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Calculation of the formation volume of vacancies in solids
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By considering the creation of a vacancy as an isothermal and isobaric process the Gibbs formation energy
gf can be expressed as gf = CBQ, where B is the isothermal bulk modulus and 0 the mean volume per
atom. In former publications a method was proposed in which C was assumed constant. It led to explicit
expressions for the formation entropy s and enthalpy h as functions of T. Extending this method to the

' formation volume v/ and to the' parameters p = (l/v/)(s vf/s T)P and v" = (l jv/)(—av//a P)r explicit
relations with the pressure and temperature derivatives of the bulk properties B and P (the volume thermal-
expansion coefficient) are derived. The main results can be summarized as follows. (i) The parameters v,
g, and t«" are found to depend on P and T but in a different way than the bulk properties ft, P, and a. (ii)
The volume v consists of two terms vfI, ——{ah la P)~ and v, = —T(Bsfla P)T. At high temperatures the
term v, is never negligible in comparison to vz. (iii) The thermal-expansion coefficient of vt, is approximately
equal to —P whereas that of vf is positive and one order of magnitude larger. In order to check the
reliability of the proposed method numerical values of v were calculated by using elastic data, In all types of
solids investigated close agreement with experiment was found. The calculated values of a/ and ll, for alkali
halides, agree with the corresponding values that can be extracted from the curvature of the plots of
conductivity and diffusion versus pressure at various temperature. The same holds true for tracer experiments
on Na and Cd.

I. INTRODUCTION

Zener' first indicated that the production of a
vacancy should be considered as an isothermal
isobaric process; in metals he found it to be cor-
related to the thermal variation of -the shear modu-
lus, e.g. , to an anharmonic effect.'' Holder and
Granato4 extended Zener's ideas to various solids.
The importance of anharmonic effects was later
stressed by Flynn, ' and by Gilder and Lazarus' who
mentioned that they could possibly be the cause of
the curvature of the Arrhenius plots.

In this paper we present an anharmonic model
which has already been found' of value for cal-
culating the unexpectedly high formation entropy

of certain solids. It considers the creation of a
vacancy as an isothermal isobaric process and
presumes that the Gibbs formation energy S'/ (per
vacancy} can be expressed' as gr =C B 0, where B
is the isothermal bulk modulus and is the mean
volume per atom. The difficulty is that C may de-
pend on & and P. To a first approximation, we
have assumed in this model that C is independent
of I' and & but does contain "information" for
the type of defect created. This leads to expres-
sions for the parameters that are necessary for the
study of the variation of ionic conductivity (&} and
the diffusion coeffi.cient (D) under pressure. These
expressions have been quantitatively evaluated and
found to agree with experimental results. It is an

II. FORMATION PARAMETERS

The formation volume &~ per defect is defined

where lt is the corresponding formation enthalpy.
Due to the fact that there is no thermodynamical
restriction as to the temperature and pressure de-
pendence of g~, the formation volume can depend
on P and T as well. Equation (1) shows that &r has
two contributions

where

S

and

(ss li
BP) ~

Whenever the function g (P, T) is known we can
get& (P, T}from Eq. (l) and thus

astonishing fact that this single assumption is
sufficient, without using any adjustable parameters,
to explain a large variety of effects, many of which
have been previously described as "strange. "
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(O'U~ &

v~ =T] 9 )~

because (Sv /&&)z-——(» /&P)r. By bearing in
mind Eq. (2) we can now find v„:

avf ~

sr)~

(5)

The thermal-expansion coefficient P and the com-
pressibility + of the formation volume are de-
fined by

(8}

By integrating Eqs. (7} and (8) we get

v~ =v~ exp dT
0

(9)

5 BTj

We will now discuss the consequences of taking
the parameters of the formation volume equal to
the bulk parameters. (i) Even if P were equal to
P, Eq. (9) reveals that the volume v~, at a temper-
ature near to the melting point T~, exceeds v, by
an amount 10%%u()-20%%uo (the total expansion exp f r&

0x PdT} depends roughly on the category of solids
under discussion). Therefore calculations made
for & =0 'K must not be directly compared to the
experimental & values obtained, usually, at very
high temperatures. In Sec. III we shall show that
p )p, therefore it is clear that v calculations
made for T =0 have to give much smaller values
than the experimental ones. (ii}Even iif + were
equal to ~, the formation volume & depends on

P
U =u (0)axpf —r dP,

0

where v~0 and v~(0) denote the formation volume at
T = 0 'K and P = 0, respectively. The two expon-
entials can be referred to as the temperature, re-
spectively, pr essur e, corr ection factor of the
formation volume. In the analysis of experi-
mental results it is usually assumed' that v~

does not depend on P and T and hence that K

=0 and P~ =0, whereas in the theoretical treat-
ments' "P and + are usually assumed to be
equal to the bulk thermal-expansion coefficient P
and to the bulk compressibility &. We now define
the following coefficients:

sv
v~i, 8T)

pressure; then Eq. (10) becomes

III. CALCULATION OF VACANCY FORMATION

PARAMETERS

When a. vacancy is formed, g~ can be set into
the form (see Sec. 1)

g~ =CBQ (14)

where C is assumed to be independent of tempera-
ture and pressure. At T =0 K, the energy g be-
comes equal to the formation enthalpy @~0 and hence
Eq. (14) at & = 0 'K gives

C =st/a, n„ (15)

where the subscript 0 denotes the corresponding
values at absolute zero. By inserting the value
of C, given by Eq. (15), into Eq. (14) we get

g'=(a', ya, n,) ao (16)

ol
T

g =, , J3exp PdT.
0

(17)

The value of +10 can be extracted' from the experi-
mental value h~„, through the relation

(18}

where &0 is the intercept of the extension of the
SL

v~ =v~(0) exp —K (jP
0

=v~ (0)exp
i

dP&

'o )
I.et us take as a characteristic example Rb. It
has (at room temperature} B =25 kbar. "'" The
usual measurements, under pressure, are made
in the region 0-10 kbar. Taking into account that
& depends on P through relation

( ) (BB) )
(B~B)

and using the experimental values"'" (sf'/BP)r
=4.12 and ~'&/BP = —0.1655 kbar ', the expo-
nential at 10 kbar becomes 1/1.3. Therefore we
conclude that even if + were equal to &, an ex-
periment on Rb made in the usual region of pres-
sures will not give the correct v~(0) value, if the
"correction factor" is neglected. This factor has
usually been disregarded a priori in the analysis
of experimental results. ' In Sec. III we shall show
that the compressibility + of the formation volume
exceeds the bulk compressibility ~ and hence the
correction factor is much larger (up to 2 or more
in some cases), so that its omission can not be
allowed.
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linear part (straight line)~ of the graph B =f (T)
with the vertical axis.

A. Vacancy formation volume

The vacancy formation volume is found by dif-
ferentiating Eq. (14) with respect to pressure

(BB BQ+BisP r BP

The isothermal bulk modulus is, by definition,
B=- QsP/sQ (T =const) and hence we get

v =Ci —-1 iQ
(BB
I, BP

or

h~ sBv~=~, —1 ~exp PdT.B 8P

Equation (19}shows that v depends on P and T
like the term (SB/sP —1)Q, because both SB/SP
and & depend on P and &. This discussion reveals
that ~~ is never proportional exclusively to the
volume Q but also to (sB/SP —1), so that a stronger
variation of & with P, & is expected in comparison
with the variation of & on, P, &. This prediction
has been experimentally" well confirmed.

In the harmonic approximation SB/SP =0,
Q =Q„p =0 and hence Eq. (19) gives v~ =- CQ, .
This result contradicts the experimental data.

It is a striking characteristic of inorganic cry-
stalline solids" that despite a several thousand-
fold variation of B the dimensionless quantity
sB/sP remains within narrow bounds between 4 and
8 (at P = 0); the bounds become narrower for solidi
belonging to a given category. As for the other di-
mensionless quantity —B( 8' B/SP') it has also been
found tobe bounded. For metals Grover, Getting, and
Kennedy" and later Dunn" found it be approxi-
mately equal to SB/SP thus giving for the bounds
4 and 8. For rare-gas solids'6 (RGS) the bounds
of —B(S~B/BP~) are 4 and 15. In alkali halides
Spetzler «&i."found that —B(s'B/sP') exceeds
SB/SP by a factor 2-3.

Inserting these results into Eq. (24} one gets for
tt~/@the b'ounds 2.14-2.33 in the case of metals.
In the case of RGS the bounds are 1.5-3.5 or, ac-
cording to the experiments of Anderson and Swen-
son, "1.2-3.5, Finally, for alkali halides, the
bounds are between 3 and 9 (or 3 and 5 if some
extremely deviating results, are disregarded}.
Materials following a Lennard-Jones potential"
have BB/sP =8 and -B(s'B/sP') =15 thus giving
the precise value & /& =3.14.

D. Temperature dependence of Pf

All experiments" up to now showed that SB/SP
increases almost linearly with &, and thus its
temperature derivative is practically a constant
C, . Therefore Eq. (21) can be written

B. Thermal-expansion coefficient Pf and the compressibility tcf

of the'formation volume

The thermal-expansion coefficient P and the
compressibility + of the formation volume can
be calculated by inserting Eq. (19) into Eqs. (7)
and (8); we finally get

O'B/sps T
sB/BP —1 (21)

C. Bounds of the ratio d/z at/ = 0

Equation (22) can be written in the form

Ic~ B(s'B/BP')
sB/sP -1

y B~B/BP2
K =K— (22)

These equations permit the evaluation of the vac-
ancy properties P~ and &~ through properties of
the bulk material. Experiments ' '

have shown
that s'B/sPBT &0 and s'B/sP'& 0; therefore Eqs.
(21) and (22) reveal that P &P, tc &~ (23). All
these inequalities become equalities only in solids
showing lower order anharrnonicity. '5

(25)

In materials for which the first term of the right
side of Eq. (21) is much smaller than the second
one, we get P«P; then Eq. (25} simplifies in a
manner showing that P is a decreasing hyperbolic
function of &. Thus measurements restricted to
a narrow temperature range should give P values
that are approximately proportional to 1/T. This
effect can only be checked in the case of Zn, " and
Cd, ' because only for these materials diffusion
plots for various pressures and temperatures ex-
ist. From these experiments Gilder and Lazarus'
come to the conclusion that P is proportional to
1/T for all metals in agreement with the present
theory.

K. Static and vibrational contribution to the formation volume

By inserting Eq. (19) into Eq.' (5) we get

v~=T ~ +P ~

——1 exp PdT.s B
i

gTgP I, ej'

(28)

Note that at & =0 this term becomes zero as ~.-
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pected. By subtracting the above &, value from
Eq. (20) we finally get

a~ t' BB 82B

give for P, and P~ the mean values 19&&10 ' and
-3x10 ' K '. Comparing to the value of the bulk
expansivity P one sees that P~ is of the order of
—P while P, exceeds it by one order of magnitude.
The measurements for Zn give P~/P =15,"

T
x exp pdT (27)

G. Migration and activation parameters

Equations (26) and (27) permit the direct evalua-
tion of the two terms of &~; they contain only ex-
perimental quantities, if we remember Eq. (18).

By dividing Eq. (26) by (27) the enthalpy isr van-
ishes so that the ratio &,/&q contains only bulk
properties without any vacancy parameters; it is
hence a property of the lattice independent of the
type of defect. In order to estimate the reliability
of the lattice-statics (LS) technique, which dis-
regards &~ we evaluate below the error commit-
ted by this ommision in two examples of real (an-
harmonic) solids. (a) Sodium: by using the ex-
pansivity values of Adlhart et +&."and the elastic
data of Grover, Getting, and Kennedy" and that
given by Dunn, '2 the ratio &,/&z at T = 300'K is
found to be 20%. Near the melting point this ratio
becomes appreciably larger. (b} Sodium chloride:
by using the expansivity values of Srivastava and
Merchant" and the elastic data of Spetzler et al."
the ratio &~/&~~ is found to be 17%, 47%, and 90%
at 300, 700, and 1000 'K, respectively. Thus,
according to the present model, it is questionable
if the values of &~& for & =O'K deduced by the LS
technique should be compared with the &I values
(i.e., &„+&,}obtained experimentally. We feel
that this might explain (at least, partially) the
continuous disagreement"' "between experiment
and theory as far as the &I values are concerned.

The Gibbs energy g for the migration process
can be assumed to be a sum of electrostatic and
dilatation work. "" In the case of meta1s, due to
their high dielectric constant, only the second con-
tribution is of importance. Arguments similar to
those proposed for the formation process lead to

g =cd, (28)

where & is a constant that can be set equal to
@0/BP„and &, is the migration enthalpy at ab-
solute zero. Therefore the activation Gibbs ener-
gy in metals can be written

g&« =g~+g =(C+c)BA .
In this case we have

C +c= (k, +ho)/B, Q, =k;"/B,Q

(29)

(30)

IV. EXPLANATION OF VARIOUS EXPERIMENTAL RESULTS

In the following we shall proceed to the numeri-
cal application of our formulas (20)-(22) for &~,

p~, and &~. Although this application can be done
for a large number of solids, we present here only
those examples for-which the current theories fail
to give an explanation.

A theory for activation parameters can now be
developed in the same way as for formation param-
eters.

F. Temperature variation of v~and v&f

Inserting the necessary values'4 for NaCl at
600 and 700'K we obtain for &~ 20.9 and 25.4 A'
and for &I, 55.5 and 54.0 A.', respectively; hence
an increase of temperature. by 17%%d gives a varia-
tion for &~ and vi„of 21% and —3%. A comparison
of each term with a corresponding experimental
value is not possible due to the lack of k" and s~

values under pressure. The approximate propor-
tionality of &~ with &, found above, has been ob-
served in Cd and Zn. Actually, Buescher e~ al."
found for this temperature difference that
—T(8+/SI')r, i.e., ~, of Cd increases exactly by
17% and that a change of (&h/&I'}r, i.e., &„ is not
detectable. A similar behavior was found by Chha-
bildas and Gilder' for Zn in the region between
573 and 673'K.

According to the Eqs. (11) and (12) the above val-
ues of &, and && of NaC1 found for 600 and 700 K

A. Alkali halides with NaC1 structure

Table I contains the experimental quantities re-
quired for the calculation for NaC1, KC1 and KBr;
we se1ected these materials because for them pre-
cise experiments under pressure exist with various
techniques, i.e., conductivity under pressure, "
tracer diffusion under pressure2' and x-ray diffuse
scattering from the defect displacement field. ' '

'tI%t'here question marks are inserted no experi-
mental values are available. In Table I we give the
calculated values of & (0), p (0), and +(0) for cer-
tain temperatures. In the following these results
will be compared to the experimental results. Es-
pecially for &~(0), as already discussed in Sec. II,
a direct comparison is allowed only to low pres-
sure experiments.

B. NaC1

Yoon and Lazarus, "using conductivity tech-
niques under pressure, reported a value & =55 ~9
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TABLE I. Parious properties of Schottky defects in alkali halides at P =0.

928
~P' la=0 BT 9P Bo"

( K) (kbar) 9P ~ 0 (1P kbar ) (1P ' K ') (1P ' K ) (kbar) (eQ (cm /mole) (10 K ) (1P ' kbar-~)

NaC1 300 237 5.35
Na Cl 936 135.4 6.35
KC1 300 181 5.34
KBr 300 148.6 5.38

-8.0 b

-9.6 b

-10.4 '
-12.8'

1.17 '
2.10
1 ~ 05
1.17'

15.7
15.7 g

pd 2 448
270d 2 44
203 ' 2.50 '
180 ~ 2.37

39.4
53.6
53 Pk

57.3 "

4.78
5.04

?
?

2.26
2.52
2.96
3.60

H. Spetzler, C. G. Sammis, and B. J. O' Connell, J. Phys. Chem. Solids 33, 1727 (1972).
By using the values of Ref. a (linear extrapolation and interpolation).
K. K. Srivastava and H. D. Merchant, J. Phys. Chem. Solids 34, 2069 (1973).
H. B. Huntington, in The E/astic Constants of Crystals (Academic, New York 1958).
M. Beniere, M. Chemla, and F. Beniere, J. Phys. Chem. Solids 37, 525 (1976).

f The values of the integral exp(fo PdT) used are 1.05 and 1.15 for T=300 aud T=936'K, respectively.
~ By linear extrapolation of the curve &B/BP vs T of Ref. a.

H. H. Demarest, J. Phys. Chem. Solids 35, 1393 (1974).
' With the approximation that the value of 32B/BP2 in KCl and KBr depends on (1/B) (BB/BP) with the same constant as

in NaCl.
' A. S. Barker, Jr. and A. J. Sievers, Rev. Mod. Phys. Suppl. 2, 47, 114 (1975).

By using exp(f& pdT) = 1.03.
P. P. M. Meincke and G. M. Graham, Can. J. Phys. 43, 1853 (1965).
J. H. Crawford and L. Slifkin, Point Defects in Solids {Plenum, New York, 1972), p. 135.

cm'/mole obtained by using the low-pressure
data at high & (the v value in cm'/mole is simply
the &~ per defect multiplied by the Avogadro num-
ber &}. The necessary consideration of migration
effects was taken from the high-pressure data
(& I kbar)at low &. It might have been better to
consider this effect from the lower pressures.
The difference, however, is surely covered by
the large experimental error which they reported.
Their &~ value is in nice agreement with our value
53.6 cm'/mole calculated for the same tempera-
ture range.

Later Martin, Lazarus, and Mitchell, "with tra-
cer techniques, reported at 936'K an activation
volume v'" = —,'vf +v =35 cm'/mole, which, by
using the migration volume value of Yoon and Laz-
arus, "gives vf =56 cm'/mole +10%. This second
experimental result is also in agreement with our
value of 53.6 cm'/mole. In Table I we note that the
v (0}value for T =300 'K is larger than the molar
volume (-27 cm'/mole) by 45%. At & =0'K this
difference is around 30%. In the same table we
note that although P increases with &, the ratio
P /P decreases and consistently exceeds unity,
which is a sign that the formation volume increases
faster with & than the bulk volume. This effect
has actually been noted in Ref. 13 in the form of
an increase of )vT

~

B lno/BI'
~

with T
An experimental value of Pf can be extracted

from the paper by Martin et al.~8 as follows: For
low pressures the activation volume at 936 and
1004 'K are 35 cm'/mole and 38 cm'/mole, re-

spectively, with an accuracy of 10%. Assuming
that the activation volume has the same tempera-
ture dependence as &, these two values corre-
spond to a mean thermal expansion coefficient
P =12.6",';.', &&10 ' 'K '. The values calculated from
Eq. (21) for these temperatures are 5.04&&10 ',
respectively, 5.07x 10 ' 'K ', they agree with the
experimental mean value within the experimental
error.

In another column the calculated values of a (0)
are inserted. We see that it increases with tem-
perature, a behavior similar to that of &. From
the same table one easily obtains that &f/& will be
consistently higher than unity. Equation (22) pre-
dicts a pressure dependence of &~ and therefore
a bending of the plot lnD vs &. Its observation is
expected at a value of & for which the correction
factor deviates from unity by more than 10%,
'which is the experimental error. The values of + and
the correction factor have been calculated from
Eq. (22) for 1004 and 936 'K and are given in Table
II. The data necessary for the calculation are
taken from linear extrapolations of the values
& =f (&), 3&/3& =f(&) as given in Ref. a of Table
I. It is only beyond 3 kbar that the correction fac-
tor deviates from unity by more than 10%, thus
showing that curvature should be detectable only
from there on.

We wi11 now compare our results with the avail-
able experiments. The isothermal ln~ vs I' plots
of Yoon and Lazarus" for the intrinsic conductivity
are almost linear up to 3 kbar, but from there on
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TABLE II. Pressure correction factors for NaCl.

T=936 K T=1004 K

P
(kbar) (10 ' kbar ~)

exp K dP K .

(10 2 kbar ~)

exp z dP

2.5
2.6
2.7
2.8
3.0

1
1.05
1.08
1.11
1.18

2.6
2.7
2.8
2.9
3.1

1
1.05
1.08
1.12
1.19

show a detectable curvature as predicted with the
present model. Similarly, in tracer experiments
Martin et al."found a bending of the ln D vs I'
plot for 936 and 1004'K at the same pressure. As
to the absolute values of &~ at 1004'K, Ref. 28
gives for &T[ &InD/SPI atlowpressuresand near 6
kbar the values 38 and 26 cm'/mole (+10og). As-
suming that the compressibilities of the formation
and migration volumes are equal, the above values
imply an average compressibility ~,„„=5.26", ,
x10 kbar '. The calculated values in Table II
are in agreement with this value within the error
bars.

C. KC1

is greater. This means that the curvature in the
plot ln& vs I' starts to become prominent at lower
pressures than in NaCl. The experimental points"
inthe lno-vs-P plotof KBr at 625.5'C confirm this
prediction because near 3 kbar they already lie
higher than the straight line drawn through the
lower pressure data. However these points have
been included by Yoon and Lazarus, "in the fitting
of their curve and therefore [see Eq. (10)] their
value 54 +S cm'/mole must be a little smaller than
the actual value of & (0).

E. Metals

1. Potassium

It has a high compressibility and therefore large
values of + are anticipated. Table III contains the
necessary quantities for the determination of +
values at & =300'K for various pressures. They
exceed & by a factor of 2.34, atI' =0, which rises
to 5.9 at I' =10 kbar. The large absolute values of
lc~ give a large correction factor (up to 2.2 at
P =10 kbar). This allows the prediction that the
lnD vs I' curve will show a very strong curvature.
Experiments carried out by Kohler and Ruoff"
for pressures up to 1 kbar have found no curvature
within the experimental error of 10%. This does
not disagree with the prediction given above be-
cause the pressure correction factor at 1 kbar is
1.0V and cannot give an observable curvature.

In the literature" the experimental (sB/&P)„T
value, for & =0, varies between 3.65 and 3.98,
whereas the expansivity term exp(f" PdT) is
1.055 and &, =38.5 kbar. Taking also into ac-
count that hex& is"'" 0.40 eV, Eqs. (18) and (20)
show that & (0) lies between 0.6 and 0.6SQ, while
the experimental &~ value is" 0.55Q +10/o. This
small difference might be due to the same reason
discussed later for sodium.

For this material certain data are lacking so
that in Table I only the formation volume and the
compressibility are given. At 300 'K Eq. (20)
gives & (0}=53 cm'/mole. It is obvious that at
high temperatures, at which the measurements of
activitation volume are made, our &~ value must
be higher. Unfortunately the value of &&/&P at
high & is not known and hence the exact calcula-
tion of & for high & cannot be done. However, it
must exceed the value at 300'K by at least a fac-
tor exp ((„T"pdT)=1. 12, and hence it must be a
little higher than 53&&1.12=59.3 cm'/mole in agree-
ment with the experimental value" 61+9 cm'/mole.
From Table I we easily obtain that +&&, and
hence a curvature is predicted which has been
actually observed. "

D. KBr

2. Sodium

Diederich and Trivisonno" reported the value
B(0)=65 kbar at 195 'K while Grover et al."gave

Table I shows that at & =300'K the value of
&~(0} is 5'l. 3 cm'/mole; by following the same con-
siderati'ons as in KCl, we can estimate that at
high & it must be somewhat higher than 57.3
x 1.12 = 64.3 cm'/mole. The experimental value"
is 54 +9 cm'/mole, i.e., a few percent lower than
our value; this small disagreement was not expect-
ed due to the following reason. At & =300'K the
+ value of KBr is appreciably higher than that inP
NaC1 and hence the correction factor exp(fo adP)'
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TABLE III. Defect parameters of potassium at room temperature.

(kbar)

8

(kbar)
aB a

ap
QP2

(kbar «) (10 2 kbar «)

exp K dP

0
2
4
6
8

10

31.0
38.6
45.7
52.3
58.4
64.0

3.93
3.68
3.42
3.17
2.92
2.66

-0.1268 7.55
7.32
7.43
7.76
8.32
9.20

2.34
2.83
3.40
4.06
4.86
5.89

1
1.16
1.35
1.57
1.84
2.19

B=31+3.93P-(0.1268/2)P; B,P in kbar; see R. Grover, I. C. Getting, and G. C. Kennedy,
Phys. Rev. B 7, 567 (1973); also K. J. Dunn, ibid. 12, 3497 (1975).

B(0)=59.9 kbar at room temperature. A linear
interpolation for 288 'K gives 60.5 kbar. Similarly
BB/sP and 8B/&P' as function of pressure can be
found from a linear interpolation of Dunn's- values'2
at 0 'K and 300 'K. Equation (22) gives for s at
288 K values which lie between 3.V2 ~10 ' and
3.85&&10 kbar ' which coincides with the experi-
mental value~ (3.3+0.5}&&10 ' kbar '. By graphical
integration the pressure correction factor reaches
the value 1.46 at 10 kbar. Mundy's curved iso-
thermal plot' lna vs I' at 288 'K actually turns into
a straight line if the ordinate is multiplied with

exp(J —tc~dP). Therefore the curvature canbe suf-
ficiently explained from a large correction factor
without having to assume a second defect mech-
anism.

The formation volume & (0) for 288'K is calcu-
lated to be 14',:4 cm'/mole from Eqs. (18) and (20}
by inserting h„~ =0.354 +0 025 eV "Bs" V6 kb-—a-r, ~
and &B/&P =4 05 "'" Using alternate"' "values
of &B/&P one obtains 12 and 12.3 cm'/mole.

These values are higher than. the value 11.1+0.2
cm'/mole reported by Gilder and Lazarus who
analyied Mundy's experimental data at 288 'K. This
difference was expected because the value h~„,
=0.354 eV was deduced from dilation experiments
at high temperatures, whereas the value at 288 K
would be needed; the curved diffusion plot of Mun-

dy when explained in the frame of a single type of
defect' actually shows a decrease of ~ for low tem-
peratures.

The p (0) value is calculated from Eq. (21}to
be 5.2x10 4 K ' when one uses Dunn's values, or
V&10 ' E ' when using Wallace's value" at & =0
K. An experimental value of P~ that could be

representative of 288 K is not available. A com-
bination of isotherms at 288 and 365 'K gives a
considerably higher value' which just reflects the
increasing effect of anharmonicity near the melting
point.

3. Lead

Equation (20) gives for the formation volume
&I(0) =0.35Q at room temperature by using B~ =488
kbar, 8B/BP =6.84," and hexp =0.5 eV." Experi-
mentally only a total activation volume is available;
we will proceed to its calculation in the frame of
the present model. By differentiating Eq. (29}and

using @'"=l.1 eV, " we get&"' =O.VW which lies
between the experimental values 0.640 + 10% and

O.VV~ reported by Hudson and Hoffman4' and Nach-
trieb et al. ,4' respectively.

4. AI, Cu, Au, Ag

Values of the formation volume can be calculated
only for low temperatures because to the best of
our knowledge no measurements for &B/&P at high

temperatures exist. Inserting room temperature
values" "into Eq. (20) we find that & (0) lies in
the region (0.3-0.5}fl. For higher temperatures
the expansivity term exp(Jo & PdT) will give an
increase of at least 10%. A further increase of

is anticipated due to the temperature depend-
ence of &B/&P Reliable .experimental &~ values
are usually extracted from the high-temperature
region; they lie 'between 0.5 and O.VQ and
therefore are not inconsistent with our predictions.

In contrast to alkali metals, these fcc metals
(and Pb)do not show a curvature of their isother-
mal lna vs I' plots. Although, as mentioned,
values of SB/&P at high temperatures are not
available a justification of this lack of curvature is
possible. In the example of aluminum, &o is 8&0

kbar; it decreases up to the melting point by ap-
proximately" 20% thus giving 700 kbar. As has
been previously shown, the lower bound of
+(0)~ z(0) is 2.14 sothat~~(0) cannotbelargerthan
2.14/700 =3X10 ' kbar '. The pressure correction

P
factor exp(g a dP) at 10 kbar is therefore at
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most 1.08 so that under error limits of 10% the
curvature is not detectable. A detection would
need an extension to pressures about 40 kbar.
For the other elements mentioned, similar con-
siderations are valid; still higher pressures for
the appearance of the curvature are required.

Cd

Although the applicability of the present method
in respect to the formation entropy has only been
tested for cubic materials, ' it can be checked in
respect to &"' and &'" for a hexagonal metal.
Suitable data are available only for Cd. %e use'
&0 =630 kbar and @'"=0.86 and 0.9 eV for the &

axis and basal plane, respectively. " The pres-
sure derivative of & can be found only for the adi-
abatic bulk modulus; by using the Anderson Grun-
eisen constant & =4.2 given by Rao' and the re-
lation & =8B/SP —1, a value BB/8P =5.2 is ob-
tained. Equation (20) gives for room temperature
the activation volumes 5.6 and 5.9 cm'/mole,
respectively. Experiments have been carried out
by Buescher, Gilder, and Shea" at higher tem-
peratures. Assuming that their formula can be ex-
tended down to 300'K, one obtains &" =4.4+1.4
cm'/mole, which is in agreement with our value
within experimental errors. The same authors
reported that within their accuracy the activation
volume is independent of pressure and gave for the
compressibility an upper limit &"' =6X10 ' kbar '.
Taking into account the published" elastic data and
the considerations of Dunn" we get —&'B/BP' =8.4
&&10 ' kbar ' and hence Eq. (22} gives for the com-
pressibility of the activation volume 3.6&10 '
kbar '; this value is within the upper limit deter-
mined by experiments. The resulting value of the
correction factor exp(f &'"dP}, for pressures
up to 8 kbar, is around 1.03 thus explaining why a
curvature was not detectable. "

(i} The usual assumption that the formation vol-
ume is temperature and pressure independent
(which is equivalent to + =0 and P =0) is not valid
even in the case of a harmonic solid. The volume
~~ depends on temperature and pressure through
the (correction) factors exp(f P~dT) and
exp(f K~dP)

(ii) The existence of a curvature in the plots lnD
vs & and ln& vs & is not a guarantee that a mul-
tiple mechanism occurs. The curvature in the
plots of lna or lno' vs I' can. be explained from the
deviation of the correction factor exp(f, & dP)
from unity.

(iii) The present method gives not only a tem-
perature derivative of g (i.e., @)but also a
pressure derivative (i.e. , &~) that are in close
agreement with the experimental results for var-
ious categories of solids. This agreement
strengthens the validity of our assumption that
C =const.

(iv) The coefficients p and & have been ex-
pressed through bulk properties. It has been
shown that the inequalities p &p and K~&& are due
to higher order anharmonicity. The values of the
correction factors which are calculated from bulk
properties only can describe well the temperature
and pressure variation of the isothermal plots
lnaor ln& vs P for alkali halides and some metals.

(v} At high & the term &, is a significant con-
tribution to &; therefore the usual calculations
made by lattice statics techniques at T = 0 cannot
lead to ~ values comparable to those obtained
experimentally at high T. The rapid increase of

with temperature is mainly due to the fact that
PI exceeds P by one order of magnitude.

The fact that the values of +, &, p, and +
calculated by the present method are in agreement
with experiments on various categories of solids
possibly means that the assumption C =const
might correspond to an inherent property of solids.

V. CONCLUSIONS

The most important conclusions of the present
paper are given below. They are based on general
thermodynamical considerations, which lead to the
relation g =C&& and on the approximation that C
is pressure and temperature independent.
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