x3, 3= 21 3) 3= 12 31 38 3.6b)

13,23 3P 3 31,82 37 3) ' (3.6c)

(~), -1
D;;,12(x31 x3) (D(ff) ) e-nXlx3-x) I

f, f ~ 12 (3.Va)

These properties in conjunction with Eqs. (3.4)
allow us to obtain expressions for the scattering
efficiencies in closed form. In order to write
these in compact form, we write the elastic Green's
functions in the following forms

A similar relation holds for the integrals involving
the derivatives with respect to x3 or x3.

The exact dynamical elastic Green's functions
for an isotropic semi-infinite medium bounded by
a stress-free planar surface have been determined
recently by Maradudin and Mills. " We list these
in Appendix C, modified to apply to our geometry.
These functions may be split into two parts

(q~~~ Ixsxs) =DIf )(q~p Ixsxs)+D'fs)(qii~
I

x x')

Here D,'. ~~' is that part of the Green's function that
is independent of the presence of the surface and

-1
13,23( 31 3 2@2 13 23) x

P=ls t

x sgn(x,' —x,), (3.Vb)

D(s)(x „) — — Z (D(s)) e xxse~„xg
-1. 1

3r 3 2@2 ij vv
+ w=l, t &=l, t

(3.Vc)

Here the subscripts l and t refer to longitudinal
and transverse parts, respectively. The quanti-
ties 8';f8' and D&f ' may be inferred from the ex-
pressions for the D,.j given in Appendix C. We
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recall that

( 2 g2/e2 )1/2 Re(n ) )0
1

—n1n &&fi)+ (n &+ &)))

4n&n &(n &+ &f ())
(3.8b)

4112'(&T„Q) =A. 1n1' '(q„A)+A1i '(q)P), (3.9a.)

where c, and ct are the longitudinal and trans-
verse velocities of acoustic waves in the isotropic
medium. Using Eqs. (3.3)-(3.6) we may write
Eq. (3.2) in the following form

A &2, B&(q» g) Q lm Q (f)(B&) (Re[n {11&(]xi)] n2Pe[8(11&(&l)]].=2
p =l, t i=1'

+()&'3') [Ra[a'"'(n)] n X-)a['n""(n)]))!
I I

+ g (D' ') (Re[n&'2"'(q)]- n'Re[8'"'(&l)]} J
i=1

3

g (D"') (Re[X'"'(n)] -Re[X'"'(n)]]n
i"1

+ (D&B&)„(Re[X""(&l)]-Re[&&'")(&))]In.i~.
)

+ D13 ~ Re X'„"' q -Re X,"," n, I„
~0 . 3

g&n B&(q„g) =—,g g lm —p(D&. ') (Re[n'"'(q)]+n„n„Re(9"")].
u=l, t &=l, t I + i=1

(3.91)

+ (8&, &)„„(Re[n,&,"&(q) ]+n „n~e[g,&,
")

(q) ]j
2

i=1

-(2'„") [I Il"(n)1".„+ . .I()I',"(n)]"])) . .
~ 3

p (D"') ((X";"(&l)+[&&""(&))]"]n 6""(8-)+[X'"'(&l)]'] )
iJ

+ (f)"') ((X'"'(&l)+ [X""(&l)]')n -([X'"'(&l)]"+ X'"'(&l))n )
2

+g ([D&2 &].,[X&&2"(n)n. —&&&&2"(n)n. ]

+ (&) I& 9 [[x]I"(nH".~. —]x]I"(n) ]'.~.]))xx.x. (3.9c)

Here, the integrals I„,J„, K„, and L„are given
by

I„—= dx dx' e &"t"2e'"2"2e 0) ] "2 "bI
3 3

w 00 w 00

-2$Q' ~ 1

(1&2 —&&02)(&&22+ n'„) (i)&2 —n „)(n -i«f) '

0

K„-=dx e &"&"2e') "2=
3

m 00 Q -SK*'3
(3.10c)

0
dx dx' e &"&"2e'"2"2

3 3
w 00

(3.10a)
L —= dx' e'"f"2 e~))22 =

3 ~ ~

~ 00 Q @+ZK3
(3.10d)

x e I '"2 "i ] sgn(x2 -x2)

2K3 1

(»2 —[&n2') (&&22+ n'„) (i -[&2)(nn i )'[&22

(3.10b)

Similarly, Eq. (3.21) reduces to

(q il) &&2, &(q(il)+&&n, n&(q fl) (3.11a)
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III' 2

~(2 ~ B)
(q Q) Q Im Q (D(B) ) oI ( p(12) (q)K [p(lz) (q)] gL }

p f=l

+(D ') (2 (P" ()))K +[P" (q)J*L j~

2

+ Be D(a) u(12) nK + u(l2)
n *L,

g =1

~ (D(B)) (oI(12) (q)K [c((12) (q)] 21 j (3.11b)

2

Im —g ((D", 2) )„„P)122){q)n„K„—(D(~'2) )„„[P,'2"(q) ]*(2„L,j
f = j. .

+ (D(z'2))„„(J3'2122) (q)(2„K„+[p,", )
(q) J *c(,I 2}

2

+Re —p((D(')) (2("'(q)K +(D") [(2"(q)]*L j
+

g
—1

(3.11c)

These equations, in conjunction with Eqs. (3.&),
(2.47d), and (2.46) constitute algebraic expressions
for the scattering efficiency for both polarizations
2)(=

~ ~
or &) of the incident light for an isotropic

elastic medium.
In view of the complexity of the final expressions

for the cross section it is, perhaps, worthwhile to
present a brief summary of the derivation and
comment on the meaning of the various contribu-
tions to the spectral density before we turn to the
numerical evaluation of the line shapes.

We have considered two mechanisms having
their origin in thermal acoustical phonons that
produce modulation in the dielectric tensor of
an opaque crystal. The first is the usual photo-
elastic modulation given by Eq. (2.7). The second
contribution arises from the fact that in the pre-
sence of acoustical phonons, the surface of the
crystal is no longer flat, but is dynamically cor-
rugated. This term may be written as in Eq.
(2.8c). We solve for the scattered field in the
first Born approximation with the above two dielec-
tric modulations as the source term in Maxwell's
equations. The result is presented in Eqs. (2.18),
(2.30b), and (2.31b). The scattering cross section
is then obtained from the averaged Poynting's
vector given in Eqs. (2.34) and (2.35). The neces-
sary correlation functions, Eqs. (2.37a)—(2.37d),
are constructed from the classical elastic dynam-
ical Green's functions through Eq. (2.40). In this
section we have specialized to the case of an elas-
tically isotropic medium with photoelastic coeffi-
cients appropriate to a cubic medium. The neces-
sary elastic Green's function for such an isotropic

semi-infinite medium have been reported recently,
and are listed in Appendix C.

The imaginary part of AZZ given in Eq. (2.47d) is
the contribution of the surface corrugation mecha-
nism alone to the Brillouin spectrum. For the
special case under consideration, one may easily
show that

ImAZZ((IZ Q) Im
4Q) A'g (I)|f) + (Q g

+ Q[))
(3.12)

where n, , are defined in Eq. (3.8a). This agrees
with the result of Loudon. " This expression has
a pole at the frequency corresponding to the Ray-
leigh surface wave, and zeros at Q=c, q[J and
Q=c, q2 (corresponding to the bulk TA and LA
frequencies). There is a nonvanishing contribution
for c, q~t &Q&c,q J~

and for A&c, q~~.

The pureJy photoelastic contribution is given by
Eq. (3.9). A variety of line shapes are possi-ble"" depending upon the opacity of the medium
and the scattering geometry. The general features
of this contribution are an intense peak at the fre-
quency corresponding to the Rayleigh surface wave
and non-Lorentzian structures at the transverse
and longitudinal acoustical wave cutoff frequencies
(Q =c, qt~ and Q =c, q~, , respectively). For less
opaque crystals, structures in the spectrum also
appear at the bulk acoustical wave frequencies.

The interference terms that arise from the si-
multaneous presence of two scattering mechanisms
are collected in Eq. (3.11). Any complete theory
of Brillouin scattering from an opaque crystal
should take account of all the above four contribu-
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tions. In the next section we present the results
of a detailed numerical study of the spectrum
using the expressions derived in this sectipn.

IV. NUMERICAL STUDY OF Q.EPRFSENTATIVE LINE
SHAPES AND DISCUSSION

In the previous section we derived expressions
for the Brillouin scattering cross sections for an
opaque crystal with elastic isotropy. These ex-
pressions are simple algebraic equations, albeit
quite lengthy. Rather than make approximations
in order to obtain simpler expressions for the
line shapes we have carried out a detailed numeri-.
cal study of the spectra as functions of the angle
of incidence and polarization of the incident light,

We consider the scattering of incident light of
wavelength 4880 A from a crystal of aluminum
with a plana, r surface. The elastic constants of
Al a& room temperature ar"

c„=1.08&&10"dynes/em',

c» = 0.61x 10"dynes/cm',

c„=0.29&&10"' dynes/cni'. (4.1)

These values yield an anisotropy ratio, 2c«/
(c» - c„)of 1.24. Hence the use of elastic Green's
functions calculated on the basis of elastic isotx'opy
is reasonable, We take for c, , the speed of trans-
verse acoustical waves in an isotropic medium,
the expression

The damping of elastic waves (due to anharmoni-
city, ete. ) has not been incorporated into the elas-
tic Green's functions used in the last section.
Hence thy spectral derjsity contains sharp singu-
larities at frequencies corresponding to the vari-
ous excitations of the system. The presence of
-damping vrould round-off these sharp features.
Ip order to simulate this effect of damping, we
have intro', ced a small positive imagmary part
to the frequency shift A in computing the spectral
densities.

Since frequency shifts due to acoustic modes are
very small, to a good approximation s(A)+1
= A@X/IQ. ln this limit, there is no difference
between the stokes and anti-Stokes spectra. The
frequency shifts are measured in dimensionless
units Q/c, q~~, where q~j is the magnitude of the
wave-vector transfer, paraQel to the surface.

Jn Fig. 2 ~e show a representative spectrum
which includes contributions from the surfaee-
ripple mechanism, the photoela, stic modul@tion
and the interferenee between the two processes.
The particular spectrum shown is for 8I =67.5',
8, = 2Q. V', q-, = 0' with the incident electric fieg
polarized in the plane of incidence. The general
features of the spectrum for (j,~

+ 0) are ciuite in-
sensitive to the angles of incidence and Scattering
as well as to the polarization of the incident light,
The integrated intensity of the spectrum for the
case when the incident light is polarized parallel
to the plane of incidence is higher than when the

r

c = (c /p)1~8 (4.2)

which is the speed of transverse acoustical waves
propagating along a (100) direction in a cubic crys-
tal. Using the value of c4, given above, and a value
for the density p of 2.7 g/cm', "we get

c, =3.22X10' cm/sec. (4.3a)

cr 2ct ~ (4.3b)

For the speed of surface Rayleigh waves, one
obtains"

For an isotropie solid with a Poisson's ratio
0 =-,', this gives for the speed of longitudinal acous-
tical waves,

QP
fD

AJ

O
K

t.o

ll Polarjzatign

8j= 675
gs = P.0.7'

- O~

cg = 0.933cg,
%'e use the values of &„4„,k„, k«at the fre-
quency corresponding to a wavelength of 4880 A
calculated by Bennett et al. '.

co= -38.1+i 6.05,

kgb 42, 5 -i 5S.8

k, = 34.9 - i13,38,
(4 4)

0.5
n/c, q„

k«= 2.08-i 9.61.
FIG.2. Representative Brj,llouin spectrum which m-

clgdes all contributions, to the sp@ctrum„
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incident light is polarized perpendicular to the
plane of incidence. For a fixed angle of scattering
the intensity of the spectrum decreases as the
angle of incidence is increased.

The primary features of the spectrum in Fig. 2
to be noted are the Lorentzian peak (A) at the fre-
quency of the Rayleigh waves, the cutoff for pro-
pagating transverse acoustic waves (T) and the
minimum at the frequency corresponding to that of
propagating longitudinal acoustic waves (Q.

As indicated by the experiments of Mishra and

Bray, "arid pointed out by Loudon" the surface-
ripple contribution dominates the spectrum. In-
deed, on the scale of Fig. 2 the total spectrum is
nearly indistinguishable from the surface-ripple
contribution alone. The photoelastic contribution,
which is nearly three orders of magnitude smaller
than the surface-ripple contribution, is shown in
Fig. 3. The incident electric field is polarized
perpendicular to the plane of incidence in Fig. (3a).
The features to be noted are the Rayleigh peak (R),
the "singularity" at the transverse cutoff (T), and

the peak at the longitudinal acoustical wave fre-
quency (L). In. Fig. 3b the incident light is polar-
ized parallel to the plane of incidence and the
"singularity" at the transverse cutoff is absent.
These features differ from the photoelastic spectra
calculated by Bennett e«~, ' due to their neglect of
surface contributions to the response function.
Our results are in accord with the recent calcula-
tions Of Loudon. "

In Fig. 4 we show the influence of the interfer-
ence effects of the two scattering mechanisms on
the spectra. The solid lines represent the total
spectra and the dashed lines give the surface-rip-
ple contributions. As expected, the interference
effects are small. They tend to decrease the in-
tensity in the vicinity of the transverse acoustical
frequency and enhance the intensity in the vicinity
of the longitudinal acoustical frequency. Further-
more, for a fixed angle of scattering, the inter-
ference contributions grow as the angle of inci-
dence is increased. %e note that the interference
effects are much larger than the photoelastic con-
tribution alone.

The primary reason for the dominance of the
surface-ripple mechanism in highly opaque crys-
tals is that the cross section for this mechanism
is proportional to the ref lectivity at the optical
frequency of the incident light, which is of the
order of unity. On the other hand, the photoelas-
tic contribution depends on the transmission co-
efficients which are quite small. Hence the inter-
ference effects contained in our theory will be
more significant in less absorbing materials than
the one considered in our numerical study. How-
ever, if the optical skin depth for the crystal is

CD

pp
0.02

Rl
b) II Polar ization

'8I = 675
sg = 20.74

0.00
0,5

9/ct q„
3.0

Vl
+

C

I

II Po l ar i za t i on

20.7
00
Total
Sur face R i pp le

L
O

l.o 2.0
tqII

5.0

FIG. 4. Interference effect between the two scattering
mechanisms as a function of the angle of incidence for a
fixed angle of scattering. The solid lines are the total
spectra and the dashed lines are the surface-ripple con-
tributions alone.

I"IG„3. Photo-elastic contribution to the spectrum
when the incident electric field is polarized (a) perpen-
dicular to the plane of incidence, @) parallel to the plane
of incidence,



18 PHOTOEI. ASTIC AND SURFACE-CORRUGATION. . . 4195

O. l5
Normal Incidence

~)l 0

Total

Sur f ace R i p pie

Photoelastic

O.S
- PHQTQELASTIC

Normal Incidence

f4 3
bl

0.00—
I 0.0

Q/ct k

55,0 0.0
l.0

Qlct ko

60.0

FIG. 5. Brillouin spectrum for normally incident and
normally scattered light. The dashed line is the sur-
face-ripple contribution and the dot-dashed line is the
photoelastic contribution. The solid line is the total
spectrum including interference effects.

FIG. 6. Photoelastic contribution to the Brillouin
spectrum for normally incident and normally scattered
light.

comparable to its thickness, one has to account
for the reflection of light at the back surface and
the semi-infinite treatment is inappropriate.

In Fig. 5, we show the spectrum for normally
incident and normally scattered light (j~, =0). The
frequency shift is measured in dimensionless
units 0/c, 0,. The surface-ripple contribution
goes as 1/0' and is shown as the dashed line. The
photoelastic contribution is shown as the dot-
dashed line and the total spectrum, including the
interference effects, is shown as the solid line.
The photoelastic contribution and the interfer-
ence effects are not quite as small as in the pre-
vious case considered. In Fig. 6, we show the
photoelastic contribution on a larger scale. The
normal incidence photoelastic contribution has
been considered by Dervisch and Loudon' and
our result is in accord with theirs. The distorted
Lorentzian has a peak at Q = 2c, k, ~

We, i corres-
ponding to the frequency of the longitudinal acous-
tic wave. The opacity broadening is evident in the
spectrum.

In conclusion, we have presented a comprehen-
sive theory of Brillouin scattering from an opaque
crystal with elastic isotropy. The theory takes
account of the photoelastic mechanism, the sur-
face-ripple mechanism as well as the interference
between these two scattering processes. We find
that the interference effects are larger than the
photoelastic contribution itself, which is quite
small compared to the surface-ripple contribution.

APPENDIX A

We first recall the well-known result" that
the correlation function

~„8(x,x', ~) dt e' '(u„(x, t)us(x', 0)) (A1)

and the Fourier transform of the retarded Green's
function

D„'"~'(xx', ~)=f dt e' ',
x(-ie(t )([u„(x,t), u, (x', 0)])]

(A2)

are related through

g& ~( , x'x~)=i(1 —e 8"
) '[D'"~'(x, x', ~+i0)

—D'"8'(x, x'; (u —i0].
(A3)

Now consider the second derivative of the retarded
Green's function with respect to time,
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, D&"8&(x, x', t ) =,(-ie(t )([u„(x,t ), u &)(x', 0)])]

(~ )
1 p 8 (~)Bu2(xq t)

8'P v ~+8
(A5a)

where c„s„,(x) are the position dependent elastic
coefficients,

c
&)&) (x) = e(-x3)c 8&) „~ (A 5b)

The stress-free boundary conditions are built into
the equations of. motion through use of position-
dependent elastic coefficients. " Furthermore,

fpu (x, 0), u3(x, 0) =ih6 36(x —x').
From Eqs. (A4)-(A6) we get the equation obeyed
by the retarded Green's function

1 ~ 8 0 (g}-|& 2 2 + —~ c ),„„D28(x, x; t)

=-6(t)5„,6(x- x'). (A V)
p

Except for the factor I/p on the right-hand side,
Eq. (AV) is identical to the equation which deter-
mines the classical dynamical Green's function
D„( 8, xxt) of an elastic medium. " Since the
boundary conditions are incorporated into the equa-
tions of motion through the use of position-de-
pendent elastic coefficients, it follows from the
above observation that

D„,(x, x', t) =-(p/k)D&", &(x, x', t) .
It now remains to show that

D &)(x, x'; cu+i0) = [D&) (x', xI4f —20)]2.

(A8)

(A9}

This is most easily established by noting that
D„3(x,x'; ++i') may be expanded in terms of the
normal mode eigenfunctions and eigenfrequencies
as

= -i6(t )([u (x, 0), u (x', 0)])

-te(t)([u„(x, t), u3(x', 0)]) . (A4)

Here u„denotes Su /St and u denotes 8'u /St2.
The equation of motion satisfied by u(x, t) is

) =) lr~l2[

+ 2qlq2 Re(m12 k44k12)

+ q2m)'1" Ik..l'],
+22 '(")= 2 Ir:I'[qlml'1" Ik44I'

+ 2q,q, Re(m",,"k,*,k„)
+ q', m",,"Ik„I'],

".."(L)= l lr'I'(ql "."Ik .I')
+12 '(&) = Ir2 I'(qlm )n."'*k1~2k44

9192~22 ~12~11
(ll }

+q1q. m. 1 'lk..l

'q2m12 k44kll} t

+13 (~}=
I r:I'(q.q2m23 k12k44

+ q2m,"."Ik.,l'),
&2""(&)= II', I'(q, q, m,","lk„l'

'q2m 23 kllk44) '

p&11)(g) 1 lr J. I2 &11)lk I2

p""(~)= Ir,'I'm&,", &*k,*,k„.
p1'1 '(L), p,","(&),p,"3"(&) are identically zero.

x'12"(~) = lr'I'(q m""*Ik..l'
+ q, m '„"*k44k„,),

x2'3" (L}= Ir:I'q.m""lk.4l'

x33 (&) —lr. I q2m23 k12k44 &

&l2 (-L) = lr2 I (q)m 23 k 12k.4

+q2ml'3" Ik„l'),
z,","(~)= II", I'(q, m,",'&lk„l'

+q, m &", &k,*,k„),
&2'3 '(~) = lr'I'(q)ml'"k44k)2

+ q2m 22 'k)*,k12),

(Bla)

(Blb)

(Blc)

(Bld)

(Ble)

(Blf)

(82a)

(82b)

(82c)

(83a,)

(83b)

(83c)

(BM)

(83e)

D.,(x, x;~+ iq) = ",'(")[. '"("'),]* . (Alo)2+ 2iug —e',

Expressing both the left-hand side and the right-
hand side of Eq. (A9) as in Eq. (A10), the identity
follows.

APPENDIX B

In this Appendix we list the coefficients a, P, g,
and A appearing in Eqs. (3.2a) and (3.2b).

(i) Incident light polarized perpendicular to the
plane of incidence. All symbols have the same
meaning as in the text.

The remaining y
&1"(i) and )&. ""(z)are zero.

o.&1'3"(L}= lr2 I'(q, m &2'2" k)2+q2m)&'2" k44),

o&';&(i) = Ir,'I'(q, m",,'&k,*,+q, m&", &k,*,),
~'33'(&) = Ir:I'q. m3'2"k4

p"'&(i}= 0,
p&"&(i) =m""k,*,ll,'I'
p""(~)=m""k* Ir'I'.

(84a)

(a4b)

(84c)

(84d)

(84e)

(ii) Incident light polarized parallel to the plane
of incidence.



PHOTOELASTIC AND SURFACE-CORRUGATION. . .

&a&i'i'&(ll) = a(lr'I'[qim&i'i'&'k»'+ 2qiqa Re(m&i'a'&kllk44}+qam&aa &1k«I']

+ Irsl'qim ss 'I k„l'+ 2 Re [r,r,'(q', m ~'&k,*,k„+q,q, m&,", &k,*,k„)]),
~ia '(ll) =

I ri'I'(qimi'"kiik«+ qiqami'i" kiikia+ q.qama'a" lk«l'+ qam''a"*k.*.kia}+ Irsl'qiqam "s"I k,.l'

+ I'i*I's(q, q, m i's"kiikia + qa m a's"k44kia} + I'i I' s*(qi m a's"*krak«+ q,qa m i's"*
I kia I'),

&ai's" (II) = lr,"I'(q,'m", ,"k»k„+q,q, m,","
I
k«l') + Ir,"I'(q,'m &,", &+k+,k„+q,q, m &", & +k+, k«)

+ ri'*rs(qim i'i"kiik~4+qiqamia 'kiik«+ qiqam i'a"* Ik441'+ qam'a'a" Ik441') + r r,*q', m",."k,*.k...
~a'a" (II) = l{lril'[qim a'" Ik.4I'+ 2q.qa Re(mi'a"*k44kia) +qami'&" lkial'l

+ Ir, l'm", ,'&q,'Ik» I'+2 Re[r, *r."(q,q, m".."k.*,k,.+qam,"s"Ik»l')]},

&&'a'"(ll }= lri I'(qimas" Ik.4 I'+ qiqamis" k&ak«) + lrs I'(q&qamis" 'kiak«+ qamas" *kiak4. )

+r,"*r,"(q',m&&a"* Ik- I'+qiqama&a" Ik« I'+qiq, m,',"'k,*,k, +q,'m,',"'k,*,k )

+r",r,"*q,q m "'k,*,4

n ""(II)= a ( II"' I'q'm ""lk« I'+ lI'" I' [q'm"" lk«j'+ 2q q, Re(m"") lk« I
+ q'm ""lk« I']

p&"&(II)=-'[lr" I' &"&lk I'+lr" I' &"&lk I'+2Re(r"*r" &"&*)lk I']

)
—

f
fa

Pis"(II) = lri l™&s"*k.*4k&a+ lrs I'mis"k.*4k»+ ri "ramey"k.*4kii+ r&rs™i&"k44kia

p&ll&(ll)
i frn jam &11&

Ik ja

P&&i&(ll} —/rs /am&i&&krak +r&&rs4m&ii&4ksk
23 I 3 I 23 44 ll 1 3 12 44 12&

p""(II)= —,[I1 " I'm"" Ik» Ia+ II'" I'm'"' Ikg I
+2 Re(I',""I'"m""k*k»)].

g""(II)= I1" I'(q,m""*k*k +q m""*lk I')+1"*I',"q,m""k*k

+ r",r,""(q,m,',"'k,",k»+ q,m,',"' lk„ I') + lr," I'q, m,",'&k,*,k„,
g"'&(ll) = II'" I'(q m"""lk I'+qam'"'*k~k )+I'"*I"'q,m""k"k

I",'I",'*(q, &,
"'

lk I'+q, &,"'k*k, )+ ll'," I'q m„"'k*k„,
x&s" '(ll) = fr", I'q m.',"' Ik„j'+ri*r"(qim,'s"*Ik,.I'+ q m.'s"" Ik« I') + r rs*qim 's" Ik- I'

+ Ir" I'(q.ml"' Ik- I'+q.ml'" Ik- I')

g&,"'(ll) = 1",'I',"*(q,m,","fk„j'+q,m,',"'*k,*,k„)+ II'," I'q, m,',"'k,*,k„,
~&11 &(II) rllrllg m &ii&

lk Ia + frll Ia(q m &ll &g Ik Ia +q m &ll & Ik I

a)

)&&,
"

&(II) = fr," I'q, m &,
"&k,*,k„+r",*r,"(q,m &", &k,*,k„+q,m &"&k,*,k„)

+r,"r,'*q,m&,"&k,*,k + fr," I'(q, m&,"&*k,*,k +q,m,',"&*a,*,k ),

x,"'(ll)=jr,"
I (q,m„"'k,k, +q m, "'*k*k, ) +,'r* r( ,qm"'lk,

I
+q m "'k"k, )

(85a)

(85b)

(85c)

(85d)

(85e)

(85$)

(86a)

(86b)

(86c)

(86d)

(86e)

(86f)

(BVa)

(BVb)

(BVc)

(BVd)

{BVe)

(8vz)

+r,"I',*q,m,',"'*Ik„j + Iz',"
I q,m,',"'k,*k„,

&(II) = ri +ra(q&mia &k&s&k«+qamaa lk« I
}+lrs I q mas (BVh)

&a&a" &(II) = Iri Ia(q&mi&ai&*k.*P»+qami&ii& Ik» I')+r&*r"(q mas"k.*4»i+q.m&s"ki.k .)
+ r",r,""q,m,',"'*Ik„j'+ lr", I'q, m,","k,*,k„.

&&&&" &(II) = lz"'I'(q m&" &k*+q m&" &k*)+z'"*z"&(q m'"&k*+q m""k*)
+r"r"*q m'"'k*+ Ir" I'q m""k*

&a'»&(ll) = lr" I'(q m'"'k*+q m'"'k*)+r"*r"(q,m'ia'ks'+q m&»'ks )

+I'"I'"*q m","k*+II'" I'm,'"'k*q

(BVi)

(88a)

(Bsb)
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