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Optical properties of the sodium-tungsten bronzes and tungsten trioxide
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A polarization-modulation ellipsometric technique was used to make direct measurements of the optical
dielectric constants of single-crystal specimens of the nonstoichiometric tungsten-bronze compound Na„WO,
(0.52 & x & 0.94) and WO3, in the energy range from 1.0 to 5.5 eV. A method for determining the optical-
constants of anisotropic materials from modulation ellipsometry was developed in the study of tungsten
trioxide. The behavior of the sodium bronzes as a function of sodium concentration is in agreement with
recent calculations of the band structures for these materials. The system exhibits almost rigid-band
behavior. The data were fit to the classical Drude free-electron model for the optical properties of metals.
The WO, dielectric constants were used to directly determine the contribution of higher-energy bound-
electron transitions to the optical constants of Na„%03 in the free-electron region. The results of joint-
density-of-states calculations were used in conjunction with the free-electron model to demonstrate that a
relatively large discrepancy between conduction-electron relaxation times derived from the free-electron
model alone and those determined from the dc conductivity may result, in part, from underlying interband
transitions.

I. INTRODUCTION

The tungsten bronzes, a group of nonstoichio-
metric solid solutions of general chemical form~la
M„WO„where M is typically an alkali metal, have
many physical properties which are of both prac-
tical and fundamental significance. ' Only recently
have many of these properties, such as supercon-
ductivity and ferroelectricity, become known. As
a result, there has lately been an increased
amount of experimental work done on the bronzes,
some of which has involved the use of optical
techriiques to investigate these materials. ' "

The first optical measurement on bronze-re-
lated single-crystal samples was the ref lectivity
spectrum of ReO, from 0.1 to 22 eV obtained by
Feinleib, Scouler, and Ferretti. ' Kramers-Kronig
analysis of the spectrum was performed in order
to determine the real and imaginary parts of the
optical dielectric constant. Later studies were
made on ReO, by Weaver and Lynch' and on Na„WO,
by Consadori and Stella and Qiuliani et al io

Lynch et a/. "measured the ref lectivity of two
cubic sodium bronzes (x =0.65 and x =0.735) and
one tetragonal potassium bronze (x =0.63) from
0.1 to 38 eV and obtained the optical constants
over that range by Kramers-Kronig analysis.
The spectra were interpreted in terms of the
band structure of ReO„a structurally similar
compound. Most recently there has been a study
of Na„WO, (x =0.52, 0.72, 0.85) by Camagni et al."
employing standard ellipsometric techniques from
0.3 to 5.2 eV and electromodulated reflectance

from 1.3 to 3 eV. Drude and Lorentz models were
used to determine the free- and bound-electron
components of the ellipsometric data. The elec-
troreflectance data were explained via a model
involving a modulation of the optical constants in
a thin surface layer of the metal and in terms of
the ReOs band structure. The ellipsometric data
are in substantial agreement with our work, al-
though the analysis in terms of the Drude and
Lorentz models differs.

In this work we have made further measurements
of the real and imaginary parts of the dielectric
constants of cubic Na„WO, and have included mea-
surements on WO, to permit a direct determina-
tion of the contribution of bound electrons to the
dielectric constants. Measurements were carried
out on single-crystal specimens using a modula-
tion ellipsometric technique which yields the
optical constants directly, without the need for
Kramers-Kronig analysis. The results support
the rigid-band model for these materials. A
least-squares fit of the data to a modified Drude
free-electron model yields the free-electron ef-
fective mass and relaxation time as a function of
composition. A discrepancy between the values of
the relaxation times determined from the optical
data and those obtained from the dc conductivity
is observed. Using recently performed joint-
density-of-states calculations for the sodium-
bronze system" it is demonstrated that direct
transitions within the conduction-band manifold
could, in part, account for this discrep-
ancy.
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II. EXPERIMENTAL

The technique used to measure the optical con-
stants was a type of polarization modulation ellip-
sometry developed by Jasperson and Schnatterly. '
Chopped, monochromatic, collimated, j.inearly
polarized light is passed through a photoelastic
device mhich modulates the polarization of the
light by introducing a varying phase shift between
the perpendicular components of the linearly po-
larized light. The modulated light is reflected
from the sample at a convenient angle of incidenc,
45' in this case, into a photomultiplier. Two
measurementy are made, one with the initial po-
larization in the plane of incidence of the sample,
and one with the initial polarization at 45 to the
plane of incidence. In the second ease a linear
analyzer follows the sample. The output of the
photomultiplier is fed into two lock-in amplifiers,
one which measures the amplitude of the signal
at the chopped frequency (giving the total light
intensity), and one which measures the amplitude
of the signal at either the fundamental or first
harmonic of the modulation frequency. The out-
puts from the lock-in amplifiers are fed into a
ratiometer. From these two measurements,
knowing the modulation depth, the optical constants
of isotropic samples can be calculated in the man-
ner described by Jasperson and Schnatterly. '

Since noncubic media are optically anisotropic,
determination of the optical constants is more
complicated than in cubic materials. (Aside from
the ref lectivity spectrum of Kp egWO, by Lynch
et al," the oiily previous optical constant mea-
surements on a noncubic tungsten-bronze material
has been the determination of the indices of re-
fraction of WO, in white light by Samada and Dan-
ielson. ") In order to calculate three sets of
optical constants for WO„which is biaxial, a
formalism presented by Graves" was employed.
The technique involves mathematical iterations
using results from three sets of ellipsometric
measurements on faces perpendicular to the
principal axes of the crystal.

The modulator in the apparatus is a modifica-
tion of one built by Chabay, Hsu, and Holzwarth"
and used to measure circular dichroism in the
infrared. The main difference is that their ger-
manium optical element is replaced mith high-
grade fused silica. The entire modulator assem-
bly is a 2.5X2.5X30-em bar consisting of seven
sections cemented end to end. The optical ele-
ment, 7.5 cm in length, is the central unit, situa-
ted between two 3.5-cm long stainless-steel
blocks. A 0.75x2.5x2. 5-cm PZT (lead zirconate
titanate) piezoelectric element is cemented be-
tween each of these blocks and the 7.0-cm long

stainless-steel end pieces. The fundamental longi-
tudinal acoustical mode of the bar is excited by
electrically driving the PZT disks at the resonant
frequency of the bar, approximately. 6 kHz. The
bar is kept on resonance mith a feedback circuit
mhich detects the relative phases of the current
and voltage. applied to the tranducers and adjusts
the driving frequency so as to keep them in phase.
The light beam passes through the silica element
initially polarized at 45' to the long axis of the
bar (the strain axis) and polarization modulation
results from the strain-induced change in the in-
dex of refraction along that axis.

Na„WO, samples were grown by electrolysis
from a fused salt melt. " Using seedcrystals a,s
the cathode, large single crystals mith usable
surfaces of 0.5-1 cm' were obtained. Sodium
concentrations foi the samples mere calculated
from the lattice. constants using the expression
a =0.0818x+3.7850 A determined for Na„WO,
from neutron-activation analysis" and x-ray
diffraction. ' Lattice constants were measured
by x-ray diffraction using a Debye-Seherrer
powder camera. The tungsten trioxide sample,
prepared by vapor transport, "was a c-axis
platelet having dimensions of 2x2x1 mm.

The samples were mounted in "Quickmount, " a
commercial plastic mounting compound, and
mechanically polished in a conventional fashion
on silk and cloth covered wheels using progres-
sively finer grits. The final polish was done with
0.05-p, m alumina, yielding mirrorlike surfaces.
Samples were cleaned ultrasonically in methanol
followed by distilled water. All optical measure-
ments were completed within 3 h after the final
polishing of the samples. The data presented were
taken at room temperature with the sample sur-
faces .exposed to air. However, measurements
made on samples which were polished and main-
tained in an argon atmosphere in order to avoid
oxidation of the surfaces yielded no significant
difference in the results.

III. RESULTS

A. Na„%03

The optical dielectric constants of the cubic so-
dium tungsten bronzes, Na, WO„ for x values of
0.522, 0.628, 0.695, 0.740, 0.805, 0.860, and
0.940 are shown in Fig. 1.

The general shapes of the curves are strikingly
similar, an indication of the "rigid-band" nature
of the compounds. " Two distinct regions are ap-
parent in the data. At long wavelengths, from 1.2
to around 2.5 eV, the dielectric constants exhibit
typical free-electron-like behavior. e, increases
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FIG. 1. Heal and imaginary parts of dielectric constants of Na„WO3.
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Kopp et al. (Ref. 21).

from a large negative value, crossing zero at the
"screened" plasma frequency, while c, decreases
from a large positive value, becoming asymptotic
to zero. At the short-wavelength end of the spec-
trum structure appears which bears a resem-
blance to a single oscillator Lorentz transition.
The imaginary part of the dielectric constant e,
peaks at the resonant frequency, around 5 eV,
while e, shows dispersive behavior about the tran-
sition energy.

As g increases, a definite shift in the uv struc-
ture toward higher energy is observed. The cause
of this shift is evident from consideration of the
band structure of the bronzes. The band structure
of Na„WO, is similar to that of ReO, . The top of
the valence band is made up primarily of oxygen
p orbitals while the conduction band, predomin-
antly d-like in nature, results from covalent n'

bonding between the oxygen 2p and the tungsten
5d orbitals. "" A sketch of the density of states
in Na%0„ from recent band-structure calcula-
tions, "is shown in Fig. 2. The value of &, in the
uv data is determined primarily by transitions
from states at the top of the valence band to
states above the Fermi level in the conduction
band. Because of the rigid-band nature of' the
system, the density of states in the cubic bronzes
with x less than 1 is almost identical to that shown.
The Fermi level varies from the center of the
band gap, for g = 0, to the dotted line shown in the
figure, for x =1. Since the Fermi level rises
with increasing electron concentration, the onset

of these transitions shift to higher energies as
sodium is added to the system. The position of the
peak in &, at 5 eV corresponds to the energy dif-
ference between the peak in the density of states
at the top of the valence band and the peak above
the Fermi level in the center of the conduction
band. If the system were a perfect rigid-band
system the position of the peak in c, would not
change with composition. However, Coulomb
repulsion within the filled states in the conduction
band causes the energy of these bands to increase
with increasing occupation. " Thus the band gap
widens as sodium is added to the lattice, giving
rise to the observed shift of the optical data to-
ward shorter wavelengths.

In the long-wavelength region of the spectrum,
the Drude region, a shift in the optical data to-
ward higher energies with increasing x values is
also apparent. The origin of this shift is twofold.
In the free-electron model, e, decreases and E2
increases with increasing free-electron concen-
trations. Thus one contribution to the shift is the
change of free-electron density with sodium con-
centration. However, there is also a contribution
to &, in this energy range from the 5-eV bound-
electron transition. As the transition moves to
higher energies with increasing sodium concen-
tration, its contribution to e, in the long-wave-
length region decreases and causes the curve to
shift to higher energies.

In a free-electron metal, at a photon energy
where e, =0 and e, is small, a large optical ab-
sorption occurs. This energy corresponds to the
"plasma frequency, " at which a bulk longitudinal
plasma resonance could occur. For a completely-
free-electron system with an electron concentra-
tion equal to thai of the cubic tungsten bronzes
the plasma frequency mould occur in the ultra-
violet, arount 4 eV. However, the contribution to
&, from the bound transition at 5 eV has shifted
the point at which e, crosses zero to the middle
of the visible wavelength region. Since e, is
small here, plasma resonance behavior occurs.
At energies below the plasma frequency, the re-
flectivity is high. At wavelengths close to the
plasma frequency, the ref lectivity falls off sharply.
The material would become transparent above the
plasma frequency were it not for the absorption
due to higher-energy transitions. A plot of the
absorption peak (ref lectivity minimum) and plasma
energy as a function of sodium concentration is
shown in Fig. 3. Also shown for comparison are
values obtained by other authors. The values of
co~ of Camagni et at."are lower than those of
this work because these authors present the ener-
gies at which the q, function fitted to their data is
equal to zero, rather than the energy at which the
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dielectric constants mere similar, slight differ-
ences between them indicate an inconsistency in
the measurements or data reduction. This may
be a result of the nature of the sample. The WO,
sample is a small platelet with the c axis perpen-
dicular. to the plate. Although the natural faces on
the sides of the plate are 100 faces, investigation
with a polarizing optical microscope indicates the
existence of a number of domains, having two
different orientations, 90' from each other. These
are evidently ferroelectric domains, having re-
versed a and 5 axes. Thus, optically, the sample
does not behave as a true single crystal. The
ellipsometric measurements are probably being
influenced by contributions from domains with
differing crystallographic orientations, giving
rise to the observed discrepancies. This mould

also explain the double peaks which appear in the
WO, c, data, but do not occur in the Na„WO, re-
sults. If the double peaks were "real" they mould
indicate a splitting in the states which give rise

&, data is equal to zero. An anomaly in their data
in this region obscures the actual zero crossing.

B. WO3

The dielectric constants of tungsten trioxide are
shown in Fig. 4. The WO, data is quite similar to
that of Na„WO„but does not show a free-electron
contribution. This, in fact, is just mhat mould be
expected for a rigid-band sy' stem. The sodium
atoms play little role in the electronic band struc-
ture other than, indirectly, by changing the energy
of the conduction band via Coulomb repulsion in
filled states and, perhaps, by changing the lattice
parameters. It is the same valence- to conduc-
tion-band transition which gives rise to the struc-
ture at 4 eV in WO, that is responsible for the uv
structure in the Na„WO, data. The onset of the
transition in WO, is shifted to a lower energy, in
keeping with the behavior found in the tungsten
bronzes.

In order to determine the optical constants of a
biaxial crystal it is necessary to make multiple
ellipsometric measurements. Using the technique
of Graves, " the dielectric constants can be deter-
mined from three measurements: two on a sur-
face perpendicular to one optical axis, with the
sample rotated 90' about that axis in the two
cases, and a third on a surface perpendicular to
the second optical axis. In order to check the con-
sistency of our results, tmo sets of measurements
were performed on each surface, thus alloming
two sets of optical constants to be calculated from
the two triplets of data. Although the two sets of
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to the transition. Although it is possible that the
lower symmetry of WO, causes such a splitting,
it is more likely that, because of the different
lattice constants in the monoclinic structure, the
position of the peak in &„ the transition energy,
differs for the three principal axes. . %he double
peaks appear in the ellipsometric results be-
cause domains of differing orientations make con-
tributions to the measured signal which is inter-
preted in the analysis as data corresponding to
only one orientation.

The only optical measurements on WO, available
for comparison with our data are the indices of
refraction in white light made by Sawada and
Danielson" using a modified Chaulnes method.
Their results are in reasonable agreement with
the values found in the visible region in this work.
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FIG. 5. Least-squares fit of the Drude free-electron
model to the Nap SpgW03 optical data.

IV. ANALYSIS

A. Drude freewlectron model

The most straightforward manner in which to
interpret the free-electron portion of the tung-
sten-bronze data is to fi.t the real and imaginary
parts of the dielectric constant, &, and ~„directly
to the Drude free-electron model. From the E'2

spectra of Ng, „WO» it can be seen that the contri-
bution to the imaginary dielectric constant from the
higher-energy transitions is negligible in this re-
gion. The resonant peak is clearly separated
from the Drude region of the spectrum by a re-
gion of low c~. However, contributions to z, from
interband transitions extend over a much wider
energy range than is the case for q, . In order to
simplify the situation, it is reasonable to assume
that, in the case of Na„WO» the contribution in
the Drude region from the 5-eV transition is con-
stant as a function of wavelength. The validity of
this assumption wQl be demonstrated in Sec. IV C
using the optical data of WO, to determine the
contribution directly.

The expressions used in the model are the stan-
dard Drude functions with the inclusion of an ef-
fective mass and a constant term in e,(~) to ac-
count for higher-energy transitions:

e i((d) = 1 —(dp/((0 + 1/T ) + E i ~

where ~~~=4vNe'/m*. The fitting parameters of
the model are m* the effective mass, g the elec-
tron relaxation time, and e', the contribution to
&, from higher-energy transitions. The number of
electrons per unit volume N was calculated from
the lattice constants, assuming one free electron

per sodium atom. The fitting was done using
MLAB, a computer modeling and graphics pro-
gram, developed by the National Institutes of
Health, which employs the Marquardt-Levenberg
least-squares fitting method.

The data used in the analysis extend from 1.0 to
2.4 eV. The &, and e, data were fit to their res-
pective functions simultaneously. Figure 5 shows
'a typical least-squares fit of the data, in this
case for Na0. 805%03 to the free electro" ~odyl
The parameters obtained fram the fitting procedure
for Na„WO, are plotted versus sodium concentra-
tion in Fig. 6.

Figure 6(a) shows e', versus sodium concentra-
tion. Although it is impossible to compare the
absolute values of the results to any theoretical
values without specific details of the transitions
which give rise to z, , the results show the ex-
pected qualitative behavior. The transition near
5 eV moves to higher energies with increasing
sodium concentration as a result of Coulomb

.repulsion in the filled states. The contribution
to &, in the long-wavelength region decreases as
the transition moves farther away. Consequently,
E'y decreases as x increases.

Similarly, a qualitative argument can be made
concerning the electron effective-mass ratio,
shown in Fig. 6(b). As the Fermi level rises in
the conduction band, larger portions of the Fermi
surface will have negative curvature. In these
regions the inverse effective-mass tensor is
negative. Thus, the average inverse mass tensor
decreases and the effective mass increases with
a rising Fermi level, in agreement with the op-
tical data. This effect has also been noted in con-
nection with the increase in the Hall coefficient
with increasing sodium concentration in Na„WO, ."
Another argument is given by Goodenodgh, ' who
suggests that the conduction-band (v* band) band-
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width decreases with increasing x, giving rise
to a decreasing effective mass. The narrowing
of the band results from competition of the sodium-
oxygen o bonding with the tungsten-oxygen m bond-
ing as the concentration of sodium increases.
This narrowing of the bandwidth is not evident in
the band-structure calculations of Kopp et al."
Although the optical effective-mass ratios found
are low compared to values ranging between 1 and
3 which have been determined for the density of
states effective mass using magnetic susceptibil-
ity,"transport, "specific heat, "and electrore-
flectance' measurements, they are comparable
to an optical mass of 0.86 found for ReO„' and
0.5 found for Na, ,%0„using a similar analysis
on ref lectivity data.

In Fig. 6(c) is shown the relaxation time versus
composition obtained from the fitting procedure.

Again, the expected qualitative behavior is ap-
parent. At room temperature the relaxation time
is primarily a function of phonon scattering,
which should be fairly independent of composition.
However, impurity scattering does play a small
role in the room-temperature resistivity of the
sodium bronzes, as is evident from'the conduc-
tivity measurements of Muhlestein and Daniel-
son. Their wprk shpws the effect pf spdium pr-
dering, which generally increases as x increases
above 0.5, on the electrical conductivity. Al-
though the effect is much more drastic at liquid-
helium temperatures, it is still apparent at room
temperature. As the ordering increases, the
relaxation time should also increase. Unfortun-
ately, in the present work the resolution of the
fitting scheme is not sufficient to observe the
anomaly seen by Muhlestein and Danielson at
x =0.75.

Although the qualitative behavior of 7. is correct,
the results do not agree quantitatively with dc
ineasurements. Vsing the relation o =Pe'g jm*, r
calculated from the data of Muhlestein and Dan-
ielson" varies from 0.45' 10 ' sec at x = 0.52 to
1.1&10 ' sec atx=0.86, compared to 0.28x10 '
sec to 0.36&&10 ' sec for the corresponding com-
positions in this work. Thus the relaxation times
found from the Drude model are a factor of 2 or
3 below the values expected from the dc measure-
ments. A similar discrepancy has been noticed
in a calculation of the relaxation time from ReO,
optical data. ' The only Na„%0, optical data for
comparison are those of Camagni et a/. "who
present values for y = 1/T obtained from a similar
fit of their optical data to the -free-electron model.
Evidently a misprint appears in the report, for in
order to obtain their calculated curves using their
parameters, y must be multiplied by a factor of
10. Values of 7 calculated from their values of

y, after making this correction, are lower than
those of this work by approximately a factor of 2,
in even greater disagreement with predictions
based on the dc conductivity. The relatively large
discrepancy between dc and optical relaxation
times raises the possibility that the optical data
in the "free-electron" region are, in fact, being
affected by underlying direct interband transi-
tions, even though no structure in the data is ap-
parent. This possibility will be explored in the
following section.

B. Direct transitions in the "freewlectron" region

In metals the relaxation times calculated from
dc conductivity are frequently found to be larger
than those calculated from optical data using the
classical free-electron model. "'" A number
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of arguments are generally invoked to explain
these discrepancies. " It was first pointed out by
Holstein" that quantum effects cause the relaxa-
tion time resulting from electron-phonon inter-
actions to be frequency dependent. The effect is
particularly important at low temperatures
where there are few phonons present to be ab-
sorbed in interactions and only electrons which
have gained sufficient energy via optical excita-
tion can give rise to phonon emission. A fre-
quency-dependent relaxation time can also result
from electron-electron interactions, "which, al-
though insignificant in the case of dc resistivity,
can become important at optical frequericies.
Calculations using the relations presented by
Abeles'4 indicate that for the cubic sodium-tung-
sten bronzes electron-electron effects are negli-
gible and the quantum effects should give rise to
a difference of approximately 30% between relaxa-
tion times calculated from dc and optical data in
the red and near infrared. Finally, a discrepancy
between the optical and dc relaxation times also
arises if the relaxation time of the electrons is
not isotropic over the Fermi surface. The relaxa, -
tion time obtained from dc measurements is es-
sentially the average of z over the Fermi sur-
face, whereas optical data yield the average of
I/y over the Fermi surface. Unless v is con-
stant, (g)& (I/r). Although the magnitude of this
effect would be difficult to calculate for the
bronzes, at room temperature this typically gives
rise to a dc relaxation time which is larger than
the optical relaxation time by a factor of 1.5.34

Thus, it appears that the discrepancy observed
in the bronzes is somewhat larger than is ex-
pected from the above considerations.

There is, however, another factor that should
be considered, particularly in the case of the
bronzes, which may contribute substantially to
such a discrepancy. Low-energy direct transi-
tions, which are not taken into account in the
free-electron model, can occur within the con-
duction band of a metal. Low-energy interband
transitions have been observed in ReQ„an elec-
tronically similar compound, by Weaver and
Lynch' using a calorimetry technique to measure
absorption. These transitions were attributed to
degenerate bands crossing the Fermi level which
are split by spin-orbit interactions. The resulting
bands are nearly parallel and give rise to a large
joint density of states. Previous ref lectivity mea-
surements had not revealed the structure, which
is masked by the free-electron ref lectivity. An

analysis of the Re0, infrared data in terms of the
free-electron model by Feinleib et al. ' led to an
optical relaxation time of 0.29x10 '4 sec, com-
parable to the values found for Na„WO, in this
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FIG. 7. Joint density of states for Nao BW03 calcul-
ated by Harmon (Ref. 13).

work. This is a factor of 3 below that expected
from the dc conductivity. No definite structure in
optical data attributable to low-energy interband
transitions has been observed in the cubic sodium
bronzes, although the possibility has been sug-
gested. "

Recently, joint density of states (JDOS) calcula-
tions for the Na„WO, system have been made by
Harmon. " The results of the calculations for x
= 0.9 are shown in Fig. '7. Two distinct regions
are appa|. ent in the figure. From 0 to about 2.6
eV the contribution to the JDGS is from states
within the f, conduction band. Given nonzero
matrix elements, these transitions would contri-
bute to the optical constants in the Drude region.
There is a 0.6-eV gap between these states and
the onset of valence-to-conduction band transi-
tions, possibly combined with transitions between
the t„and e~ manifolds of the conduction band,
which begin around 3.2 eV. There is a peak at
5 eV which corresponds to the peak at the same
energy observed in the ellipsometric optical data.

With the aid of JDOS calculations it is possible
to add to the free-electron model contributions
to the optical constants from underlying direct
transitions within the conduction band. If the
dipole matrix element is approximately constant
for such transitions the contribution to the imagin-
ary part of the dielectric constant from the tran-
sitions can be approximated as

e", ((u) =ciM«(' z(u))/uP, (3
' ~

where M« is the dipole matrix element, Z(ru) is
the joint density of states, and C is a constant. It
was necessary, in this case, to insert the matrix
element for these transitions in our model as a
variable parameter since no calculations of the
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matrix elements for these transitions in the
bronzes are available. Because the transitions
are all within the same set of bands it is reason-
able 'to assume that the matrix element is roughly
a constant. The expression used to fit the c~
data in the long-wavelength region is obtained by
combining Eqs. (2) and (8):

(dp , J((o)
62(R) -~ (&2+1/&2) +clMccl 2 y

-l0

Nag4W0g

~ J()
~p- ~p+clMccl

2
N

where M„ is the matrix element for transitions
. within the conduction band. The interband con-
tributions to c, were not included in the model
because of the small influence this would have on
the parameters obtained and on the conclusions
drawn from the analysis.

In order to determine whether values obtained
for M„are reasonable, it is possible to compare
them with the matrix element M„, for the valence-
to conduction-band transitions. The free-electron
contribution to &, at the 5-eV peak is zero; thus,
the only contribution to the peak is represented
in the joint density of states. It is therefore pos-
sible to obtain an approximate value for M„, using
the relation

ea(5 eV) =C lM„, l' Z(5 eV)/~', (5)

TABLE I.

lM~ [ /(M„, [ ~(&&10 ~4 sec) m*/m0

0
0.06
0.11
0.15

0.37
0.53
0.73
1.20

0.89
0.89
0.89
0.89

3.4
3.5
3.5
3.5

where g, (5 eV) is obtained from the optical data
and Z(5 eV) is from the JDOS calculations. Thus
the ratio lM„l'/ lM„,l' can be determined. Since
the valence and conduction bands are predominantly
p-like and d-like, respectively, the matrix ele-
ment M„ is expected to be smaller than M„, , as
dipole selection rules do not allow d to d transi-
tions. However, some mixing occurs in the
bands and transitions within the conduction band
are not necessarily eliminated.

The analysis was carried out for the composition
x =0.94, using the JDOS.calculations for x =0.9.
Equation (1) for e, and Eq. (4) for e„were fit to
the data simultaneously using various values of
M„. It was found that a reasonable fit to the
data could be obtained for values of lM„l'/ lM„,l'
from 0 to 0.15. A typical curve is shown in Fig. 8.
The contribution from the direct transitions and
the Drude component are shown along with the

-l5
I 2

PHO'70N ENERGY (eV)

0
4

FIG. 8. Free-electron model (short-dashed line)
combined with interband contributions to e 2 obtained
from JDOS calculations (short-lorig-dashed line). The
solid line is the sum of the free- and bound-electron
contributions.

sum of the two. The parameters obtained are
summarized in Table I, where the first line of
the table contains the values obtained from the
Drude model alone. As the matrix element M„
increases, w also increased, bringing it in better
agreement with the dc value. The matrix ele-
ments for the transitions within the conduction
band are considerably lower than those for the
valence- to conduction-band transitions, as ex-.

pected.
Qne interesting aspect of Fig. 8 is the "dip" in

&, which the JDOS calculations produce at 2.6 eV.
It coincides remarkably well with structure in the
data. However, when the ref lectivity is extremely
low, as it is in this region, surface structure can
produce artifacts in the data, and it would be pre-
mature to attach a great deal of significance to
this agreement.

C. Determination of ey Using W03 dielectric constants

In fitting the optical data to the free-electron
model as described in the previous sections it was
assumed that &', , the contribution to the real part
of the dielectric constant from the higher-energy
transitions, was constant with wavelength for each
composition. There are a number of methods by
which the wavelength dependence of &~ might be
included, one of which is to attempt to fit the
entire spectrum to a model containing free-elec-
tron and bound-electron Lorentz oscillator terms.
This was done using a single Lorentz oscillator in
addition to the Drude term. As might be expected,
a single oscillator does not adequately describe
optical structure which does not result from a
discrete transition but, in fact, originates from
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a number of closely spaced transitions. Conse-
quently, in the high-energy range the data fit the
model poorly. Another approach for including the
frequency dependence of e', in the free-electron
model is to use the optical dielectric constants of
the tungsten-bronze host lattice, WO„ to deter-
mine &, directly. If the rigid-band model for the
system is a good approximation, the optical con-
stants of WO, should be identical to those of
Na„WO, without the free-electron contribution and
therefore could be subtracted from the Na„WO,
data to yield the free-electron optical constants.
These optical constants could then be analyzed in
terms of the Drude model. The situation is some-
what complicated by the fact that WO, does not
have the same crystal structure or lattice spacing
as Na„%0,. The WO, data are, however, remark-
ably similar to the Na„WO, results, indicating
that the procedure is a good first approximation,
if one accounts for tQe shift in the uv structure
in Na„WO, and WO, .

In order to account for the shift of the uv struc-
ture, the WO, data was first fit to a single-os-
cillator Lop'entz function with the resonant frequency
chosen to correspond to the c, peak in the WO,
spectrum. The function fits the long-wavelength
data, which is all that is of interest in this case,
reasonably well. The parameters obtained were
then used to calculate e', , the bound-electron con-
tribution, for Na„WO, by changing the value of
the resonant frequency to correspond to the peak
in q, for the particular sodium-bronze sample
being analyzed. As expected, the contribution was
very flat in the long-wavelength region and did
not deviate by more than 15/& from the values ob-
tained when &", was entered in the model as a
frequency-independent fitting parameter. A

least-squares fit of the Na„WO, data to the func-
tions in Eqs. (1) and (2), with e', replaced by c~|(e)
yields results almost identical to those discussed
in Sec. IVA. The values obtained for m*/mo and

7 are shown as a function of composition in Fig. 6.
The similarity of the results substantiates the
initial assumption that &', is relatively wavelength
independent in the free-electron region arid also

gives further evidence of the rigid-band nature of
the system.

V. CONCLUSION

The optical data support the assumption that the
sodium-tungsten bronzes are an almost rigid-band
system. Because of this rigid-band behavior opti-
cal,data from WO, can be used in conjunction with
the Drude free-electron model to separate the
free- and bound-electron contributions to the
dielectric constants of Na„W03. Although the
parameters determined from the model vary with
composition in a manner which would be expected
from consideration of the band structure, the
absolute value of the relaxation time obtained is
about a factor of 3 lower than that extracted from
the dc conductivity. By including in the classical
free-electron model a contribution to the optical
constants calculated from recently obtained joint
density of states functions, with the matrix ele-
ment as a fitting parameter, agreement between
the dc and optical relaxation times is obtained
with a reasonable value of the matrix element and
a good fit to the data. Thus we conclude that di-
rect transitions within the conduction band may
make a, significant contribution to the discrepancy
between the electron relaxation time determined
from the "free-electron" optical properties and
relaxation time obtained from the dc conductivity.
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