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Trotter’s formula is used to construct two-dimensional classical systems equivalent to some
one-dimensional quantum-mechanical systems of interest.” The finite-temperature properties of the
completely anisotropic Heisenberg chain are expressed in terms of an eight-vertex model in which
the vertex weights depend on the size of the lattice. Knowledge of only the largest eigenvalue of
the transfer matrix of the eight-vertex model is not sufficient to find the free energy of the chain
except in the limit of zero temperature, when Baxter’s result for the ground-state energy is
recovered. We also examine two models with two species of variables each, and point out that by
constructing the equivalent classical problem the trace over one set of variables can be performed.

I. INTRODUCTION

Studies of magnetic systems in one-dimension (1D)
are of great interest from both theoretical and experi-
mental points of view. Theoretically, the interest
stems from their tractability relative to their two-
dimensional (2D) and three-dimensional (3D) coun-
terparts. Experimental interest has increased in recent
years, with the recognition that 1D systems can be
realized experimentally,! and experiments done to
check theoretical predictions.2 One system which has
received quite some attention is the spin-% fully an-
isotropic Heisenberg chain [the XYZ model, see Eq.
(2)] and its many special cases such as the Ising, XY,
XXZ, and XXX (isotropic) models. The ground-state
energy Eg and the free energy of both the Ising’® and
XY (Ref. 4) models are known. Eg is known for the
XXX and XXZ models,’ and Baxter recently found Eg
for the XYZ model.® However, the calculation of the
free energy of these models (XXX, XXZ, and XYZ)
remains an unsolved problem. In this paper we refor-
mulate this problem as a classical 2D problem.

The existence of a connection between 2D classical
problems and ground-state properties of 1D
quantum-mechanical systems is known. For instance,
Baxter found Eg for the XYZ model® by first finding
the partition function of the eight-vertex model,”?
which is a 2D classical problem. Here we show that
the finite-temperature properties of the XYZ model
also map onto an eight-vertex model, but one in
which coupling constants (i.e., vertex weights) depend
on the length of the 2D system. The mapping is

based on the use of the Trotter formula® '

exp 2,4, = lim HeA’/m] ) )
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The application of this formula to the conversion of
d-dimensional quantum-mechanical problems to

(d +1)-dimensional classical ones was pioneered by
Suzuki,!! and has been applied to both spin and fer-
mion systems.!'™!3 The method used in this paper is
similar, but we have examined the equivalent classical
problem somewhat more carefully, though we have
not aimed at mathematical rigor. The approach runs
in a direction which is opposite to the transfer matrix
method, which reduces the effective dimensionaltiy of
a classical problem by one at the expense of introduc-
ing off-diagonal matrix elements.

The plan of the paper is as follows. In Sec. II we
consider the XYZ model and reformulate it as a classi-
cal problem. This problem is then interpreted as an
arrow-vertex model by prescribing rules for drawing
arrows. It is shown that the free energy of the XYZ
model can be obtained from that of the eight-vertex
model with certain weights. In Sec. III we consider
the zero-temperature limit, and recover Baxter’s result
for E;. In Sec. IV we examine two other 1D systems,
viz., (i) a coupled electronic-spin—nuclear-spin model
and (ii) the Falicov-Kimball model, and obtain their
classical equivalents. The motivation for doing this is
that one can do the trace over half the degrees of
freedom in the equivalent classical problems. We con-
clude with a discussion of our results in Sec. V.
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II. XYZMODEL AS THE EIGHT-VERTEX MODEL
A. Application of Trotter’s formula

The Hamiltonian of the spin-% XYZ linear chain is

N
=—3 (SIS +J,8St +.5iSt) @

i-1
where N is the number of spins. Various special cases
of interest are (i) Ising (J,=J,=0); (i) XY (J,=0);
(iii) isotropic Heisenberg, XXX (J, =J,=J,); and (iv)
XXZ (J,=J,). Let us define

N
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where 4 (B) is the set of odd (even) integers. Each
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where the states |a,) are obtained by prescribing the eigenvalues of S7 for all i. Thus
Sizlar)=Sirlar> ’ (11)
%% a,) =3¢ a,) (12)
ris a dummy integer which keeps track of which term one is considering in Eq. (10), and each «, runs over 2%
states. We can now use Eq. (5) to rewrite Eq. (10) in the form
_ 2m 2m 2m .
Zm = 3 exp —éEGC,O—BZEh(i,r)—-BEEh(i,r) , 13)
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where
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The matrix element of Eq. (14) can be found using the identity
O=e """ (L +25787,,) coshK _ + (- — 287871 JcoshK 4 + (S*Si7 +Si%1 S sinhK
+(5*S%; +S7S71)sinhK _ (15)
T
where Essentially the same matrix element as in Eq. (14)
K+=(8/4m)(J, £ 1)) . (16) was also calculated by Suzuki.'!' We now interpret Eq.

We see that only 8 of the 16 matrix elements in Eq.
(14) are nonzero, and these are, in self-evident nota-
tion,

1110111y = (111O[11) =coshK _
(11O111) = 1110111y =coshK ;
(10111 = (111011} =sinhK , | an
(1110111y = 111011y =sinhKk _ .

of V4 and Vjp is the sum of commuting terms in this
decomposition. We can write Eq. (2) as

3C=3€0+VA+VB . (6)
The partition function is

—B@O+v, +Vy)
Z=tre "0 AR )

where B is the inverse temperature. On applying
Trotter’s formula [Eq. (1)] to Eq. (7) we get

Z = lim Z™ ®)

m—oo
where
Zm —r( 085 2m, BV 4/m

_ ~BVgl
X e ﬂJCo/Zme B'™m . (9)

We have interchanged the limit m — oo and the trace.
We now introduce 2m complete sets of eigenstates of
3e° (the Ising part) in Eq. (9) and get

(13) as the partition function of a 2D classical model.
Imagine a 2D square lattice (Fig. 1) in which rows are
labeled by r (1 <r <2m) and columns by

i (1 <i=<N). To each site, assign an Ising spin

S, =%=. Z™ is now equivalent to a 2D Ising model
with four-spin interactions. The effective Hamiltonian
can be written explicitly, from Egs. (13)—(17). Since
8 of the 16 matrix elements vanish, the four-spin in-
teractions corresponding to them must have zero
Boltzmann weights, or equivalently, infinite energies.



These constraints can be incorporated in a compact
fashion in an arrow-vertex description’”-3 1 (below), so
we will not explicitly write the classical Hamiltonian
here, and only note that it has (a) two-spin interac-
tions, contained in 3¢° in Eq. (13). This contribution
to the energy is

J N 2m

£ Ezsirsiﬂr B

2m i=1r=1

and corresponds to an interaction energy +J,/8m for
every horizontal bond in Fig. 1. (b) Four-spin in-
teractions corresponding to the terms 4 (i,r) in Eq.
(13). These interactions couple spins on the edges of
every square whose diagonals have been drawn in Fig.
1.

B. Arrow-vertex representation

In Fig. 1 consider the superlattice formed by the
double lines which are the diagonals of every alternate
square on the original lattice. This superlattice con-
tains Nm points, which is half the number on the ori-
ginal lattice. Each superlattice point is connected to
four spins through bonds. We now place arrows on
these bonds, and prescribe the rules which determine
their directions in terms of the spin configuration.
The rules are if the spin at a corner is pointing up
(down), the arrow on the bond through that corner
runs north (south) -east or north (south) -west.

These rules lead to continuous arrows on superlat-
tice bonds. The specification of a particular spin
configuration on the original lattice uniquely deter-

FIG. 1. 2D lattice on which the equivalent classical prob-
lem is defined is shown. i labels sites on the original 1D lat-
tice and r is a label along the Trotter direction. Arrows are
drawn on the diagonals.
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mines the arrow configuration on the superlattice, and
vice versa. We illustrate the application of the rules in
Fig. 2, where a typical spin configuration and the
corresponding arrow configuration are shown.

As only 8 of the 16 matrix elements in Eq. (14) are
nonzero, only 8 of the 16 possible configurations of
arrows are allowed at a given superlattice vertex.
These allowed configurations are shown in Fig. 3. The
Boltzmann weight associated with a given lattice
configuration is the product of weights associated with
each vertex. The allowed vertices (Fig. 3) have
weights

K
w=w;=a=e %coshK_ ,

_K .
w3=ws=b=e ‘sinhK, ,

K (18)
ws=wg=c=e °coshK, ,
w7=w85d=eK°sinhK_ ,
wher¢
Ko=pBJ,/4m (19)

and K, and K_ were defined in Eq. (16). Vertices
not shown in Fig. 3 have zero weight. The partition
function is

zm= S IIo . (20)

arrow vertices
configurations v
This is the partition function of the eight-vertex
model defined on the superlattice (Fig. 1), with
weights given by Eq. (18).

]
v v N !

FIG. 2. Typical spin configuration and the corresponding
arrow configuration are shown.



3354 MUSTANSIR BARMA AND B. SRIRAM SHASTRY 18

XXX XXX

FIG. 3. The eight allowed vertices are shown with their
weights.

Denoting the free energy per spin of the XYZ sys-
tem by f, we have

f=-8"1 "l‘i_'r:zl (1/N)1nZ™ . 1)

N—oo

The free energy per vertex of the eight-vertex model
is

fiNm) — _Bg=Y(1/Nm) InZ ™ 22)
and SO
f=lim mfg*m (23)
N—o

This establishes the equivalence between the finite
temperature properties of the XYZ system and the
properties of an eight-vertex model. The latter has
two unfamiliar features on which we comment briefly.

(a) The vertex weights depend on m, which is pro-
portional to the length of one of the sides of the 2D
lattice. This dependence has the consequence that
some familiar simplifications which usually occur in
the thermodynamic limit may not go through, e.g.,
dropping all eigenvalues of the transfer matrix other
than the largest is no longer justified. This is illustrat-
ed by means of a simple example in Appendix A.

(b) The superlattice of Fig. 1 has %N + m rows and
as many columns, but only Nm lattice points, as most
rows and columns are truncated. However, when N
and m are large, we expect the thermodynamic proper-
ties of this system to be the same as that of a rec-
tangular eight-vertex model with m rows and N
columns.

In Sec. III we turn to the limit 7 —0 °K, and recov-
er Baxter’s result for Eg.

1II. ZERO-TEMPERATURE LIMIT FOR THE XYZ

MODEL
Let us define
r=e 24)
and
u=—%BJ; . (25)

where we have chosen J, < 0. Then the zero-
temperature limit is obtained by letting ¥ — o. The
ground-state energy per spin is

Eg=J.lim lim lim lim (int/€) (26)
€—0 u—o00 N—oo m—oo
where
e=u/m . 7

As discussed in Appendix B, we must take the limit
m— oo before u — oo, thereby implying e —0. Other-
wise, we get a lower bound on E; rather than E;. In
the limit e —0, f behaves like 1 + O (€), and so Eq.
(26) can be rewritten as

Eg =47, lim L tim n¢ . (28)
U—oo m-=+oo
N—oo

We now need to substitute for ¢, the eight-vertex
model partition function. As discussed towards the
end of Sec. I, it is not valid at all temperatures to use
only the largest eigenvalue of the transfer matrix to
find . However, as illustrated by the example of Ap-
pendix A, in the limit of zero temperature the largest

-eigenvalue may suffice to give the ground-state energy

correctly. Thus in order to find E; we will use
Baxter’s solution’ (Baxter I) for ¢, (which was derived
from the largest eigenvalue of the transfer matrix).

We will use Baxter’s notation in much of what fol-
lows. Expanding the vertex weights in Eq. (18) to
lowest order in €, we have

. Je+J,
—l—¢ b=—e|xTd
a € € 7
and 29)
J, —J
=1+e, = y X1 .
c=1+e¢ d el 7 ]

Using Egs. (2.5), (7.3), (7.4) and (7.5) of Baxter I,
we find to O (e):

JZZ_JZ
2= 12_;2 +0(e) , _ (30)
J,—J J, +J,
2=t X1 4elX—X ,
sn¢ J.+J, € J, G1)
J, =/ J, +J,
2y LT x g 3T
sn ) 1-3e¢ 7 (32)

The three parameters /, {, and ¥ characterize the
three independent ratios that can be formed from the
weights in Eq. (29). In the limit e=0 we can use the
doubling formulas for Jacobian elliptic functions and
get -

en2¢:dn2¢:1=J.:J,:J, . (33)

Thus, in the limit e=0, Egs. (30) and (33) are the
same as Eqgs. (4.2) and (3.10) of Baxter’s second pa-
per® (Baxter II), so we have the same parametrization.
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Now Baxter’s solution’ [Egs. (7.7) and (7.8) of Baxter
1l is

oo . 2
{=Inc +2 sinh?(r =M n
Inf=Inc E n sinh(2n 7) cosh(n \)

x [cosh(n ) —cosh(na)] , (34)

where

r=uK)/Kp, \=7wlK;, a=aV/Ky . (35)
Here !I'=(1—/)"2 and K, is a complete elliptic in-
tegral of modulus /. As € —0, { approaches V [Egs.
(31) and (32)], so we need differentiate only the term
in braces in the sum in Eq. (34). Using

d

[cosh(n\) —cosh(na)]|.
de

—_nmsinhnk  d (oo oo
Ksnfengdng de Sn oSVl (36)

we find
J. J,mwsn2¢
E=“2%2+2%2 ——>
¢4 Ky
< sinh®(r—N)n
X Yy =——————tanhnX . 7
El sinh2n 7 tanhn @GN

We have recovered Baxter’s result for Eg, as Eq. (37)
agrees with Eq. (4.6) of Baxter II.

The behavior of E; has been discussed in Baxter II,
where it has been shown that E; reduces to the previ-
ously known ground-state energy in various special
cases. In Appendix C here, we discuss the derivation
of Eg for the XY chain without going through this
route; in the XY case, the vertex weights obey the

—B3Cy/2m ~BV 4/m
zm= 3 e
ey Ay
127 M2m

(an’lle

where
3o =3o—A 3 IS}
i

-BXy'/2m —BV
Iaz}'z)(az)‘zle %o e

free-fermion condition of Fan and Wu,® and we are
able to use their solution to find Eg.

IV. SYSTEMS WITH TWO SPECIES OF VARIABLES

In this section we consider the classical problems
equivalent to two 1D quantum models, each of which
involves more than one type of variable. We then
find that we can trace over half the variables in the
equivalent classical problems though this could not
have been done directly in the quantum problems.

A. Coupled electronic-spin—nuclear-spin Hamiltonian

The hyperfine coupling of nuclear spins to
exchange-coupled electronic spins is known to have
interesting consequences, €.g., indirect coupling
between nuclear spins.'* The partition function of
such a system involves a trace over both electronic
and nuclear spins. The latter trace can be carried out
explicitly if (a) both electronic and nuclear spins in-
volve only Ising interactions!® and (b) the electronic
spins are classical, though not necessarily the nuclear
spins.!” Here we consider a model in which the nu-
clear trace cannot be carried out so straightforwardly.
We take

3CS]=JCS—AEI,ZS,-Z , (38)
i

where the /; are nuclear spins, the S; are electronic
spins and g, which involves only S;’s, does not com-
mute with the second term. To fix ideas, suppose that
3Cs is the XYZ Hamiltonian of Eq. (2). Then the
equivalent classical problem can be constructed follow-
ing the method used in Sec. II. We have

—B3C,'/[2m —BVo/m
IR P

/
m|a373) o <a2m72m|e

39)

(40)

and 3o, V4, and Vp were defined in Eqgs. (3)—(5). Here |a,vy,) stands for an electron-spin—nuclear-spin direct pro-
duct state in the Ising basis. As the hyperfine coupling is diagonal in this basis and 3cs does not involve any /;’s,

the states I‘y,) must be the same for all . Thus we have

z= 3 3 expg—:; I3, e—mcg" .

N Nm Y

@an

Here 3¢ is the classical Hamiltonain equivalent to s alone. The nuclear trace in Eq. (41) can now be done. As-

suming that [7= i%, we find

%’:— 2§ S,-,”e—ﬁxéq .

r=1

N
zZ= 3 [Hl2 cosh
(!2’" =

ajay

42)
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The term in square brackets can be exponentiated to
give the total effective Hamiltonian
2m
A
2cosh B4 Si
am %5

3c§7=5c§q—% ZIn
1

] . (43)

Note that 3g] involves only electronic spins, with a
coupling between all spins in the Trotter direction.

B. Falicov-Kimball model
The Falicov-Kimball model'® involves interactions

between electrons in two bands. In 1D the Hamiltoni-
an is

ek =¥q+3s (44)
where
3=t 3 (dhdi,+H.c) —p Jnaie + Us 3, nainai
io io i
(45)
J
zm= 3 3exp|=BUy nunn +Bu 3 00—
ajag ey i io

U
£ - E"ﬂozndira’

and

= U/f annm + de 2 NfigNdio' — K Enﬁ!’
i ! ia

ioca

(46)

Here f and d label the two bands, i refers to sites on a
lattice and o is a spin label. The #»’s are electron oc-
cupation numbers, and d;!, creates a d electron of spin
o at site i. tis the d-electron hopping matrix element,
Ui, Uys, and Uy, are intrasite Coulomb interaction
energies, and u is the chemical potential. 3¢, is just
the 1D Hubbard model, and we have shown in detail
how the classical problem equivalent to it can be con-
structed.!? 3Cpk is thought to show diverse interesting
behavior (e.g., metal-insulator transitions, exciton for-
mulation'®!%). Here we show that by going to the
equivalent 2D system we can completely trace over
the f degrees of freedom. Following the procedure
used in Sec. IV A, we arrive at the analog of Eq. (41):

- q
e 1)

2m

icd' r

Here «, is specified by giving all d-electron occupation numbers, and vy by giving the f-electron occupations. The

sum over vy can be done, with the result

Z(m)= 2

b L I T
where
1 2m
97~di=‘27 S Nare (49)

and 3¢ is the classical Hamiltonian equivalent to 3C,.
The partition function now involves only the d elec-
tron degrees of freedom, and can be written as a trace
over an effective Hamiltonian involving only the d
electrons, as was done for the electronic spins in Sec.
IVA.

V. DISCUSSION
A. Results

One of the main aims of this work was to cast the
problem of obtaining the free energy of the XYZ
linear chain into a classical 2D problem. This was
fulfilled in Sec. II where we saw that the classical
problem was the eight-vertex model. Baxter’s solu-
tion of the eight-vertex model’ (obtained by finding
the largest eigenvalue of the transfer matrix) suffices
to find the ground-state energy, but not the free en-
ergy of the XYZ system. The reason for this (as indi-
cated by the simple example in Appendix A) is the
fact that the coupling constants in the classical prob-

N
H(l +2eB,u—,Bdemd'. + e—ﬁ(Uff—2p.)—2ﬂdefndl)
i—1

—3u€9
e P (48)

1

lem depend on m, the extent of the lattice in the
Trotter direction. Our derivation of the ground-state
energy provides a useful alternative to Baxter’s® and
does not need to make an assumption regarding the
symmetry of the eigenvector. In order to get the free
energy of the XYZ Hamiltonian, one needs a "com-
plete solution" for the eight-vertex problem—in terms
of the transfer matrix, one needs all eigenvalues.

In Sec. IV we saw how the general method of con-
structing classical equivalences could be used when
there was more than one species of variable in the 1D
problem. In the two examples considered, we saw
that one set of variables could be completely traced
over in the equivalent classical problem, leaving an
effective Hamiltonian involving only electronic spins
(in the coupled electronic-spin—nuclear-spin case) and
only d electrons (in the 1D Falicov-Kimball model).
The result of doing the nuclear-spin or f-electron
trace was to introduce many-site interactions in the
Trotter direction.

B. Other decompositions and generalization to
higher dimensions

The classical problem one obtains depends not only
on the quantum problem one starts with, but also on



18 CLASSICAL EQUIVALENTS OF ONE-DIMENSIONAL... 3357

the method of decomposing the Hamiltonian before
applying Trotter’s formula. The decomposition should
be such that the appropriate matrix elements can be
evaluated, preferably with the insertion of as few com-
plete sets of states as possible. (This number was 2m
in our decomposition.) Other decompositions exist,
but often require the insertion of many more com-
plete sets of states. For instance, in the decomposi-
tion used in Eq. (5.10) in Ref. 11 for the XYZ Hamil-
tonian

3 =3¢, +3¢, +3¢,,
N (50)
3=— 3 LSS5 .

i=1

etc., one needs to introduce Nm states [otherwise ma-
trix elements like Eq. (5.13) in Ref. 11, viz.,

N
(el exp| =2 zs;‘s,-*+1l|a'>
m
cannot be readily evaluated].

We now discuss the generalizability of our method
to higher dimensions than one and to more than
nearest-neighbor interactions in 1D. The generaliza-
tion is straightforward in the case of spin systems, for
which operators associated with different sites com-
mute. In the case of fermion systems, operators at
different sites anticommute, and a state of the system
is specified by the action of certain fermion creation
operators on the vacuum, in a prescribed order. This
ordering becomes important in higher dimensions
than one (or in 1D with more than nearest-neighbor
coupling). A two-site fermion-hopping matrix ele-
ment depends not only on the occupation numbers of
the two sites in question, but also on the occupation
of sites that are in between, in the prescribed ordering
of sites. For instance, on a 2-d lattice, suppose all
points points are labeled {/;/=1,...N}. Then, for the
Hubbard model, in the generalization of Eq. (7) of
Ref. 12 to 2D, the term A +Insinh(¢/m) would be re-
placed by A +Insinh(¢/m) +iwNy,, where
Nyo= 2j<,<kn,,,. Here j,k are nearest neighbors on
the actual lattice, and /@™ Nj, accounts for fermion an-
ticommutations. It should be accounted for, but
should not lead to additional difficulties in numerical
studies of the classical problem (see below).

C. Uses of classical equivalents

Besides providing an alternative means of formulat-
ing an important problem (Sec. II) or doing partial
traces (Sec. IV), the construction of equivalent classi-
cal problems can also provide new ways of looking at
old results. For instance, the known equivalence*
between the XY chain and a Hamiltonian describing

free fermions follows since both quantum problems
lead to the same classical problem. Another instance
is the example of the equivalence of free-fermion and
conjugate models? discussed in Appendix C and ob-
tained from the equivalence of the XY and YZ models.

A practical use of the classical problem transcription
is that one can now use numerical techniques such as
Monte Carlo,'""? which one could not have used on
the original quantum Hamiltonian. Such a procedure
obviates the need for diagonalizing the Hamiltonian in
order to obtain the thermodynamics.

Numerical studies would perforce be done on lat-
tices with a finite value of m. In this connection we
would like to draw attention to an important observa-
tion about finite m approximations using the Trotter
formula. Any such approximation gives a lower
bound on the true free energy, as follows from a
theorem due to Golden.?!
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APPENDIX A

In this appendix we consider the simple example of
a single spin in a transverse magnetic field, and con-
struct the classical problem equivalent to it. The
Hamiltonian is

= —hS* (A1)

and it is trivially checked that the ground-state energy
and the free energy for the problem are, respectively,

Eg=—7h (A2)
and
f=—(h/2u) InQ2 coshu) , (A3)

where we have set u = %Bh. Since there is one spin,
the effective dimensionality of the problem is zero,
and one can construct a 1D classical problem
equivalent to it. Let us write

Z=lim Z™ | (A4)
with
Zm = (¥ )m (AS)

where € =u/m and m plays the role of the Trotter in-
teger. Since there are no noncommuting operators,
Eq. (A4) would hold even without taking the limit

m — oo. Introducing m complete sets of S* eigenstates
we get
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Zm= 3 (S1]e¥]S2) (Sale?SS5) - - - (Sule? sy (A6)
17" Sm
-
where 3 =3+ %, (B1)
s7S,) =S,1S,), S, = i% . (A7) the free energy can be written
Now =_TE lim In tr(e_uxl/"'Ee_"mz/ME m. (B2)
m—*oo
2e8%¥ — (i 12,5515, _
(S1]€*%°]S3) = (sinhecoshe) /% ’ (A8) We have used Trotter’s formula [Eq. (1)] and set
where B=u/E, where E is some characteristic energy of the
problem. Since the ground-state energy Eg is
K =2Incothe . (A9) lim,—..f, it is clear that the limit ¥ — oo must be taken
Thus after the limit m — oo has been taken.

Z™ = (sinhe coshe) ™2

x > expK3 S, 11 . (A10)
(Sr} r=1

This is clearly the partition function of a 1D Ising

model with periodic boundary conditions. One way to

solve this problem is to use a transfer-matrix method.
Let us define the transfer matrix 7 by

($117|S,) = (sinhecoshe) 2 1°2 . (A11)
Then
coshe sinhe
~ [sinhe coshe (A12)
Now
ZM =t Tr= P+ A", (A13)
where
Ae=ete (A14)

are the eigenvalues of 7. Thus the free energy is
S =—(h/u) In(AZ+ ") . (A15)

This clearly agrees with Eq. (A3). However if we had
replaced tr 7" by A ¥ (as is ordinarily valid in the ther-
modynamic limit, m — o0) we would have obtained
the wrong answer. The reason that only the largest
eigenvalue is not sufficient here is that the coupling
constant in the Ising model depends on m, the size of
the system. If however, we want only the ground-
state energy, the largest eigenvalue suffices, as the
omitted term is O (A_/A;)™, which vanishes as 7 —0.

APPENDIX B
In this appendix we discuss the consequence of tak-

ing the 8 — o0 and m — oo limits in the wrong order.
For a Hamiltonian 3¢ which is the sum of two parts

Below we show that if the reverse (incorrect) order
is followed, we get a lower bound on Ej; rather than
its true value. We have

—eJ(‘T/[:_‘ ~—(Ei0/f
e

?M’i)e (@ . (B3)
where i =1,2 and |®,) and E? are, respectively, the
ground state and ground-state energy of 3¢; and
e=u/m. Substituting Eq. (B3) into the right-hand
side of Eq. (B2), we obtain

—em(E] +£§)/E] (B4)

—lim— In[] (@, ] ®,) |2
€—o0 €M
= (EY +E})/E . (BS)

This is clearly a lower bound on Eg/E.

APPENDIX C

Here we obtain the ground-state energy of the XY
model. The Hamiltonian is obtained by setting J, =0
in Eq. (2) and we put J,=J, J,=yJ, and B=u/J.
Then the eight-vertex model weights are [from Eq.

(20)]
a =cosh%e(1 —v), b =sinh%e(l +7v) ,

c=cosh%e(1 +7), d=sinh%e(1—7) , €D

where e=u/m. These weights obey the "free fer-
mion" condition of Fan and Wu,? viz.,
a?+b?=c?+d? The ground-state energy is

(c2)

- ; da
EG/J - u-*oc;l\!l—l:‘elo;m*oo[ dE lnt

=0

and we can use the free-fermion solution of Fan and
Wu to write

_1 (™ (" do d¢ .
lnt—Ej; j; Yy In(2a' +2d,cosfcosd

+2d_sin@sing) , (C3)
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where

a'=a’+b? ,

d+=sinh2%e(1 +v) —coshz%e(l —) (c4)

d_ =cosh2%e(1 +v) - sinhz%e(l —7)
Doing the 6 integral in Eq. (C3) we get
Es _ 1.4

J  2de
27
xf 4 101 +2€(1 + % +2ycos2) ]
0 27

(C5)

where we have retained terms to O (e) in (C5). Car-

rying out the differentiation we find

Es _ (+y {2y
J 2 E1+'y ’ ce)
where
w/
EG) = [ do(1 - ksintg)1 )

It is interesting to note that if we consider the YZ
model in place of the XY model, we obtain a "conju-
gate model" rather than the free-fermion model. Thus
the invariance properties of the Hamiltonian (2) leads
to the (known) equivalence® of the free-fermion and
conjugate models, in this way of looking at these
models.
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