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The general theory of Brillouin scattering from the surfaces of opaque media is developed using a total field
solution approach. Acoustical modes appropriate to a stress-free surface are found from solutions to the
acoustical-wave equation and boundary conditions for a finite isotropic medium. Two light-scattering
mechanisms, namely, the surface corrugation and bulk elasto-optical effects, were analyzed by deriving
optical fields which satisfy both the acousto-optically driven wave equation and the electromagnetic boundary
conditions. The special case for a metal of scattering by acoustically created conductivity fluctuations was
also investigated in a similar way. The Brillouin spectrum was obtained by summing the scattering from the
individual acoustical modes over the density of phonon states. Excellent agreement was obtained with
experiment for Brillouin scattering from the metals gallium (liquid) and aluminum (solid).

I. INTRODUCTION

Brillouin scattering from thermal phonons in
bulk media has been utilized extensively to study
transparent solids and liquids.'*® The most re-
cent developments in this field deal with scattering
from thermal phonons at the surfaces of opaque”®
and transparent materials.'®-!? These experiments
are technically very difficult due to k:he intense
stray light scattering which occurs at imperfect
surfaces. This phenomenon is characterized by
penetration depths of one wavelength or less for
the incident light with the result that the wave-
vector component normal to the surface is not
conserved in the acousto-optical interaction.
Therefore for a specific scattering direction the
frequency spectrum is relatively broad since the
scattering takes place from phonons of a continum
of wave vectors rather than from phonons of a
discrete wave vector as occurs in the Brillouin
spectrum of bulk media. It then becomes neces-
-sary to have a detailed theory of the phenomenon
in order to deduce accurate acoustical information
from the spectra.

The first two papers on Brillouin scattering from
opaque materials by Bennett and Maradudin,'® and
by Sandercock” were of a theoretical and experi-
mental nature, respectively. Bennett and Maradu-
din analyzed the elasto-optical effect within the
skin depth of aluminum and concluded that experi-
ments on metals were feasible. Sandercock re-
ported backscattering measurements on semicon-
ductor surfaces. In the same year Sandercock'®
also measured the Brillouin spectrum of a free-
standing film. The first experiments on metals
(liquid) were reported in 1976 by Dil and Brody.®
These authors were unsuccessful in interpreting
their spectra in terms of scattering from acousti-
cally induced electron-density fluctuations in the
metallic free-electron gas, within the skin depth.

18

- Dervisch and Loudon!* and Dresselhaus and Pine'®

identified the appropriate acoustical modes as those
of a semi-infinite rather than an infinite medium.
In 1976 we reported™ the Brillouin spectra of thin
films deposited on substrates. Excellent agree-
ment was obtained between experiment and theory
by using the acoustical modes appropriate to the
surface of a semi-infinite medium and by treating
light scattering from both the elasto-optical and
corrugation mechanisms. The theory was subse-
quently refined'? by deriving the normal modes of
a thin film on a semi-infinite medium. Very re-
cently Sandercock® has measured the Brillouin
spectrum from solid metal surfaces and found that
the spectra were not described adequately by pre-
vious theories.'®!* Loudon'® has interpreted the
frequency spectra and has shown that the primary
scattering mechanism is the corrugation pro-
duced at the surface by the phonons. Independently
we'” extended our formalism to the analysis of
Brillouin scattering from metals and interpreted
the results of Dil and Brody® on liquid metals as
well as those of Sandercock® on aluminum utilizing
both the corrugation and conductivity mechanisms.
In this paper we present the details of our calcula-
tions and also treat the elasto-optical effect in
order to complete the theory.

The problem of Brillouin scattering at surfaces
requires the analysis of (a) the acoustical modes
at a surface and their density of states, (b) the
acousto-optical interaction, and (¢) the Brillouin
spectrumni.

The acoustical modes are those appropriate
to a semi-infinite medium or a thick plate. The
key point is that the surface(s) must be stress free
which leads to a mixing of the sound modes asso-
ciated with an infinite medium. In a liquid, only
longitudinal modes are considered and a standing
wave is formed which results in a stress-free sur-
face. (The possibility of coupling to a shear type
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of mode at the surface is considered in the Ap-
pendix.) In a solid the resulting normal modes
consist of surface phonons and linear combinations
of standing waves of the usual shear and longitudi-
nal phonons. The analysis in this paper is based
on finding total field solutions of the acoustical-
wave equations which also satisfy the boundary
conditions. (It is also possible to use Green’s
functions'® to evaluate these fields.) These as-
pects of the calculation are discussed in Secs.
II-Iv.

Two scattering mechanisms, namely the corru-
gation and elasto-optical effects, are considered.
Scattering via the corrugation effect'®"* from
generated surface and bulk acoustical waves is
well known. The corrugation acts as a traveling
diffraction grating and Doppler shifted light is
scattered into diffraction “orders.” A general
theory for this phenomenon for surface waves on
dielectric media is available®® and was extended
here to opaque media. The elasto-optical effect
was treated by solving for the total fields which
satisfy the driven wave equation and electromag-
netic boundary conditions. A special case, that of
conductivity fluctuations in an electron gas, was
analyzed separately using the same technique. The
result of Secs. V-VIII is an expression for the
field scattered by a single acoustical mode.

The Brillouin spectrum from each acoustical
mode is calculated in a standard way, i.e., from
the electric field correlation function. The com-
plete spectrum is calculated by summing the in-
dividual mode contributions over the density of
states (Sec. IX). The analytical expressions are
evaluated for liquid and solid metals and are com-
pared with previously reported experiments in
Sec. X. The principal results of this paper are
summarized in Sec. XI.

II. ACOUSTICAL MODES — GENERAL

The equations which govern the propagation of
phonons in any medium are well known.?* The
mechanical displacement U associated with a sound
wave satisfies the acoustical wave equation (force
balance)

VT ;5= pil;. (1)

Here T, is the stress (force per unit area) and p
the mass density. For a solid and a liquid

_ au,, 3u;
Ti;=3Cim (sx—"" 3_xk> (2)
and
au- 37.,“ 812
Tij=pvig;:6,j+n(m+ a—x-f), (3)

respectively, where c;;,, are the second-order
elastic constants, v, is the longitudinal wave velo-
city in the liquid, and 7 is the fluid shear viscos-
ity. In infinite media, the solutions for liquids
consist of longitudinal waves (3 x1=0) (for small
1) and for solids, they consist of longitudinal

and transverse waves.

The existence of a free boundary introduces
stress-free boundary conditions at the surface,
i.e., T,;=0 for an interface in the x-y plane. A
sound wave incident on a surface gives rise to®
reflected waves of the same or of different polari-
zation. For example, in a semi-infinite solid an
incident shear wave polarized out of the plane of
the surface produces a reflected shear wave and
either a propagating or an evanescent longitudinal
wave. There are two quantities which are con-
served in this process, i.e., the frequency £ and
d,, the component of the wave vectors parallel to
the surface. Thus normal modes at a surface are
characterized by §, and 9, rather than the total
wave vector § which is the case for infinite media.
Furthermore, we note that the normal modes ex-
cited by thermal fluctuations are basically standing
waves. Therefore the normal modes near a sur-
face consist of linear superpositions®® of standing-
wave shear and longitudinal phonons characterized
by equal values of ﬁ” and . Since there are three
orthogonal solutions allowed by the wave equation,
there exist three orthogonal modes for a given
value of @ and §,.

The analysis of the acoustical modes proceeds
along classical lines.? Since most Brillouin-scat-
tering experiments are performed at flat sur-
faces, the medium is modeled as a flat plate of
area A and thickness 2L, (as shown in Fig. 1).
Only isotropic media are considered, and the pho-
non wave vectors are assumed to lie in the x-z
plane. In such a flat-plate geometry, one surface
is sufficient to derive the form of the normal
modes. The appropriate density of states is taken
from the work of Stratton,?® when necessary.

III. ACOUSTICAL MODES — LIQUIDS

The normal modes of a bounded liquid, their
normalization to the energy provided by thermal

zL,/ - x
T/ 74: y

2,

f

FIG. 1. Geometry for the analysis of the acoustical
modes of a thick plate.
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fluctuations and their density of states are dis-
cussed in this section.

A liquid can support longitudinal waves at all
frequencies as well as shear waves at high fre-
quencies for some viscous liquids.® Of interest
in this paper are metallic liquids such as mercury
and gallium and for frequencies of ~10-GHz shear
waves are not expected based on the viscosity, etc.
This assumption is relaxed in the Appendix and the
effect of evanescent shear waves on the surface-
boundary conditions is analyzed. In this section it
will be explicitly assumed that only longitudinal
waves exist.

The local displacements of the incident and re-
flected sound waves associated with the uth mode
are written

(T, ) =suf et @t-av [({% -k %) elus

151‘—) etuz{ic.c.
7 .

(4)

Here u; is the mode amplitude, [I‘ [= 1 (standing-
wave condition) and the wave vectors are
d=(ig, ¥ kq,) with ¢?+¢>= Q*/v%. As discussed in
Sec. I,T,,=0 at z=0, i.e.,

+T

Sy
Q]'Q

—Yipt2 g—*—u“e““""""’(l+l")=0, (5)
which gives I'=~1. Therefore the normal mode is

(T, t) = ;ué‘e"m ""’”[ (21 4 sm(qlz))

-k <2;h cos(qlz)) ]+ c.c.
(6)

If the stress-free boundary conditions were also
imposed at the yz and xz planes, then standing-
wave resonances would also be obtained over the
x and y coordinates, respectively.

Normal modes are thermally excited resonances
of the whole medium and the resonances along the
x and y axes must also be included. Therefore the
energy associated with the fields described by Eq.
(6) is only } of the normal mode excitation energy,
i.e., 3K,T for KzT > iQ. Writing the average en-
ergy of the uth mode as twice the average kinetic
energy, i.e.,

w=22T - [ (i npav 0
yields
(lus PY=KpT/4p2%V, (8)

where K, is Boltzmann’s constant and V is the

volume of the sample. The allowed wave vectors
for the three-dimensional resonances are described
by q,=n,1/2L, qy=ny1'r/2Ly, and q‘=ng1r/2L, where
n,, n, and n,are integers. For example, a plate
surface at z=2L , must also be stress free and
therefore the x component of the field must vanish
at this point, i.e., sin(q,2L,)=0. This gives ¢,
=q,=n,1/2L, as asserted above. In the standard
acoustical terminology®* the resonance in the z
dimension is separated into symmetric (s) and
antisymmetric modes (q) with allowed wave.vec-
tors q3=n,(217/2Lz) for each. Therefore the den-
sity of states in d space for both modes is 4V/(27)°.
Summations over the allowed modes p can be re-
placed by an integral over { space, i.e.,

14 -
2=ty /144l ®)

for both s and ¢ modes. This substitution is valid
for samples with dimension L (<L, and L ) such
that ¢,L ,> 1 for all the ¢, of interest, i.e., the
modes are closely spaced in J space. Using the
relations g2+ q¢}=9°/v% and dg,=QdQ/v (¥ - )72,
this integral can be rewritten in terms of d, and Q
as

4v Qdﬂ
2 )3 dqnl f (QZ 72 ’ (10)

with @,=¢,v,. Finally we note that Q, is the
smallest frequency possible for a mode charac-
terized by q.

IV. ACOUSTIC MODES — SOLIDS

In this section the acoustical modes appropriate
to a finite isotropic medium are discussed.

Consider again the geometry of Fig. 1. The
shear waves polarized in the plane of the surface,
i.e., along the y axis, can be decoupled from the
x-z-polarized shear and longitudinal modes. Thus
the normal modes (characterized by g, and ) con-
sist of a y-polarized standing-wave shear mode and
two modes which are linear combinations of lon-
gitudinal and shear waves polarized in the x-z
plane. In addition there are also surface phonons
on each surface which are characterized by {,
only (i.e., Q;=gq,v5, Where v, is the Rayleigh wave
velocity). It proves convenient to discuss the x-z-
polarized modes in three distinct regions charac-
terized by a fixed §, and variable Q. First the
parameter Q,=¢,v is defined where v, is the
shear wave velocity. Region I denotes the fre-
quency range >Q;, region II the range ,>Q
>Qn, and region III the surface phonons at £
<Qnp
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A. y-polarized modes

This case is the simplest one to analyze for a
solid and is formally identical to the system
analyzed in Sec.IlIforliquids. The standing-wave
field has the form

AT, 1) = sul jeiOt-ax)(glazy Teind) y c.c. (11)

and ensuring that T, =0 leads to I'=1. Here ¢2
+¢2=Q?/v% and for a finite sample the symmetric
and antisymmetric fields are degenerate in form.
The pertinent wave vectors are illustrated in Fig.
2(a). It is also easy to show that normalization
leads to Eq. (8) for (|« [*) and that the density of
states in wave-vector space is 4V/(27)°. The sum-
mation over the acoustical modes u is replaced
for this case by

4V > Q4
S 193] [ ey (12)
B. Region I

The analysis of modes polarized in the x-z plane
is more complex than in the previous case. In the
general case the field is written

4
1 - W)
a4(F, t)=§u(‘,‘e““""""’;: AWemic’ "2 cc.  (13)
1

for both the symmetric and antisymmetric modes.
The summation over v’ is over all the x-z-polar-
ized acoustical modes with a given 4, and © which
satisfy the wave equation (1).

In region I the acoustical modes consist solely

LA 9
/ ll|
> 1, > 1,
9
(a) 9 (b)

(]
/ ‘ t
N | —
(a|)ﬂ“'l| - q' -
(qt’ﬂul (ql)nul
(c) 3 (d)

FIG. 2. Real part of the acoustical wave vectors
associated with (a) the y-polarized shear mode; the’
x-z-polarized modes in the frequency range () Q
>Qp, ) 2,>2>Q,, and (d) @=Qp.

of propagating shear and longitudinal waves. The
terms v’'=1, 2, 3, and 4 refer, respectively, to
the upward shear, downward shear, upward longi-
tudinal and downward longitudinal traveling
waves. Here

ED=(qt/q,,0,q./0,) s
A®=e™gl/q,0,-q,/a),
A®)= I™q,/q,,0,-ql/q) ,
E@=Tvet(q,/q,0,q!/q,),

where v=1,2 refers to the symmetric and anti-

symmetric modes. Furthermore, ¢%=¢%+q#=9%/
V' =+ qlP =8/, ¢V =—qf, ¢/P=qt, ¢
=—q!, and ¢{*’=¢!. The appropriate wave vec-
tors for the v’ modes are shown in Fig. 2(b).
The surface boundary conditions require that

T,=T,=0at z=0. Evaluating the stresses

(14)

1
_2‘1('%1”(1_(3*%)}0 (15)
1

and

t
T, =ic,, L2190 (1_¢y)
q:

2z
qz
- 4i0(q,00 - 204 L)tre =0, (o)
1

By inspection, T,.=0 for ¢, =¢;=0 and a sym-
metric mode is formed for

2Q2(Q% - Q2)/2
(1) _ T T
= = (@ (17

a condition which yields 7,,=0. Noting that 7,,=0
for ¢, =y, =, the antisymmetric mode is formed
by requiring that 7',,=0 which yields

202 Q2
r®= 2QT(QZT_.Q§)1 T . (18)

This is the only case for which the symmetric and
antisymmetric solutions are not identical in form.

Each of these modes is normalized to dan average
energy of $K,T as discussed in Sec. III. Pro-
ceeding as in the liquid case,

KgT

b2y — —E—-'r—"
(Jug' P> 2Vp2 1AV E " (19)
It can be shown that

Z - 20%(Q2 - 2022+ 8R4 Q% - Q2

vi2 L T T T.
" IA I - 91(92_293)2 (20)

2 2 2 2 2\2

=4Q,(Q - Q2)+(29% - ) (1)

20%(F - Q%)

for the symmetric and antisymmetric cases, re-
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spectively.

Despite the complex nature of these fields, sum-
mations over the acoustical modes designated u
can be replaced by an integral over wave-vector
space. Stratton® has shown that the density of
states is 4V/(2n)® for a wavevector § with ¢, =¢}
+q!=(21/2L )n, This relation is correct for an

— |

v (92 = B2+ v, (2 - QBN
2 )3 f{d ulf vL(Qz_QzL)llsz(Qz_QzT)llz

C. Region II

In this region only the shear waves are propagat-
ing modes whereas the longitudinal fields become
evanescent at both the top and bottom surfaces of
the plate. The field amplitudes for v’=1 and 2 in
Eq. (13) are identical to those defined by Eq. (14).
The remaining terms decay exponentially into the
medium at the upper (v’=3) and lower surface
(v'=4), with

v
S@r O

AG) =

(24)

-

v . .
®= g €75, 0,-i7)

with y2=1-Q2/9%, ¢q{*’=—iyqg,, and q‘4)=z'yql,
For thick samples, i.e., 1> exp(-2L,yq,), the
symmetric and antisymmetric solutions are de-
generate in form and requiring that 7, ,=7,,=0
yields

Pt Q) Q%1+ y*)'/? (25)
T Q- - O+ 4@ - )]
and
P\ (25 - 9%
o(3)- -y 20

The real parts of the acoustical wave vectors are
shown in Fig. 2(c). (The wave vectors associated
with the evanescent modes have imaginary com-
ponents.)

The mode energy is normalized in the usual way
and the normalization is given by Eq. (19). For
thick samples the energy associated with the evan-
escent waves can be neglected compared to the

energy carried by the shear modes and 27, |A”'|2 =2.

Therefore
(us Y=KpT/4p2°V . (27)

This approximation is valid everywhere except for
a small frequency region AQ~Q /8qu" just below
the longitudinal mode cut-off frequency ;.

The density of states is governed principally by
the standing-wave shear part of the mode, except

A - (1),
Al®) = gLz q"( (a(l) (2))1/2’0

average over a number of neighboring states. Not-
ing that dg, =dq!+dq!, then

L(Qz 92)1/2+U (92_927‘1 2
( 92)1/2 (QZ_QZL)UZ

dq, = Qde  (22)

and

Qde. (23)

T

for the small frequency region AQ. It is given by
4v/(2 7)® and the summation over the phonon states
is given by

‘374 Q4 .
Wf‘dqn'f (AL EN % (28)

D. Region III

For frequencies below the shear cut-off fre-
quency only one phonon mode, a surface wave,?’
exists for each value of §,. All of the acoustical
field solutions are evanescent and the energy is
confined to the upper and lower surfaces. At the
upper surface

K(l):(_(a(l)a<2))l/2 0 i(a(z)/a(l))I/Z)

and ’ (29)
K‘2’=(1,0,—ia‘2’),

with

a(l)z(l - 92;2/927‘)1/2 ,
a®=(1 - 9L/Q) /2, (30)
and

(V) - (1)

q! —ia (2)_

and q. =—ja’

The equivalent terms on the lower surface are
_i(a(z)/a(l))l/z) ,
A(4)_e-2z, of? a“(l 0 za(2>) (31)

and

(4) -

—ZC!( )

¢¥ =ia!V and ¢

The ratio /g is evaluated from the stress-free
boundary conditions which produces the Viktorov
equation®’

[2 - (wp/vp)?]* = 4[1=(vp/v, P]Y2[1 = g/v,)1M2 .
(32)

For a finite sample the symmetric and antisym-
metric solutions are degenerate.
Here we have an energy normalization which is
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different to that of the bulk wave case. Since the
surface waves are excitations of a two-dimension-
al surface, the appropriate resonances associated
with the normal mode are those over the surface
coordinates only. Again, § of the thermal energy
is involved and evaluating Eq. (7) gives

"2 2 2 Av’A*n'

(lubl >=K3T/4PQR0RA 21 Z:l ‘(F“"_'_—[;_*Tﬂ" (33)
v'=1 n'=

for both the symmetric and antisymmetric modes.
No additional simplification of the denominator
term will be useful and the term is left in this
particular form. Furthermore, these surface ex-
citations are characterized by §, and therefore
the mode density in §, space is given by 44/(27).2
Any summation over the modes labeled by . is
therefore replaced by

C 44
Wfldiiul- (34)

E. Anisotropic media

The generalization to the acoustical modes of an
acoustically anisotropic medium is simple in
principle but tedious in practice. The three solu-
tions of the acoustical -wave equation are no longer
pure longitudinal (Vx®=0) and shear (V-T=0)
modes. As a result, the stress-free boundary
condition couples all three waves and the modes
are linear combinations of standing waves com-
posed of the two quasishear and one quasilongi-
tudinal waves. Numerical techniques are neces-
sary to find the relative amplitude and phase fac-
tors which lead to T,;=0. Three such orthogonal
linear combinations are possible.

V. LIGHT SCATTERING - GENERAL

There are basically two scattering mechanisms
near the surface of a material, the corrugation
and elasto-optical effects.

The presence of an acoustical wave at a boundary
creates a surface ripple which alters the usual
electromagnetic boundary conditions. This cor-
rugation has the form u,=u} 6 cos(Q¢ - g,x) and
can be considered as a travelling, sinuosoidal
diffraction grating which scatters Doppler-shifted
light into the “first diffraction order.” This
phenomenon was first used by Bergmann and
Schaeffer!® to study light scattering from gener-
ated bulk and surface waves on opaque media.
Recently it has been used as a diagnostic tool for
surface acoustical wave devices,?® as the read-
out mechanism for acoustical microscopes?* and
to investigate shear waves at semiconductor sur-
faces.??

This acousto-optical interaction has been analy-

zed previously in a number of ways. Diffraction®®
and Helmholtz?® integrals were used to describe
the diffraction of light by low-frequency-generated
surface acoustical waves. However these tech-
niques are valid for ¢q,/k <1, where k is the opti-
cal wave vector. Another approach® is to ex-
amine the continuity of the usual electromagnetic
boundary conditions across the corrugated inter-
face. It can be shown that either the tangential
electric or magnetic field, or both are discon-
tinuous across the moving surface. The additional
radiation fields required to satisfy the boundary
conditions correspond to the Brillouin-scattered
fields. It is this latter approach which will be
pursued in this paper.

The second mechanism to be analyzed is the
elasto-optical effect which is the well-known
source of Brillouin scattering in “infinite” media.
Included in this category are all phenomena which
scatter light from sound waves in the bulk of a
material. (The special case of conductivity fluctu-
ations in a metal will be discussed separately.)
The general elasto-optical interaction is described

by

Py=- 61_0 €im€ jn Prnrt % (%31: + %)Ej s (35)
where p,,.., is the elasto-optical tensor and P is
the polarization field created by the interaction be-
tween the acoustical strain and the incident opti-
cal field E;,. These polarization fields radiate
electromagnetic waves which are then observed as
the scattered light. In mathematical terms the
polarizations are sources for an electromagnetic-
wave equation and total fields are found which
satisfy both the driven-wave equation and the
electromagnetic boundary conditions.

It proves convenient to analyze directly the
source of the elasto-optical interaction for a
metal, namely, the conductivity effect identified
by Dil and Brody.® Density fluctuations associated
with a sound wave produce fluctuations in the den-
sity of a “free-electron gas” in a good metal.
Since the local conductivity is proportional to the
local electron density, an incident optical field
produces oscillating currents which in turn radi-
ate scattered fields. In the mathematical analysis
the currents drive an electromagnetic-wave equa-
tion and total fields are derived which also satisfy
the boundary conditions.

VI. LIGHT SCATTERING - CORRUGATION EFFECT

A general theory of light scattering by surface
corrugations on a dielectric transparent material
has recently been reported® by one of us and
essentially the same formalism will be extended
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FIG. 3. Light-scattering geometry.

to opaque media. All experiments on surfaces re-

ported to date™® have dealt with geometries in
which the incident and scattered wave vectors
were coplanar with the normal to the surface.
Only this geometry as illustrated in Fig. 3 is
considered here. (The more general case was
analyzed for dielectric media in Ref. 23.) Both
s- and p-polarizedlight, i.e., with the optical
electric field parallel to the surface or in the
plane defined by the surface normal and the opti-
cal wave vector respectively, will be treated.

The analysis is based on matching electro-
magnetic boundary conditions across a moving
surface. Therefore fields must be evaluated in
a coordinate system fixed to the oscillating sur-
face, i.e., the x’, y, z’ axes shown in Fig. 3.
The transformations relating a vector R
=(R,,R,, R,) specified originally in the stationary
x, y, z coordinate system to the same vector R

s> R}, R,) in the x',y, 2’ system is given by

R;=R,+R,sin¢, R;=R,-R,sin{ (36)

for small rotation angles £. For a surface cor-
rugation of the form u,=u} 6 cos(Qt —q,x),

b, =tan¢ ~uf 6q, sin(Qf —q,x) .
ox I

Note that these transformations indicate that the
normal field components contribute to the tangen-
tial fields across the rippled interface.

A. p-polarized incidence

Consider first the electromagnetic fields and

boundary conditions in the absence of sound waves

(i) incident

at the surface of an opaque material of refractive
index n,. The incident, reflected and transmitted
fields are of the form

E,=1E,( cosg, -k sing,)

x expli(wot — kyx — kcospyz)] +c.c., (87)
B = LELG cosp,+E sing,)

x explilwet — yx +kcospyz)]+e.c., (38)
E,=$E!(~iin,B - k sing,)

x expli(wot —kyx) — Bnkz]+c.c., (39)

respectively, for light of wave vector K and fre-
quency w, incident at an angle ¢, relative to the
surface normal, see Fig. 3. Here k, =% sin¢, and
p*=sin®¢,/n% - 1. For example, for a good metal
|n3,| >1 and B=—4. The continuity of E, and A, at
z =0 yields the usual Fresnel relations

E}/Ey=(B -in, cosp,)/ (8 +in, cosp,) (40)
and
El /E,=2icos¢y/(n,B+inZ cosg,) . (41)

We now assume the presence of sound waves at
the interface. As a result the electromagnetic
boundary conditions must now be satisfied across
the moving surface [i.e., at z=u}6cos(Qt —q,x)]
in the x’,y,2’ coordmate system. Expanding terms
of the type

explik coS¢,6cos(Qt —q,x)]

as Bessel functions, applying the transformation
in Eq. (36) and assuming 1>>uf 6q, and 1> uf 6%,
then the tangential fields®® at z~0 are

1 k cos? i : '
Eo= pubomsi(~ £E800 L 205000 ) oxplif(u, ) - by 2ay )] +ecc., 42)
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1 [ K®cos .
H,= 5 u50E (’ﬁ) exp{i[(wo+Q)t — (ky g, )x]} +c.c.; (43)
(ii) reflected
1 2 i
E,= 5ubok (\k°°§ o 4 L S;nd)o)exp{i[(wotﬂ)t—(kiq,,)x]}+c.c., (44)
1 B2
H,= iugf)E{)i(——zfg%) exp{i[(wo + Q) —(ky £¢,)x]}+c.c. (45)

(iii) transmitted

1 2 i
E,= Eug‘éE({i (k_g__ + zﬂ—S;L%—) exp{i[(wo+0)t — (By £q,)x]} +c.c., (46)
1 ] kB2 )
H,= EuﬁGE{{z (— 2—m—>exp{z[(woi9)t— (By £qy)x]}+c.c. (47)
Wolko

It can now easily be shown that E, and 4, are no longer continuous at z=0. For example, AE, = (E,) incia
+(E,) refiec — (E)uans # 0. Evaluating relative to the air side of the interface gives

1 sing,cosg,(ni —1)

AE, = - -
* 2 nm,B+in’cosg,

and

AH. = 1 icos¢y(n? —1)pk?
Y 2 wolko(B +in,,cOS¢,)

ug GEo(k nxqy ) eXp{i[(wo + Q)t —(k e/ A )x]}+C.C. (48)

ub 6E, exp{i[(wox Q)t - (ky +q)x]t+cC.c. (49)

Thus the corrugation effect is manifested in terms of discontinuities in the usual electromagnetic boundary

conditions.

Continuity of the tangential electromagnetic boundary conditions is satisfied by the total fields. The ad-
ditional fields are solutions to the homogeneous wave equation in air, i.e.,

1 " N .
E, = 5 Acu{,’(i % +k Ry :qL) exp{i[(wo+ Q) — (y +qiy)x +R, 2]} +c.cC. (50)

and in the metal, i.e.,

E, = -;— B,ub [—-fiﬁ’nm —k (E—"—z—q")} exp{i[(wo+ @)t = (By g, )x]| - B'nkz}+c.C., (51)

respectively, with k2=k? — (k, +q,)? and p®=(k, + g,)?/n>k? = 1. The field designated by E, propagates
away from the surface and forms part of the total field observed in the experiment. The scattering angle
¢ (shown in Fig. 3) is given by cos¢,=%,/k. Evaluating gives

ik cosgo(ny, — 1)[kBB’ +sing,(ky +qy)]

A= OE, .
¢ (in,k, +B'R)(B +in, cOSp,) °
The term
_ ik cospo(n? — 1)[kBR’ +sing,(ky +qy)]
’ (in, ke, +B'k)(B +in, cOSP,)

is basically a geometrical factor so that we now
write A, =H,0E,. Finally we note that the scattered
fields have the same polarization as the incident
field, i.e., no depolarized scattering occurs via
the corrugation mechanism.

Only partial wave vector conservation occurs in
this acousto-optical interaction. The components
of the incident and scattered optical wave vectors
uniquely determine the value of ¢,. This implies

(52)

(53)

r

that wave-vector conservation is valid only in the
plane of the surface, a feature common to other
scattering phenomena at surfaces.*® Furthermore,
the light scattering originates from a phonon
continuum characterized by a fixed value of

4, and therefore the frequency shift of the scat-
tered light starts at some cutoff frequency

Q =q,v and extends in principle to very high
frequencies.
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B. s-polarized incidence

The analysis for this case is exactly the same
as for the previous p-polarized geometry. For an
incident field of the form

E, =3/ E,expli(wot —kyx —kcospez)]+c.c., (54)
it can easily be shown that AE,=0 and

—ik® cosgy(n® — 1)ubdE
2wk, (COSPy —in,B)

AH, =

xexp{i[(wo £ Q)t - (ky £qq)x]}+c.c.  (55)

Again additional solutions to the homogeneous
wave equation are required in the air and metal in
order to satisfy boundary conditions. The scat-
tered field has the form

E,=3/ubA, exp{i[(wox Q)t - (ky £ q,)x+k, 2]} +c.c.

(56)
with
A,=H.0E, (57)
and
-72 2
—ik?cosg,(n? - 1) (58)

He= (cos¢py —in,B)ip'nk —k,)
Therefore the scattered fields are again of the
same polarization as the incident field.
C. Specific cases

It has been shown in the preceding discussion
that the scattered fields are directly proportional
to the corrugation §. This term is now evaluated
for the acoustical modes of Secs. II-IV.

Liquid.:
6=-2(Q%-Q2)2/q. (59)
Solid y-polarized shear:.

5=0. (60)

Solid x-z polarized waves:

region I,
5=0 (symmetric mode), (61)
6=Q/Q, (antisymmetric mode); (62)

4

region II,

-4iyQQ 2 (Q° - Q)2

0= (29;-— 92)2 - 41")/937,(92 - Qi‘)l/z 5 (63)
region III,
5= _ia(Z) [1 _ 1/(0{(1) a(z))1/2] . (64)

These results indicate that only the x-z-polarized
modes contribute to this scattering mechanism.
Note that the shear wave components of the x-z-
polarized modes contribute to the polarized scat-
tering, a situation which does not occur for
Brillouin scattering in “infinite” media. The pre-
ceding formulas are for the upshift case (w,+Q)
and conversion to (wo - Q) requires taking the
complex conjugates of Eqs. (59)—(64).

VII. LIGHT SCATTERING-CONDUCTIVITY FLUCTUATIONS

The acousto-optical mechanism appropriate to
a metal which can be described by a “free-elec-
tron gas” is discussed in this section. In such a
medium the bound electrons associated with the
ions are effectively screened by the electron gas
and the effects of dipole radiation from the bound
electrons becomes negligible. However propa-
gating density waves (longitudinally polarized
excitations) produce local fluctuations in the den-
sity of the free-electron gas and therefore in the
local conductivity, i.e., Ao/o=Ap/p. For sound
waves described by Eq. (13), the density fluctua-
tions (Ap/p=V-1) are given by

Ap/p= % ull et 0ty ). Z Ap”'e"’f"+c.c. , (65)
oY
with
Ap” = —iqy AL +igh AL . (66)
Therefore the conductivity fluctuation produced by
the pth acoustical mode is

A0k =oubeMuD T Apveiitrce.  (67)

v’

A. p-polarized incidence

The appropriate incident, reflected and transmit-
ted fields are given by Eqgs. (37)-(41) for the p-
polarized geometry. Fluctuating currents
(J=Aof§t) of the form

- P ~ P _av
J= l074513‘{{(—:'1'7:,,./3 -k sing,) [eXp[i(wo+9)t—i(ku +qy)x] Y Ap” e mmbr e )2
U'

. *u’
+explilw, - )t —ilky —qy)x] Z Ap* g~ (npBrial” )’] +c.c. (68)

v



18 THEORY OF BRILLOUIN SCATTERING FROM OPAQUE MEDIA | 2607
are created by the sound waves and radiate electromagnetic waves at the frequencies w,+Q. Only the
downshift case will be treated further for the sake of brevity. These currents act as sources for the wave
equation for the vector potential A and for the scalar potential ¢ via the Lorentz condition or the conserva-
tion of charge condition.’ Therefore

$2K-(n;/c2)7\=-“03 and §-X+(nfn/02)(i)=0 (69)

are satisfied and the usual electromagnetic fields recovered from E-= —-v.q) ~Aand B=VxA. The resulting
tangential fields

Bp*V [sing, (b, —q,) = n,Bl0 Bk +iqt”)]e Brmksict e

H = siou Ej expli(w, — Q)¢ - i(k, —q,,)x]z G k+iq§7)_2m— @n i) +c.c.
v m m
(70)
and
B =1, % CEexplilw, = Q)t — ik, —g,)x] ) Ap*” [k2B"%n, — singy(k, —q,) (Bnyk +igt”)Je” Ermk+idt re.c
e ke, > (Bn ke +iqt”)? = (B'n, k) e
(71)

exist only in the acousto-optical interaction region and do not propagate away from the surface. When eval-
uated at the surface, both fields give rise to discontinuities in the boundary conditions and additional fields
of the form of Egs. (50) and (51) with amplitudes 4, and B, are required. Writing ¢ = —iwye(n?, = 1) for good
metals and ensuring that the usual boundary conditions are satisfied yields

—H Ap*
Ae_H’E"zV: (B+B M frigr” (72)
with
i, =t coSolry = [kBS' + (, —q,)sindo/ng] (73)

(in,k,+ B k) (B +in,, cosp,)

The scattered fields are similar to those obtained for the corrugation case, i.e., the scattered fields are
not depolarized and a continuum of phonons characterized by a single value of 7, contributes to the scat-
tered fields. Note that the geometric factor is not quite the same for the corrugation (Hp) and ‘conductivity
(H;) mechanisms.

B. s-polarized incidence

The analysis for this geometry is exactly the same as for the previous case. Vector and scalar potentials
(¢ =0) are evaluated for the currents produced by the local density fluctuations. After some algebra it can
easily be shown that the driven fields give rise to the discontinuities

Bp*V ¢~ Brmksict e

(Bn,k+ig*”)? — (8'n,k) e.c (14)

* AE}' == %i(m‘gE[','uowoexp[i(wo - Q)t - i(ku - QH)x] Z

and

Ap*V' (Bnﬂk + thv' )e- (B"mkﬁa]‘_‘"')z
B e+ iqE" = (BT P

AH,=%ougEgexp[i(w0 - Q)t —i(k, ‘CIu)x]Z: +C.C. (75)

r

in the surface tangential fields (relative to the C. Specific cases
air side of the interface) with EZ/E,=2 cos¢,/
(cos¢, —in,B8). Again additional fields are required
and the field scattered into the air has the form
given by Eq. (56) with amplitude

It has been shown in the preceding analysis that
the scattered field is proportional to

S8 /[(B+8" ke +ig” ].

Ap*Y’
A,=HE,D. P

7 (B+8' ) k+igk” " (6)

This term is now evaluated for the acoustical modes
“Again only polarized scattering occurs. of Secs. II-IV for the downshift case w, - Q.
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Liquid: Conversion to the upshift fields is achieved by taking
the complex conjugate of Eqgs. (77)~(82).
2 _02)1/2
Ltk ) i ) |
[nk(B+8")v, F+Q%-Q5
Solid y-polarized shear: VI LIGHT SCATTERING-ELASTOOPTIC EFFECT
0. (78) The elasto-optical mechanism is analyzed for

an arbitrary opague medium in this section. Equa-
tion (35) simplifies for an optically isotropic me-

4Qv,Q2(Q2 - Q2) 2B+ B')n k dium to
Q,(9* - 2051 [n, k(B +8)v, F+ 2 - Q%}

Solid x-z -polarized modes: vegion 1,

ou ou
——enip. —x 271 .
(symmetric), (79) P €°n’"p""'<ax +axk>E’ (83)
Q (202, - @?) This polarization field is the source for the driven
Qpln,AB+B v F+Q° - Q% wave equation®
. SN 2
(antisymmetric);  (80) Ve %tg- P /eon (84)
region 11, '
(N2 (o2 O \1/2 for the Hertz vector 7. Total field solutions are
—4iQQ% (2 - Q2) . :
O~ P + 4iy (2 — B found which satisfy Eq. (84) as well as the electro-
+ary T magnetic boundary conditions.
(29% -27)
X S 1
QL[nmk(B+BI)vL+ (QzL — 92)1/2] 9 (8 )
. A. p-polarized incidence
vegion III, . . . .
The analysis for this geometry is essentially
i9%/9% (82) the same as for the conductivity case. The polari-
nk(8+8" )0+ Qp(1 - Q3/Q7)17 zation fields for the downshift case (w, — Q) are
P=—e 2 Elut Z PYexp[i(w, - )t - ik, —g,)x — B, k+ig¥ )z]+c.c. , (85)
v
with
P =51 =B, (A TEY + DA TEY) — sing b, (AX TR +AX )] | (86)
P = 5n2p ,,(=iBn, AX X" — sing AXVT¥), (87
and
Py =30 [ ~iBn,b, (A% T + AXV1E") - singo (b, AR IE" + ., AR TE)]. (88)
Here IV =-iq,, 1¥=0, ¥ =ig¥ and the elasto- opt1ca1 tensor has been rewritten in Voight notation. Solving

for the Hertz vector31 and using E=Vx (V X7) - P/ €12, and H= n, v x 11/ Woc? to evaluate the driven fields,
it can easily be shown that

- q,)(Bnk +iqt”)PY - (8'n,k)*P;

1 . ik, x 89

AEx" ‘Eexp[l(wo - Q)t ""L‘(ku “Qn)x] E (Bn P +z'q*"')2 - (Brn k)z +cC.Co ( )
1 ikn? i(ky = q)PY = (Bn,k+igt” )Py 90

AH,= -5 E_m. expli(w, — Q) —i(k, —q,)x] }: (G ot i) = (6 1) +C.Co, (90)
1 ) 24 .

AE,= _Enfnkzexp[z(wo Q) —i(k, —q,)x] Z Grrvidt w)z Ik +c.c., (91)
1 ikn? P! (Bn k+igt")

AH - "2_ u—om exp[z(wo Q)t - i(kll - qu)x]; (Bn (92)

it - @y T
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at the surface (air side). Thus, just as in the

previous sections, the calculation has been arranged

to produce discontinuities in boundary conditions.

p-polarized scattered fields are obtained if AE
or AH, is nonzero. Solving for the boundary con-
ditions gives

A = 2i cosQ RE,
*” (B +in,, cosd,)(ik n,, +8'k)

itn_B'P’ —(k,-q,)P"
X m X 1l 1] 2
Z n, k(8 +8")+igk”

(93)

This term cannot be simplified further but com-
parison with Eqs. (86)~(88) shows that only the

x-z-polarized acoustical modes scatter light into
this polarization. For an 1sotrop1c metal (p,,=p,,
and p44 - 0),

n? ap*”’
AP=H;’;ZQ’:T—_.—1P11EOZ; (B + Bl)npmk_'_lqr ’ (94)
which is in agreement withthe results for the
“conductivity” calculation. As expected, this
gives p,, = (2, - 1)/ns.
If AE, and AH_ are nonzero, depolarized scat-

tering (s-polarized fields) occurs. Solving for the
field amplitude gives

A= 2 cospqn, k’E,
» (B'n ke -k )(B+m cosqbo)

> P
—
L BB i ©9

Inspection of Eqs. (86)~(88) shows that scattering
occurs from the y—polanzed modes and simplifying
(95) yields

4= 2 cosdk*n3p,Eq
*" (B k —ik 2 (B+in, cos¢>0)

o (Smcpo(ﬂz - Q2)+n2Q kv B8 +8') )
[n,2(8+B")v P+ Q% - Q22 :

(96)

Conversion to the upshift case requires taking
the complex conjugate of the acoustic parameters.

B. s-polarized incidence

This case differs from the previous one only in
the form of the incident field. The components
of the polarization field are

PY =5n2p ARV (97)
PY =320, (AXVTE + AXVTEY) | (98)
Py =anlp, ALY (99)

and the field discontinuities at the boundary are
given by Egs. (89)-(92). If AH or AE, are non-
zero, then the s-polarized field amplitude is

A,= E ———-1——,7 1

- Z (B+8")n,k+ig* (100)
and only x-z —polarized acoustical modes contri-
bute to the scattering. Simplifying further gives
for acoustically isotropic media

Bp*”

A= Heg bk, S

(101)
If AE, or AHy is nonzero, depolarized scattering
from the y-polarized modes takes place with an
amplitude

A= 2n,k cos E,
a (cos¢0—m B)(zkznm+3'k)

iﬁmk.elpx - (ku "qll)P;e
% Z‘ CREarwT (102)

Substituting the acoutical parameters yields
_ 2n8 cospkpLE,
(cos¢, —in,B8)(in,k,+8'k)

((k..—qu)(szz - Q%) =2 kQ w8 (3+3)>
[n,2(B+8")v ] +Q2 oA

A,

(103)

IX. BRILLOUIN SPECTRUM

The frequency spectrum of the scattered light is
calculated by first evaluating the Brillouin spec-
trum from a single acoustical mode and then sum-
ming over all of the possible phonon states. For
a given mode L. the scattered field at the observa-
tion point described by R is written

E*(R, 1) = 3Eul exp{[(wo = Q)f = (ky 2q,)x +k 2 ]}

x\; F?  (104)

where the summation over p includes all of the
scattering mechanisms. For example,

ZF e(A +A,)

0
for the polarized scattering of s-polarized in-
cident light by the corrugation and elastooptic
effects. The frequency spectrum is given by

- 1 [ - -
m AP w . Tk iw'T
S*R,w o f(E (t+71) *EX*(t))e’* "dT+c.c.,

(105)

where w’ is the frequency of the scattered light.
Assuming that the damping of the pth mode is

of the form e"T*t, the spectral density S(R,w’) is
calculated to be
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T“/n

FQ)Z+ 5

I‘MZ 0

= 1
S“(R,w')=§<|u(’,‘]2) (0= w,

X;;Fﬂ'ﬁ*ﬂ,

with S;=3 | E |2 The total frequency spectrum
is a summat1on over all the acoustical modes
which contribute to the scattering, i.e.,

(106)

SR, w')= D [SHR; w') + SHE, w")], o7
TOSHE, ) =\Zs:<ﬁ, o)
2 r/r
(277)35 ff<|u°' >(w -wF Q)2+

for both the symmetric and antisymmetric modes.
For small solid angles AQ, subtended at the detec-

tor,
JAL:

(Ref. 32). If the “skin depth” of the incident light
is no more than a few optical wavelengths then all
of the terms inside the integral, except the Loren-
tzians, have broad frequency distributions. Since
Q>TI'*, the Lorentzian is effectively a & function,
i.e.,

o= dd, | =% cos¢ AR

T“/7 ,
@ o Fa)Ee T W w0 FQ). (109)
Evaluating the integral over Q yields
S@®, w') = S,(’, w') + S, (&, w")
__KpTk? cosd AR S,
@500 (@ - )17
x 3 DFFr, (110)
» v

which relates the spectral distribution of the
scattered Poynting vector to the magnitude of the
incident optical power per unit area. In an actual
experiment the incident light illuminates a finite
area of the sample surface so that

N. L. ROWELL AND G. I.

—
IR, w') _Fcos’p KT v, (QF - 02)' 2 +v (9 - Q%)
I,AQ, pQ(2micosp, v, (RF-QH) Py (QF - Q2) 1

For region II (2,>Q>Q,) the modes are degenerate and

IR, ) _
1,AQ,

_ k? cos*¢ K T
p(27)° cosp v (927 -

92)175 ZZFP F*”

STEGEMAN

where s and a refer to the symmetric and anti-
symmetric modes. For free-standing thin films
such that 2¢,L,>1 is not satisfied, this summation
must be done term by term. If 2¢,L,>1, the
summations are replaced by integrals over J space
the details of which depend on the acoustical modes.

A. Liquids

The appropriate density of states for a liquid was
discussed previously in Sec. IIl. The spectral den-
sity is given by

Q -
W ag|dqg, | (108)

IR, w")/I,=cosd SR, w’)/cosdyS,

for the ratio of the total detected scattered light
I(ﬁ,w') to the incident light power I,. Therefore

IR, w") - k? cos®¢ K, T
LA,  (2m)30Qu. (% - Q2)2 coso,

xzzfﬂ.fﬂtﬂ
[

is the final result for frequencies w'=w,+Q.
Finally we note that for penetration depths of the
incident field of many wavelengths, the integral

in Eq. (108) must be evaluated explicitly and the
§-function approximation for the Lorentzian terms
is not valid.

111)

B. Solids

Consider first the case of y-polarized shear
modes. The treatment is exactly the same as for
the liquid case and the result is

IR,w) _  k?cos’pK,T|A,|
1,9, (2m%Qu(QF - 9%)17 cosd,

with A, given by Eq. (96) or (103) for p- and s-
polarized incident light, respectively.

The analysis for the x-z-polarized acoustical
modes is also the same as for liquids. In regionI
£>Q;)

112)

Toxt

ZZ BR KR (113)
PIMVSAE Z),,,]A’{,’ls

(114)
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Finally, since scattering from surface phonons occurs from only one value of §, for a given scattering
geometry, the scattered spectrum consists of two discrete Lorentzians with

IR,w") ? cos?¢ K, T

_ re/m TP . Tt
1,AQ, ~ (21)2c08¢pv Y ) #[AYAY i@ + a*™)] (0’ —w, ¥ Q)%+ T #2 ; Z:F Fre.

The spectra described by Egs. (111)~(114) have
a number of interesting features. We note that
both the volume and area cancel out, as expected
on physical grounds, so that the frequency spectra
are essentially independent of sample size. For
small penetration depths of the incident light into
the opaque medium, all of the spectral features
for 2>Q, are relatively broad. The only well-
defined feature is due to scattering from thermal
surface phonons. As the penetration depth in-
creases, the frequency spectrum undergoes a tran-
sition for Q> . to the usual spectrum associated
with Brillouin scattering from “infinite” media.®

Finally we comment on the apparent discontinui-
ties which are predicted by Eqgs. (111)-(114) for
Q~Q,and Q=~Q;. In many of these cases there
are compensating terms contained in F? and in the
final expressions no discontinuities are predicted
(see Sec. X). Furthermore in these regions the

IR, w) _

4k* cos ¢, cos’p n?, — 1 PKp T(92 - Q%) 2

(115)

replacement of the Lorentzian terms by § func-
tions is invalid and equations of the type given by
(108) must be evaluated in detail. This results in
finite peaks with widths of the order T'¥,

X. METALS

In this section the formalism outlined to this
point is applied to Brillouin scattering from metals
in order to compare with recently reported experi-
mental spectra.®® The elasto-optical effect is
treated here in terms of conductivity fluctuations.
For all the cases considered, no depolarized scat-
tering is predicted, or observed.®?®

A. Liquid metals

Consider first the case of s-polarized incidence.
Substituting Eqs. (57)-(59), (76), and (77) into
(111) yields

QZ 2

1,AQ,  [(cos¢,— in,,B)iBn, - cos¢ ) F(2m) pv 2° 1- [n( B+ Bev [+ - Q%

(116)

for © >, and IR, w)/I,AQ,=0 for ,>Q. The spectrum starts from zero at Q= Q, (corresponding to
scattering from sound waves traveling parallel to the surface) and peaks at Q~1.22 ©;. The first term
originates from the corrugation effect and the second is due to acoustically induced changes in the local
conductivity. In the vicinity of Q~, the ratio of the conductivity to corrugation effects is 1/2nfn which is
small for a good metal. Therefore the corrugation effect is the dominant scattering mechanism and the
conductivity contribution is only a few percent. The spectrum can be further simplified to give

I(R, ') /1,AQ, = 4k* cos ¢, cos>p K5 T(Q? — 2)'/2/(21)°pv ,@° (11

for a highly reflecting metal characterized by |nm]2 >1,

The frequency spectrum for p-polarized incidence is calculated from Egs. (52), (53), (59), (72), (73),

(77), and (111). The result is

IR, w) _ 4k cosp,cos’e, In— 1 PK,T(Q? — 95)'/2

YQZ 2

1,89, ~ [(in,cos¢,+ B') B +in, cosd,)|2(2m°pv &

with

NI TR AR (118)

X=pBpB'+sing,sing, and Y=pgp’+sing,sing /n2 .

In the vicinity of @~ Q, the frequency spectrum is similar to that for the s-polarized incidence case and the
previous comments regarding structure and relative contributions are valid here also. In the limit of a
good metal, i.e., |n,cos¢ [*>1 and [n,cose,[F>1,

IR, 0")/I,AQ,=4k4(1 - sing, sino)K ,T(* — 02)'/2/(27)°pv; cos p,@° . (119)

Note that the frequency spectrum is exactly the same as for s-polarized incidence in this limit but the scat-
tering intensities are different.

Experiments have been performed by Dil and Brody® on the metallic liquids gallium and mercury. Based
on the parameters given in their paper Eq. (117) [or (119)] was evaluated for the spectrum which ex-
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hibited the best signal-to-noise characteristics, that for liquid gallium. As shown in Fig. 4, the agree-
ment between experiment and theory is excellent.

B. Solid metals
Consider first the Brillouin spectrum in region I defined by >Q;. The spectrum evaluated from the
equations in the previous sections is

I(R, w’) _ = 8%% cos®p K TP — Q2)"2[v (& — )/ 2+ 0(2° - Q7) /%] lvn,k(B+B') P

I,AQ, (27200 v cOos (P = QL) 2[5 (F - 297+ 496 - Q%)) [omk(B+B NP+ =Q5F

(120)

where H is either H  or H depending on whether the incident light is s or p polarized. For the antisym-
metric mode

IR, w) _ K cos?p,KpTURL — Q) *[v (9 — @2) /% + 0 Q% — 2)*/?]

_ 20% - Q2 2
I,A9, (2m)°pv v pcos (R - QZ) 2[2Q%(27 - @) + (295 - 92)?]

[an;,,k(B +BF+ -

H+H'

(121)

with H=H'=H_for s-polarized incident light, and H=H, and H'=H; for the p-polarized case. The Brillouin
spectrum is the sum of the two, i.e.,

IR, 0)/1,A2,= IR, w)+I(R, w))/,AQ,. ' (122)

The symmetric mode spectrum arises solely from conductivity fluctuations whereas both corrugation (first
term) and elasto-optical (second term) mechanisms contribute to the scattering from the antisymmetric
sound waves. The ratio of the conductivity to corrugation terms is of the order l/nf,l and for metals with
|n,,|~5-10 this constitutes only a few percent. For |n,[>1,

IR, ») _ kKT cos ¢, cosg D — 5)%[v, (9 - Q22+ v (9 - 99/
I,AQ, (2m)2pv 0 (% = ) P[29%(97 - 92) + (205 - 7))

(123)

and

IR, w) _ F*KpT(1 - sing, sing JUQ® — Q2)'/*[v ((9° = 92)*/ 2+ v (Q% — Q2)*/°]

124
IAQ (27)% cos popv v A2 = Q)72 (124)
0 s 0 L T

for s- and p-polarized incident light, respectively. These two spectra are identical in structure but do
differ in intensity. )

The frequency spectrum in region II (,>Q>Q,) is calculated in the same way as discussed previously.
Here

IR, o) _ 162 cos® ¢ Ky TQQH D — @3) /2
LAQ,  (27)° cosgopv (2027 - )+ 16y *Q%(Q° - )]

Hl(z QZ - 92) 2

s 125
Qv k(B+ B)+v2] 125)

with y = (1 - Q¥/Q2)"/2, H=H'=H_{for s-polarized incidence, and H=H, and H'=H, if the incident light is p
polarized. The corrugation terms are dominant for a good metal and the spectrum has minima at Q, and
Q,. However the ratio of the conductivity to corrugation terms [(20% - ©°)/9%n,,7] is not negligible for
metals with |7, | in the range 5-10 (unless Q?~2Q7).

Scattering from surface phonons is characterized by two Lorentzians centered at w’= w,+ 5. The spec-
trum is given by

IR, w’) _ k2 cosp KsT T“/7
AR,  (27Ypv Q20,20 AT AX" /0’ + a*") (0 — w,F QP+ T2
1 93 /92 2
2) , &/ S
X ]Ha (1 “(a®a (2’)1/2>+H nR(B+ B g+ Qp(l - QR/Q7) 7" |

(126)
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FIG. 4. Experimental and theoretical (solid line)
Brillouin spectrum from liquid gallium. These data
were supplied by Brody.

and the previous comments about H and H" are ap-
plicable here. For this case the contribution from
the conductivity term is small, but not negligible
(~5%).

Brillouin scattering from isotropic metals has
been reported by Sandercock® and a comparison
with his results for isotropic aluminum is shown
in Fig. 5. Scattering from both the corrugation
and conductivity mechanisms was included in the
calculation and the refractive-index data was taken
from Ref. 33. The instrumental profile was esti-
mated from the published curve® and it was as-
sumed that the instrumental width was much great-
er than T'* for the surface phonons. The difference
in the observed and calculated positions of the
spectral lines originating from scattering by sur-
face waves is attributed to a difference between
the elastic constants of this sample and those re-
ported previously.? Nevertheless the agreement
between the experimental and theoretical frequency
spectra is excellent. The absolute scattering in-
tensity was also estimated from the experimental
parameters® and by modelling the instrumental line
as a rectangular profile. A value of 35 counts/
(sec incident-mW sr) was obtained which compares
favourably with the experimental value of 22 in the
same units.

XI. SUMMARY

In this paper we have outlined a total field ap-
proach to the analysis of light scattering by sound
waves at the surfaces of opaque materials. The
acoustical modes used are those appropriate to
stress-free boundary conditions and the scattering
was analyzed in terms of both the corrugation and
electro-optical effects.

ARBITRARY UNITS

S(R#

-30 =20 -10 0 10 20 30
FREQUENCY SHIFT (GHz)

FIG. 5. Experimental and theoretical (solid line)
Brillouin spectrum from isotropic aluminum.

The acoustical modes were found to be linear
superpositions of standing waves of the phonons
of an infinite medium, i.e., the shear and longitu-
dinal waves. In a liquid, only standing-wave longi-
tudinal modes occur. The case of a solid is more
complicated and three separate acoustical fre-
quency regimes have been considered. These re-
gions are Q>Q,, Q,>Q>Q,, and Q=Q,. One
mode consists of a y-polarized standing-wave
shear which exists for > Q.. The other two
modes are polarized in a plane normal to the sur-
face and consist of standing-wave shear and longi-
tudinal waves for Q> ,, of a standing-wave shear
and evanescent longitudinal modes at both surfaces
for ,>0Q>Q, and of a surface phonon with both
evanescent shear and longitudinal waves at Q= Q.

Basically two scattering mechanisms were con-
sidered, i.e., corrugation scattering and elasto-
optical scattering. Sound waves produce a surface
corrugation which scatters light in a way reminis-
cent of a traveling diffraction grating. This mech-
anism was found to be responsible for the Brillouin
spectrum of highly reflecting liquid and solid
metals. The elasto-optical effect within the “skin
depth” of the material was also analyzed for the
general case. Treated as a special case of the
elasto-optical effect were conductivity fluctuations
in “good” metals. The good agreement between
the present theory and the experimental results
of Dil and Brody® and Sandercock® is considered
to be a verification of this formalism for corruga-
tion scattering.

This theory has also been used previously*!+!? to
analyze Brillouin scattering in thin films deposited
on substrates. In that case the elasto-optical ef-
fect was the dominant mechanism and the corruga-
tion effect contributed of the order of 10%. The
agreement with experiment was excellent'? for
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that case also which indicates that the present
formulation is also correct for the elasto-optical
mechanism.

In summary, it appears that Brillouin scattering
at the surfaces of opaque materials is well under-
stood and that experimental results cannowbe used
to obtain information about sound waves at sur-
faces.
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APPENDIX

In this Appendix we investigate the effects of
fluid shear viscosity on the longitudinal standing-
wave modes in a liquid. The incident and reflected
longitudinal fields are given by-Eq. (4) and sub-
stituting into Eq. (3) yields

T

= UL —“q";h (1-T)ei@ax)rcc.,

(A1)

'3 2
T,,=—i u_g (v’ +2i6m) g;;— (1+T)ei@t-ar) ¢ c.

2,

at z=0. It is impossible to satisfy both T, =0 and
T,.=0 with a single choice of T'.

It is therefore necessary to consider additional
modes, in this case an evanescent shear wave at
the surface. The fields are of the form

=1 up Li@t-qx)-bz
u;=zuyK e wx’bzi c.c., (A2)

with the real part of b chosen p.ositive to produce
evanescent waves. Requiring V+U=0 (for a shear
mode) gives K, =(ib/q,)K,. The stresses are

T,,=T,.=sulin(-iq, K, - bK,)
Xei®@t-ax)bzi ¢ 0 (A3)

Txx:ugﬂnunxei(Qt-qllx)-bz+ c.c., (A4)

and

T,,= —uliQnbK e’ @t-ax)diyc ¢, (A5)
Solving the force-balance equation (V,.Ti 4= pi j)
gives

b*=i(pQ/n)(1+qin/ipQ) . (A6)

For the liquids of Ref. 8, the second term is typi-
cally less than 10-2 and can be neglected. Thus

b=(pQ/2n)*/%(1+4). (A7)

This shear mode can now be used to satisfy both
stress-free boundary conditions. The contributions
to the surface stresses are

1
T =§H§SZ—TI(b2+qﬁ)Kze“m'“"’"+ c.c.’ (A8)

zx
"

and
T,,=ulibQnK e “t-a¥) i c c. (A9)

We note that b®> ¢ for the shear mode with the
result that T, > T,,. Furthermore, since T,,>T,,
for the longitudinal waves, the shear modes are
neglected in satisfying 7,,=0, i.e., I'=~1 and

both terms are used in ensuring that 7, =0. This
yields

K,= -(2q,/9)(2iqn/pR) (A10)
and
K, =(4q,/q)(q?n/2pQ) /(1 +1). (A11)

We now estimate the effect of this shear mode on
the scattered fields. It is easy to show that for the
total corrugation

2 2\1/2 : 2
5=_3 (& 'gL) <1+ 2:‘15'2"7). (A12)

The second term is attributed to the shear mode
and can be neglected for _'Phonons in the gigahertz
frequency range. Since V +Ui=0 for the shear mode,
there is no contribution to the elasto-optical effect.
Therefore the effect of this evanescent mode on the
Brillouin spectrum is negligible.
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