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Theory of angle-resolved photoemission from the bulk bands of solids. I. Formalism
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A theory for describing the angle-resolved photoemission spectra from the bulk bands of solids is developed
which views the photoemission process as a single-step coherent emission of electrons from atomic sources
into a final state of well-defined momentum. The final state is assumed to be free-electron-like except in the
region near the strong atomic potential, where it is distorted into a spherical wave. While the momentum

conservation, transport, and escape processes are free-electron-like in nature, the optical ionization process is
governed by atomiclike dipole selection rules. The dependence of the peak intensities of the angle-resolved

photoemission spectra upon the direction of the polarization of the electric field can be used to determine the
orbital composition of the initial states in a very simple manner. The simple form of the theory presented
here can be extended to materials having a hybridized final state by the use of a pseudopotential wave

function modified by atomic-dipole selection rules. It is argued, however, that the single-unhybridized-final-

state wave function is approximately valid for describing the angle-resolved photoemission spectra of all

materials, and that the one-dimensional density-of-states model is probably not valid for aay material with a
lattice constant smaller than the mean free path. An experimental geometry is proposed in which the
photoemission intensity is proportional to the charge density of the initial state in the direction of the final-

state momentum, similar to the results of previous theories based upon the plane-wave final state.
I

I. INTRODUCTION

A rigorous description of the angle-resolved
photoemission spectra of solids requires a detail-
ed computation of both the intial and final electron
states. ' If one wishes to avoid the computation of
the final-state band structure, and still describe
the spectra well, it is necessary that the impor-
tant characteristics of the final states be identi-
fied. The pseudo-wave-function of the electronic
state inside of the solid having reduced momen-
tum k and belonging to band n can be written in
terms of a plane-wave expansion'

C-(-)=""'gU (k G)"" (1)
I

where the G's are reciprocal-lattice vectors. In
materials having strong pseudopotentials, such
as semiconductors, several terms of similar mag-
nitude are contained in the above sum. In mater-
ials having a weak pseudopotential, such as met-
als, only one term in the sum is important for
describing the final electron state.

Recent experimental results have shown that
the free-electron final state (FEFS) model, in
which it is assumed that direct optical transitions
take place from the initial states into a single-
plane-wave. -like final state, serves to locate the
peak positions in the angle-resolved photoemis-
sion spectra of the noble metals and transition
metals. '"' However, matrix elements based upon
a plane-wave final state do not explain the inten-
sities of the observed peaks. '~ Wagner et al.'
found that constant matrix elements explained the

observed intensities better than the plane-wave
final state. Furthermore, they recognized that
constant matrix elements implied that the final
state must consist of several plane waves more
or less isotropically distributed, rather than one
plane wave.

Earlier work by Janak et al.' suggested that
constant matrix elements could explain the angle
averaged photoemission spectra of Cu. However,
Rome and Smith' found that the peak intensities for
emissionfromthe(111) and(100) facesof Cuwere
not explained well by constant matrix elements.
If the final state were composed of several plane
waves, then more than one final-state band is ex-
pected to contribute to the photoemission spectra
in any direction, in contradiction to the single band
predicted by the plane-wave final-state model,
which appears to describe the peak positions well.

A partial resolution of the apparent contradic-
tory behavior of the final state was suggested to be
exposed by consideration of an augmented-plane-
wave (APW) approximation for the final state. "
In the region inside of the muffin-tin potential, the
APW function is expressed as a linear combina-
tion of spherical waves, while outside the muffin-
tin potential it is expressed as a single plane
wave. ' The Fourier expansion of the core part of
the APW reveals that it has components which are
distributed in several directions in k space, there-
by allowing more optical transitions to take place
than for the simple plane-wave final state. It was
suggested that atomiclike dipole selection rules
ought to govern the behavior of the photoioniza-
tion cross section since the atomic potential is
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responsible for the finite value of the cross sec-
tion. However, the region of the wave function
external to the core, which is plane-wave-like,
ought to govern the momentum conservation,
transport, and escape processes. Thus, if was
concluded that previous results derived for the
plane-wave final state are correct provided that
the plane-wave matrix element is replaced with
one based upon atomic dipole selection rules.

Although many theories for angle-resolved photo-
emission have been presented before, "' we feel
that some of them are too complicated to be easily
applicable to real systems; the other simplified
theories based upon a single plane wave" or nearly
free final-state models" are partly incorrect an/
incapable of predicting peak intensities realistic-
ally. We develop in this paper a theory based upon
the free-electron model and atomic dipole selec-
tion rules that eliminates the necessity of having
to calculate explicitly the final-electron state.
The important characteristics of the final state
are reduced to a few parameters that can be cal-
culated or fit to experiment. In order to keep the
theory simple and transparent so that it can be
used by experimentalists to interpret their results,
we have deliberately omitted complications and
processes that we feel are not important for de-
termining the basic shape of the angle-resolved
photoemission spectra. Although we give some
argument here for neglecting some effects, the
ultimate justification lies in the success of the
theory in describing experiment as shown in Paper
II. We do not claim our theory to be perfect, but
we feel that it provides a simple first-order de-
scription for the experimental results.

A preliminary report has already shown that
the theory developed here describes the angle-re-
solved photoemission spectra of Cu very well for
hv=11 to 40 eV." InPaper II,"weshowthatthe
present theory describes the photoemission spec-
tra from the (11].) surface of Ag well, while the
plane-wave and constant matrix give generally
poor agreement.

The structure of this paper is as follows. In
Sec. II, we discuss why a low-energy electron dif-
fraction LEED-type theory is not really necessary
to describe photoemission in free-electron-like
metals in which the pseudopotential is weak. We
also argue that the effects due to the rapid term-
ination of the bulk at the surface are not very im-
portant compared to the emission from the bulk
bands, particularly for d-band metals.

In Sec. III A, we derive an expression for the
photoelectron intensity by considering the photo-
emission process as a single-step coherent emis-
sion of electrons from atomiclike emitters into a
free-electron-like final state. In Sec. III H, it is

shown that the assumption of atomic optical selec-
tion rules leads to a dipole vector associated
with each initial state from which the dependence
of the peak intensities for any arbitrary polariza-
tion of the electric field and angle of emission
can be predicted.

In Sec. IV, it is shown that the model can be
used to determine not only the energy bands from
the positions of the peaks, but also the orbital
composition of the initial states from the depen-
dence of the intensities of the peaks on the direc-
tion of polarization of the electric vector.

In Sec. V, it is shown that the theory can be ex-
tended to materials in which the crystal potential
is strong by employing a pseudopotential calcula-
tion.

In Sec. VI, we show that the plane-wave final-
state model should be valid for predicting peak
positions, not only for metals, but for all mater-
ials. It is also shown that simple atomic-dipole-
like selection rules become valid at large final-
state energies provided that the range of the
pseudopotential in k space is finite and the core-
like portion of the wave function is unimportant
for the transport step.

Finally, in Sec. VII, two experimental geome-
tries are proposed in which only a rotation of the
sample is needed to obtain useful information on
the electronic charge density and the angular mo-
mentum of the initial states.

II. NEGLECT OF SURFACE EFFECTS AND MULTIPLE
SCATTERING

In this section, it is argued that the effects of
the surface do not make an important contribution
to the photoemission spectra of real solids. It is
also argued that multiple scattering of final-state
electrons can be neglected in noble and probably
other metals.

The electromagnetic field produces a perturba-
tion on the electronic states, which can be written
as

H' = (e/m, c)P 'Ae'"'

where P is the momentum operator, m, is the
mass of the electron, A is the vector potential,
and + is the frequency of the incident light.

The photoionization matrix element of the di-
pole operator connecting initial state i to final
state f is approximately given by"

(y, [e VV(r)[y, ), (3)

where V(r) is the total one-electron potential and
e is the direction of the electric vector inside of
the solid. As pointed out by Feibelman, "this
form for the matrix element is not rigorously cor-
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rect since the effective one-electron potential is
in general energy dependent. However, for the
present discussion, the above matrix element is
suitable. Although the abrupt change of the poten-
tial at the surface gives an important contribution
to the photoionization matrix element in the free-
electron model, "where contributions from the
bulk is zero, its contribution in real materials
should be insignificant compared to the emission
from the bulk. The strength of the potential grad-
ient at the surface is at most on the order of

(4)

where 5' is the inner potential, which is on the or-
der of 14 eV, and a is the interatomic spacing.
This gradient is considerably smaller than the
gradient in the'vicinity of the cores of atoms near
the surface. As the wavelength of the final state
becomes less than a (corresponding to hv& 10 eV),
the photoionization cross section of the surface
potential region should become much less than
that arising from the regions of the initial-state
wpve functions in the vicinity of the atomic cores.

Presently, we are neglecting the possibility that
the vector potential inside of the solid can change
very rapidly at the surface" ' and take it to be
a constant. However, as we, show in paper II, this
assumption yields reasonable results.

It has.been suggested that a formalism such as
that developed for low-energy electron diff raction,
which takes into account multiple scattering of the
final state, is needed to describe the angle-re-
solved photoemission spectra of even the noble
metals. ' ' ' A LEED-type formalism is needed to
describe LEED, since deviations of the electronic
states away from free-electron-like behavior pro-
duce the diffraction'patterns of interest. How-
ever, in photoemission the deviations of the final
state away from the free-electron behavior in
many metals carries a very small part of the
photocurrent. The neglect of these deviations by
the use of a single APW-like final state in photo-
emission should not be serious. In materials
where the crystal potential is large, a pseudopo-
tential calculation" should suffice to account for
the multiple scattering in the bulk. However, as
we shall discuss in Sec. VI, the dipole matrix
elements from such a wave function must be modi-
fied to yield correct results.

III. COMPUTATION OF THE ANGLE-RESOLVED
PHOTOEMISSION SPECTRA

In Sec. III A, we review the formulation of the
photoemission spectra for the simple plane-wave
final state and in Sec. IIIB, we derive the angular
dependence of the atomic cross sections that are

to replace those calculated for the plane-wave
final state.

A. Plane-wave final-state model

In this section, we begin the development of the
theory by considering the photoemission process
not in terms of the three-step model, "but as a
single-step coherent emission of atomic sources
of electrons into a plane-wave-like fina, l state
modified to take into account the: strong core po-
tential of the atoms.

We assume that the initial state for a. solid with
one atom per unit cell can be written in the tight-
binding approximation as

gf)„(r)= Q e' s "&C",„(k,)p,„(r—Rq), (5)
g, ~l

where RJ is a latti. ce site, P,„(r) is an atomic or-
bital of p,ngular momentum l and projection m, and
the C",„(k&)'. sare the coefficients of the respective
orbitals describing the band n. We also assume
that the tight-binding wave function remains valid
right up to the last layer of atoms on the surface,
where the potential abruptly increases by the
amount O'. The portion of the wave function ex-
tending into the vacuum can be expanded in terms
of decaying plane waves, but, as discussed in
Sec. II, it does not usually make an important con-
tribution to the photoemission spectrum of real
solids, and is therefore neglected here.

We assume for now that the final state inside of
the solid is a single plane wave with momentum
k&. Continuity of the wave function at the surface
requires that the paral. lel components of the mo-
mentum of the photoelectron inside and outside of
the surface be equal. The energy dispersion of
the electron in the vacuum outside of the solid with
momentum k& is given by

I'fpy/2m, *=E+W=E~(Q). - (8)

The right-hand side of Eq. (8) ought to be the en-
ergy of the electron with respect to the lowest
s-like band. ' The effective mass m,* is not neces-
sa,rily equal to the free-electron value, but takes
into account residual lattice interactions and cor-
relation effects. ' We also neglect the fact that
the surface potential mixes together the plane

(8)

where m, is exactly the free-electron ma, ss. The
component of momentum perpendicular to the sur-
face inside the solid is given by

kq, = (kq —kI) 'I ',
where k& is the magnitude of the momentum inside
of the solid, given by
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waves propagating to and away from the surface.
The justification for this is in the Appendix.

It can be shown by using a free-electron Green s
function that the amplitude of the wave function
of a, tight-binding electron photoemitted into a
plane-wave final state at a distance far from the
surf ace is given by'""

[))
—QM„(k&, e)e'J"'"mexp(-2„/2A, cos&), (S)

where M„(Q, Z) is photoionization matrix element
of the atom orbital corresponding to band n, Z is
distance of atom m from the surface, and &k= k&
—k, . (The same expression arises when we con-
sider the atoms to be coherent emitters of elec-
trons im a manner similar to the antenna problems
given in freshman physics courses. ) The quantity
A. is the mean free path of the photoelectron and 8
is the angle that k& makes with respect to the sur-
face normal. The exponential. term in Eq. (S) ex-
presses the reduced contributions to the coherent
photoelectron current from atoms that lie deeper
into the solid. '"'6 Such a reduction is brought by
the inelastic scattering of the photoelectron with
the valence electrons and plasmons. The inelastic-
ally scattered electrons produce a structureless
background to the emission spectra which shall be
neglected here.

An additional contribution to the effective mean
free path occurs when there exists at certain en-
ergies no states in the bulk of the proper symme-
try that can couple to the external plane-wave
state. " In this ease the external wave decays into
the bulk via Bragg reflection forces. Since the in-
elastic damping of the electron is large, this con-
tribution to the effective mean free path might not
ever be large enough to cause a noticeable weak-
ening of k conservation, but it might cause a not-
iceable modulation in the heights of various peaks
in the spectra.

Performing the sum over the lattice sites and
including energy conservation, we find that the
photoelectron emission current can be written

l(E (k ), t) g J (kk() E[I[',+( k—k )']'

xfi(Eq(ky) —E„(k)—Sar) dkJ

(10)

where

1"= 1/X(k&) cps [)),

a,nd

k kjf)( + kJ

The Lorentzian factor in Eq. (10) accounts for the

relaxation of the component of the momentum per-
pendicular to the surface due to the inelastic pro-
cesses which give rise to a finite mean free path.
The summation index n extends over the filled
electron bands. We point out that the extended mo-
mentum is used in the expressions in Eq. (10).
The E&(k) as given by Eq. (8) is not periodic in k,
while the E„(k) of the tight-binding initial state is
periodic in k.

For a plane-wave final state, it has been shown
that the photoionization cross section of an atomic
orbital, P„(r), has the form"

Iui„(E, X) I'= lk't[l'I fk.(r)e"'E'k I'.

The cross section vanishes whenever the compo-
nent of the vector potential or the electronic charge
density of the initial state in the direction of the
final-state momentum is zero. The angular de-
pendence of the atomic matrix element is the pri-
mary weakness of the plane wave model"' and we
now suggest a matrix element which yields results
in far better agreement with experiment.

8. Atomiclike photoionization cross sections

In order to calculate the angular dependence of
the matrix element M„(k, i), we need to make only
two assumptions: (i) Atomic dipole selection rules
&m = 0, a1 are obeyed. " (ii) The true final state
can be accuratel. y expanded about an atomic site
in' terms of spherical waves having m = 0 only about
its direction of propagation. "" The first assump-
tion is plausible since the portion of the initial and
finaI state in the vicinity of the atomic cores makes
the dominant contribution to the photoionization
cross section, particularly as the photon energy
increases. " The second assumption can be seen
to be reasonable since this fact is true for aug-
mented, orthogonalized, and simple plane waves. '
Implicit in this assumption is tha.t the crystal
pseudopotential is weak or there is little multiple
scattering.

The calculation of the matrix elements based up-
on the above considerations is facilitated by the use
of the coordinate system in which the z axis is-
taken to lie along the direction of k& and the x and

y axes are taken to be perpendicular to the z axis.
Application of the atomic selection rules indicates
that the following initial-state atomic orbitals can
be photoexcited into the final state satisfying as-
sumption 2 by the corresponding vector-potential
components.
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Vector potential Atomic orbital

P* d,
P~~ dye

S j Pgp dg2

The x and y components of the vector potential
excite initial states having ~m

~

= 1, while the z
vector potential excites states for which m = 0.
The optical transition probabilities for the two m
= 1 states might differ from those of the m = 0
states. We suggest that the ratios of the m =0 to
m = 1 matrix elements computed for isolated
ato ms

tmsa

Mtm x:fI+Il&~'

for l-l —1

for / k+1)
are approximately valid in the solid. At lower
photon energies the formula for the l-l —1 chan-
nel is valid, but at higher photon energies the E

k+ 1 channel. becomes important.
The above considerations suggest that the ang-

ular dependence of the photoionization matrix ele-
ments can be more conveniently expressed a,s

)M„(k, Z)f'= fs P„(k)[',
where P„(k) is a dipole vector associated with the
atomic orbital associated with initial state n,
which can be written as a sum of vectors for each
angular-momentum shell

P„(k}=Q P",(k). (16)

The components of the above sum in terms of the
initial state orbitals are

Pq(k) = M~(
~

k
~

)[C„",(k)z+ C„"g(k)y+ g~C",,(k)z],

Pq(k) = Mq(~ k
~
)[C"„(k)k+C"„(k)y + gqC,"(k)z], (17)

P,"(k) =M, (~k ~)C,"(k)g,

where the M(k)'s are the photoionization ampli-
tude obtained for a pure m = 1 initial state. The
M(~k

~

)'s, which do not depend upon the angle of
emission, but only upon the magnitude of k, ac-
count for the photon energy dependence of the pho-
toionization cross section. The M(k)'s calculated
for the free atom" ought to describe the matrix
elements for the solid reasonably well. The
C",„(k,)'s, the coefficients of the atomic orbitals
used to express the initial state (see Eg. 5}, are
defined with respect to the coordinate system de-
scribed above and are assumed to be periodic in
k-space. However, the P"(k)'s are not periodic
in k space since the M(~k~)'s and $, 's depend upon
the magnitude of

If one is interested in only the dependence of the
shapes of the peaks upon the angle of emission for
a fixed photon energy, it is not necessary to cal-
culate the M(k)'s. In this case, only the parameter
$, is needed to characterize the contribution of the
final state to the atomic photoionization cross sec-
tion.

At first glance, the present theory might appear
to be schizophrenic. On one hand we use a plane-
wave final state to derive Eg. (10), then we throw
out the plane-wave atomic cross section and re-
place it with one based upon atomic-dipole selec-
tion rules. Our justification for doing this comes
from consideration of an APW, which serves as
an approximate final-state wave function. ' The
energy conserving 6 function in Eq. (10) arises
independently of the spatial behavior of the final-
state wave function and does not need to be con-
sidered. The Lorentzian factor in Eg. (10}depends
upon the variation in the phase of the final state
from one atomic site to another. This phase vari-
ation, which depends primarily upon the behavior
of the final state between the atomic cores, should
be approximated adequately by a plane wave. The
mean free path of the electron is primarily a
"jellium" effect, for which a plane wave is also
adequate. However, the dominant contribution to
the photoionization does not come from the region
between the atoms where the final, state is free-
electron-like, but rather from the region near the
atomic cores, where it is distorted into a spheri-
cal wave.

As discussed previously, "the distortion of the
true final state into a spherical wave in the vicin-
ity of the atomic core implies that its Fourier
transform in k space is not a single plane wave,
but has additional components, which can produce
secondary-emission cones. While these additional
components make the primary contribution to the
photoionigation cross section, their total contri-
bution to the secondary cones is estimated using
Eg. (54) in Ref. 11 to be -10% for the photon ener-
gies of -20 eV.

IV. IMPLICATIONS OF THE MODEL

The important features of the model derived in
Secs. I-IV are (a) that only a single region in the
initial-state Brillouin zone contributes to the spec-
tra in any given direction and (b) that the polari-
zation dependence of the initial state is that of a
single complex dipole vector which is expressible
in terms of the orbitals of the initial @tate. When
this model is valid, the first feature allows the
electron energy bands to be determined from the
positions of the peaks in the observed spectra
from a single crystallographic surface. Now we
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shall demonstrate that feature (b) allows the wave
functions to be determined from the dependence
of the amplitude of the observed peaks upon the
direction of polarization.

A. Initial-state orbitals

In the case where the C",„(k)'s are real (e.g. , in
solids having -inversion symmetry and a small
spin-orbit interaction) the intensity vanishes when
the electri. c vector is perpendicular to P„, and it
is maximum when it is parallel to P„. (This is
in contrast to the predictions of the plane-wave
final state where the maximum intensity occurs
for a11 initial states when the electric vector is
parallel to the direction of emission. ) From in-
spection of Eq. (17), it is clea.r that the coefficients
of three components of the wave function can be
identified when the direction of P„ is found.

When the coefficients in the initial-state wave
function are complex (e.g. , in systems lacking in-
version symmetry or having a large spin-orbit
interaction), the polarization vector is complex,
consisting of a real vector and an imaginary vec-
tor. Maximization of the intensity by altering the
direction of the vector potential will. not yield the
direction of both components of P„; it might be
necessary to plot out a more detailed dependence
of the behavior of the intensity to find the two com-
ponents.

In practice, it is cumbersome to change the or-
ientation of the electric field to maximize the in-
tensity of the peak of interest in order to find P„.
A less difficult method is clearly desirable. We
note that the derivative of the intensity with re-
spect to the direction of the electric field is

dI ~d~ P„(e P ). (18)

From the above equation we see that by measuring
the change in the intensity for three small inde-
pendent displacements of E, P-„can be found. When
the polarization vector is complex, the change in
intensity is

dI ~di [Re(P„)+Im(P„)](Z P„). (19)

In order to find the two components of P„, the
above procedure must bd applied for two different
6 s.

Equations (15)-(17) imply that in general the
orientation and magnitude of the polarization vec-
tor of any initial state depends upon the angle of
emission since the orientation of the coordinate
system in which the Cf„(k)'s are defined changes
with this angle. If we were to observe the initial
state from some other directj. on, the polarization
vector would be different. For s-like initial
states, the polarization vector is always along

the axis of emission. For initial states consist-
ing entirely of P orbitals, it is sufficient to ob-
serve the polarization vector for only one direc-
tion of emission to determine the orbital composi-
tion of the initial state. We note that in the case
where )=1, the three polarization vectors of the
p states are orthogonal and their orientation re-
mains independent of the direction of emission.
When the emission is maximized for one pure P-
like state, the emission for the other two vanishes.

Since the orbitals for which ~m
~

= 2 with respect
to the axis of emission cannot contribute to the
spectra for any polarization direction, the polar-
ization vector of the d states must always depend
upon the direction of emission. Such m= 2 orbitals
can contribute to the spectra in other directions
of emission, since with respect to other axes,
they are not purely ~m

~

= 2 orbitals. In order to
obtain the complete set of the 5d orbitals compos-
ing a state, it is necessary to find the polarization
vectors for two different directions of emission.

kg Ilk/ II+ kggky

) ka + k [1/~) k2 + k2 )
~~2 (20)

In the above expression k, is taken to be the re-
duced momentum and k& is taken to be the extend-

B. Photon energy dependence

The value of the parameter $, depends upon the
relative strengths of the I I+1 and I-I —1 op-
tical transition channels, which is expected to
vary with photon energy. For now let us ignore
the variations in this parameter with photon en-
ergy.

When the initial state consists of orbitals from
the same angular momentum shell, we expect the
direction of the polarization vector for a constant
direction of emission to remain independent of
the photon energy; however, when the initial state
consists of orbitals with different angular momen-
ta, the direction of the polarization vector is al-
tered since the magnitude of M, 's changes with
the photon energy. In fact the variations in the
34, 's with hv can, in principle, be used to obtain
the complete orbital, both / and m, compositions
of the initial state.

The orientation of the initial state orbitals is
largely determined by k„ thus for a fixed polari-
zation direction, the relative strengths of the peaks
in the angle-resolved photoemission spectra de-
pends upon the angle between k, and k&. For emis-
sion along a crystallographic axis, k& and k& are
parallel for all photons energies. In this case,
we expect the shape of the spectra to be a periodic
function of k&. However, for a finite k„, the angle
between k, and k& is given by
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ed momentum. As the photon energy increases
and k«» k&, )

the asymtotic behavior of the angle
between k, and kI, 8,&

is given by

k)~
ff (k2 + km )1/2 ' (21)

The largest variations in the shapes of the spectra
with photon energy for a fixed k„are expected to
occur when the changes in 8«are the greatest.
The changes in 8,&

become larger as k„, increases.
Variations in the shape of the spectra with photon

energy should be particularly large for d-like in-
itial states. For emission along a crystallographic
axis, initial states having

~

m
~

= 2 should not be
seen for any photon energy, provided that the
final state remains unhybridized. However, the

~

m
~

= 2 initial states should become visible when

the angle between k, and k& increases. This should

happen for non-normal emission from initial states
closest tp the I' point.

The observed variations with photon energy of
the peak intensities in the angle-averaged photo-
emission spectra of noble metals" might be ex-
plained by variations in the average angle between

k& and k&. When several reciprocal-lattice vec-
tors lie close on a sphere of radius k&, large areas
exist where k, and ki are nearly perpendicular.
In this case, emission from orbitals which have
an

~

m
~

= 2 with respect to k, should become more
intense. Most of the m = 2 orbital components are

4P

at lower initial state energies. As k& increases
or decreases, k, ig less often perpendicular to
k& and contributions from such m = 2 states become
less intense.

Angle-averaged photoemission spectra taken in
the hv-1j. -40 eV regions usually show that the
strength of the more tightly bound electrons in-
creases with the photon energy. " For low photon
energies (kv& 20 eV) where optical transitions
take place to states in the second Brillouin zone
in the extended zone scheme, k, and k& are nearly
parallel to one another in all directions. Thus
emission from the m = 2 initial states should be
weak even in the angle-averaged photoemission
spectra. As the photon energy increases, the
emission from the m = 2 states ought to increase
as the average angle between k, and kz increases. '

According to our model, optical. transitions oc-
cur into all free-electron bands with similar prob-
abilities. Since each free-electron band propa-
gates in different directions, we expect the angle-
averaged spectra to reveal eventually, as the pho-
ton energy is increased, the total electron density
of initial states derived from orbitals in the same
shell, provided that the effects of charge-density
overlap between adjacent orbitals is taken into ac-
count. " The conditions for the onset of density-

of-states behavior given by Feibelman and East-
man" are correct. However, the angle-resolved
spectra should still reveal only a single point in
k space, provided that the effects of thermal dis-
placements does not eliminate k conservation. '0

The angle-resolved photoemission spectra are
unlikely to ever reflect one-dimensional density
of states as discussed below.

We also note that the atomic-dipole matrix ele-
ments, the plane-wave, a.nd constant matrix
elements should yield similar angular averages
as the photon energy increases. However, their
differences clearly show up in the ang1.e-resolved
photoemission spectra taken at low photon ener-
gies.

V. EXTENSION TO STRONGLY HYBRIDIZED FINAL

STATES

In this section, we suggest how the theory de-
veloped in Secs. I-IV can be extended to the case
in which the final state wave function consists
of a strong admixture of hybridized waves. As
discussed by Smith et al."the photoemission in-
tensity from a tight-binding initial state into a
plane wave component of momentum k& of a Bloch-
like final state is given by

~U„(k,))'~Z A GU.(k, +G)&*(k,+G)I,
G

(22)

where g(k} is the Fourier transform of the initial-
state orbital. Since it has been shown that a single
plane wave yields the incorrect angular dependence
for the photoionization cross sections, ' ' we ex-
pect cross sections computed from a pseudopoten-
tial wave function, which is a sum of plane waves,
to yieM incorrect results also. Since the coef-
ficients U~(G) obtained from a, pseudopotential cal-
culation should yield essentially the same coef-
ficients as for an APW-like calculation, Eq. (22)
can be corrected by introducing the polarization
vector corresponding to the direction of every
plane wave component:

(U„(k,)(' e Qp*(k, +G)U„(k+G)

(28)

For this case, the complicated final state makes
it difficult to extract information concerning the
orbital composition of the initial state.

VI. VALIDITY OF THE SINGLEWAVE FINAL STATE

In this section, we investigate the conditions
under which the simple "free-electron" model de-
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FIG. 1. Free-electron band structure along the [111]
axis of the face-centered-cubic structure.

veloped in Secs. I-7 is valid. In order to do this,
let us consider the free-electron band structure
along the [ill] axis of the fcc lattice aS is shown
in Fig. 1.' The heavy line indicates the energy
dispersion of the plane wave having a momentum
directed along the [ill] axis; the extended mo-
menta of the other bands are pointing in some
other directions. Since this solid band is the only
one that can be matched at the surface to an ex-
ternal plane wave propagating normally to the sur-
face, the amount of admixture of this band deter-
mines the probability that a photoexcited electron
can get out of the solid in a direction normal to
the surface. According to the model outlined in
Sec. III, electrons are photoexcited into all final-
state bands with nearly equal probabilities, and
thus the contributions to the spectra in any given
direction are governed largely by the transport
and escape processes.

According to first-order perturbation' theory,
the amount of admixture betwen two plane waves
having the same reduced momentum is'

V~(ak}/~„(k), (24)

FIG. 2. Free-electron band propagating normal to the
surface in the high-energy limit where the, density. of ..

all bands becomes continuous. The shaded region shows
where the free-electron state becomes distributed in the
E-k plane.

aration must be no more than the pseudopotentjal
interaction. Since typical pseudopotential inter-
actions are on the order of 5 eV, 26 inspection of
Fig. 1 shows that there are large regions of the.
Brillouin zone where the admixture of the solid
band is very weak. For example, the band at 25 e7
near the L point is separated by -15 e7 from the
solid bands and therefore it makes much smaller
contribution to the spectra than the solid band pear
the I' point at the same energy.

Now let us consider the bands at much higher.
energy where the density of the bands becomes
nearly continuous. When the pseudopotential is
constant, independent of the momentum differ-
ence, the free-electron band n of momentum kI
becomes distributed vertically in energy according.
to

i@,,(E)
i
2=(i/w)[V, /[Z-Z„(k, )]2+ V2]. (2

It is obvious that a vertical broadening of the
solid band leads to a corresponding horizontal
broadening in k space as is illustrated in Fig. 2.
Using Eqs. (8) and (25), we find that for a fixed
final-state energy this plane wave is distributed
horizontally in k space as

where ~» is the energy separation between the
two states, V»(4k) is pseudopotential interaction
between them, and 4k is the difference in the ex-
tended momentum of the two waves. In order for
two bands to mix appreciably, their energy sep-

~~(k)~'=(l/ )[P/(k-Q)'+P'],
where

P=mVO/it ky.

(28)

(27)
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The above result shows that the free-electron
band is distributed over a range 2P in k space, but
peaks at the free-electron momentum. For 'typical
semiconducting materials, we find that the free-
electron band is distributed only over about one
fourth of the Brillouin zone for final-state energies
of about 20 eV above the Fermi level. As the final-
state photon energy increases, g decreases even
further. According to these estimates the one-di-
mensional density-of-states model" "cannot be
justified by hybridization of the final-state bands
alone; a very strong relaxation of the component
of momentum perpendicular to the surface is
needed to justify this model. (However, as dis-
cussed earlier, ' the plane wave components aris-
ing from the core part of the final states might be-
come sufficiently important at high energies to
make the one-dimensional density-of-states model
valid. ) We conclude that the single-plane-wave
final state, according to the present calculations,
should be at least qualitatively valid for locating
the region in the Brillouin zone contributing to
the angle-resolved photoemission spectra for
nearly all materials and photon energies. This is
fortunate since many of the complications due to
surface irregularities might not ever be impor-
tant. '

Although the plane-wave final state serves to
locate the points in k space contributing to the
spectra even when the pseudopotential has infinite
range in k space, the matrix elements derived for
a single-plane-wave final state in Sec. III might
not necessarily be valid. If the range of the pseu-
dopotential in k space is 6', -then plane waves
having propagation directions separated by at most
the angle

(28)

to be valid. Indeed, experimental results show
this to be the case."""0

VII. EXPERIMENTAL ARRANGEMENTS

(~) Mp Af rDng8fYl80t

Sample

Lamp
) )

k a

Detector

In order to exploit the polarization dependence
fully, it is convenient to have a light source which
is fixed but for which the polarization vector can
be rotat'ed to any angle with respect to the Poynt-
ing vector. In the experimental arrangement
shown in Fig. 3, the analyzer and the sample can
be rotated in the plane defined by the directions
of the detected electron and of the incident light.
This arrangement allows the polarization direc-
tion with respect to the sample to be varied in
every direction by a~combination of a rotation of
e about the Poynting vector and a rotation of the
sample. In order to keep the angle of emission
constant while changing &, it is necessary to move
the analyzer. One difficulty with this method might
arise when the refraction of the light at the sur-
face alters the polarization direction and phase
inside the solid.

In practice, it might be cumbersome to find
the atomic polarization vectors P„, since a two-
parameter space has to be scanned as discussed
in Sec. IV. However, two geometries exist which

are mixed appreciably. In order for the matrix
elements for a single plane wave to be valid, it
is necessary that Y be small. When T is large,
the contributions from all of the plane-wave com-
ponents should lead to matrix elements that are
nearly constants, but which still obey crystal
dipole selection rules. Evidence has already been
presented for Ag which indicates that the simple
unhybridized wave final state is not adequate at
hv-40 eV and that constant matrix elements work
better. ' Thus we conclude that the simple model
presented here becomes more valid as the final-
state energy increases.

The above analysis is valid in the limit that the
density of bands is large; at lower photon ener-
gies (kv& 20 eV) in noble metals, the number of
bands available for hybridization is small, and
thus a single-plane-wave-like final state ought

(b) M, Arrangement

ector

FIG. 3. (a) Mo experimental arrangement for which
only initial states having orbital angular momentum pro-
jection m = 0 with respect to the final-state momentum
kf can make a contribution to the photoemission spectra
The m = 0 component of the initial-state band structure
is obtained by')canning 8, the angle between k& and the
normal to the sample via a rotation of the sample.
~(b) Mi experimental arrangement for which only initial
having m = 1 can contribute to the spectra.
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yield useful results without much effort.
When the light source and the analyzer are at

90'with respect to one another and g is directed
toward the analyzer, as shown in Fig. 3(a}, only
the m = 0 initial states can contribute [see Eq.
(16)]. Such spectra give an indication of the
amount of charge density of the initial state is
directed toward the analyzer, similar to the pre-
dictions of the plane-wave final-state model. "
A simple rotation of the sample, holding the an-
alyzer and light source fixed, then yields the m
= 0 orbital projection of the initial-state band
structure.

When the angle between the analyzer and the
light source lie along nearly the same line, as in
Fig. 3(b}, the spectra yield a m = 1 projection of
the band structure. For this configuration, an-

unpolarized light source yields the total m =1
projection.

VIII. SUMMARY AND CONCLUSIONS

We have presented a model for describing the
angle-resolved photoelectron spectra of solids,
which we believe takes into account the important
physical processes. 'The following are the rele-
vant characteristics of our model. (i) The photo-
emission process is viewed as a single-step co-
herent emission of electrons from atomic sources.
(ii) The final state is an unhybridized wave con-
taining spherical waves with only m = 0 angular
momentum projections with respect to the direc-
tion of k&. (iii) Atomiclike dipole selection rules
govern the behavior of the cross sections of the
atoms so that only initial states having m = 0, +1
values can be photoexcited. (iv} The transport
momentum conservation and escape processes
are free-electron-like in nature. The conserva-
tion of the component of momentum perpendicular
to the surface is partially relaxed by the inelastic
scattering processes. (v) Optical transitions take
place into all bands with similar probabilities, but
the transport and escape probabilities differ sig-
nificantly for each band and thus they largely de-
termine the contributions to the spectra in any
direction. (vi) The contributions to the spectra
from the surface potential are unimportant.

The dependence of the intensities of the peaks
upon the angle. of emission and polarization di-
rection of the photon field is significantly different
from that predicted by either a plane wave or con-
stant matrix elements, as will be demonstrated
in detail in Paper II. The model is sufficiently
simple so that it can be used to extract from ex-
perimental data information on the energy bands
and the eigenvectors of the filled electronic states.
In particular, the model introduced here shows

that the application of polarized light can open up
another dimension of usefullness for angle-re-
solved photoemission.

The simple form of the model presented in Sec.
III is expected to be approximately valid at the
onset of photoemission for most metals in which
the pseudopotential is weak, but it should become
valid for materials in which the pseudopotential
is strong as the photon energy increases. For
such materials at lower photon energies the pseu-
dopotential method can be used to describe the
final state of the photoelectron, provided that the
cross sections are modified according to the pre-
scription given in Sec. ,

gf'.
The present theory still needs to. be tested with

polarized light sources and to photon energies ex-
tending above 40 eV. Due to difficulties in per-
forming high-resolution angle-resolved experi-
ments in the x-ray regime, it might be necessary
to compare the predictions of this model with more
sophisticated band calculations that take into ac-
count the potential of the atomic cores.
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e'"~~ ~

g (r}= ~1+—' e"'&'+ I1-—~e
'"~

2 ( k'~ ( k~)
(A1)

where the unprimed 0's correspond to the momen-
tum components inside of the solid. The first
term in brackets corresponds to a plane wave
propagating towards the surface, while the second
corresponds to one propagating away from the
surface. In the development of the theory in Sec.
III, we have assumed that only the plane wave
propagating towards the surface makes an apprec-
iable contribution to the spectra. For free elec-
trons, we find that

k,' mE cos'8
k~ m*(E+ W) —mE sin'8,

APPENDIX: MIXING OF THE PLANE WAVES AT THE
SURFACE

In the photoemission experiment, the wave func-
tion outside of the solid is a single plane wave
propagating away from the surface with a wave
vector k'. In order for the wave function and its
derivative outside of the solid to be continuous
at the surface, in which the potential jumps abrupt-
ly, the wave function inside of the surface must
have the form
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2 oo 2

e ""U(z-)dz (A3)

An integration by parts yields

dU(g )
4(flak)4 „dz (A4)

where 8, is the angle between k' and the normal
to the surface. The above two expressions indicate
that. large contributions to the emission spectra
should come from the plane wave propagating
away from the surface, particularly in the ultra-
violet photoemission regime at large emission
angles. However, as we shall show in Paper II,"
there is little evidence for such contributions.

We believe that the contributions to the spectra
from the state propagating away from the surface
is reduced because the true potential does not
jump abruptly, but rises to the vacuum potential
over a distance of an interatomic spacing. For
a one-dimensional step potential, the Born ap-
proximation for the reflection coefficient of an
incident plane wave is"

FOr the potential step of amount W, Eq. (A4)
yields

a = [m'/4(m)']~ W~' (A5)

which is equal to the leading term in a power-
series expansion in W of the exact result for the
reflection coefficient. When the potential rises
over a distance 0 so that

(A6)

then Eq. (A4) yields

ft = [m'/4(ak)'] W~'e- ' . (Av)

The above expression shows that Eq. (Al) is valid
when the wavelength of the electron is longer than
o", however, when the wavelength of the electron
is comparable to 0, the contribution from the wave
propagating away from the surface is far less im-
portant than for the abruptly rising potential. Since
0 is on the order of an interatomic spacing, we
expect the R to be small when hv-20 eV.
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