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The specific heat of liquid He was measured with high precision in the temperature range from 65 to 850
mK and at sixteen molar volumes corresponding to the pressure range from vapor pressure to 25 bars.
Several different analyses performed on these data yield quantitative information concerning the magnitude of
the anomalous phonon dispersion as a function of pressure. The findings are generally in good agreement
with the results indirectly derived from sound-propagation measurements. The specific heat data also provide
precise values of the roton parameters as a function of pressure. There is an unexplained discrepancy between
these values and those resulting from neutron scattering measurements.

I. INTRODUCTION

The subtle question as to whether the phonon dis-
persion curve of liquid 'He at small momenta
shows deviations from linear behavior correspond-
ing to a positive or negative curvature has re-
ceived a great deal of attention' over the last sev-
eral years. The reason for this is that the sign of
the curvature has a profound effect on the low-
temperature transport properties of the liquid. If
the curvature is positive, that is, if e, is negative
in the expression

~ = c.Pb —n.(P/~)'.

then scattering involving only three phonons is al-
lowed at low temperatures since both energy & and
momentum P can be conserved. In Eq. (1), co is
the velocity of sound at 0 K. If, however, n, is
positive then the three-phonon process is not al-
lowed and the dominant scattering is via the four-
phonon process. Although most experiments to
date are consistent with n, being negative at vapor
pressure, monotonically increasing as the pres-
sure is increased, and changing sign near 18 bars,
quantitative information is still unavailable.

The most direct information concerning the dis-
persion relation. might be expected to originate
from neutron scattering measurements or from
sound velocity data. However, the important re-
gion of the excitation spectrum is below the mo-
mentum range where it is at present possible to
make precise neutron scattering measurements
and above the range where sound velocity experi-
ments can be used to directly determine the slope
of the dispersion curve. The sound velocity mea-
surements are not possible because the mean free
path of the phonons, which decreases rapidly with
increasing phonon energy, becomes extremely
short. It thus becomes necessary to resort to in-
direct methods. For example, numerical solu-
tions' 4 of the phonon Boltzmann equation indicate

that as a result of the anomalous dispersion there
is a resonant interaction between first and second
sound, which leads to a small but detectable per-
turbation in the first-sound velocity for frequencies
in the range of approximately 1-100 MHz. Thus
"experimental" values" of n, can be inferred from
a comparison of high-precision ultrasonic velocity
data with curves calculated for various negative
values of o,

Specific-heat measurements also provide indi-
rect information concerning the dispersion rela-
tion. But the relationship between the data and the
dispersion curve is, in this case, much less com-
plicated and so one might expect the least-ambigu-
ous results to come from such measurements.
The effect to be observed in the specific heat data
is, however, very small and corresponds to the
determination of the deviation from T' behavior.
This demands both extremely accurate and precise
measurements which are further complicated by
the fact that at low temperatures the specific heat
is very small. Moreover, there is an appreciable
contribution to the specific heat from the rotons
for temperatures greater than approximately 0.5
K. Nonetheless, the specific heat results of Phil-
lips et al. ' were the first measurements to clearly
demonstrate the existence of the anomalous phonon
dispersion. Although their results are qualitative-
ly consistent with the data inferred from the vari-
ous types of sound propagation measurements,
there are some serious quantitative discrepancies.
These discrepancies, may be partially due to the
fact that Phillips et al. made measurements only
above 0.3 K, and thus data only over a very small
temperature range were not seriously affected by
the roton contribution to the specific heat.

In this paper we present new high-precision
measurements of the specific heat in the tempera-
ture range from 65 to 850 mK obtained at 16 dif-
ferent pressures between vapor pressure and the
melting curve. The;~;=t:-' yieM values of n„which
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differ quantitatively from those determined by
Phillips et al. ' but are in agreement with values
obtained in other experiments. Hoton parameters
are also derived from the specific-heat data. Al-
though these parameters are in excellent agree-
ment with those determined from previous thermo-
dynamic measurements, there is an unexplained
discrepancy. with the neutron results. The experi-
mental details are given in Sec. II. In Sec. III, the
data and the various analyses performed on these
data are discussed. A summary is provided in
Sec. IV.
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II. EXPERIMENTAL DETAILS

A. Ca1orimcter

A drawing of the calorimeter is shown in Fig. 1.
The sample chamber was a short, electrodepos-
ited-copper cylinder with hemispherical ends.
The diameter of the container was 3.8 cm; the
wall thickness, 0.064 cm; the mass, 40 g; and the
volume, 40 cm'. It was rigidly supported by three
graphite tubes below the mixing chamber of a dilu-
tion refrigerator. The tubes were attached to the
sample chamber via copper tabs which had been
soft soldered to the container. Liquid helium was
admitted to the chamber through an 80-cm length
of quartz capillary which had an i.d. of 0.005 cm
and an o.d. of 0.010 cm. The capillary was
strengthened with a thin (0.003 cm) coating of ex-
truded nylon. It was necessary to use quartz
rather than, for example, stainless steel in order
to reduce the heat capacity of the filling capillary
to a minimum. Had a stainless-steel capillary of
similar dimensions been used, its heat capacity
would have been three orders of magnitude larger
than that of the glass capillary and would have cor-

responded to approximately 25/o of that of the heli-
um sample at 50 mK and V% at 100 mK. After be-
ing stripped of the nylon coating, the ends of the
capillary were sealed into short lengths of 0.05-
cm-i. d. copper tubing with epoxy. One of these
pieces of copper tubing had previously been soft
soldered into a nipple at the top of the cell, the
other into a valve' mounted on the mixing cham
ber.

The calorimeter heater, which had a nominal
resistance of 10 kQ, was wound bifilarly around
the cylindrical section of the cell. Platinum-
tungsten (92%, 8%) resistence wire (0.0025-cm dia-
meter) was used. Wound parallel to this heater
using the same type of wire were two reference
resistors (1600 0, 2000 0) and several turns of
0.00V6-cm-diam copper wire which were used in
heat sinking, via their leads, two germanium
thermometers. The thermometer capsules (N, ex-
change g"s) were mounted in thin-walled copper
sleeves hard soldered to the cell support tabs.
The ten leads joining the thermometers and refer-
ence resistors to the terminal strip on the mixing
chamber were 0.0038-cm-diam Pt-W wires; the
heater leads were 0.0076-cm-diam niobium wires.

The thermal connection between the cell and the
mixing chamber was due mainly to the two niobium
wires (leading to the heater), the superfluid filled
capillary, and a 30-cm length of 0.0038-cm-diam
copper wire. The conductions of both the niobium
wires and the filled capillary increased rapidly
with increasing temperature and permitted the
filled calorimeter to be cooled from 0.85 K to less
than 0.060 K in approximately one day. At the
same time, however, the total thermal conduction
at all temperatures was small relative to the mag-
nitude of the heat capacity, and thus the specific
heat could be accurately determined over the com-
plete temperature range. The copper wire, which
provided the dominant contribution to the conduc. -
tion below about 0.1 K, was necessary to counter
balance the 0.5 nW vibrational heat leak into the
system.

During the thermometer calibration run, the cell
was thermally well connected (30 gW/K at 0.1 K)
to a copper platform which was in turn thermally
attached (50 p. W/K at 0.1 K) to the mixing cham-
ber. Qn this platform, which could be temperature
regulated very precisely, a cerium magnesium ni-
trate (CMN) thermometer, a calibrated (0.5-2.5 K)
germanium thermometer, and the therxnometer in
the regulating circuit were mounted.

As a comment it is noted that in order to mini-
mize the mass (and therefore the amount of vibra-
tional heating) and also the heat capacity of the
empty calorimeter, an earlier version of the sam-
ple cell was machined principally from plexiglass
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(15 g). It was not, however, possible to use this
chamber because of a large time-dependent heat
input which presumably was emanating from the
plastic itself. Twenty-four hours after cooling to
low temperature, the heat leak was roughly 10 nW
and was decreasing with a time constant of about
2 weeks. In amorphous and polymeric solids, the
linear contribution to the low-temperature specific
heat is usually attributed to the presence of a
collection of two-energy-level systems. If the
time constant for the extablishment of thermal
equilibrium, in at least some of the two-level
systems, is extremely long for this plastic, then
this would provide a possible explanation for the
difficulty encountered in cooling this calorimeter
to low temperature.
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FIG. 2. Self-inductance susceptibility bridge. The
bridge was normaQy operated at a frequency of 1 kHz.

B. Thermometry

The thermometry used in this work, with only a
few modifications, was the same as that described
in Ref. 9. The major improvement was the re-
placement of the CMN tunnel-diode thermometer
with a self-inductance CMN-susceptibility bridge.
A thermometer of very similar design has been
independently developed by R. Schweizer and
H. Meyer at Duke University. The bridge circuit
is shown in Fig. 2. The two 43-mH inductors were
wound as identically as possible. Each coil, which
had an i.d. of 0.95 cm, consisted of twelve 200-
turn layers of 0.00V6-cm-diam copper wire which
were held in place with epoxy. One of the coils
was filled with finely powdered CMN mixed with
Apiezon N grease and 600 lengths of 0.0064-cm-
diam bare copper wire. The ends of these copper
wires were hard soldered" into a threaded copper
stud. The second (reference) coil was sealed on
each end with small plugs cast from epoxy and
then, in the same manner as the first coil, potted
in epoxy. Figure 5 of Ref. 9 is a cross-sectional
drawing of a CMN thermometer constructed in a
very similar fashion.

A comparison of the temperature scg,les deter-
mined simultaneously by the tunnel diode circuit
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FIG. 3. Comparison of the tlmnel diode and suscepti-
bility bridge thermometers. The extremely small de-
viations of the data from the straight line indicate that
the two scales are in excellent agreement. Other details
are given in the text.

1/ 7 = C/f '+ D

In these two equations, the parameters A, B, C,
and D are constants which can be determined from
calibrations against the vapor pressure tempera-
ture scale of 'He. The extremely small deviations
from the straight line drawn through the data de-
monstrates that the two temperature scales cor-
responding to Eqs. (2) and (2) are in excellent
agreement and that there are no hidden problems
associated with either thermometer. Kith a
bridge excitation voltage of 2 mV the temperature
resolution was -20 p K at 50 mK.

The parameters A and 8 in Eq. (2) were deter-
mined from a least-squares fitting of the calibra-
tion data shown in Fig. 4. The fit was restricted
to the temperature range 0.5& T & 1.0 K. At higher
temperatures there was an unexplained systematic
deviation of the data which was accompanied by an
increase in the thermal time constant. A similar
deviation was also present in the data obtained
with a second pair of similarly constructed coils
(I.=10 mH).

The susceptibility bridge, has several obvious
advantages over the tunnel diode circuit. Some of
the problems with the diode circuit are (i) the
voltage amplitude in the tank circuit cannot be
easily varied during the course of an experiment,
making it impossible to accurately determine the

and by the susceptibility bridge (10-mH coils) is
made in Fig. 3, where 1/f ' is plotted as a. function
of 8/(I- dt). Here f is the resonant frequency of the
tunnel diode tank circuit and S is the bridge ratio.
These two quantities should be related linearly
since it can easily be shown that

I/~=&[6I/(I -6t)J+~



2130 DENNIS S. GREY%ALL 18

I&23

I.022

8

l.021

I.020

0.6 0.8 1.0 1.2 1.4
I/T (K )

1.6 1,8 20

and a calibrated, 50-cm' glass volume. With the
small correction (=1/g) for thermal contraction ap-
plied, the low temperature volume was determined
to be 40.543 +0.08 cm'. No correction was made
for the pressure dependence of the volume since it
was estimated to always be less than 0.1%. The
number of moles of sample was calculated using
this measured cell volume and the molar volume
of the sample. The molar volume was determined
using the pressure measured at 0.1 K (see Sec.
IIE) and the density-change-versus-pressure data,
of Abraham et a/. " At vapor pressure, the molar
volume was taken to be that measured by Kerr and
Taylor. "

FIG. 4. CMN bridge calibration data used in determin-
ing the constants A and B in Eq. (2). Bridge frequency,
1 kHz.

amount of self-heating in the thermometer; (ii) the
temperature of the diode must be kept constant;
(iii) the temperature dependence of the capacitance
of the coaxial cable leading from the diode to the
coil can significantly affect the resonant frequency;
and (iv) the high frequency (=MHz) signal can inter-
fere with other sensitive electronics. It was main-
ly for these reasons that the diode circuit was re-
placed by the bridge circuit.

Some comments are now made on how several
design parameters in the bridge circuit were
chosen. The magnetic fieM in the coil must be
small compared to the interaction field. Thus, it
is important to wind a coil with as large an induc-
tance as reasonable and to operate the bridge at
not too low a frequency. To keep the input impe-
dance of the ratio transformer large compared to
the lead resistance, however, it was necessary to
restrict the frequency to the range 0.5-1 kHz. It
is also important that the resistance of the coil be
small compared to the reactance of the coil so that
the bridge balance equations remain simple 1.Eq.
(2)j and so that the power dissipated in the coils
be small. This last condition would suggest that
the coils be wound from superconducting wire.
One pair of coils was wound from Nb wire but
showed a strange time-dependent response to
changes in the excition voltage (which may have
been due to flux jumps). Therefore, copper wire
was used. However, a pair of coils wound more
recently from NbTi wire also worked well.

C. Number of moles of sample

Before the cell was placed in the cryostat, the
copper capillary extending from the top of the sam-
ple container was joined to a gas handling system
and the room-temperature volume of the cell was
determined using gas-expansion measurements

D. He gas sample

TABLE I. Pressure at 0.1 K and the molar volume (see Sec.
II C) for each of the 4He samples.

Sample

3He Impurities

(ppm)

I'

(bars)
V

(cm3)

1

2
3
4
5

6
7
8
9

10
11
12
13
14
15
16

0.370
0.370
0.370
0.370
0.370
0.0024
0.0024
0.0024
0.0024
0.0024
0.0024
0.0024
0.0024
0.0024
0.0024
0.0024

0.09
2.033
6.021
4.037

12.164
0.0
2.004
4.071
6.031
8.045

10.063
13.056
16.143
19.084
22.069
25.059

27.550
26.957
25.978
26.432
24.852
27.579
26.965
26.424
25.976
25.568
25.200
24.714
24.273
23.898
23.553
23.237

Two different gas samples of 'He were used in
this work. Data at the first five molar volumes
listed in Table I were obtained using 4He purchased
from Gardner Corporation. An analysis" of the
gas indicated a 'He impurity concentration of 0.37

ppm, which is about twice that normally expected
for well helium. The remainder of the measure-
ments were made using high-purity 4He purchased
from the U. S. Bureau of Mines. " The stated 'He
impurity level was 0.0024 ppm. However, due to
the fact that the cell contained a small amount of
the impure 4He sample at the time the high-purity
sample was condensed in the cell, the high-purity
sample was contaminated with an addition amount
of 'He, which we estimate to be less than 0.005
ppm. Prior to use, both samples were passed
through a trap at 4.2 K. .
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E. Procedure

A separate cool down of the apparatus was re-
quired in order to calibrate the two germanium
thermometers on the calorimeter. This was a
consequence of the necessity for keeping the heat
capacity of the empty chamber to minimum. Dur-
ing this run the heat-switch clamp (see Fig. 1)
thermally connected the calorimeter to the ther-
mal-isolation platform. The copper wire normally
joining the calorimeter directly to the mixing
chamber was not in place. After completing the
calibrations against the CMN thermometer, the
apparatus was warmed to room temperature only
long enough to remove the heat-switch clamp.
With the system once again at low temperature, a
parti. al check on the cahbrations was made by com-
paring the two thermometers over the small tem-
perature range (0.22-0.42 K) where the two cali-
brations overlapped.

'The heat capacity of the empty calorimeter was
now measured in the temperature interval between
0.06 and 1.8 K using the standard heat pulse tech-
nique. The detailed procedure followed in making
all of the present heat capacity measurements is,
with one significant modification, very simi. lar to
that described in Sec. IIF of Ref. 9. In Ref. 9, the
slow warming drift rate, established before the
application of the heat pulse, was generated using
an auxiliary heater wound on the calorimeter it-
self. In this work, the fore drif t was a consequence of
the mixing-chamber temperature being raised and

precisely regulated slightly above the calori-
meter temperature. For all of the heat-capacity
data, the duration of the heat pulse (typically be-
tween 40 and 80 sec} and the constant current
passing through the calorimeter heater were ad-
justed so that the resulting change in temperature
was approximately 5% of T.

The calorimeter was now slowly filled with 4He.
Approximately 3 days were required to completely
fill the chamber. It was necessary to condense the
sample at a very slow rate to avoid overloading the
refrigerator or warming the calorimeter to too
high a temperature. Had the calorimeter been
filled at T & T„, it would not have been possible to
cool the calorimeter to low temperature in a rea-
sonable length of time because of the extremely
weak thermal link to the mixing chamber. The
time required to cool the filled [at vapor pressure
(VP)] calorimeter from 1 K, where the heat capa-
city is only about 1% of its value at T„, to 60 mK
was about 2 days. With the cell at the desired
working pressure and at a temperature of 0.1 K,
the valve mounted on the mixing chamber platform
was slowly closed, thereby confining the sample to
constant volume. After allowing the calorimeter

to cool to its lowest temperature, heat-capacity
data were taken which covered the temperature
range from 65 to 850 mK. Measurements were
made for samples at five different molar volumes.
Then, because of the large contribution to the heat
capacity below 200 mK due to the unusually high
~He impurity level (see Sec. IID}, the gas sample
was removed. After pumping on the calorimeter,
which had been warmed to approximately 40 K, for
several days, the chamber was flushed with high-
purity gas and then pumped for several more days.
After measuring the heat capacity of the empty
calorimeter once again, the calorimeter was filled
with the high-purity sample and the remainder of
the measurements were made.
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FIG. 5. Heat capacity of the "empty" calorimeter show-
ing peaks corresponding to the vaporization of the resid-
ual amount of helium in the cell. Other details are given
in the text.

F. Heat capacity of the empty calorimeter

Due to the very long length of small-diameter
filling capillary (8 m of 0.01-cm i.d. plus 0.8 m of
0.005-cm i.d.), it was not possible to completely
evacuate the calorimeter. Therefore, to reduce
the likelihood of a plug forming in the capillary,
the calorimeter was flushed with helium gas prior
to cooling the apparatus to low temperature. As a
result, the measurements of the "empty"-calori-
meter heat capacity showed the effects of the small
residual amount of 4He. The curves labeled 1, 2,
and 3 in Fig. 5 were obtained 2, 6, and '7 days af-
ter the cool down to 4 K. During this time a pump
was continuously attached to the capillary. For
comparison, the heat capacity of a mass of copper
equivalent to the mass of the calorimeter as well
as the heat capacity of the ~He-filled (at vapor
pressure) calorimeter are shown as dashed
curves. The p aks in the "empty" calorimeter
curves near 1 K correspond to the vaporization of
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FIG. 6. Measured heat capacity of the empty calori-
meter. The closed and open circles correspond, respec-
tively, to the low temperature portion of curves 1 and 3
in Fig. 5. The dashed line is the heat capacity attribu-
table to the copper in the calorimeter.

the small amount of helium in the cell. The tem-
perature at which the peaks occur and the heat
capacity in the nearly temperature-independent
region above approximately 1.4 K each indicate that
the cell contained roughly 10 ' moles of helium.
The decrease in the peak height with time is an in-
dication that the amount of helium being removed
from the cell at low temperature was not negli-
gible. This was due to the helium being carried
up into the large diameter capillary leading out of
the Dewar via film flow.

In Fig. 6, the data of curves 1 and 3 in Fig. 5

are plotted as C/T vs T' for T'&0.2 K' (T s 0.45 K).
For 0.03 & T'&0.2 K' the effect of the residual he-.
lium is negligible, and the data for both runs can
be described well by the straight line drawn
through the data corresponding to 3, function of the
form AT+BT', as expected. At higher tempera-
tures the contribution due to the vaporization of
the residual helium becomes appreciable while at
lower temperatures another contribution to the
heat capacity becomes significant. In Fig. 7 the
measured heat capacity below 125 mK (from four
different runs), minus the terms going as T and
as T', is plotted as a function of temperature on
log-log scales. At 50 mK, this term accounts for
about —,

' of the heat capacity. The results are mell
represented by D/T' with D = 2.3 x 10 ' mJ K. If
this contribution is attributed to the copper, then
D = 3.6 x 10 ' mJK/mole. This value is in excellent
agreement mith the findings of Sellers and Ander-
son' from their low-temperature heat capacity
measurements on annealed copper. The source of
this term in the copper is, however, unknown.

The dashed line in Fig. 6 gives the expected con-
tribution to the empty calorimeter heat capacity
from the copper (neglecting the 1/T' term). The
difference between the two lines is due to contri-

0
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butions from other materials in the calorimeter.
Some of these contributions are shown in Fig. 8.
Since a sizable portion of the empty calorimeter
heat capacity is not accounted for, a large contri-
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FIG. 9. Uncertainty in the sample heat capacity (at
vapor pressure) due to a 1% uncertainty in the empty
calorimeter heat capacity.

bution must be attributed to the germanium ther-
mometers, the varnish (GE7031) holding down the
heater, small amounts of soft and hard solder,
and the epoxy capillary seal. We note that the
magnitude of the heat capacity in excess of the
copper is roughly the same as that found for the
more massive calorimeter used previously' for
measurements on bcc 'He.

The error bars shown in Fig. 7 correspond to
an estimate of the uncertainty in the measure-
ments due only to possible errors in the extrapo-
lations of the before and after drifts to the center
of the heating interval. These errors are rela-
tively large fop the empty calorimeter because of
the small heat capacity; a small heat capacity im-
plies a fast drift rate. At the lowest temperatures
the error from this source is about +-,%. With in-
creasing temperature the drift rate and thus also
the error increases; at 0.6 K the errors are of
the order of 1%. The uncertainty in the helium
sample heat capacity, due only to this source of
error, is shown in Fig. 9. For this calculation a
constant uncertainty in the empty of 1/0 was as-
sumed

III. RESULTS AND DISCUSSION

A. Specific-heat data

The specific heat of liquid 4He was measured at
the 16 molar volumes listed in Table I. The data
cover the temperature range from 65 to 850 mK
and the pressure range from 0 to 25 bars. Samples
1-5 had a 'He impurity concentration of 0.37 ppm;
the remainder of the samples had 0.0024-ppm 'He.
In Fig. 10 the results for two of the high-purity
samples are shown on a log-log plot. The data ob-
tained at vapor pressure (sample 6) are plotted as
open circles; the data at approximately 22 bars
(sample 15) are plotted as closed circles Below.
approximately 0.5 K the results at both pressures
fall along straight lines corresponding to the near-
ly-T' temperature dependence expected for the
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FIG. 10. Specific heat of liquid He obtained at bvo
molar volumes.

phonon contribution to the specific heat. At higher
temperatures the roton contribution, becomes
significant. This latter contribution becomes ap-
preciable at lower temperature for the 22 bars
data since the roton energy gap decreases with in-
creasing pressure.

In order to present the results in a much more
sensitive manner, all of the data are plotted as
C„/T'vs T' in Figs. 11 and 12. A straight line in
these figures corresponds to a specific heat that
can be described by the function AT'+ CT'. The
intercept of the line on the C~/T' axis gives the
coefficient A; C is given by the slope of the line.
All of the data shown in Figs. 11 and 12 can be
described reasonably well by straight lines for
0.05& T'& 0.15 K'. The deviations at higher tem-
peratures correspond mainly to the roton contribu-
tion to the total specific heat. The very-sharply-
increasing deviations shown in Fig. 11 for T'
~ 0.05 K' can be explained as being mainly due to
the nearly constant specific heat attributable to the
'He impurities. The more subtle deviations of the
high-purity data plotted in Fig. 12 for T'&0.05 K'
are more difficult to explain. It is assumed that
none of this effect is attributable to the real spe-
cific heat of liquid He. There are several possi-
ble sources of experimental difficulties to ex.-
amine: (i) an improper thermometer calibration,
(ii) errors in the empty calorimeter heat capacity,
and (iii) a He impurity level much higher than ex-
pected. Since the measurements were made at
several different pressures however, the latter
two possibilities can immediately be ruled out as
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FIG. 13. Effects on the 4He specific-heat measure-
ments due to several possible experimental difficulties.
Other details are given in the text.

not being sources of significant error. In Fig. 13,
the effects of a uniform shift in the temperature
scale of 1 mK, a decrease in the empty cell heat
capacity of l/o, and a 'He impurity concentration of
0.3V ppm are shown, respectively. Since the re-
sults of these computations are again plotted as
C/T' vs T' a direct comparison can be made with
Figs. 11 and 12. Note, however, that in plotting
Fig. 13 it was assumed that the "real" specific
heat is proportional to T' (i.e., that C = 0), which
corresponds to a horizontal line in this type of
plot. The calculations were made with T' coeffi-
cients of 80, 50, and 20 mJ/K'. These values cor-
respond approximately to the results obtained near
0, 6, and 25, bars, respectively. As explicitly
shown in the figure, an error in the determination
of the empty calorimeter heat capacity or the pres-
ence of 'He impurities would manifest itself as a
nearly-pressure-independent deviation from the
actual sample heat capacity. This is in contrast
to an error in the temperature scale which leads
to deviations proportional to the heat capacity and,
at least qualitatively, consistent with the observa-
tions. One possible explanation for an error in the
temperature scale is that on thermal cycling the
calibrations of the resistance thermometers shift-
ed. However, the size of the shift necessary to
explain the observations is much larger than we
would expect based on several calibrations of these
particular thermometers after repeated thermal
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FIG. 14. 4He specific heat at vapor pressure (sample
6) determined using thermometer calibrations based on
T*=T—5, with 5=0, 1, 2, and 3 mK.

cycling, including one made at the completion of
the experiment. It is also difficult to attribute the
problem to an error in the high-temperature
(&0.5 K) calibration of the CMN thermometer
(against which the resistance thermometers were
in turn calibrated), since an incorrect determina-
tion of the slope of the susceptibility-versus-1/T
line would imply that 5T/T ~ const; a simple scal-
ing of the temperature would not alter the function-
al form describing the data. Another possible
source of error in the temperature scale is due to
the fact that the CMN thermometer actually deter-
mines T*=—T -5. It is often assumed that 5 is
much less than 1 mK. The constant 6, however,
depends on the details of the thermometer con-
struction, and a value as large as 2 mK for our
relatively long coil is not inconsistent with other
determinations. '"" Shown in Fig. 14 are the C ~
data at vapor pressure determined using thermom-
eter calibrations based on 6 equal to 0, 1, 2, and
3 mK. With 6 =2 mK, the range over which the da-
ta can be described well by a straight line is ex-
tended on the low-temperature end to approximate-
ly 0.01 K'. The data for each of the high-purity
samples, determined with the 5 =2 mK calibration,
are shown in Fig. 15. At each of the pressures,
the results with 0.01 ~ T'~ 0.15 K' are well de-
scribed by a straight line. The nearly pressure-
independent deviations below T = 0.01 K' are within
the experimental uncertainty. They could be due
to an error in the empty cell heat capacity of about
1%. It is also probable that at least a portion of
the deviation for each sample is due to errors in
the measurements associated with the relatively
fast temperature drift rates corresponding to the
very small sample heat capacity at low tempera-
tures.

Direct comparison with other high-precision
measurements is extremely limited since only the
data of Phillips et al. ' overlap with our tempera-
ture range. These data extend down in tempera-
ture to 0.3 K and agree with our results to within

90

8=2rnK

6
0000 0 0 p 0 00 Ooooooooo

70—

0 0
7

oooo o00000000

0
E

E

8 0
POOOO O O O O O 0 0

50— 0

e -- Qopoooooo0 0 0 0 0 0 0 0 o
00 0

10 o 0
ooooooooo o o o o 0 0

0
11 oo' o"~0000000 Q P 0 0 0 0 p 0
12 0 0 0 0

30
OOOOOOOOO O O 0 0 000

9~~$ ~ ~ gpppopppppp000008
O 0 000000000 0 0 0 0 0 8000ooooooo o o 0 o o

o o
Ooppppp O o O O

16

10
0 0.1 0.2 0.3

(K2)

FIG. 15. Specific heat of samples 6-16. The data were
determined using a thermometer calibration based on
T*=T—2 mK.

(4)

about 3/o. To be noted, (See Fig. 10) most of the
data of Ref. 7 are at a high enough temperature to
be significantly affected by the roton contribution.

B. Anomalous phonon dispersion

The principal concern in this section is with the
phonon contribution to the specific heat and in par-
ticular with the deviations of the specific, heat,
from an extrapolation of the asymptotic T' behav-
ior. A normal energy-momentum (e,P) phonon dis-
persion curve is one that curves downward, i.e. for
P&0, E & cop, where c, is the long wavelength
sould velocity. This type of dispersion relation
implies that the deviations of the specific heat
from the limiting T' behavior should be positive.
This is, however, contrary to the results shown in
Figs. 11, 12, and 15. Here, the data at low pres-
sures show definite negative deviations (from hor-
izontal straight lines passing through an extrapola-
tion of the data to T' = 0), implying an anomalous
upward curving phonon dispersion in qualitative
agreement with other previous experiments on liq-
uid 4He.

In order to make this discussion more quantita-
tive it is assumed that the phonons are noninteract-
ing and, that for small phonon momenta, the dis-
persion relation can be written as
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C'.~'""=A T'+C T'+DT'+ ET'+ ~ ~ ~,
with

~ = 4~It/50',

C = (2S/7) u, a(2~k, /nc, ),
D = 4.732o.'3A(2wks/Ic, )3,

E = 7(4n,'+ n, g (2~k, /ec, )',

(5)

High-precision ultrasonic measurements" have in-
dicated that n, =0 at vapor pressure. To simplify
Eq. (4) somewhat, the assumption was made that
a, —= 0 at all pressures. It then follows from a
straightforward Debye-type calculation that the
low-temperature phonon specific heat is given by
the expression

.08—

O
C:

+ .06-
C

O
Le
O

.04-

O

,02-

8 =—(kc,/k )(61r2N/V)' ',
0
0.2 0.3 0,4

T(K)
0.5 0.6

B is the gas constant, k~ is Boltzmann's constant,
and N is Avogadro's number.

A second contribution to the total specific heat,
which can be considered separately and which be-
comes significant above a few tenths of a degree,
is due to the excitations near the minimum in the
'He dispersion curve, i.e, the rotons. The ener-
gy-momentum relation for this region of the dis-
persion curve is approximated by

e = ~+ (P po)'/2 p, — (6)

where ~ is the energy gap, P, is the position of the
energy miriimum, and p, is the effective mass of
the roton. Equation (6) implies that the roton con-
tribution to the molar specific heat is

Craton /(g/k T)3/2

x [1+keT/n, + —' (keT/b)' ]e ~ 2sr,

where

2Irk pll 2P2/ll 2/(2 )3/I 2k3

Since the contributions" from other parts of the
spectrum are negligible over the temperature;
range in which the present data were obtained, the
total specific heat can be taken to be simply the
sum of the phonon and roton terms,

C yhonon Croton
V F + F (8)

The specific-heat data were least-squares fitted
in various ways using Eq. (8). In all cases the data
corresponding to the 6 =2-mK thermometer cali-
bration were used in order to be consistent with
the assumption ct, =—0 [or equivalently BT'—= 0 in
Eq. (5)].

Analysis 1. The first fitting of the high-purity
data at each of the molar volumes was performed
with onlyA and C as adjustable parameters. D and

FIG. 16. Relative contribution of the rotons to the total
specific heat of liquid 4He.

E were held fixed at zero; the roton parameters 6
and F were fixed at values determined using neu-
tron data" obtained at 1.3 K. The fits covered a
temperature range T „&T & T in which the ro-
tons provided at most a 0.5/0 contribution to the
total specific heat. See Fig. 16. T „was also a
function of the sample molar volume and was cho-
sen so that a 0.5/q uncertainty in the empty calori-
meter heat capacity would correspond to less than
a 0.1/o uncertainty in the specific heat of the sam-
le for T&T „. Results of the fits are listed in
Table II. The uncertainties given for the param-
eters are statistical errors. In Fig. 17 the values
of n„derived from the best-fit values of C using
Eq. (5), are plotted (open circles) as a function of
sample. pressure. The parameter 0.', is equal to
—0.74 A' at vapor pressure and increases, nearly
linearly, with increasing pressure, becoming pos-
itive (normal dispersion) at approximately 16 bars.
The pressure at which n, changes sign, that is,
the pressure above which the phonon dispersion is
normal, is somewhat lower than, but in reasonable
agreement with, the results from various sound
propagation experiments. The phonon beam
spreading measurements of Sherlock et al." indi-
cate that the crossover pressure is -17 bars; the
high-precision sound velocity measurements of
Junker and Elbaum' yield a crossover pressure of
-18 bars; and the ultrahigh-frequency sound at-
tenuation measurements of Dynes and Narayana-
murti" imply that the phonon dispersion is normal
above -20 bars. The present results, however,
conflict with the critical pressure determined by
Phillips et al. ' The analysis of these specific heat
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FIG. 17. f3.2 resulting from three different analyses of
the data (see text) plotted-as a function of pressure. The
straight lines correspond to least squares fits of the
n2-P data (the points at 25 bars were not included).

+I
C)

data implies that P, =8 bars. The comparisons of
the magnitudes of n, at vapor pressure are more
complicated. Phillips et a/. ' find a, = -0.46 A', but
we note again that their results are based on an
analysis of C „data obtained only above 0.3 K.
When an analysis identical to that used by Phillips
et al. ' was performed on the present vapor pres-
sure data in the temperature range from 0.3 to
0.95 K (F and 6 as well as A and C floating param-
eters) we obtained n, = —0.42 A2, in excellent
agreement with their value. The fact that this sig-
nificantly different value of n, is obtained when a
fit is performed over this higher range of temper-
atures demonstrates that it is very difficult to ob-
tain accurate values of 0., from C~ data that do not
extend considerably below o.3 K. It also indicates
that a more complicated function will be required
to properly fit the data over a temperature range
which extends to these higher temperatures. A
value of a, = —1.7 +0.34 g' has been obtained from
thermal expansion measurements by Berthold et
al. 22 The analysis of these data is complicated by
the fact thai the density dependence of the various
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FIG. 18. A comparison of the sound velocities derived
from the specific heat data (eo ) with the directly mea-
sured (Ref. 11) ultrasonic values (@~0).

parameters must enter the analysis. The compar-
ison with their value is not really justified at this
point since in their analysis of the data a340 but
was instead fixed to agree with theory (see analy-
sis 4). &alues of o., can be derived from sound
velocity"' and attenuation" measurements only
within the framework of a theoretical model and
vary considerably depending on the particular cal-
eulation2 ' to which comparison is made. These
indirectly determined values of n, fall in the range
from —2.0 to —1.1 A'.

Figure 18 compares the sound velocities, de-
rived [Eq. (5)] from the best-fit values of A with
the directly measured velocities ii Fxcept Rt P
the discrepancy is of the order of several tenths of
a percent and is not unreasonable. The smoothed
values of the ultrasonic velocities used for the
comparison may be in themselves in error by a
few tenths of a percent. The systematic errors in
the velocities derived from the specific heat data
are expected to be due mainly to the uncertainty in
the cell volume and to errors in the temperature
scale. At I' =0 the larger discrepancy would be ex-
plained if the calorimeter was slightly overfilled.

Aealysis Z. In this set of fits A. , C, E, I', and
~ were all treated as adjustable parameters; D
was held fixed a,t zero. The low cutoff temperature
7,„for each of the samples was the same as in
analysis 1; however, the temperature range over
which the data were fitted was greatly increased
by raising T to approximately 4(P)/10. The re-
sults are listed in Table II. Fits of the data ob-
tained at vapor pressure (sample 6) were also
made using several different values of T~ to fur-
ther test the suitability of this fitting function. For
0.75 ~ T ~ 0.95 K there were no significant dif-
ferences in any of the r|;suiting, respective best-
fit parameters. For smaller values of T ~ it
was, as expect, ed, the roton pa, rameters I' and 4

0

0
I

40 t5
P (bar j

25

FIG. 19. n4 resulting from two different analyses of
the data (see text) plotted as a function of pressure. The
straight lines correspond to least squares fits of the
e4-P data for P &16 bars.

that were most Rffected. The vRlues of co~ &2~ Rnd

Q.4 for each of the samples derived from the best-
fit parameters A. , C„and E are also listed in Ta-
ble II and are plotted in Figs. 18„17, and 19, re-
spectively, as solid circles. Compared to analysis
1, the sound velocities show an improved- agree-
ment with the ultrasonic data. The values of 0,
determined in this analysis fall systematically be-
low those of the first ana, lysis by roughly 0.4 A'.

This demonstrates that even for temperatures less
tha, n a, few tenths of a degree, the contribution to
the specific heat resulting from the 7.' term is sig-
nificant and thus that a fitting function which in-
cludes adjustable terms of higher order than T' is
required to adequately fit the data.

This second analysis of the data implies that the

phonon dispersion should become normal near 20
bars, in close agreement with the P, determined
by Dynes and Narayanamurti. " These authors
measured, as a function of pressure, the cutoff
energy &, below which a, high-frequency phonon can
spontaneously decay via the three-phonon process.
They found that &, goes to zero at about 20 bars.
Recall that the three-phonon process is not allowed
for a phonon dispersion that is normal for Rll mo-
menta. A further comparison of the two experi-
ments ca,n be made at lower pressures since the
critical wave vector k, corresponding to e, is re-
lated to n, and n, by

k2 = —4o.,/5o,
Dynes and Narayanamurti found that k, = 0.5 P ' at;
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P =0 and decreases linearly to 0 at 20 bars. At P
=0 we also find via Eq. (9) k, =0.5 A '. At inter-
mediate pressures the present analysis yields val-
ues of k, roughly 25% smaller than those deter-
mined by the direct measurements. This differ-
ence is probably still within the combined experi-
mental uncertainties, and it is therefore concluded
that the two experiments are consistent. These
numbers are also in reasonable agreement with the
values deduced by Jackie and Kehr, '4 using ultra-
sonic data. "

In Figs. 20 and 21, the roton parameters 4 and
p'~'P,' [derived from I' using Eq. (7)] are shown
and compared with results from other experiments.
'The open symols correspond to neutron data by
Cowley a.nd Woods~ obtained at 1.1 K, by Dietrich
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FIG. 21. Parameter LM' po vs pressure. The open sym-
boj.s correspond to neutron scattering values; the closed
symbols to thermodynamic results. The references are
listed t.n Fig. 20.

FIG. 20. Hoton energy gap vs pressure. The open sym-
bols correspond to neutron scattering values [Cowley and
Woods (Ref. 26); Dietrich et al. (Ref. 19); Woods et al.
(Ref. 27); Brooks and Donnelly (Ref. 28)]; the closed
symbols to thermodynamic results [Phillips et al. (Ref.
7); Sudraud and Varoguaux (Ref. 29)]. Other details are
given in the text.

et al."obtained at 1.3 K, and by oods et al."ob-
tained at 0.75 K. Zero-temperature extrapolations
of the smoothed neutron data'"" by Brooks and
Donnelly" are also indicated. The closed symbols
refer to low-temperature thermodynamic re-
sults. ""There is an obvious discrepancy of about
0.2 K between the two types of measurements which
is considerably outside of the combined experimen-
tal uncertainties.

To be noted again, the uncertainties quoted in
Table II correspond to statistical errors. The to-
tal uncertainty in each of the parameters, which
includes contributions due to possible systematic
errors in the data, is difficult to estimate, and be-
cause of the large number of adjustable param-
eters, may be considerably larger than the stan-
dard errors listed.

Analysis 3. To probe the discrepancy between
the neutron and thermodynamic roton parameters
further, this set of fits was run with & held fixed
at the zero-temperature values derived from the
neutron data by Brooks and Donnelly. D was
fixed at zero, and A, C, E, and I" were treated as
adjustable parameters. The results are listed in
Table II. A vapor pressure constraining 4 to
8.71 K, which is about 0.1 K smaller than the best-
fit value determined in analysis 2, resulted in an
increase of only 20% in the rms deviation. Thus it
is nearly possible to completely compensate for
this constraint placed on 4 by adjustments in the
remaining parameters, particularly, as expected,
in the parameter I'. However, the most recent and

presumably the most accurate neutron data" ob-
tained at 0.75 K yield a vapor pressure 4 of.only
8.618 +0.009 K. Constraining & to this value
causes the rms deviation to be increased by nearly
a factor of 2 and it becomes more difficult to argue
that the present specific-heat results at I' =0 are
consistent with the neutron data. At higher pres-
sures the discrepancy becomes more apparent.
Relative to the results of analysis 2, the rms de-
viation at 25 bars is more than a factor of 4 larg-
er. It should also be noted that (i) the sound veloc-
ities yielded by this analysis are significantly too
high at the higher pressures; (ii) o.', changes sign
near 10 bars in disagreement with other experi-
ments; (iii) o,'~ decreases extremely rapidly with
increasing pressure, implying an unrealistic dis-
persion relation at high pressure; and (iv) there
are large systematic deviations of the data from
the fitting function which result in best-fit param-
eters which depend strongly on T . In Fig. 22(a)
the measured roton specific heat, i.e., the total
specific heat minus the phonon contribution (analy-
sis 2), is compared with that calculated using Eq.
('I) and the zero-temperature roton parameters
determined from the neutron scattering experi-
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discrepancy were to be attributed to an improper
subtraction of the phonon contribution, this term
would have to be in error by 30% at this tempera-
ture (and by 75% at 0.7 K). We thus rule out this
possibility.

The effects of the deviations from a parabolic
roton minimum were also considered. Approxi-
mating the energy in this region of the spectrum
by
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FIG. 22. (a) Roton specific heat vs temperature for
three sample pressures. The solid lines correspond to
the specific heat computed using Eq. (7) and roton pm a-
meters determined from neutron scattering measure-
ments . .The symbols correspond to the total measured
specific heat minus the phonon contribution. (b) The
relative difference between the computed and measured
specific heat at 25 bars for two values of the parameter
(V/m4) "'(p/I)'.

ments. AtP =0, 13.056, and 25.059 bars, the re-
spective values of &, 8.61, 7.85, and V.22 K were
used. For each of the pressures (p/m~)' (po/5)'
was set equal to 1.49 k ~. At I' =0, the deviations
are nearly proportional to Cv"" and can be re-
duced considerably by using a smaller effective
mass for the rotons which is still consistent with
the neutron data. The agreement is improved
further, as indicated by the results listed in Table
II, by a small adjustment of phonon specific heat.
At the higher pressures the deviations are definite-
ly not proportional to Cv"" and thus changing the
effective mass will not significantly improve the
agreement. The deviations of the 25-bar data rel-
ative to the total specific heat are shown in Fig.
22(b) for two values of p'~'p~o. At 0.6 K the dis-
crepancy amounts to roughly 10/0 of the total spe-
cific heat. The phonons make up about 3 of the
total specific heat at this temperature. Thus if the

o.,= n'pp/24m', c', , (12)

where the long range part of the Van der Waals
potential between a pair of helium atoms is P/r'.
At I' =0 this expression implies &3= 3.34 A' and

Thus adding the (p -po)' term does decrease the
specific heat computed from the neutron data.
However, this correction is nearly a linear func-
tion of the temperature and amounts to only 1%
at RENT/6=0. 1. In addition, this decrease will be
at least partially offset by the positive contribution
due to the term in (p -p, )4.

Of course, including the very small contributions
to the specific heat due to the maxons or to the re-
gion of the spectrum beyond the roton minimum
can only increase the difference plotted in Fig.
22(b). Therefore, ruling out the possibility of
large errors in the high-pressure neutron data or
in the extrapolation of these results to low tem-
perature, there is a significant discrepancy be-
tween the two types of measurements. Sudraud and

Varoquaux ' interpret the discrepancy between the
neutron and thermodynamic roton parameters as
providing evidence for the existence of interactions
between rotons and virtual excitations.

&nalysis 4. In each of the previous analyses the
series approximation of the e-P dispersion relation
was assumed to contain only odd powers of the mo-
mentum P, and thus the coefficients of the T4 and
T' terms in the expression [Eq. (4)] for the specif-
ic heat were set equal to zero. However, Kemo-
klidze and Pitaevskii ' and Feenberg' have shown
that because of the long-range Van der Waals in-
teraction between helium atoms there is a term
in the energy expression proportional to P4. These
authors find that
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FIG. 23. Relative chmge in the phonon phase velocity,
computed using the parameters determined in analysis
4, as a function of the phonon momentum.

thus for P ~ 0, ns (in A') can be computed using
c', (&) = 3.341'(0)/&(&)ho(0)/co(&))'

Fallowing Berthold et +l.,"we have assumed in
this analysis that this is the only contribution to

The parameter D for each pressure was thus
fixed at the appropriate value determined using
Eqs. (4) and (12). The remaining parameters A,
C, E, &, and & were adjustable. The data, were
fitted over the same temperature range used in
analyses 2 and 3. The results are given in Table
II. Each of the tabulated values of a, differs
slightly from the value determined using Eq. (12).
This is due to the fact that in computing the fixed
values of D, values oi the sound velocity (analysis
1) were used which differ from the best-fit values
resulting from this analysis. These latter veloci-
ties were used in converting D ba, ck into listed
values of &,. The constraint pla, ced on D does not
lead to a significant change in the rms deviation
for any of the samples and is therefore consistent
with the data. We also note that the roton parame-
ters are essentially the same as those resulting
from analysis 2. The values of c„n„and p4 are
compared with the respective values determined in
the previous analyses in Figs. 18, 17, and 19. The
present analysis yields sound velocities which are
in the closest agreement with the ultrasonic data.
At I' =0, n, = -1.55 A', in excellent agreement with
the value determined by Berthold et al. ,

' namely,
-1.7 +0.34 A2. As noted earlier, these authors
also used the theoretical value for a, in their anal-
yst. s of thermal expansion measurements. The in-
clusion of the T' term pushes I', to a slightly high-
er pressure but it still remains in the vicinity of
20 bars and is therefore consistent with the sound
propagation experiments.

The form of the dispersion relation described by
the parameters determined in this analysis of the
specific heat data is shown in a sensitive manner
in Fig. 23 for several pressures. Actually plotted

is the relative change in the phonon phase velocity
(c =- e/p) computed using the relation

C -Co 2 2 +3 3

c, O' 5' 5 4c
= P- P- P.

analysis 5. In analyses 1-4 it was assumed that
the expression for the specific heat derived under
the assumption that the phonons are noninteracting
properly describes the situation in liquid helium.
Phonon-phonon interactions lead, however to
quasiparticles with finite lifetimes and thus the ex-
pression relating the specific heat to the disper-
sion curve must be in some way modified. It is
not clear though what the leading temperature de-
pendence of the lifetime correction 6C„should be.
Most estimates' """indicate that &C„-T' or T'.
A microscopic analysis by Wong and Gould, ' how-
ever, yields the result that for an interacting Bose
liquid the leading, low-temperature correction to
the specific heat is

15 T' T'
5C„=-0.035g 2 A —

2 ln
27K To gT (14)

where A is defined in Eq. (5) and To= m4co2/ks-As-.
suming that this relation is also valid for helium
then at vapor pressure To= 28 K, and g is esti-
mated to be about 6.3. These parameters imply
that in the temperature range 0.1-0.8 K, &C„ is on
the order of several percent of CT' (using values
of C from Table II), and changing in relative size
slomly mith temperature. Thus this contribution
to the specific heat is extremely difficult to distin-
guish experimentally from the T' term. At 20
bars, the estimated magnitude of 6C„ is consider-
ably smaller than the uncertainty in the CT' con-
tribution determined in analysis 4. The situation
is even more complicated due to the fact that it is
the lowest-temperature data which would be most
useful in determining if this term is actually pres-
ent and it is these data which are most sensitive
to the precise choice of & (see Sec. IIIA) used in
the calibration of the thermometers. Nonetheless,
the term GT'lnT mas added to the fitting function
and several fits were run principally to determine
if this could produce any significant change in the
roton parameters. In the first set of fits&, C, E,
I', D, and G were treated as adjustable parame-
ters, and D was fixed at its theoretical value. The
best-fit values of both I" and & wege, as expected,
essentially the same as those yielded by analyses
2 and 4. The only change made in the second set
of fits was to fix & to agree mith the neutron data.
As in analysis 3, fixing D resulted in extremely
poor fits with rms deviations increasing rapidly
with increasing pressure.
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1V. SUMMARY

High-precision measurements of the low-tem-
perature specific heat of high-purity liquid He
were made at eleven molar volumes corresponding
to the pressure range from 0 to 25 bars. The data
were obtained between 65 and 850 mK, using a
large, thin-walled copper sample chamber which
was thermally well isolated and which was filled
with the helium samples via a quartz capillary. A
valve located on the mixing chamber of the dilution
refrigerator was used to confine the samples to
constant volume.

The specific-heat data at the. lowest tempera-
tures are sensitive to the exact choice of 6 (in the
CMN susceptibility Tr-elation) used in calibrating
the working thermometers. The constant & was
taken to be equal to 2 mK since this assumption
leads to low-temperature specific-heat results for
each sample, which can be described well by a
function of the form AT'+ CT', this is consistent
with the implications of high-precision ultrasonic
measurements. Several different analyses were
performed on these data. Each indicated that the
phonon dispersion is anomalous at low pressure
and becomes normal above roughly 16 bars, in
agreement with other experiments. Quantitatively,
however, the parameter n2 is sensitive to the func-
tional form used in fitting the data. The best re-
sults were obtained using a relation which con-
tained T', T', T', and T' terms to describe the
phonon contribution. This set of fits (analysis 4)
yielded 2=-1. 55 A' at P =0, a crossover pres-
sure of about 20 bars, and sound velocities in ex-
cellent agreement with the directly measured val-
ues.

The specific-heat data also confirm the existence
of unexplained discrepancies between roton param-
eters derived from thermodynamic data and those
determined by neutron scattering measurements.
The values of & resulting from this work are at all
pressures approximately 0.2 K larger than the re-
spective neutron values; the quantity p. ' 'po is
about 10% larger than the neutron data at all pres-
sures. These discrepancies are outside of the

combined experimental uncertainties and are con-
trary to the principle assumptions of the Landau
theory. It is thus important that this problem be
resolved.

The data for the high-purity ~He samples (5 = 2-
mK thermometer calibrator) are available in nu-
merical form. "
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APPENDIX

To facilitate the determination of the specific
heat, or other thermodynamic functions, at any
molar volume the following relations are provided:

V (cms) = 27.555406 —0.80624450P

+ 8.2676220 x10 'P'

—1.1743928 x 10 4P3

c, (m/sec) = 239.59052+ 7.7187795P

-0.16440605P'+ 2.3701258 x 10 'P'

&2 (A ) = -1.268+0.0577P

n, =0

n~ (A ) =4.022+1,060P

& (K) = 8.8055902 —0.067057902P

+4.3252224x10 P

(p, /m )' '(P,/h)' (A ') =1.66

The specific heat values computed using Eqs. (5)
and (7) and these expressions agree to within 1.5/o

with the high-purity He data presented in this
paper.
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