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Temperature dependence of the normal vibrational modes of hcp Zr
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Inelastic-neutron-scattering techniques have been used to study the temperature dependence of the normal
vibrational modes of hcp Zr. The phonon spectra along the [001], [100), and [110]symmetry directions were
determined at 29S, 773, and 1007 K. The [001] LO branch and a selected number of phonons of other
branches were determined also at 5.5 K. As the temperature decreases we observe a rather large increase in
the frequencies of all but the [001] LO branch. The zone-center mode of the [001] LO branch softens
appreciably and at 5.5 K this branch exhibits a dip at the zone center reminiscent of the anomalous
dispersion of the corresponding branch of technetium at room temperature. The data were used to evaluate
the lattice specific heat at constant pressure as a function of temperature. The calculated total specific heat
at constant pressure, obtained by taking into account the electronic contribution, was found to be consistent,
to within experimental uncertainties, with the results of specific-heat measurements. We propose an
explanation for the softening of the zone-center mode of the [001] LO branch and the large increase in the
frequencies of the other modes with decreasing temperature which is based on the electronic structure of Zr.

I. INTRODUCTION

Pure zirconium metal solidifies at approximate-
ly 2123 K to a bcc structure (P phase) and under-
goes to transformation of the martensitic variety
to the hcp structure (n phase) at approximately
1135 K. At low temperatures (6 0.5 K) zirconium
becomes superconducting. Zirconium, as well
as Ti and Hf, exhibit some remarkable features
in the temperature dependence of their electrical
and thermodynamical properties. The el.ectrical
resistivity, ' above room temperature, first in-
creases l.inearly with temperature and thin nearly
saturates to a constant value. The heat capacity
at constant pressure' for the hcp phase increases
rapidly with temperature, and the elastic con-
stants, ' especially C«and C44, show a l.arge de-
crease with increasing temperature. These
characteristics have motivated numerous experi-
mental and theoretical investigations regarding
the temperature-dependent physical properties
of these metals.

It has recently been suggested4 that many of
these features of the thermophysical properties
of Ti, Zr, and Hf are anomalous and are caused
by the decrease of the mean-free path of the
conduction electrons to some limiting value (of the
order of the atomic spacing) as the temperature
is increased. The idea of a lower limit to the
conduction-el. ectron mean free path causing a
negative deviation from linearity or saturation
in the temperature dependence of the resistivity
has been proposed previousl. y. ' However, the
connection between such behavior in resistivity'
or other anomalous thermophysical properties
to a limited mean free path has not been clearly
established. Measurements of the temperature

dependence of the normal vibrational modes
provides valuable information regarding the
temperature dependence of the thermophysical
properties of the metal.

In addition, measurements of the temperature
dependence of the phonon dispersion curves of a
metal provide information about the change with
temperature of the electronic response to the
nuclear motions and should help to clarify the
physical picture emerging from recent micro-
scopic models' of the lattice dynamics of metals.
The effect of temperature is largest for electronic
states near the Fermi level. , and it is just these
states which play the dominant role in screening
and in coupling to the phonons in the supercon-
ducting state. For the superconducting hcp tran-
Sition elements room-temperature measurements
of the dispersion curves indicate that there is a
correlation between the superconducting tran-
sition temperature T, and the anomalous behavior
of the zone-center [001] LO mode. The [001] LO
branch of technetium, ' which has the highest T,
(-8 K) of the hcp elements, exhibits a very pro-
nounced dip at the zone center; in fact at the
zone center the I 0 and To branches have the
same frequency, a degeneracy which is not re-
quired by symmetry. On the other hand the zone-
center [001]LO mode of the low-T, hcp transition
elements is at room temperature only moderately
softer than expected from the behavior of this
mode in nonsuperconducting hcp elements. This
can be seen, for instance, by comparing the room-
temperature c-axis dispersion curves of Zr
(Ref. 9) with those of Y (Ref. 10), which is not
superconducting.

In this work we present the results of an exper-
imental study of the temperature dependence of
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the normal vibrational modes of hcp Zr. The
phonon spectra along the [001], [100], and [110]
symmetry directions were determined at 295,
VV3, and 100V K. The [001] LO branch which was
found to exhibit anomalous temperature depen-
dence, and a selected number of phonons of other
branches were determined also at 5.5 K. Pre-
liminary results of this experiment were reported
in an earlier communication. " In the present
paper we present a complete report of these ex-
periments.

II. EXPERIMENTAL DETAILS

The crystals used in the present experiments
were prepared from a high-purity zirconium ingot
obtaine'd from the Teledyne %ah Chang Company.
Analysis of a sample from the zirconium ingot
showed that the hafnium content was less than
100 ppm. Large single crystals of Zr (3-4 cm'
in volume) were grown by the following process.
A cold-rolled sample of Zr, sealed in an evacu-
ated tantalum crucible, was maintained for sev-
eral hours at 1200'C in a vacuum furnace, then
cool.ed to 840'C and maintained at this temperature
for several days. After this heat treatment the
sample was examined by standard neutron-dif-
fraction techniques and the largest single crystal
in the sample was separated by spark cutting.

The high-temperature measurements were per-
formed using a vacuum furnace mounted on the
sample goniometer of a triple-axis spectrometer.
The sample was mounted between two tungsten
heating elements, and two chromel-alumel ther-
mocouples were used to control and measure its
temperature. At approximately 800'C the tem-
perature was controlled to within a few degrees
and the vacuum was approximately 10 Torr.
In reaching the sample the neutron beam was
traversing a 0.05-in. aluminum window and three
0.010-in. niobium heat shields. In the low-
temperature measurements the sample was
mounted in a conventional neutron-diffraction
cryostat and its temperature (measured by a
gold-iron thermocouple) at 5.5 K was controlled
to within a few tenths of a degree.

The measurements were performed using a
triple-axis spectrometer at the 5-MViV Ames
Laboratory Research Reactor. All data were
collected using the constant-Q method, where
Q denotes the neutron scattering vector. A vari-
able incident neutron energy and, whenever pos-
sible, a fixed scattered-neutron energy of 13.6
meV were used. Pyrolitic graphite was used as a
monochromator and analyzer, and a pyrolitic
graphite filter was placed in the scattered beam
to attenuate higher-order contaminations. In,

some instances scattered neutron energies of up
to 27 meV were used to avoid spurious peaks due
to higher-order contaminations. At each tempera-
ture the lattice constants of the crystal were
assessed by measuring the scattering angles of
appropriate Bragg reflections in the scattering
plane. The change with temperature of the lat-
tice constants of the crystal. are in good agree-
ment with thermal-expansion measurements. "

HI. EXPERIMENTAL RESULTS

The phonon-dispersion curves were determined
along the [001], [100], and [110]symmetry di-
rections at 295, VV3, and 100V K. The [001]LO
branch as well as a selected number of phonons
of other branches were also obtained at 5.5 K.
The measured phonon frequencies are listed in
Table I and the experimental dispersion curves
a,re plotted in Figs. 1-3. The room-temperature
data along the [100]and [001]direction are in good
agreement with previous measurements' of the
dispersion curves along these directions. Also,
our data for the [100] TA(~~) branch are in good
agreement with the measurements of Moss et al. 3

It can be seen (Table I and Figs. 2 and 3) that
the frequencies of all branches except the [001]
LO branch whose anomalous behavior will be
discussed later in this section, decrease with
increasing temperature. In general one would
expect the phonon frequencies to decrease as the
volume increases with increasing temperature.
However, the observed frequency shifts are
relatively large and cannot be accounted for
solely by the effect on the vibrational frequencies
of the thermal expansion of the lattice. The fre-
quency shifts due to the latter effect, estimated
using the thermodynamic Gruneisen parameter, "
are approximately seven times smaller than the
experimentally observed frequency shifts. This
observation implies that the observed frequency
shifts are mainly due to an explicit temperature
dependence of the phonon frequencies. This con-
clusion is consistent with the results of measure-'
ments' of the pressure dependence of the elastic
constants of zirconium.

The largest frequency shifts observed in the
present experiment are of the order of 10/p.
Measurements' of the temperature dependence of
the elastic constants of zirconium, on the other
hand, show that the softening of the frequencies
near q ='0 with increasing temperature is much
more pronounced for some branches. In partic-
ular, the elastic constant measurements imply
a decrease of the slope of the [100]TA(~ ~) branch
by almost a factor of 2. Therefore, the decrease
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TABLE L Measured frequencies (meV) of hcp Zr. The symbols i and ii refer to polarization perpendicular and paral-
lel to the basal plane, respectively.

TA [00(] Lo [oog]

0.10
0.20
0.25
0.30
0.40
0.50

T=295 K T=773 K T=1007 K
1.86+0.04 1.41+0.12 1.36+0.04
3.43 +0.04 3.18+0.08 2.98 + 0.04
4.22 +0.08
4.92 +0.04 -4.63 + 0.08 4.38 + 0.08
6.37 +0.08 5.91 + 0.08 5.67 + 0.08

7.86 + 0.17 V.49 + 0.08 6.95 + 0.17 6.70 + 0.17

0
0.10
0.20
0.30
0.40
0.50

5.5 K 295 K
17.50 +0.62 19.07 + 0.17
18.41 +0.41 18.94 + 0.25
18.61 + 0.41 18.98 + 0.25
19,23 +0.41 19.07 + 0.33
18.20 ~ 0.33
17.37 + 0.21 17.16+ 0.25

773 K
20.14 + 0.33

18.32 + 0.62
19.52 + 0.50

16.83 + 0.12

1007 K
20.|0+0.25
20.2V +0.33
19.52 +0.33
19.60+ 0.33
18.41 + 0.33
16.67 + 0.12

To [oog] TA(i) [goo]

0
0.10
0.20
0.30
0.40
0.50

5 5 K 295 K 773 K
11.00+0.08 10.59+0.12 9.60+0.62

10.59 + 0.12 9.26 + 0.21
9.97 + 0.12 8.89 + 0.17
9.14 +0.08 ' 8.31+0.17
8.44 + 0.08 7.82 + 0.12
7.49 + 0.08 6.95 + 0.17

LA [oog]

1007 K
8.93+0.25
8.60 ~ 0.17
8.27 +0.12
7.98 + 0.17
7.44 + 0.12
6.70 + 0.17

0.10
0.15
0.20
0.30
0.40
0.50

5.5 K 295 K
3.23 + 0.04
4.88 + 0.04
6.49+ 0.04
9.14+ 0.08

10.84 + 0.08
11.29 + 0.17

LA [goo]

773 K
2.94 + 0.08

5.79 + 0.08
8.27 + 0.08
9.97+0.12

10.88 + 0.21

1007 K
2.77 + 0.04

5.42 + 0.04
7.78 + 0.04
9.51+ 0.12

10.26 + 0.17

0.10
0.20
0.30
0.40
0.50

5.5 K 295 K 773 K
4.18 + 0.12 3.97 + 0.12
8.02 +0.12 7.65 + 0.17

11.66 + 0.12 11.13+ 0.17

17.37 + 0.21 17.16 +0.25 16.83 + 0.12

1007 K
3.98+0.12
7.53 + 0.08

10.92+ 0.12
14.39+ 0.17
16.67 + 0.12

0.10
0.20
0.30
0.40
0.50

5.5 K 295 K
6.95 + 0.12

13.36 + 0.12
17.29 + 0.12

773 K
6.33 + 0.21

12.45+ 0.25
16.71 + 0.41

21.26 + 0.17 19.77 + 0.41

1007 K
6.33 + 0.08

11.95 E 0.17
16.42+ 0.17
19.15+0.25
19.56 + 0.33

0.10
0.20
0.30
0.40
0.50

5.5 K

TA(II) (gOoj

295 K
3.43 +0.04
6.33 +0.04
8.15 60.25
9.14+0.12
9.64 +0.25

I

773 K 1007 K
0

0.10
0.20
0.30
0.40
0.50

Lo f(00]

5.5 K 295 K
11.00 + 0.08 10.54 + 0.12

17.25 + 0.25
20.76 + 0.25
21.96 + 0.25
22;17 + 0.21

773 K
9.60 + 0.62

14.56+ 0.83

20.02+ 0.74
20.80 + 0.62

1007 K
8.93 + 0.25

11.42 + 0.41
14.89 + 0.62

19.69 + 0.62
21.34 + 0.62

To(j-) [(oo] vA(i) [g(0]

0
0.10
0.20
0.30
0.40
0.50

55 K 295 K 773 K
17.95 + 0.62 19.07 + 0.17 20.14+ 0.,33

19.03 + 0.21

19.65 + 0.29 19.48 + 0.41

20.06 + 0.32 19.36 + 0.41

1007 K
20.10+ 0.25
20.10+0.33
19.81 +0.33
19.48 + 0.41
19.11+ 0.41
18.45+ 0.33

0.05
0.10
0.20
0.30
0.33
0.40
0.50

5.5 K 295 K
2.94 + 0.04
5.79 + 0.04

10.46 + 0.08
14.52 + 0.17
16.05+ 0.33
18.69 + 0.25
19.94 + 0.25

1007 K

4.84 + 0.08
9.18+0.1V

15.22 +0.25
17.33+0.41
18.12+0.25

To(g& (goo] LA f($0]

0
0.10
0.20
0.30
0.40
0.50

5.5 K
11.00 + 0.08

295 K
10.59 +0.12
12.33 + 0.08
14.85 + 0.17
17.70 + 0.21

19.44 + 0.25

773 K 1007 K
0.05
0.10
0.20
0.33
0.40
0.45
0.50

295 K
6.20 + 0.08

10.88 + 0.17
15.30 + 0.25
17.87 ~ 0.41
18.82 + 0.25
19.11+ 0.25
19.44 +0.25

1007 K
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TABLE I. (Continued).

TA(ll& &tIO& Toll& u«i

0.05
0.10
0.20
0.30
0.35
0.40
0.45
0.50

5.5 K 295 K
3.23 +0.04
6.66 + 0.08

13.15 +0.08
14.89 + 0.41
15.30 + 0.25
13.98 +0.25
10.75+0.25
9,10+ 0,17

TO(~) [ggo]

773 K 1007 K
0

0.10
0.15
0.20
0.30
0.35
0.50

5.5 K 295 K
10.67 + 0.33
14.48 + 0.17
18.24+ 0.17
20.43 + Q.25
20.68 + 0.41

1007 K

Lo [~(0)

22.17 + 0.21 20.80 + 0.62 21.34 + 0,62

0
0.10
0.20
0.30
0.33
0.40
0.50

5.5 K 295 K
19.11+ 0.33
19.11+0.33
19.40 + 0.33
17.37 +0.25
16.21 +0.33
12.90 + 0.41
11.04 +0.25

1007 K
20.10+0.33 0
19.56 + 0.33 0.05

0.10
0.15

15.22 + 0.25 0.20
11.45 + 0,25 0.30
9.84 + 0.25 0.45

0.50

773 K 1007 K295 K
10.67+ 0.33
12.61 + 0.41
16.13+ 0.21
19.19~ 0.17
20.43+ 0.25 19.65+ 0.33
19.19+0.33
20.47 + 0.50
21.26 + 0.17 19.77 + 0.41 19.56 + 0.33

in the frequencies of the phonon modes of zirconi-
um is more pronounced in the limit of long-phonon
wavelengths. This observation suggests that the
frequency shifts are due to changes in the long-
range interatomic forces which are mainly deter-
mined by the electronic response to the nuclear
motions.

With increasing temperature no significant
systematic changes in the phonon widths were
observed, which is surprising in view of the rather

large shifts in the phonon frequencies. Thus, as
the hcp bcc transformation temperature was
approached from below, we did not observe any
dramatic changes either in the widths or the fre-
quencies of the vibrational modes. This suggests
that the hcp bcc transition in zirconium is of
the first order.

The most interesting aspect of the data is the
anomalous temperature dependence of the [001]
LO branch. It can be seen (Flg. 3) that as the
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harmonic contribution Cp' (QH) and the second
arises from the explicit temperature dependence
of the frequencies. Notice that at the high tem-
perature limit x,&& 1,

where

(ln&c) = g(&c, T) ln&od&c (4)

and g((c, T) is the frequency distribution at tem-
perature T. Thus in order to evaluate the spe-
cific heat at constant pressure the frequencies
and their temperature derivatives are needed at
each temperature. Since only the frequencies
of a smal. l. number of modes are measured at a
fem temperatures appropriate interpolation
schemes are required for the analysis of the ex-
perimental data. The frequencies at a given tem-
perature are generated throughout the appropriate
section of the Brillouin zone by fitting the exper-
imentally measured frequencies to a Born-von-
Kkrman force model. In order to evaluate the
temperature derivatives of the frequencies the
interpolation scheme used by Miiller and Brock-
house" in their calculation of the thermodynamic
properties of Cu and Pd has been adopted. In
this scheme the temperature dependence of the
normal modes is given by

specified in terms of one bond-stretching con-
stant and two bond-bending constants. Thus there
are 18 force constants to be determined by fitting
the experimental results by this model. As can
be seen from Fig. 1, this model provides a sat-
isfactory fit to the experimentally determined
dispersion curves. The force constants for the
room-temperature data are listed in Table II.
Using these force constants, the frequency dis-
tribution at room temperature, which mill be used
for calculating Cp' [Eq. (7)], was evaluated by
the interpolation method of Raubenheimer and
Gilat'0 and is plotted in Fig. 4.

The lattice specific heat at constant pressure
was calculated from Eq. (V) using the room-tem-
perature (T, = 295 K) frequency distribution with
the average-mode temperature dependence de-
termined from Eq. (5). Since the experimentally
determined frequencies vary, to within experi-
mental errors, linearly with temperature (Fig. 5)
the averaging by Eq. (5) determines the average
slope of this linear dependence. In order to
ascertain whether adopting an average tempera-
ture dependence is an appropriate interpolation

TABLE II. Force constants (10~ dyn/cm) obtained by
fitting the 295-K data of hcp Zr to the De%ames et al.
(Ref. 19) mode1. These force constants @pere utilized to
obtain the room-temperature frequency distribution (Fig.
4) by the interpolation method of Raubenheimer and Gilat
(Ref. 20). The notation is that of De%'ames et al. (Ref.
19).

where T, is a reference temperature and f(T), the
average temperature dependence of the modes,
is obtained from the experimental. data,

&c,(T) 1 ~ (c,(T)
(c,(T,) n ~ (c,(T„)' (5)

In the analysis of the experimental results the
frequency spectrum at room temperature
(T, = 295 K) will be used.

The data in the present experiment were fitted
using the modified axially symmetric force con-
stant model of De%ames et al." In this force-
constant model interatomic interactions are in.-
cluded out through sixth nearest neighbors and
the interaction for a given shell of neighbors is

where n is the total number of modes measured
at the temperatures T, and T. Using Eq. (5) with

Eq. (2) the specific heat at constant pressure can
be obtained at a given temperature from the fre-
quency distribution at the reference temperature
T]

(~) f '(T) x'
Cp =36k l T f( )

g((o& Tg) . hs[ f(T)]d(u.

K(1, 1—2)

Cg„(1,1—2)

Cg (1,1 —2)

E(2, 1-1)
Cg„(2, 1—1)

Cg (2, 1 —1)

K(3, 1—2)

Cg (3, 1—2)

Cgz(3, 1 —2)

X(4, 1—1) + Cg (4, 1 —1)

Cg„(4, 1—1)

K(5, 1-2)

Cg„(5, 1—2)

Cgz, 1 —2)

X(6, 1-1)
C, {6,1-1)
C~ (6, 1-1)

39.74

-3.77

-12.88

22.80

-0.70

3.28

-4.60

-0.39

-1.45

8.40

0.43

1.95

0.28

-0.26

1.48

0.10
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was found to agree to better than 2% with that
calculated using an average temperature depen-
dence for the normal modes. As an additiona
test of the interpolation scheme we performed an

analysis of our data using the quasiharmonic ap-
proximation. nI th's scheme valid for small

uenc shifts (a condition satisfied in the
present experiment), the measured requ
are written as

(u, (T ) = (uI "I + &,(T),

where &,(T) are the frequency shifts from the
harmonic frequencies v, . Using q.
change in entropy due to the explicit temperature
dependence of the frequencies can be written as

FIG. 4. Phonon spectrum of hcp Zr at 29t 295 K. ES(') =-NQ ( ) s, (T), (9)

scheme (in particular in view of the anomalous
temperature dependence of the [001] LO branch)
we performed several calculations to assess its
validity. First the lattice specific heat was eval-
uated at 773 and 1007 K using Eq. (3), which
provides a fair approximation for the specific
heat at these temperatures. The average value
of in+ was evaluated using the frequency distribu-

t 295 773 and 1007 K and was found (Fig.tions a
l tt6) to vary linearly with temperature. The a ace

specific heat evaluated using the slope of (into)

where the occupational numbers m, are ere evaluated
at the harmonic frequencies cu, Since the fre-
quencies observed in the present experiment vary,
to within experimental errors, linearly wit

re iFi . 5) the harmonic frequencies
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FIG. 5. Temperature de-
pendence of the frequencies
of some normal modes of
hcp Zr.
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FIG. 7. Temperature dependence of the lattice speci-

fic heat at constant pressure C&' evaluated using the
MiiQer-Brockhouse interpolation scheme (Bef. 18).
C& (QH) is the quasiharmonic lattice specific heat given
by the first term of Eq. (2).

3.0 I
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FIG. S. Temperature dependence of (ina&) evaluated
using Eq. (4).

dependence of the frequencies and the harmonic
contribution was obtained using the frequency
distribution determined by the frequencies m,

" .
The specific heat evaluated using this approach
was found to agree to better than 2% with that ob-
tained using the interpolation scheme of Miiller
and Brockhouse. Since both Eqs. (2) and (9)
involve approximations, a much more stringent
test of the validity of the interpolation scheme of
Miiller and Brockhouse is to evaluate the entropy
directly from Eq. (1) at 295, 778, and l007 K
using the measured frequency spectra. The
values of entropy obtained by this direct calcula-
tion agree to within 1% at 77$ K and to within 4%
at 1007 with the values obtained by the interpola-
tion scheme of Miiller and Brockhouse.

The calculated lattice specific heat C~(' is
compared in Fig. 7 with C~' (QH), the quasihar-
monic lattice specific heat [given by the first
term of Eq. (2)], which approaches the classical
value at high temperatures. It can be seen that
there is a large contribution arising from the ex-
plicit temperature dependence of the phonon fre-
quencies [the second term of Eq. (2)]. In order to
compare with the experimental C& values the

0.8—

400 800
TEMPERATURE (K)

I

1200

FIG. 8. Electronic contribution to the specific
heat Cz' ' evaluated using the electronic density of
states shown in Fig. 10. y (0)T is the linear extrapola-
tion from low temperatures.

electronic specific heat was evaluated using the
electronic density of states obtained by a band-
theoretical calculation and is shown in Pig. 8.
Note that the calculated C„"' is considerably
higher at high temperatures than that obtained
by the usual linear extrapolation from low temper-
atures. This is due to the increase with increasing
temperature of the effective density of states at
the Fermi level. The electronic contributions to
the specific heat obtained from our band-theoreti-
cal calculation of the electronic density of states
(Fig. 8) is considerably lower than that estimated
by Shimizu and Katsuki" using a density-of-states
determined from the low-temperature specific-
heat data of 4d metals and their al.loys. The
higher values for the electronic specific heat ob-
tained by Shimizu and Katsuki may be due to the
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eI.ectron-phonon enhancement which is included in
their empirical density of states. Note that at
temperatures higher than about twice the Debye
temperature the electron-phonon mass enhance-
ment is negligible, "so that our use of the bare
density of states to calculate C„' should be valid.
The calculated total specific heat at constant pres-
sure is compared in Fig. 9 with the experj. mental
values of C& obtained by various workers. """
The agreement is quite satisfactory in view of the
large discrepancies (of the order of 10%) in the
values of the specific heat measured by various
workers. We may therefore conclude that the
temperature dependence of the normal vibrational
modes of hcp Zr as measured in the present ex-
periment is consistent with the observed thermo-
dynamic properties.

V. DISCUSSION

In Sec. IV we showed that the temperature de-
pendence of the normal vibrations of Zr observed
in the present experiment is consistent to within
experimental uncertainties with the high-tempera-
ture characteristics of the measured specific
heat. A more fundamental understanding, how-
ever, of the experimental results, in particular
of the anomalous temperature dependence of the
[001] LO branch, could be obtained only within the
framework of the microscopic theory of lattice
dynamics. Although in the last few years consid-

erable progress has been achieved in this direc-
'tion, a microscopic theory suitable for realistic
calculations at finite temperatures is not presently
available. In the fol. lowing we discuss the experi-
mental results using a microscopic model, pro-
posed recently by Sinha and Harmon, ' which
establishes the connection between the electronic
structure of the d-band metals and the charge-
density fluctuations induced by the vibrational
motions of the nuclei.

In this model the anomalous dips in the phonon

spectrum of Nb can be understood as arising from
the coupling of monopolar charge fluctuations
within the d-band complex near the Fermi energy
with the l.ongitudinal lattice vibrations. However,
in Zr such monopolar charge fluctuations do not
couple to the zone-center mode of the [001] LO
branch. This mode, on the other hand, does
couple strongly to dipolar fluctuations of the
charge density, as suggested by the success of the
shell model in fitting the anomalous dispersion
curves of technetium along the [001] direction. "

In a metal the magnitude and spatial character
of the conduction-electron response is largely
determined by the density and type of states near
the Fermi level —properties which are described
formally by the generalized susceptibility func-
tion. ' For the induced charge density to have
significant odd parity or dipolar spatial character,
it is favorable that the wave functions near EJ; be
states of mixed parity (i.e., an angular momentum
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FIG. 9. Comparison of
the specific heat at constant
pressure C obtained by
adding C&' to C&' with the
experimental results ob-
tained by various workers
(Refs. 2 and 22-24). The
dashed and point-dashed
lines are the specific heats
obtained by using the elec-
tronic contribution evalu-
ated in this work and by
Shimizu and Katsuki (Ref.
22), respectively.
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decomposition of the Bloch states about an atomic
site must contain s and P, P and d, or d and f
character). Just such a favorable situation occurs
in the electronic states of zirconium. The fifth
and sixth bands near the point II fall just below
E& and contain a large admixture of both P and d
character. This has been determined by our
recent calculation of the wave functions and band
structure of Zr. The results of these calculations
are similar to those obtained by Jepsen ef, al."
The density of states (DOS) from our calculation
is shown in Fig. 10. The small peak in the DOS

just below E& arises from the bands near H,
while the large increase in the DOS just above E&
arises from bands with pure d character.

At low temperatures all the states with P char-
acter near H are occupied and give rise to strong
screening of the [001]LObranch near q = 0 due to
dipolar fluctuations. Raising the temperature
has two important effects: (a) the P character
near the Fermi level. is depleted, causing a
decrease in the dipolar fluctuations and hardening
of the zone-center LO phonons; and (b) the ef-
fective density of states at the Fermi level is in-
creased due to the large peak in the d-like den-
sity of states just above EF. This latter effect
will add to the usual metallic screening of the
bare Coulomb interaction between ions and l.ead
to a general decrease in phonon frequencies.
This metallic screening can be interpreted as a
decrease of the force constants with increasing
temperature as suggested by Grimvall, ' and helps
explain the high-temperature heat-capacity re-

suits. That the effective density of states at the
Fermi level increases can be seen directly in the
calculated electronic heat capacity. A constant
density of states would yield a straight line
y(T = 0)T, whereas the actual curve (Fig. 8) shows
that y(T) increases with temperature and corre-
sponds at 1000 K to an increase in the effective
density of states of 35%.

We should also remark that the same P-d char-
acter near 8& which enhances the dipoIar fluctua-
tions would also favor strong electron-phonon
matrix elements and help promote superconduc-
tivity. A reasonable and simple approximation for
the electron-phonon matrix elements is the so-
called "rigid-ion" approximation which involves
matrix elements of the form (P„"[&0~ gp. ), where
V is the single-site muffin-tin potential used in
the band-structure calculation. Again because of
the rules for tensor coupling a wave function g~
with angular-momentum character / can only
couple to the l+ 1 components of the wave function

The relevant states for superconductivity are
at the Fermi level where substantialP and d
character of the wave functions occurs. This
may explain the correlation between the dips in
the [001]LO branch and the superconducting
temperatures.

The details of the model we describe above are
somewhat speculative. For example, the P and
d character of the wave functions near E& could
also couple and give rise to a charge density
with strong l =3 character. To obtain a definitive
confirmation of our proposed model we are pres-
ently performing first-principles band-structure
calculations for the electronic structure of a
froz.en phonon lattice in which the two atoms in
the unit cell are 5% closer along the c axis. We
are also investigating the connection between the
results of the present experiment and the recent
theoretical model of Varma and Weber. '

Preliminary experimental results on hcp Ti
show that the temperature dependence of the
normal vibrational modes of this metal is similar
to that of Zr; in particular the zone center mode
of the [001] LO branch softens with decreasing
temperature. This is what one would expect from
the similarity of the electronic structures of
Ti and Zr.
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