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The possibility of altering the direction of polarization of [110] shear waves in cubic ferromagnets is
discussed. Using conventional magnetoelastic theory and known elastic and magnetoelastic parameters it is
predicted that in Tbo,oyo,pe, it is possible, by rotating an applied -magnetic field in the (110) plane, to
change the polarization of an incident wave by 90'. The acoustical amplitude in a receiving transducer
whose axis was perpendicular to that of the transmitting one was measured in fields from 4 to 10 kOe. The
amplitude as a function of orientation is sharply peaked at the angle of field at which a rapid change in
normal-mode polarization is predicted.

I. INTRODUCTION

The elastic properties of solids are completely
determined once their elastic constants are given.
In particular, three such constants are sufficient
to determine the elastic properties of cubic sol-
ids. ' In magnetically ordered solids which are
otherwise cubic the overall symmetry is lowered
and depends on the moment direction. Thus, in
principle, additional elastic constants are re-
quired for a sufficient description of the elasticity.
The principal effect of the additional elastic con-
stants is to change the character of the normal
modes of vibration.

For example, symmetry breaking in a magnetic
field has been observed in Ni using shear waves
propagating in the [001] direction, while a satura-
ting magnetic field was applied in the (001) plane.
The (001) plane is elastically isotropic; the pre-
sence of a magnetic moment provides a unique
axis of polarization. Waves polarized parallel to
it travel more slowly than those perpendicular to
it. These are the appropriate polarizations of the
normal modes in this case. There should also be
an effect on the polarization in elastically aniso-
tropic planes [e.g. , (110)]where there is a com-
petition between the crystal axes and the moment
direction for control of the ultimate polarization
axes. However, even in magnetostrictive crystals,
the effects of magnetoelastic coupling on the elas-
tic tensor are so small that changes in character
of acoustical waves (e.g. , polarization rotation)
in these planes are not amenable to study. Mea-
surements instead have been made of changes in
the three cubic constants, C», C», and C«. These
changes are of the order of 10 ' in magnetically
saturated Ni, ' 10 'in YIG.' There are, however,
exceptional cases of cubic systems, namely, rare-

earth compounds with iron, wMch are ordered
magnetically and have very large magnetoelastic
coupling. For example, the magnetostriction in
TbFe, is nearly 10 ' even at room temperature.
Recent ultrasonic experiments' confirm the large
coupling and show that relative changes in C~ of
50/p in the pseudobinary Tb»Dy, ,Fe, could be
achieved even with the sample magnetically satu-
rated. It is our purpose here to explore the com-
petition between elastic anisotropy and magneto-
elastic coupling in this material by looking at the
change in polarization of shear waves propagating
in the [110]direction. The experiment consisted
in measuring the acoustical output at a receiving
transducer arranged with its axis perpendicular
to that of a sending one at the opposite end of
a single-crystal [110]rod. For a review of the
magnetoelastic properties of rare-earth iron al-
loys, see Ref. 10.

The (110) plane is elastically anisotropic. Any
wave initially polarized along an arbitrary direc-
tion in this plane is broken up into two linearly
polarized normal modes, one along [001] and one
along [T10] in a nonmagnetic crystal. Because of
this elastic anisotropy, the presence of a moment
in the (110) plane and a finite magnetoelastic cou-
pling will not completely tilt the axis of polariza-
tion from, say, [001] to parallel to the moment.
The tilt angle 4 will instead lie between these two
directions (see Fig. 1). C is determined by the
ratio of the appropriate off-diagonal elastic con;
stant B to the difference in cubic shear moduli,
C«--,'(C» —C»). Now B, according to the linear
theory of magnetoelasticity, is of the order of the
modification in C,4 or Cyy Cy2 themselves, i.g. ,
10 'C«in Ni but 0.5C«in Tbc g)y»Fes. Since
C«- —,'(C» —C») is about 0.25C« in Tb, ,Dy, ,Fe„
we expect a significant tilting of the polarization
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FIG. 1. Schematic view
of the experimental ar-
rangement. &z and &z are
the polarizations of the
transmitting and receiving
tzansducers, respectively.
Also deyicted are a typical
magnetic field orientation
0 and normal mode polari-
zations 4, both in the (110)
plane.
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in the latter. Further, C44 is lowered by the mag-
netoelastic couplihg, lowered from a value greater
than to a value less than —,'(C» —C») (which is
only modified by a percent) by rotating the mo-
ment from [T10] to [001]. Under this operation,
C is rotated bg 90'. Since most of the change in
C should come when the magnetization is oriented
to make the cubic moduli equal, there should be
a sudden appearance of amplitude at the receiver
as a magnetic field is rotated into the ~cinity of
this special orientation.

Formulas for the tilt and velocity of both nor-
mal modes are derived in Sec. II, where in addi-
tion the amplitude at the receiving transducer is
predicted as a function of the angle the moment
makes with the [001]direction in the (110) plane.
The theoretical amplitude is a product of a smooth
function with a maximum at the angle for which
the modified C«modulus equals —,'(C» —C») and
an oscillating function due to interferences be-
tween the amplitudes of the two normal modes.

The experiment is described and the results
discussed in Sec. III. The experimental amplitude
was measured as a function of orientation of a
magnetic field applied in the (110) plane and was in
rather good agreement with the predictions. In
Sec. IV we discuss the relative contributions
first- and second-or'der elastic constants may be
making to the tilting of the polarization, Finally,
we point out the utility of making transmission
measurements as a function of the magnitude of
an-applied field fixed in orientation.

II. VELOCITIES AND POLARIZATIONS

Our aim here is to develop the appropriate for-
mulas for the change in velocity and polarization
of the normal modes as a function of magnetic
field orientation. We begin with the well-known

expression for the magnetoelastic energy density
involving the components of the magnetization M,.
and strain e,,-.' Including only terms quadratic
in the magnetization and linear in the strain, for
c.ubic materials we have

E,= ', g IM,'-- e,-, +~2 pe;, M;M~, (1)b, r, 1 b,

where M, is the saturation magnetization. Here
5, and 5, are the usual magnetoelastic coupling
constants. We have defined the strain as

1 BQ,. BQ~+
BX ~ BX-J f

where the u,. are the displacement components and

x,. the components of the position vector. Letting
E to be the total energy density, i.e., the sum of
the magnetic, elastic, ' and magnetoelastic energy
densities, the equations of motion for the I,. and
the u,. are written [for waves varying in time as
exp(-irut)]

B BE—P(0 Qi =
fJ

and

where p is the density and y is the gyromagnetic
ratio.

In what follows we assume the applied magnetic
field 0, to be in the (110) plane and large enough
to saturate the crystal magnetically. At frequen-
cies in the ultrasonic range we can set the left-
hand side of Eq. (4) equal to zero. We are inter-
ested in plane-wave solutions propagating as
exp( iq x-) where q is parallel to the [110]direc-
tion. Taking a coordinate system with the z axis



RESONANT COUPLING OF SHEAR %AVES IN. . . 3679

parallel to [001], x parallel to [100],and y parallel
to [010], the equations of motion for the trans-
verse displacements u, and u„- u„(=u, ) become

00o--

$ 60'--

S S

p(d u =g u~ C4g —
~g

-g ugbqbg
~p

~

(5)

30--0

00
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In these equations, H is the magnitude of the
total field, the sum of the applied field and an
internal field, 4', +H, . The 4', contribution'
takes into account the fact that we are working at
wavelengths much smaller than the skin depth.
The orientation-dependent contribution H, comes
from magnetocrystalline anisotropy. ' Note that
a combination of constants b,b, couples [001]and
[110]vibrations for general orientations of M.
The polarizations of the normal modes remain
90 apart but are tilted away from these crystalline
axes. If we let 8 and 4 be, respectively, the angle
the moment and one of the polarizations make
with the [001]axis so that

u, = sin@, u, = cosC,

FIG. 2. Behavior of the polarization angle @ with
magnetic field orientation 8 for Th0 3Dyo &Fe2 based on
Table I and Eq. (13) of the text. Note that sharp drop in
4 predicted for the orientation for which the velocities
of the normal modes come closest to being equal (Fig.
3). The external field was set equal to 8 kOe for this
calculation.

C =- C„-b, cos 8/M, H,

C'=-(C» —C»)/2- b,'sin'8/M+,

sin28
2aMS

Using these definitions and Eq. (11), the expres-
sion for the polarization tilt can be written

and

M„/M, = sin 8, M, /M, = cos8, (8)
tan@, = -B(—,'(C —C') + [—,'(C' —C)'+ B']'~' j '.

(13)
then Eqs. (5) and (6) become

co' .
@

C» —C„b,' sin'8
p ~ sinC= — sin@

q
sin28

cosC, (9)

b,' cos'8
p —

2 cos@= C44 — cos4

sin28—$~52 sin4 .

pv', = —'(C'+ C) a j[—,'(C' —C)]'+B }'~',

where

Solving the secular equation for (&o/q)' gives the
normal-mode velocities:

4, and 4 refer to the tilt from the [001] of the
two normal modes.

From Eq. (13) it is clear that 4, is small (and
4 near 90$ if B/IC —C'I is small, which is the
situation usually encountered. As we pointed out
in Sec. I, velocity measurements in Tb, P)y»Fe,
have shown that C & C' for 8 = 0', whereas C & C'
for 8 =90'; at some 8 therefore C' must be equal
to C. 4 is not 90 but changes from 90 to 0',
passirig 45' kt C= C'. Thus, for this material it
should be possible to rotate the polarization of a
wave initially along the [001] direction sufficiently
so that the polarization is finally along [110]. Fig-
ure 2 shows 4 plotted as a. function of 8 using the
measured' parameters of Tbo +y, ,Fe, listed in
Table I, taking 5, =0.1b„H, independent of 8 and
equal to 10 kOe. Note the sharp drop in 4 from

TABLE l. Parameters used in the calculations of velocity and polarization for
Tbo 3Dyo TFe2. The elas tic and magnetoelas tic cons tants are in Dye/cm

C44

4.86 x 10«

C«-C&2

7.62 x 10«

Ib, l

2.3 x 10' 2.3x 10'

M (kOe)

800

p (g/cm3)

9,21
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FIG. 3. Velocities of the two shear modes as a function of magnetic field orientation, calculated using Eqs. (11) and
(12) and Table I. The external field is 8 kOe. If b& were zero, the two curves would have intersected near 8=45'.

90' to almost zero for L9 around 40'. In Fig. 3,
we have plotted the velocities of both normal
modes using the same set of parameters. The
velocities are never equal; they are nearly so

only in that region of 8 where 4 is changing rapid-
ly, i.e., where C=C'.

Similar resonancelike effects are expected for
a fixed 8 as the magnitude of the external field
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FIG. 4. Velocities of the two shear modes as a function of magnetic field strength, calculated using Rqs. (11)and Eqs.
(12) and Table I, and setting the field orientation at 10 from the [001] axis.
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is changed. A plot, again using Tb, P)y»Fe, pa-
rameters, is given of the velocities versus H in
Fig. 4. The applied field in this plot is 10 from
the [001] direction, in the (110) plane. Unfortunate-
ly the predicted resonance field of 43 kOe is beyond
the capacity of our magnet.

III. TRANSMISSION EXPERIMENT

To measure the rotation of the axes of polariza-
tion of the normal modes we performed a room-
temperature transmission experiment whose
arrangement is schematically shown in Fig. 1. A
shear wave with polarization e~ parallel to the
[001] axis was generated by a transmitting trans-
ducer bonded using a highly viscous liquid (Para-
metrics Shear Couplant) on a (110) face of a 3-
mm-thick single-crystal sample of Tbo P)y»Fe, .
A receiving transducer was mounted on the op-
posite (110) face but with polarization e~ parallel
to the [110]axis and hence perpendicular to e r.
The resonant frequency of both transducers was
12 MHz. The sample holder was supported be-
tween the pole faces of an electromagnet in such
a way that a field up to 10 kOe could be applied
in (110) plane at any angle from the [001]axis. It
is clear that when the normal modes are parallel
to the crystallographic axis no signal can be de-
tected by the receiver. When the normal modes
are tilted by an angle C 0 the incoming wave
partially excites both normal modes which then
propagate independently. It is easy to show that
under these conditions the amplitude of the signal
detected by the receiver is

R = sin2C sin[eL�(v, —v.)/2v, v ],
where + is the frequency, I is the thickness of
the sample, and the attenuation has been assumed
equal for both the normal modes. This latter as-
sumption is in keeping with our experience from
pulse-echo experiments, in which we observe
very little difference in attenuation of Cyy Cy,
and C~4 modes above 4 kOe. Further, the attenua-
tion was small above this field, with no noticable
change as the angle of the magnetic field varied
in the (110) plane. (There was significant attenua-
tion even at 8 kOe when the field had a large com-
ponent out of this plane. ) The first term of the
right-hand side of Eq. (14) accounts for the pro-
jection of the incoming shear waves onto the nor-
mal-mode axes and then back to the receiver
axis; the second term is due to the interference be-
tween the components of the normal modes paralel
to the receiver axis.

Equation (14) is the result of a continuous-wave
analysis of the experiment, whereas 1-@sec pulses
were actually employed. These pulses were
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FIG. 5. Comparison of theory and experiment. (a)
The amplitude expected at the receiver for the arrange-
ment shown in Fig. 1 and described in the text, based
on Eq. (14). (b) The expected amplitude corrected for
finite resolution, as described in text. (c) The experi-
mental amplitude at the receiver (points). The line is
a guide to the eye.

longer than the separation in time between the two
normal-mode signals, yet shorter than the time
required for the combined signal to pass through
the system of transducers, two delay rods, and
the sample. Generalizing the analysis slightly
by forming a Gaussian packet of waves like that
of Eq. (14), we calculated an amplitude equal to
Eq. (14) evaluated at the carrier frequency times
an exponential factor that depended only weakly
on angle. We thus expect Eq. (14) to be a good rep-
resentation of the angular dependence of the ampli-
tude of the combined signal. (The transducers
used in this experiment were 41'-rota, ted X-cut
LiNbO, crystals. )

Using the same set of parameters listed above
for Tbo g)y, ,Fe, we have calculated the expected
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receiver amplitude as a function of 8 for different
values of H. The theoretical curve for H= 8 kOe
is plotted in Fig. 5(a). The envolope, peaked
around 45, is due to sin2C while the oscillations
come from the interference term. We have also
plotted in Fig. 5(b) a modified version of Eg. (14)
corrected for depolarization and finite resolution
i.e. , the curve has been obtained by simply aver-
aging ~R

~

over the resolution interval 4

R'(e) = 1"R(e+e)dc

The agreement of this prediction with the ex-
perimental results shown in Fig. 5(c) for the
same value of H (=8 kOe), is reasonably good;
the central peak is reproduced by the theory as
well as the characteristics of much of the struc-
ture away from the resonance angle. Measure-
ments at values of field from 4 to 10 kOe gave
curves with the same general features as the one
of Fig. 5(c). At lower fields the amplitude of the
signal detected by the receiver was very small and
nearly constant. This seems to be related to the
lack of magnetic saturation and to the huge attenua-
tion of the C44 mode observed in previous pulse-
echo measurements of the velocity. '

In the range of field in which the resonance could

be detected, we measured the orientation O„cor-
responding to the maximum of the central peak
[8„=8 (O = 45') ] and we compared it with the theo-
retical prediction

M H g2' C„—C„0 arcsln b'+O' MH+ 2
-C

1 2

(15)

8~ is plotted versus H in Fig. 6, using the values
of the parameters listed above. As one can see
in Fig. 6, the agreement between theory and ex-
periments is again good, although the limited range
of field investigated and the indeterminateness
due to the width of the peaks and to the instrumen-
tal resolution precludes thorough comparison with
the theory, A more convincing check of the linear
theory would come from measurements at higher
fields, i.e. , in the 30-40-kOe range where the
theoretica, l 8„-(H„-H)'~'. H„ is the maximum
field at which resonance can occur.

IV. DISCUSSION

The theory outlined in Sec. II provides a rea-
sonable picture of the resonance and polarization

60'
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00
10

H (kOe)

30 40
I
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FIG. 6. Angle at which resonance was detected in the amplitude at the receiver plotted versus field. The solid line
is the theoretical curve based on Eq. (15) using the parameters given in Table I.
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rotations described in Sec. III. Essential to
these effects was the requirement that b, be non-
zero, though small compared to 5, (to ensure a
certain sharpness to the resonance). From the
value of 6, used to compare theory and experi-
ment, i.e. , 2 x 10' erg/cm' we would expect a
relative softening of the C» —C» mode as the mag-
netic field is rotated in the (110) plane from the
[001j to the [110]direction of about 1%. In fact
previous pulse-echo work' has shown that the
modulus actually stiffens under this rotation by
a percent or so. From further study, "it was
concluded that the variation of the C» —C» modu-
lus with 8 is at odds with predictions based on

Eq. 1. Clearly there are other magnetoelastic
interactions taking place in this alloy whose effects
are of the order of or larger than those due to

There are, for example, morphic» and higher-
order magnetoelastic'" effects which could ac-
count for the C» —C» behavior with moment orien-
tation as well as contribute to coupling of C»

Cy2 to C44-type modes in a similar way to the
coupling provided by 5, and 5,. The detailed
analysis required to sort out the relevent second-
order effects will not be given in this report.
Measurements of the resonance angle as a func-
tion of field strength (Fig. 6) would provide an
experimental way of separating the linear, field-
dependent effects from second-order field-indepen-
dent contributions. Though not a complete de-
scription, the linear theory of magnetoelasticity

correctly predicts the qualitative features of the
receiver amplitude as a function of magnetic field
orientation that we observed in the transmission
experiment. We feel that the agreement is due
to the dominance of the very large b, term in the
magnetoelastic interaction over the smaller b,
and second-order terms. In the linear theory,
the width of the central peak in the amplitude ver-
sus orientation plot (Fig. 5) is determined by b, .
From attempts at making this width equal to the
experimental one, we estimate b, as 2&10'
erg/cm'. In view of the probable presence of
second-order magnetoelastic coupling, we regard
this as an upper bound to Qy.

We expect it is possible to alter the acoustical
polarization in many of the cubic I aves-phase
rare-earth-iron compounds. For achieving large
changes, it is important to choose pseudobinaries
of the form R„'R,' „Fe,with x chosen to reduce the
magnetic anisotropy. This arrangement can pre-
serve the magnetoelastic coupling and yet allow
one to rotate the moment with convenient mag-
netic field strenghts.
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