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The configurational and activation energies of proton are investigated in noble metals within the framework
of many-particle theory. Model pseudopotentials are used to represent the bare ions of the host lattice and
the modified Hartree dielectric function which includes the exchange-correlation corrections explicitly, is
used for the screening due to conduction electrons. The octahedral position is found to be more stable for the
proton, but this is most likely to be trapped into a vacancy if available. The activation energies are found to be
in reasonably good agreement with the experimental values for effective proton charges 0.31e, 0.29e, and
0.23e in copper, silver, and gold, respectively. The configurational and activation energies are found to
decrease as the lattice is expanded.

I. INTRODUCTION

There has recently been an upsurge of interest
in the interaction of hydrogen with metals. This
is because of both the practical utility of metal-
hydrogen alloys and availability of more sophisti-
cated techniques to study the pure metals of in-
terest. There is a greater deal of experimental
data for diffusion of hydrogen in metals and these
have been interpreted using classical rate theory"
(a good amount of information can be obtained
from Refs. 1 and 2 and the references given in the
papers therein). However a satisfactory explana-
tion on the basis of microscopic theory is still.
awaited. Friedep was the pioneer in making a
quantum-mechanical investigation of the electronic
distribution around the hydrogen dissolved in
monovalent copper metal and estimating the heat
of solution using Thomas-Fermi (TF) screening
self- consistently. Friedel pointed out that the
proton may be screened by the Fermi gas and under
certain conditions this screening may also occur
through the formation of bound states below the
bottom of the Fermi distribution. These calcula-
tions were further extended by Leonard' in
the linearized self-consistent Hartree approxima-
tion to estimate the residual resistivity of CuH.
The estimated results of these authors agree
reasonably with experiments. Popovic et al."
formulated the pseudopotential theory for heat of
solution and diffusion of hydrogen in simple metals.
These authors treated the electronic contribution
to the heat of solution in the framework of a lo'cal
pseudopotential and linear screening while for the
proton contributionthey emphasized the use of
nonlinear screening as done by Carbotte' for posi-
tron screening. Their results for the heat of solu-
tion arid activation energy are in good agreement
with the experiment for Al, but for Mg no conclu-
sion could be drawn. Gelatt e& al. ' calculated the

heat of formation of 3d and 4d transition-metal
hydrides, and they found that it is not directly re-
lated to the Fermi-level density of states, which
is in contrast to the prediction of the screened-
proton model.

Flynn and Stoneham' developed quantum theory
of diffusion for l.ight interstitials with an emphasis
on transitions among localized states and these
authors, discussed the diffusion in bcc and fcc lat-
tices. Stoneham" further discussed the tempera- .

ture dependence of the diffusion rate. Mainwood
and Stoneham" investigated the diffusion of H in
liquid Bnd solid metals using cluster calculations.
Recently, Birnbaum and Flynn" gave a consistent
interpretation of low temperature properties of H
arid D in Nb in terms of a system of tunnel split
pocket states. Lepski" and Gorham-Bergeron"
developed the dynamical theory of hydrogen dif-
fusion in metals using the Kubo formula, and ex-
plained the lattice-hydrogen interaction and mass
dependence of activation energy. However, all
these theories are still qualitative and detailed
calculations are awaited.

Friedel pointed out that in copper, the screening
of a proton by conduction electrons is more prob-
able than by core electrons, the additional charge
being near the bottom of the conduction band. Thus
assuming the absence of bound states, Gubanov and
Nikulin" developed the theory of configurational
energy of proton in the framework of many-particle
theory using a linear screening approximation, and
applied it to noble metals. They used the .model
pseudopotential for the bare ions of the host lattice
and TF screening function. Since then, many re-
liable model potentials have become available
which explain many of the physical properties in
solid and liquid phases of these metals. The mod-
ified Hartree (MH) dielectric function, where ex-
change and correlation corrections are included
satisfactorily, is also available. Therefore, with
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the present state of understanding of proton dif-
fusion in these metals, we found it interesting to
extend this approach for detailed investigations.
Although this approach is more suitable for simple
metals, a little experimental information is available
for these metals. Among noble metals, Ag is more
like a simple metal since the filled d band is suf-
ficiently narrow and well below the Fermi energy.
The filled broad d band in the conduction band does
affect the physical properties of noble metals, but
this effect has indirectly been included in the de-
termination of the model potential parameters as
these are obtained by fitting to some experimental
results.

The plan of the paper is as follows: the necessary
formalism is presented in Sec. II, the results and
discussions are presented in Sec. III, and these are
concluded in Sec. IV.

II. THEORY

Following the approach of Gubanov and Nikulin, "
a system of electrons and ions forming the lattice
framework and the proton introduced in it, is
considered. The Hamiltonian for such a system
is

H=H, + ZV,

where H, is the Hamiltonian of the perfect crystal
of stationary ions and Z V is the interaction
strength of the proton with the lattice. Ze is the
effective charge of the proton, and Z is regarded
as a switching on parameter. If P(Z) is the state
vector of the perturbed system, the energy of in-
troduction of proton can be written

EE (R)=E —E fdZ(2(=Z)
~

Z(R) ~2(Z)), (2)
0

where E and E, are the expectation values of H and
&„respectively. R is the position vector of the
proton. If we restrict 4E'(R) to lowest order and
use the linear screening approximation to calculate
the ionic densities, the simplified expression ob-
tained for the configurational energy of the proton,
is

~(R) = 4mZe' p, Qq
— ~'q' 1—

(2n)' ' 4n egq)

x (I/q')e'~'". (3)

p, (q) is the Fourier transform of ionic density given
as p, (r) =Z,2&5(r —R,), where Z, is the ionicity of
the 1th ion at R,. V~(q) =Z, exp(iq ~ R,)v(q), where
v(q) is the unscreened form factor normalized in
unit volume. eo(Q is the MH dielectric function
given as

e,(q) = 1+ [1-f(q)] (2k+/mq')

4k 2 —q' 2k~+ q
4kzq 2k+- q

(4)

where kz is Fermi momentum and f(q) is a
Vashishta and Singwi" Gaussian function for ex-
change- correlation corrections. In the der iva-
tion of Eq. (3), the lattice-distortion effects' and
the local-field corrections are also neglected. "

The accuracy of the configurational energy cal-
culations depends upon the suitable choice of
the model potential and the dielectric function. %e
choose the following four model potentials whose
parameters are determined with the help of some
experimental data rather than a Prior .

(a) Nikulin model potential (K): Nikulin" defined
a Heine-Abarenkov- type model potential

V„(r) = -A6(ro —r) —(Z,/r) 9(r r, )—, (5)

Ve(r) = -A for r, & r& rR,

-Z, /r for r &r, .
(6)

The parameters V„A, and x, are determined with
the help of liquid resistivity and band-gap data,
and r, is taken equal to Bohr radius.

(d) Singh and Prakash potential (S).27 These
authors assumed a modified form of the point-ion
model potential

Vs(r) =Re "~"o- Z, /r,
and determined the parameters A and r, by fitting
the phonon spectrum.

All these potentials are Coulombic beyond a
certain distance, but below it they are different in
nature. Nikulin s potential is attractive. In the
Ashcroft potential, the attractive and repulsive
parts mutually cancel. The Borchi et a/. potential
consists of both the attractive and repulsive parts,
and the Singh et al. potential is damped repulsive.
Therefore, the effective core size for all these
potentials is different and this effect may be re-
flected in the calculated configurational energies.
Nikulin's" potential reproduces the phonon spec-
trum and cohesive energy in reasonable agreement

where e(x) is the step function. The parameters
A and r, are determined by fitting the optical term
values.

(h) Ashcroft model potential (A): This is the same
as Eq. (5) with 2=0. the single parameter ro is
determined by Ashcroft and I angreth" with the help
of liquid resistivity data.

(c) Borchi and De Gennaro potential" (B): These
authors developed the model potential on intuitive
physical grounds. The self- explained analytical
form of the potential is

Vp for 0 & x & Y1



$982 SAT YA PRAKA S H 18

with experiments, and is also used to estimate the
activation energy of protons in noble metals. "
Borchi et al, and Singh et al. potentials, respec-
tively, ,reproduce the magnetic susceptibility" and

. band gg,p" weH;-

The form factors for all these potentials may
readily be obtained and are used in conjunction
with the MH dielectric function to obtain the ex-
pressions for the configurational energy as fol-
lows:

2Ze

(10)

where

and

X(q) =1- ', (q)
'

rg= R, —R.

sz„„(R)=zp .
' (z, —Ar)ssssZr, r —sisllZr, ),e~( pr )-

t r tl p

A+ VDbEsr(R) =Z (Z, -Ar ) coshpr, + —sinhpr, +(A+ Vo)r, cosh(pr )+ ' sinhpr, , (12)

The subscripts H, 8, and S have the same explanation as for model potentials. The expression for gE„(R)
may be obtained from Eq. (8) putting A=O. Equations (8)-(10) may further be simplified by substituting
X(q), but the present form is more suitable for numerical integration over q.

The corresponding expressions in Thomas-Fermi screening limit are

and

'Ezr(R) =, b, ~ f2[(P' —b')Z, +nb P']e ~"~+nP'b'(P'r, —b'r, 2b)e ~"~),

where b = 1/r„ n =A/4m, and P'= 4k„/ma, . a, is
the Bohr radius. Equation (11) is the same as given
by Gubanov and Nikulin. " Evidently the configura-
tional energy is proportional to the effective charge
of the proton.

Potential
parameters Copper Silver Gold

TABLE I. Potential parameters for noble metals. All
the values are in atomic units.

III. RESULTS AND DISCUSSIONS

A. Configurational energy

%e calculated the screened form factors

V.(q) =~(q)/". '.(q) (14)

for all the metals using all the four potentials dis-
cussed in an earlier section. 0, is the atomic
volume. The potential parameters are tabulated
in Table I, and the results are shown in Figs.
1(a)-1(c)for copper, silver, and gold, respectively.

A &p=

f'2 =

Reference 18~

"Reference 19.

0.465
2.42

0.81

0.5
1 ' 9
1 ~ 0
1~ 815

11~ 1
0.257

0.425
2.73

1 ' 04

0 ~ 68
2 ~ 95
1.0
2.38

10~ 5
0 ~ 17

Reference 20.
Reference 17

0.514
2.72

0,81

0.50
. 2.66
1.00
2.60

9.25
0 ~ 15
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FIG. 1. (a) Screened
form factors for copper.
H, A, S, and B repre-
sent the Nikulin, Ash-
croft, Singh and Prak-
ash, and. Borchi and
De Gennaro form fac-
tors, respectively.
ao is the Bohr radius.
For q&2.5, the re-
sults are shown on a
magnified scale. (b)
Screened form factors
for silver. The descrip-
tion is the same as that
of (a). (c) Screened
form factors for gold.
The description is the
same as that of (a).
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TABLE II. Contributions to the configurational energy of proton from nearest-neighbor host
atoms when Nikulin potential and modified Hartree (MH) and Thomas-Fermi (TF) dielectric
functions are used. g is the number of nearest neighbors (nn), r& is the distance of nn, and g&
is the corresponding contribution in rydbergs. u& is lattice parameter.

MH
Copper

MH

z; (Ry)
Silver

TF MH TF

24

30

21

24

0.2613 0.2420

—O. 0027 0.0172

-0.0035 0.0078

0 ~ 0007 0.0006

0.0019 0.0001

0.0000 0.0000

0.1808 0.1748

0,0062 O. 0106

-0.0030 0.0044

0.0006 0.0002

. 0.00001 0.0000

0.0000 0.0000

0.0578 0.0953

-0.0086 0.0058

-0.0026 0.0024

0.0006 0.0002

-0.0003 0.0000

-0.0004 0.0000

Nikulin form factors have the smallest wavelength
and amplitude. Borchi et a/. form factors have
the maximum amplitude, and Singh et a/. form
factors have the maximum wavelength for oscilla-
tions. Such an oscillatory behavior is not expected
in TF screening limit. Therefore, the nearest
neighbor (nn) contributions to the configurational
energy will be decreasing exponentially while the
TF screening function is used, and these will be
oscillatory while the MH dielectric function is
used. This is evident from the results tabulated
in Table II. In the former case, the contribution
from the second and third nn is of the order of 10/0
of the first nn and therefore not negligible. In the
later case, (he first nn have the repulsive inter-
action and second and third nn have the attractive
interaction. The strength of these interactions
goes on decreasing, and the major contribution
is due to the first nn's. A similar effect may also
arise from the lattice deformation.

The results for the configurational energy of
proton in octahedral (0), tetrahedral (T), and va-
cant positions are tabulated in Table III. The
following comments are drawn. (i) The configura-
tional energy depends upon the position of the pro-
ton, the dielectric function, and the pseudopotent-
ial used. (ii) The Ashcroft model potential gives the
lowest and the Borchi et a/. model potential gives
the highest configurational energies for Cu and

Ag, while MH and TF dielectric functions are used.
The Nikulin model potential gives the lowest con-
figurational energy for gold. (iii) Nikulin, Ash-
croft, and Singh et a/. potentials give higher con-
figurational energies in the octahedral (0) position
when TF screening function is used as compared to
that when MH dielectric function is used. The
trend is reversed with Borchi et a/. potential. No
definite trend is found in the configurational energy
for the T position as the proton is nearer to the
host atom. (ii) The configurational energy in the

TABLE III. Configurational energy of copper, silver, and gold in Ry units. The descrip-
tion is the same as in Tables I and II. 0 (octahedral) T(tetrahedral); V(vacancy).

Potential Position
Copper

MH TF MH

Silver
TF MH

Gold
TF

0
T
V

0.2578
0.3420
0.0283

0.2676
0.3292
O. OS66

0.1724
0.2473

-0.0017

0.1900
0.2389
0.0637

0.0465
0.1181

-0,0829

0.1038
0.1305
0.0341

0.1470
0.2229
0.0111

0.1946
0.2396
0.0708

0.1162 0.1547
0.1866 0.1949

-0.0064 0.0518

0.0777
0.1433

-0.0111

0.1359
0.1711
0.0456

0
T
V

0
T
V

0.4609
0.5678
0.0577

0.3009
0.3928
0.0348

0.3712
0.4571
0.1350

0.2834
0.3488
0.1027

0.1794
0.2.735

-0.0409

0.1690
0.2478

-0.0075

0.1646
0.2073
0.0551

0.1998
0.2266
0.0.602

0.2925
0.3919

-0.0117

0.1528
0.2298

-0.0081

0.2354
0.2964
0.0791

0.1724
0.2170
0.0579
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0 position is always found lower than in the T posi-
ti.on, therefore, 0 position may be the more favor-
able position of the proton. (v) The configurational
energy in vacancy is lower by an order of mag-
nitude than in the 0. position and therefore, the
proton will easily trap to a vacant position if
available.

From these comments it is concluded that the
most probable position of the proton is the posi-
tion of minimum ionic density in the lattice and
this conclusion is in agreement with the experi-
mental informations. '

B.A HS

B. Activation energy

To estimate the activation energies, we calculated
the configurational energies of the proton as it
moves along (111) (O-T) and (110) (O-O) di-
rections. The results of these calculations are
shown in Fig. 2 for copper. The solid lines rep-
resent the calculations with the MH dielectric
function and the dash-dot line represents the cal-
culations when the Ashcroft model potential in con-
junction with the TF screening function is used.
The qualitative behavior of the variation of the con-
figurational energy is found to be the same for all
the potentials also for silver and gold and therefore
these are not shown in Fig. 2. The activation ener-
gies are calculated as the height of the energy
barriers between the 0 and T positions, and these
are tabulated in Table iV. The activation energies
for A, H. S, and 8 potentials are in increasing
order. The difference in activation energies for
A and B potentials is about 40%%d and this is con-
sistent with the magnitude of the form factors

T &111&

0.1
0 $110)

FIG. 2. Configurational energies for proton in copper.
A, H, 8, and B have the same description as in Fig. (la).
The solid lines are for modified Hartree dielectric
screening and the dash-dot line is for Thomas-Fertni
screening. Line B is on a scale reduced by a factor of
2.

shown in Fig. 1.
Along (110) direction, the configurational energy

goes on increasing as the proton moves from the
octahedral position and it is maximum between
two octahedral positions. But this does not remain
true while the proton moves from the octahedral
to tetrahedral position. The maxima is at about
65/g distance from the octahedral position. Be-
yond tetrahedral position, as the proton moves

TABLE IV. Activation energies for noble metals in Ry units. Ze is the effective charge of
proton. The description is the same as that of Table I. A (TF) represent the results when TF
screening function is used with an Ashcroft potential.

Metal Potenti 1.0 0.20 0.25 0.30 0.35 Kxpt.

CU

Ag

Au

A
A (TF)
H
S

A
A (TF)

$
B

A
A (TF)

S
B

0.0864
0.0554
0.0958
0.1012
0.1110

0.0810
0.0492
0.0838
0.0890
0.1146

0.0760
0.0442
0.0834
0.0872
0.1156

0.0173

0.0192
0.0202
0.0222

0.0162

0.0168
0.0178
0.0229

0.0152

0.0167
0.0174
0.0231

0.0216

0.0240
0.0253
0.0278

0.0203

0.0210
0.0223
0.0287

0.0190

0.0209
0.0218
0.0289

0.0259

0.0287
0.0304
0.0333

0.0243

0.0251
0.0267
0.0344

0.0228

0.0250
0.0262
0.0347

0.0302

0.0335
0.0354
0 ~ 0389

0.0284

0.0293
0.0312
0.0401

0.0266

0.0292
0.0305
0.0405

0.029

0.024

0.018
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towards the host atom, the height of the barrier
increases rapidly. The energy barrier between
octahedral sites is about 50% larger and wider than
between 0 and T sites. Therefore the proton is
more likely to follow the 0-T-0 path rather than
O-O path. TF screening also gives similar re-
sults, but the activation energies are lower than in
the case of MH screening. Therefore, protons may
diffuse faster in a strongly screened system as
the interaction becomes weaker.

%e also calculated the activation energies varying
the effective charge of the proton, using all the po-
tentials and modified Hartree dielectric function.
These results are also tabulated in Table IV. The
calculated activation energies are in reasonably
good agreement with experimental values for Z
=0.31, 0.29, and 0.23 in copper, silver, and gold,
respectively, using all the potentials. Borchi
et al. potential yieMs 15%%uo to 20%%uo higher results.
Therefore hydrogen may be expected between the
protonic and the atomic state in noble metals and
a quasibound state may exist in the bottom of the
conduction band. The schematic diagram for N(E),
the density of states, maybedrawn as in Fig. 3
where n = 3, 4, 5 for copper, silver, and gold, re-
spectively. Our results are in agreement with the
conclusions drawn by Friedel' in a self-conSistent
calculation. The effective charge on the proton
decreases as the core radii increase. However, -

this will also depend upon the number of conduction
electrons per atom available. Popovic et al. '
pointed out that the linear screening theory over-
estimates the activation energy of proton in Al.
However, if the effective charge of the proton is
taken about 0.30e, their calculated activation en-
ergy in linear screening theory becomes in reason-
ably good agreeme~t with the experimental values.
Their self-consistent nonlinear calculations give
a big pileup of charge around the proton and there-
fore the effective charge reduces. Mainwood and
Stoneham" reported that hydrogen is between
atomic and anionic state in bcc alkali metals. How-

ever, their cluster of 15 to 20 atoms maypos-
siblybetoo small for a very realistic representation
of a metallic system. Thomas- Fermi screening

N(E)

AS
I

l

I
I

EF
FIG. 3. Schematic diagram for density of states of

metal-hydrogen system.

0.5
10
2.0

0.5
1.0
2.0

I

T &111& &110&

0.5
1.0
2.0

FIG. 4. Configurational energies of protons in noble
metals for an expanded lattice. Ashcroft potential and
modified Hartree dielectric function are used.

IV. CONCLUSIONS

The diffusion of a proton in noble metals is in-
vestigated using linear screen, ing and local pseudo-
potential approximations. All the pseudopotentials
which explain other physical properties of these
metals also yieM the lower configurational en-
ergy for the octahedral position of the proton in
fcc lattice. However, if a vacant site is avail-
able, a proton is most likely to be trapped. The
activation energies are found in reasonably good
agreement with the experimental values using all
the potentials if the effective charge of'the proton
is taken 0.31e, 0.29e, and 0.23e in copper, silver,

gives the effective charge of proton about 0.52e,
0.49e, and 0.41e in Cu, Ag, and Au, respectively,
to have an agreement of activation energies with
the experimental values. This is because of the
overscreening in the host lattice.

Finally the movement of the proton is studied
using the Ashcroft model potential and the MH di-
electric function, increasing the lattice param-
eter by 0.5%, 19o, and 2%%uo. The last one is ap-
proximately equivalent to the melting of the metal.
The corresponding contraction in Fermi momentum
is taken into account consistently. These results
are shown in Fig. 4 for all the metals. Corres-
pondingly, the activation energies decrease by
1'%, 2%, and 4%, but the path of movement remains
the same. This is consistent with the experimental
information. .'4
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and gold, respectively. The activation energies
are found to decrease as the lattice expands.
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