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Two possible types of superfluidity in crystals

Mario Liu~
Bell Laboratories, Murray Hill, New Jersey 07974

(Received 1 September 1977)

Using a modified procedure to derive hydrodynamics, it is shown from symmetry considerations that a
superfluid velocity 8 which is invariant under a Galilean transformation will be driven by the temperature:
v' + (kslm) QT = 0. A crystal with such a velocity is able to sustain a persistent entropy flux rather than
a mass current and has a propagating mode connected to temperature fluctuations. On the other hand, only
a crystal with a P which behaves like a true velocity under a Galilean transformation, will be able to sustain
a persistent mass current and have vacancy propagation as its Goldstone mode. This spectrum differs,
however, from that given by previous authors.

I. INTRODUCTION

Numerous theoretical investigations' ' of recent
years have advanced the opinion that some form
of superfluidity in crystals is a distinct possibility.
As ide from microscopic approaches such as ex-
plicitly constructing a Bose condensed wave func-
tion which complies with a crystalline ordering, ~ '
there were also attempts to study the problem
from macroscopic symmetry considerations. En-
visioning a quantum crystal capable of sustaining
a persistent (liquidlike) flow of defects, Andreev
and Lifshitz derived its equations of motion in
close analogy to the two-fluid hydrodynamics, "
and predicted a Goldstone mode, the vacancy
propagation, which has a spectrum similar to
fourth sound in He II. In addit'ion, the velocities
of elastic waves are found to be modified by a
common factor proportional to the superfluid
density, making it possible to detect superfluidity
in a crystal by measuring the spectrum of elastic
waves.

Recently, Saslow' suggested that, due to the
presence of the lattice as a preferred inertial
frame the superfluid velocity v' shouldbe invariant
u~der a Galil. ean transformation, i.e. , v' should
transform as a velocity difference. This alters one
of the basic assumptions of the hydrodynamics as
derived by Andreev and Lifshitz and makes a re-
derivation necessary. Saslow' found that the
structure of the hydrodynamic equations remains
the same, and the only modification occurs in the
thermodynamic relation between the superfluid
velocity and the momentum density. But that
was enough to cancel the changes in. elastic waves:
they now remain essentially unaltered going through
the superfluid transition, making the measure-
ment of elastic waves unsuitable for the detection
of superfluidity.

The purpose of the present paper is to show that (i)
only a "Galilean" v'(i.e. , a v' which behaves as a true

velocity under a Galilean transformation: v'
-v'+ &5) will lead to superfluidity as characterized
by a persistent mass flow; while (ii) an "invariant"
v' (namely, v'-v', as employed by Saslow),
will give rise to a different kind of superfluidity-
a persistent (or super) entropy flow. We will see
that the modification made by Saslow suffers from
internal inconsistency, and that the Andreev and
Lifshi. tz equations are the only possible ones to
describe superfluidity. of mass flow in a crystal.
(When rectified, Saslow s hydrodynamic equations
are consistent with those of Andreev and Lifshitz. )
We shall also see that (iii) the collective modes as
calculated by Andreev and Lifshitz are not gen-
erally correct. This is easily recognized by the
following argument. Since their equations of
motion are given by generalizing two-fluid hydro-
dynamics, we must be able to obtain the spectrum
of first (and second) sound in a superfluid liquid
by setting to zero the appropriate elastic coef-
ficients. Now, because the elastic waves as cal-
culated by them are changed by a common fac-
tor, independent of the thermal expansion coef-
ficient, one has to conclude that first sound,

too, is changed by the same factor. This, of
course, is in contradiction to the mell, -known fact
that first sound is only altered to the extent that
the thermal expansion coefficient is not neglected. '
By the same token, vacancy propagation can-
not be given by a fourth-sound-like spectrum,
but must be given by a generalization'of sec-
ond-sound spectrum. (The error can be traced
back to the fact that Andreev and Lifshitz employed
a perturbation calculation. , in which the perturba-
tion can be comparable to the zeroth-order term. )
Our results will show that the change in the elastic
waves is still proportional to p', although mark-
edly different for transverse and longitudinal
excitations. They remain a valid indicator for
any superfluidity in crystals.

We then go on to explore (iv) the consequences
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of a persistent entropy current as a result of
introducing an invariant superfluid velocity to the
crystal. We find that here the Goldstone mode is
a temperature propagation. This conclusion leads
naturally to two question. s: first, why in a super-
fluid liquid, do a "GalBean" v' and a persistent
mass flow, defying the above categorization, give
rise to temperature propagation& An second,
what are the connections between a super entropy
flow and the familiar phenomenon of second sound
in ordinary crystals, such as described by Enz's
two-fluid hydrodynamics? Both questions are
answered and after a detailed comparison with
Enz's equations, a number of corrections and
generalizations are suggested.

The usual way of deriving the hydrodynamic
equations consists mainly in the manipulation of
the redundant flux of the energy density. This
procedure has been explained carefully in the two
books by Khalatnikov' and Putterman. ' However,
one can. construct examples to show that this
method is not free of ambiguities, and especially
in complicated systems, there is a tendency for
one to mistake assumptions for results. We shall
therefore (v) introduce a supplementary procedure
to derive the linear-reactive terms which, when
used in conjunction with the standard method,
eliminates the ambiguities and yields abetter under-
standing of the structure of the hydrodynamic
equations.

This paper is organized as follows: In Sec. II,
we define the superfluid crystal thermodynam-
ically and discuss a number of thermodynamic deriv-
atives which have given rise to some confusion in
the literature. In Sec. III, the hydrodynamic
equations are derived and investigated and their
propagating modes calculated. It represents the
main part of the present paper. In Sec, IV, we ex-
amine how to describe secon.d sound ir& ordinary
crystals employing the equations of Sec. III. Sec-
tion V consists of summary and concluding re-
marks.

II. THERMODYNAMIC RELATIONS

The basic identity governing the thermodynamics
of a superfluid crystal is given by"
d&= tufp+ Tds+ v", dg, + (h/m)j;d&, /+X, zd&zu, .

(2.1)

As in Bef. 2, a, p, s, and g, are the densities
(per unit volume) of energy, mass, entropy, and
momentum, respectively, u, is the displacement
vector, and Q is a scalar potential whose deriva-
tive v' =- (I/m)&p is required as an additional
velocity to determine the equilibrium state (m is
the mass of the atom). Note that P is introduced

The Maxwell relation

8@i . Bj Sf

85f-:., -
.. . :. .. .. '9v.g--

(2.2)

reduces the four elastic coefficients to three in-
dependent ones. Here, one can employ the Galilean
transformation properties to further reduce the
number by one. ' The momentum and energy den-
sity w ill change under an infinitesimal Galil. ean
transformation d~ according to the well-known
for muIas'.

dg = pd and da = g ~ d(u . (2.3)

We may now distinguish bvo cases:
(i) U v' is taken to be invariant under a Galilean

transformation, as are all the other variables of
Eq. (2.1), i.e. , dp=ds=dV~u, =dvf=0, then in-
serting Eq. (2.3) into Eq. (2.1) yields

g= pv (2.4)

and due to the Maxwell relation, Eq. (2.2), j' can-
not be a function of v". Linearized with respect to
v', we have

'S S Sji pif (2.5)

(ii) On the other hand, if v is a Galilean velocity,
dv' =d+, we will instead arrive at

g pv +j (2.6)

or Bj& /Bv& = BgI/B v& =-Bjz/Bv,". Linearized, it
gives

(2.7)

In arriving at Eq. (2.7), we have also used the
MMovell relation psif = pf, .

Saslow' combined Eqs. (2.5) and (2.6), therefore
his assumption of an invariant vs was not correctly
executed. More technically, the Mmovell relation,
Eq. (2.2), was violated. The correction of this
one oversight, when made in, compliance with a

here as an uspecified velocity potential rather than
a macroscopic phase variable because the latter
interpretation is too restrictive, and it is never
needed for the hydrodynamic derivation. The quan-
tities p, , T, v", , j', , and X,f are the respective con-
jugate variables and defined by Eq. (2.1).

The change in the chemical potential & p, , the tern-
perature &T and &A,,f —linearized with respect
to the normal and superQuid velocities, v"

and v' —are given by the change in the ther-
modynamic variables &p, &s, &Viuf, which
are even under time inversion g and j', on
the other hand, are functions only of the odd vari-
ables, v and v", i.e. ,

g = gi Vn+ gi Vs s= ji Vn+ ji Vs
8 e 8' a'
g&n f BVS f & ji ~Vn f 9VS j
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E=&V, M= pV, S=sV, Q, =g V.

With the help of the Duhem-Gibbs relation

I = —Q+ p.p+ Ts+ Ug g(

(2.3)

(2.9)

Equation (2. 1) can be rewritten

dE = (((dM+ TdS+ v(dG( + V —j(dV( P+ X((dV(u(
Lsa

This is valid for an arbitrary volume. We now
define the change of this volume to be given by the
motion of the lattice points, i.e. ,

number of interrelating symmetry requirements,
leads amazing1y enough to a quite different set
of equations. In, particular, the time rate of change
of the superfluid velocity will no longer be given
by the gradient of the chemical potential, but rather
by that of the temperature. This is an excellent
example of the cogency and rigidity of the struc-'
ture of the hydrodynamic equations.

In deriving the equations of motion and calcula, -
ting the collective modes, we shall need (or find
convenient) alternative thermodynamic identities.
First, we shall consider the energy of an arbitrary
volume V inside the crystal. As long as the linear
dimension of V (in the direction of. ,the wave vec-
tor q) is much smaller than the wavelength, the ex-
tensive variables are given by

with

(2.12)

We shall use Eq. (2.11) extensively. Its impor-
tance stems fram the fact that the definition, Eq.
(2.10), is a straightforward generalization of
the case where V is the total volume of the crystal
in global equilibrium" to the case where V is an
infinitesimal valume inside the crystal in local
equilibrium. The thermodynamic deriva, tives in
these variables have simple and immediate ex-
perimental significance. For example, (Bo(J /
BV,u()„s is the elastic tensor connected to
changes in volume and shape of an isolated crystal,
i.e. , of one, whose total mass M and entropy 8
are kept constant. On, the other hand, (Bk(, /
BV~u()„, corresponds to the same changes of a
crysta, l whose total particle number and entropy
have to be varied to ensure that the respective
densities are unaltered. This is obviously a much
more intricate exper imental prescr iption. There-
fore, it is not surprising that the hydrodynamic
equations have a much simpler structure in the
extensive variables, and accordingly, the propa. —

gating modes are most conveniently expressed in
the thermodynamic derivatives of Eq. (2.11). The
ela, stic waves of a.n ordinary crystal, e.g. , a,re
given by

dV= Vd&)u],

which gives

+ V —j( d&( P + o „.d &,.u(

(2, 10)

(2.11)

~ —(Bo(g/BV(u()(( s&(&( u("r /P

[see Eq. (3.25) below]. Expressed in terms of the
various elastic coefficients of Eq. (2.1), the spec-
trum is more difficult to interpret and looks
correspondingly awkard:

(
Bo (~ 'I Bo(~

) N, S
s - +p —0' 58s 8p

T—
l~s

—+ P 8 (~((8( (+~(( 8(&)+ s +P' +2Ps 8(&8» .9s 8p ' ' Bs gp 9 p
(2.13)

(In the iwo expressions of the right-hand side
&~u, , s and p are the variables, and two of them
are always held constant. g

We will next consider the fluctuation in the mass
M (or particle number M/m), which is physically
connected to the change in the vacancy concentra-
tion c: The difference D bebveen the number of
vacancies and interstitials in V is given by D
=N-M/m, where N is the number of lattice sites.
We have dN=O, because the volume, as defined in
Eq. (2.10)—though it may be changing with time—
will keep its number of lattice sites constant.
Therefore,

dc = d(D/N) = dM/Nm. — (2.14)

P
de = Tdg+v("dv( — —dc

p(1
~ g

+ " d&. u, +~—'dv', (2.15)

(Concentration of long-lived defects is a more
adequate name for c, since a negative c would
mean presence of interstitials, and a vanishing
c does not necessarily imply that the crystal is
perfect. ) Another useful thermodynamic identity
is12
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where e = a/p, 8 = s/p, v, =g, /p are the energy,
entropy, and momentum p'er unit mass, respec-
tively. The ten, sor o„. is the same as defined in
Eq. (2.12). Note that in a liquid, the energy den-
sity e as given by Eq. (2.1) does not depend on
the strain tensor and X,, vanishes identically.
Therefore 0„. is given by

g, z
———P5„. = (& p, p Ts —v" ~

g)5&&. (2. 16)

This equation not only states the inability of a
liquid to sustain shear stresses (i.e. , X,~

-5,~),
it also implies the zero energy required in a liquid
for displacing a particle from the buI. k to the sur-
face (i.e. , X» —0, since de = ~ X„d&~u~ gives the
eompressional energy at constant density, or the
energy connected with the creation of vacancies
and interstitials in a crystal).

It is instructive to examine more closely some
of the thermodynamic derivatives which have given
rise to confusion. in the literature. First we ob-
serve that, setting dc =0, or equivalently dM
=d(pV) =0, yields

dV
dp = —p ——= —pd+) Q

V
(2. 17)

Equation (2.17) is familiar as the condition of
an ideal crystal. Defining

p] —= - + p5)~
Bp

(2. 18)
s&,u,.

Andreev and Lifshitz' argued that because &p/& V, u~
= —p5, , in an ideal crystal, p,.& «p for not too high a
vacancy concentration, and proceeded to treat p, ~ as
a small perturbation. To see why this argument is
misleading we have to sharpen our notion of a perfect
crystal, of which there are two kinds. We may call a
crystal "globally" perf ect if its total number of lattice
sites equals its total particle number, but the
fluctuation of its vacancy concentration does not
identically vanish and varies, e.g. , sinusoidally
as c- sinq ~ r with f cdV= 0. Only if we also re-
strict the fluctuations, setting c -=0, will the crys-
tal become "locally" perfect. Equation (2.17) was
arrived at by restricting the fluctuations of the
vacancy concentration, setting c= const. in a crys-
tal with arbitrary defect number fc dV. The
equation is therefore valid only in a locally perf ect
crystal, but not in. a globally perfect one. Hence,
it cannot be approximately correct in a crystal
which is nearly globally perfect. With a more
precise statement of Eq. (2.17)

[The strain tensor &, u& aside from the (3, 3) com-
ponent is held constant in all the derivatives of
the last equation. ] When the density is varied,
while either the vacancy concentration is kept cons-
tant (dM=0) or the lattice rigid (d&,u, =0), the
respective changes in the chemical potential are
unlikely to be orders of magnitude apart. How-
ever, microscopic calculations of p„.seem lacking.

For later convenience, we define

(2.19)

(2.20)

is connected to the thermal expansion coefficient

and can be treated as a small quantity. Note that

(2.21)

is not proportional to n,.
&

or the thermal expansion
coefficient. ' In. a cubic crystal we have"

Qfg 05$ ~y pf p'5g p pfg p Qf ~ (2.22)

III. EQUATIONS OF MOTION

A. Linear reactive terms

[The third equal sign here, and also in Eq. (2.20)
below, is a Maxwell relation. ] As discussed
above, P„. is a quantity of the same order of
magnitude as -p(ep/Sp)v„, . (In liquid at zero tem-
perature, der„. =- pdjLt, (5„., and the two quantities
are in fact equal. )

Another thermodynamic cross derivative,

sT' Br
NS & i cg

we can in fact plausibly argue that p„./p may be
a quantity of the order of unity. Inserting

The derivation of the hydrodynamic equations
is usually accomplished by first writing down the
conservation laws, the law of increase of entropy
and the equations of motion for the order parameter
(in our case, P and u, ). One then determines the
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various unknown fluxes by observing that the en-
ergy current is redundant and the energy conser-
vation must be consistent with, and implied by,
the form of all the other fluxes. The classical in-'

troduction to this procedure is given in Ref. 7 by
Khalatnikov, a more detailed and careful explana-
tion can be found in Ref. 8 by Putterman. The
famous two-fluid hydrodynamics of He II,' nemato-
dynamics, "hydrodynamics of superfluid 'He,"
and of superfluid" and normal crystals" are all
derived by employing this standard procedure.
Also, the method is widely used to derive various.
nonlinear terms. ""

Partly due to the success of Landau's two-
fluid hydrodynamics, complete rigor of the de-
rived equations is claimed on occasions on the sole
ground that the fluxes satisfy the differential
equation of the standard procedure. However,
one can construct examples to show that the stand-
ard method is, when treating the reactive part
especially in complicated systems, not free of
ambiguities. As has been first observed by Hal-
perin and Hohenberg" and discussed in more de-
tail by Putterman, ' the differential equation of the

standard procedure is compatible with the equation
of motion $+ p, +A = 0, where A is a function of
temperature alone. The entropy current would be
simultaneously modified to include the additional
term j*,BA/BT. There are other ambiguities.
Restricting ourselves for the present to the reac-
tive terms only, we can write

~+ V»q» =0 (3.1)

P+ k~4 (3 2)

s+ V» f» =0 (3.3)

g] + V)P+ V,. m],. =0,
(n/m) j+Z=o, (3.5)

(3.4)

u, + Y, =o, (3.6)

and

&» = &j»+~/»+vi v~» ~ (3.'f)

where Z and Y, , according to the assumption of
local equilibrium, are arbitrary functions of p, ,
&, v", v', and V, u, The standard procedure then
yields the two equations

BZ BY~ I ~ . BZ 8Yg
~k+PVk+~ k gk k k k+jk jkBp. Bp, T BT)

BZ BY, , ( . , „., BZ BY,.+ v»v( -~g»+ v»g& +2» n +~&» n + v»v& I -&»v) +j»» + &g»»BV] V Bv,' Bv', &

BZ By,+ V»V~ui ~i»v(+j» BV +~~» BVBV, u 8 &u
(3.8)

Due to the independence of the quantities Vp, ,
VT, .. . , the terms in each parentheses have to
vanish separately, determining the most general
form of the . fluxes whic'h i.s compatible with the
standard procedure. The Andreev and Lifshitz'
equations (supplemented by the nonlinear stress
tensor of Saslow') are obtained by setting

Y] —VkVkQ] —V] Z —VkVk, + P, » (3 9)

In the following, we shall introduce an alternative
procedure in the extensive variables to show the
uniqueness of this choice with respect to its linear
terms if v' is Galilean, and also to work out the
form of Z and Y, , if v' is invariant. The reader
who is more interested in the results can skip
the rather formal derivation and turn directly to
the hydrodynamic ~nations [Eqs. (3.19)-(3.24)]
and the ensuing discussion of their physical signi-
ficance. He only needs to know that the super-
script T in vr=(R/m)&Jr, l'rand jr labels the
invariant counterparts of v', ' j', and p'.

We will begin with Eq. (2.11), or rather its par-
tia1, ly i.ntegrated form:

dE = pdM+ TdS + v", dG,

—V [&(j;d (I/m) P+ &,.o,q du, . ] . (3.10)

Note that Eq. (3.10) is obtained by partially inte-
grating Eq. (2.1), changing terms such as X,&d&&u,
to —V&A. ,& dl, and then transforming it to the extensive
variables as has been done to obtain Eq. (2.11). Equa-
tion (3.10)differs from Eq. (2.11)only by surface
terms; it does not break the invariance of the system,
e.g. , under auniformtranslation, as mightbe in-
ferred at first glance. In fact, it states explicitly that
SE/Su& approaches zero" when the wave vector q
vanishes.

The advantage of Eq. (3.10) is that we can im-
mediately write down the time rate of change of
the variables which, for small deviations from equi-
libr'iud, are generally given by linear combinations
of the conjugate variables:
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G]

(n/m)$

6 fq

a

—V~~~'r

-V~aog~
I

(3.11)

Obviously Eq. (3.11) has enough structure to con-
tain the Andreev and I ifshjtz equations, whose
linear reactive part is given by setting b= 1,
c„.=-6,~, and the rest of the coefficients to zero
[Eqs. (3.13)—(3.16) below].

In a uniform system, the forces p, , T, and v",

are not necessarily zero, but the time rate of
change of the conserved quantities N, S, and G,
must still vanish, therefore the part of the matrix
numbered as I can contain only terms at least pro-
portional to q. They are of higher orders in q and
will be discussed in Sec. IIIC. The same applies
to the II part of the matrix. Although it can contain
q-independent elements, these give rise to fluxes
of the same order in q as the elements in I. So
for our present purpose, we can set I and II to
zero. This leaves us with the bvo off-diagollal
blocks, which by virtue of the Onsager reciprocal
relation display the antisymmetry indicated in
Eq. (S.11). (The three vectors d, f, and h have
to be odd under time inversion to give reactive
couplings. )

It is important to realize that the time rate of
change of the energy E is determined by Eq. (3.11)
and always given as a total divergence. Inserting
Eq. (3.11) into Eq. (2.11)we have

(V 'd jdt)E+'V~ [j '(b p+ aT+d, v~))

+ o ~~(pf ~
+ Th~ + v", c,&)] = 0. (3.12)

This shows that each of the coefficients of the off-
diagonal blocks will lead to terms which are not
eliminated by the standard procedure and have to
be examined more closely.

First, we note that the lattice points of a crystal
in equi:librium and in the frame where v" vanishes,
will not change their position, i..e., du/dP=O, and
therfore f=h=0. A Galilean transformation of +
from this frame gives v"= &Z and du/jdt = uY, so we
may set c„=-5,~ or

I

dQg
vga 0

aft

This equation in conjunction with 'Eq. (2.10) con-
nects the extensive with the intensive variables.
Since in Eq. (3.11) time derivatives were taken of
variables of a volume moving with v", we have
d/dt = (9/st ) + v" ~ V, and hence

dM 4p dV] I
V dt dt dt

= p+ & ~ (pv") . (3.13)

(The dot denotes the partial time derivative. This
type of nonlinear term enters the discussion quite
naturally, and we shall keep track of these for the
benefit of later discussions. ) Quite analogously,
we also have

(V 'd/dt)S =s++ ~ (sv"),

(V 'd/dt )B= ~+ & ~ (ev"),
(3.14)

(3.15)

(V 'd/dt )G, =g, + & (g, v ) . (3.16)

The following reasoning wi11 show that the three
remaining coefficients a, 5, and d, are universally
constant quantities, and due to the lack of such a,

vector, d, must vanish. This can be expected
because, e.g. , (V 'd/dt)M= b& ~ j'= —& ~ (bj')
states that p is a conserved quantity. We can
prove it by inserting Z=A(T)+ B(p)+D(v", ) and Y,
as given by Eq. (3.9) in Eq. (3.8) and rewriting,
e.g. , Eqs. (3.3) and (3.5) according to Eq. (3.11)
as

(V d/df)S+ (BA/9T)(v $ j$) =0,

(d jdt )Q + (A/T) T+ ~ = 0.
(3.17)

(3.18)

The Onsager reciprocal relation enforces sA/
sT=A/T, i.e. , A=aT, and similarly, B=b p,
D=d, v", with universally constant a, b, and d, .
'this argument is of course not valid for nonlinear
terms such as D=v'.

Next w'e shall examine the continuity equation
p+ & ~ (pv + bj') = 0. It is a usual assumption in

deriving the hydrodynamic equations that the mass
current j is equal to the momentum density g.
However, Putterman' pointed out that there are
cases where this equality is not valid. We shall
defer the proof of g= juror any isolated systems to
the appendix and proceed by taking them as equal.
This is important because the momentum density
is already known to be completely determined by
the Galilean transformation property of the
additional velocity v' [Eqs. (2.4) and (2.6)] and we
may conclude that b=1, if v' is a Galilean velocity
and 5=0, if P is invariant.

$n order to distinguish these two case, we sha11
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(V 'd/dt)M+ V ~ j'=0,
(I/m) (d/dt ) P'+ p. = 0,
(V 'd/dt)S+ (ks/m)V jr=0

(h/ks) (d/dt )fr + T = 0,
(V 'd/dt)G, '- V,.a„=0, .

(d/dt)u, —v", =0.

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Equations (3.19)-(3.24) represent the linear re-
active part of a "three- fluid hydrodynamics" with
v", v', and v~ as three independent velocities.
They contain all the information needed for cal-
culating the velocities of the propagating modes,
whose general pattern can be easi. ly recognized here
as coupling of a conserved quantity to an order
parameter, leading to propagation of this con-
served quantity. Hence, in an ordinary crystal,
where j'= jr=0, Eqs. (3.28) and (3.24) yield three
pairs of elastic waves, which are the propagation
of the momentum. Introducing a Galilean velocity
potential Q' provides the system with an indepen-
dent and persistent mass current 3' and gives rise
to propagation of the mass M [or because of Eq.
(2.14), of the vacancy concentration c.] An in-
variant velocity potential P r, on the other hand,
provides an independent and persistent entropy
current jr (or equivalently, energy current), and
sustains entropy propagation. The phenomena
connected to Q' are known as superfluidity, those
connected to Q" we may call "superthermality. "
Note that because of the correspondence between
the conserved quantities and the propagating ~

modes, there can be no more propagating modes
than are found here —aside, of course, from spin

relabel the invariant velocity, its conjugate vari-
ables, the elastic tensor, and the transport coef-
ficient a with T (which stands for superthermal):
vr = (5/m)V fr, j r, pr, a", while keeping the super-
script s for their Galilean counterparts: v'
—= (I/m)VP', j', p', a'. (As we have seen above,
b*=1 and b =0.) By setting j' or j to zero, we
can arrive at the two cases conveniently. The equa-
tion for the entropy is hence given by

s+ V ~ (sv" +a'j'+a~jr) =0 .
Subject to the assumption that p~ vanishes for zero
temperature and p' does not, we can seta' = 0 and a~
=a(ks/m). The first equation complies with the
requirement that the total entropy current must
vanish for zero temperature. " The second equa-
tion is obtained by dimensi. onal considerations,
wher'e a is dimensionless and easily elimioated by
redefining P =fr/a and j ~r =aj «r . This leaves the
energy j ~ dhr unchanged, but gives a r= k/sm.
. After this lengthy discussion, we finally arrive at

waves, "which may propagate in a system when
the spin angular momentum is independently
conserved.

The distinct difference made above between
superfluidity and superthemality lends itself
naturally to the question as to why in the two-fluid
hydrodynamics of He II a Galilean velocity
can after all lead to temperature (or equivalently,
entropy) propagationt The answer lies in the
fact-that in a liquid there is no preferred inertial
frame: In Eqs. (3.19)—(3.24) we have three velo-
cities v", v', and v; or to put it more physically,
the velocity of the mass flow v" + j'/p, the velocity
of the lattice points v", and the velocity of the en-
tropy current v" + j /s. By setting either the
first two equal (i.e. , j' = 0), or the last two (i.e. ,
j r= 0), we can reduce the three-fluid hydro-
dynamics to bvo completely different two-. fluid
hydrodynamics: the superfluid and the super-
thermal one. In liquids, on the other hand, due
to the lack of lattice points as the reference flow,
we have only two fluids to start with, the entropy
and the particle current. They can either be equal
(ordinary fluid) of different (superfluid). In fact,
a persistent mass flow in an unbounded liquid in
the frame, where v = 0 can be equivalently viewed
as a persistent entropy flow in the frame where g
=0, and we can indeed define an invariant velocity
vr = v' —v", and a barycentric velocity v =g/p to
rewrite the kinetic energy

Ck = V 'dg+ 3 'dV = V 'dg+ 3 'dV

where jr = p' p" (v' —v")/p. In these variables, the
usual two-fluid hydrodynamics is given as

.p+V (pv) =0, pv+VP=O,

«z Ss+V ~ sv- —j =0 v ——V T=O.
pn

These equations are obviously in complete agree-
ment with the superthermal part of Eqs. (3.19)-
(3.24). Of course He II is after all superfluid
rather than superthermal. This is, e.g., revealed
by the fourth sound experiment, where an artificial
reference flow v~, that of the powder, is intro-
duced into the system. By setting v" =0 to calcu-
late the fourth sound velocity, we supplement the
information not contained in the linear reactive
part of the two-fluid hydrodynamics, which is
v" = v~~, rather than v =vp~ (as would have been
the case, if the system were superthermal).

B. Propagation of sognd

1, Ordinary crystals

%e shall first reproduce the results for elastic
waves of an ordinary crystal by setting j = j'=0
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2
A p, A

v g qgqr, urdur

&Vyu», s p
(3.25)

(u is the unit polarization vector, q =q/q the unit
wave vector. ) Since (so, ~/sou, )„z=(so',~/
&V~u,}c~[Eq. (2.15)], the result agrees with that
of Refs. 11 and 12.

2. Superfluid crystals

Next we shall examine the superfluid crystal,
where only j vanishes, i.e., $ =Q. Note first
that keeping v" zero, only Eqs. (3.19) and (3.20)
contribute to a propagating mode:

in Eqs. (3.19)-(3.24), yielding

S=Q, M=Q.

It is therefore advantageous to take 8, M, and
~ V;u; as the variables, where the derivatives
so';,./&S and &v; j/sM do not have to be considered.
This gives immediately the spectrum of the elastic
waves

Bp,
(gP = V ps&yqrq

S, '7u

s y't
p(J &s&J ~

s,vu
(3.26)

In analogy to two-fluid hydrodynamics, we may
call it fourth sound. Equation (3.26} is in agree-
ment with the microscopic result of Saslow, '
where v" is a?so set to zero. Because this mode
is a propagation of the vacancy concentration, it
can only exist in a globally perfect crystal [as
defined in the discussion following Eq. (2.18)],
and not in a locally perfect one.

The general spectrum of the four propagating
modes is given by solving Eqs. (3.19},(3.20},
(3.23), and (3.24) simultaneously. They are the
three elastic waves and the Goldstone mode,
which we, again by analogy, shall call second
sound. Taking M, S, V~uj, Q', and vP as the
variables and eliminating M and && gives after
some straightforward algebra:

(
Jf'

—H+ V p;Jq&q P +u~ V p;&+ q; u&=0
s'

g s J 8~ s

r~q-p &+q.q~qr p~'r V '~ & ' +~ —~' p5« —p,.', +q&q„' +q. q~p~'r V ' 5u, =Q.
&V~ur ~. 81I4

(3.27)

I

1P
(3.29)

[P,&
is defined in Eq. (2.19).] For a cubic crystal,

these two equations reduce to [Eq. (2.22)]

s( sp (&a &r) p'
(~p pc~

(3.30)

c', = c„(1+p'/p) +(4', ~,.)'(p'/p)(P/c, ', +2)P.

(3.31)

To arrive at simple expressions, we have pre-
tended that the orientation of the polarization with
respect to the wave vector was a free parameter,
while it is in fact determined by Eq. (3.27). Al-
though the general results will be too complicated
to be illuminating, it is easy to see that for special

(Note that these two equations are generally cor-
rect, not only for zero temperature. ) To linear
order in the superfluid density, Eqs. (3.27) can be
solved to yield

2 s " BP t 1c,'=(W'&~A;),
i

— . (P;&&;M~)',
) $~7Q M

(3.28)

c', =e', 1+P"u' ' +-;,.q, u,-

directions of propagation (such as [100], [110], and
[111]in a cubic crystal), whenever a pure longi-
tudinal wave is an eigenmode, we have q;u; =1
in the expression for second sound; and setting
q, u; to one or zero in Eq. (3.31) we arrive at the
longitudinal and transverse sound velocities, re-
spectively. We see that the modification is dif-
ferent for longitudinal or transverse sound. For
propagations off these special directions, q, u,
will no longer remain one in Eq. (3.30), and be-
cause (as discussed in Sec, II) P is of the same
order of magnitude as p(&g/&p) or c,'» the in-
crease in the second sound velocity will be signifi-
cant.

It is instructive to see how longitudinal elastic
waves and longitudinal second (vacancy) sound
reduce to the familiar spectrum of first and second
(temperature) sound in He II. In a liquid do';z
= —dP&, ~ [Eq. (2.16)] therefore c,', and P become,

:=--'. (::).,=(".',
(9J )

Neglecting the thermal expansion coefficient, n
=- (&P/ss)~ =0 [Eq. (2.20)], we have
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p c2
lo (3.32)

Inserting this equality into Eq. (3.31}gives c,
cy„which states the mell-known fact' that ne-

glecting the thermal expansion coefficient, first
sound remains unchanged going through the ~

point. Again neglecting the thermal. expansion
coefficient, we have, due to a Mwcwell relation

As in the case of superfluid crystal, u ~ j is
given by the eigenvectors. And again foi special
directions of propagation, whenever a pure longi-
tudinal wave is an eigenmode, we have u..g
=1 in Eq. (3.36). Note that in the superthermal
case we have v =v", and the "fourth sound" ve-
locity, defined as given by setting v"=0, is equal
tO C2O.

or

0= =p —+s

= (';).-(:.'),

(3.33)

C. Nonlinear and dissipative terms

The nonlinear terms are somewhat difficult to
determine. Assuming Eqs. (3.20), (3.22), and
(3.24) to be the correct nonlinear equations brings
us back to Eq. (3.9) and Z = v~ v~r + T. It is easy
to convince oneself that Eqs. (3.19)-(3.24) satisfy
the suitably extended differential equation Eq.
(3.8), if Eq. (3.23) is changed to

(V 'd/dt)G; —V,(o';, —vo) =0,

Inserting Eqs. (3.32} and (3.33) into Eq. (3.30)
yields

c22= p~s2(sT/ss)
p . (3.34)

C~ =c~o+Q~2= 2

2= 2
C2 = C2o

with

c,', = (ks/m)'(P;, q, q,)V(s T/sS) „v„. . .

=(ks/m)'(p;~q;q„)(sT/ss) p v„

(3.35}

(3.36)

(pcs qH&) (Ap«y) &a '
P Cj o C2o PPl

where c,'0 and o~~ are given by Eq. (3.25) and Eq.
(2.20), respectively. For a cubic crystal,

~ = (~s/m)'(p'/p)(ul ql)'+/(cl'0 —c2'0)

It agrees with the second-sound velocity of He II
(see Ref. 7) to first order in p'. Treating p~, [de-
fined in Eq. (2.18}]as a small perturbation,
Andreev and I.ifshitz had to identify (BX;&/
sV,u,) (q~q, u;u, ) as the velocity of the unperturbed
elastic waves [Eq. (2.13)]. Therefore, their re-
sults neither reduce to first and second sound for
the superfluid liquid limit, X;z =0, nor to elastic
waves in the normal crystal limit, j ' =0.

3. Superthermal crystals

Here j ' vanishes and j does not, yielding M
=0. The two variables g and j are diagonal
[Eqs. (2.4) and (2.5)] and, neglecting the thermal
expansion coefficient, so are u;z and T, therefore,
elastic waves and temperature propagation are
decoupled for vanishing n~&. To the order of the
thermal expansion coefficient squared, we have

where'

8 s ~ T T
a . (3.37)

(3.42)

where

—R=f v( v( T+w(~ &~v" + I'( &~ X(~

+ pD + j s .+ +D + j T

e'„. is formally the same as the Erikson stress
tensor" of nematodynamics. Andreev and Lif-
shitz were only interested in a linear theory with
respect to the normal crystal motion and had
m, , =j' v', , of which j,. v,. is a, corollary extension.
X„.&,u, was first proposed by Saslow. In a sys-
tem with no long-range force, 0„. is symmetric. "
Therefore, to insure the conservation of angular
momentum, m,

&
= w„. + v&g& has to be symmetric,

too. Employing the invariance of the energy under
a rotation, "the antisymmetric part of m, , is seen
to be of the order of the displacement vector
squared (which is bound to be small in a three-
dimensional crystal). So although Eq. (3.37) ex-
actly satisfies the differential equation of the
standard procedure, it seems reliable only to
linear order in u, . Besides, there is the problem
of uniqueness. "

Having determined the linear-reactive terms, it
. is straightforward to derive the linear dissipa, —

tive part using the standard procedure. "We have
I

p+ & (pv" + I' ) = 0, (3.38)

s+ & ~ [sv" + (ks/m)j f r]+=vR/T, (3.39)

g, + &,. (g, v",. —(r„+n'„.+ wv, ) =. 0, (3.40)

v '+ &(p. + v" ~ v'+ Z, ) = 0, (3.41)

v'+ &[(0,/m)T+v" vr +Zvr ] =0,
u+ (v" ~ +)u —v"+ Y =0, (3.43)
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IV. SECOND SOUND IN AN ORDINARY CRYSTAL

The superthermal crystal is a system in which
one assumes that the energy depends on an addi-
tional velocity v =(Ii/~)VQ . Minimizing the en-
ergy with respect to Q, one arrives at V' j =0,
and concludes that a constant but nonvanishing j
would be a true equilibrium state. Since j is es-
sentially an additional entropy current, it would
also be a persistent one. A phonon gas in a crystal
does not consist of such a system because although
a uniform drift velocity of the phonon gas repre-
sents an independent entropy Qux, it dissipates
through umklapp processes and defect seatterings
and. is not persistent. Still the decay of the drift
velocity may become so slow in a perfect crystal
at low temperature that its relaxation rate is or-
ders of magnitude smaller than that of any other
g-independent microscopic relaxation, then a
hydrodynamic description becomes again possible.
The idea pursued here is very similar to that of
the generalized hydrodynamics near phase transi-
tions. "

Because the hydrodynamic derivation in the last
section is based on very general arguments, any
crystal that can sustain temperature propagation
must display the same structure in its equations of
motion as the Eqs. (3.38)-(3.43). However, to ac-
count for the facts that (i) v relaxes even for
V. j

r =0, and (iil v is not necessarily a potential
flow, we have to substitute

dvr &ua
+ y I gp+Z y /+=0t (4.1)

for Eq. (3.42). At the same time the dissipation
function R has to be changed to

—8 =fvV; 7 +m, , V,.v", + YfV, X)J

gDV js ~D V jT TojT (4 2)

Also, the term j J v*. in Eq. (3.37) must be omitted
for the hydrodynamic equations to be self-consist-

gives the dissipative terms, denoted by super-
script D [and, if allowed by symmetry, the re-
active ones contained in the I and Q parts of the
matrix in Eq. (3.11)]. In other words, the currents
f, , v, , , . . .a,re expanded to linear order in the
forces V, T, V'jv,

p
~ ~ ~ ) where the expansion coef-

ficients are required to be compatible with the
symmetry of the system. Equations (3.38)-(3.43)
represent the complete three-fluid hydrodynamics.
Omitting Eq. (3.42) and setting j =0 in the other
equations reduces the hydrodynamics to its super-'

fluid part, which is the same as given by Andreev
and Lifshitz and, with proper interpretation, by
Saslow.

ent. With these changes, Eqs. (3.38}-(3.43) des-
cribe the temperature propagation as a quasihydro-
dynamic mode in a superfluid crystal, and, setting
j' =0, in an ordinary crystal.

Second sound in ordinary crystals has been ex-
tensively studied ' ' but to the knowledge of the
author, no previous derivation of the hydrodyna;—
mics based solely on symmetry considerations and
conservation laws. has been given. No where in our
discussions have we needed to specify how the in-
dependent entropy flux is realized, or to rely on

any other aspect of a microscopic model. Making
full use of the phonon-gas model, Enz' arrived at
equations similar to ours, and it is useful to com-
pare them.

Enz has defined two velocities: vl, and v~, the
lattice and phonon drift velocities, respectively.
Due to the structure of his continuity equation
(E3.8) (the original number of Enz's equations are
preceded by E)

p+V (pvi)=o, (4.3}

and the equation of motion for v~ (E3.28)

v~ + (s~/pn)VT = —vn/T~,

we can identify them as
~n ~T

vL, =v and vp v

(4.4)

(4.5)

since v is an invariant velocity, w'e have to in-
terpret v& as the phonon drift velocity saith xesPect
to the lattice. But this is in contradiction with the
equation (E3.52}

s yV (spvp —KVT) =o, (4 6)

because the entropy current given here is unchang-
ed under a Galilean transformation, while we ex-
pect any entropy flow f to transform as f - f+&s.
Therefore, the term sv~ must be added to Eq.
(4.6). The lattice momentum density (E3.9).

(4.7)

is obviously our total momentum density g. Com-
paring the equation of motion for g z„(E3.10}with
the momentum conservation Eq. (3.46}, we find
that the two quantities -m~ (denoted in this paper
as o', ~) and & (denoted as ~~&) have been set equal,
while we believe they are connected by Eq. (2.12),
Besides, being a conserved quantity the time rate
of change of j I, has to be given by a total diver-
gence; this is violated by the term e~Vj~.
However, together with the oversight discussed in

Eq. (2.21), these four terms cancel each other
when calculating the sound velocities, and Eqs.
(3.35) and (3.36) for the special case p;; =p 6q;
agree with Enz's results, if one identifies p (&s/
m) with sp /pp.

Comparing the dissipative terms of the equations
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(E3.1), (E3.42), (E3.43), and (E3.56) with the dis-
sipative function Eq. (4.2), we find that &;~„has
been neglected by Enz as a thermodynamic force.
For instance ~; is generally given a,s"

Yf =(), v~. Aq~~r)~v, T,. (4.8)

V. CONCLUSIONS

A three-fluid hydrodynamics has been derived
by employing only symmetry considerations and
conservation laws, where a supplementary pro-
cedure to deal with the linear reactive terms in the
extensive variables via a transparent Onsager ma-

trixx

was introduced to achieve uniqueness-in the
fluxes. This hydrodynamic theory describes a
system which can sustain the maximum number of
propagating modes, each engaging one of the five
conserved quantities. The three independent fluids
of such a system are the mass current, the en-
tropy flux and the flow of lattice points (or equiva-
lently, v", v', and v ). In an ordinary crystal,
all three currents are equal and given by v". In-
troducing an additional and Galilean velocity v',
one provides the system with an independent mass
current which makes it superfluid. If the addi-
tional velocity v is invariant, the entropy cur-
rent becomes independent and the system may
be called superthermal. This distinction is unique
to the crystal. In a liquid, due to the lack of a
reference flow, which is provided in a crystal by
the lattice, the entropy flux and the mass current
can be either equal (ordinary fluid} or different
(superfluid) with no third choice.

Superfluidity present in a crystal will modify
the spectrum of the elastic waves enough to make
them a useful indicator. We found that the changes
in the velocity are different for shear and com-
pressional waves. Accordingly, second sound as
the new Goldstone mode, which is a vacancy propa-
gation, has a velocity strongly dependent on the di-
rection of propagation. It will be slowest along
those axes of high symmetry, where a coupling
between transverse and longitudinal sound is lack-
ing. While the spectrum of this second sound is
given by a slightly intricate generalization of sec-
ond sound in He II, a true temperature propagation
as the direct generalization of second sound exists
only in a superthermal crystal. It is decoupled
from the elastic waves to the order of the therma, l
expansion coefficient squared.

Because the derivation of the superthermal hy-
drodynamics is based on very general arguments,
any crystal that ean sustain a temperature propa-
gation must display the same structure in its eq-
uations of motion. Therefore, with only a slight
modification to account for the eventual decay of
the independent entropy current, which consists of

drifting phonons, these equations describe second
sound in an ordinary crystal. Comparing our eq-
uations to those of Enz, ' which were derived rely-
ing on various aspects of the phonon-gas model,
some disagreements were found and studied.
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APPENDIX: EQUALITY OF THE MOMENTUM DENSITY
AND MASS CURRENT IN AN ISOLATED SYSTEM

The following reasoning represents the complet-
tion of a proof in a footnote of the fluid dynamic
textbook" by Landau and Lifshitz, Sec. 49. The
footnote omits the surface terms, which we believe
are important.

With g and p defined in Eq. (2.1), and j given by
the continuity equation Eq. (3.2), we first observe
that quite generally the total mass M= f p dV and
momentum G = fg dV of the system must satisfy

G=MH, (Al )

with R =~'Jpr &V as the center of mass coordi-
nate. The time derivative of the mass,

0 0M= pdV+ pm, da, = (pn, —j,.}da, ,

has two contributions, one from a change in the
density, the other from that of the volume.
is a surface area element, ~q is perpendicular to
the surface with ~;~; =~. &; is the velocity of
the volume's boundary. Similarly, M R also has
two contributions,

~ ~

g dV = Mja = pr dV+ pr @ada; —RM

=
Jt j dV+]) (r —p, )(pri,. j,)da, — .

Since the boundary of an isolated system obviously
follows the mass Qow at the surface, we have

which gives g =j +A where fA &V identically van-
ishes. However, the option from the hydrodynam-
ics is g =j +ej' +p&p. +y&&. . . , and none of the
additional terms integrate identically to zero.
Therefore we may conclude n = P ='Y = ' ' ' = 0, and

(A3)

We note that there is a problem of internal con-
sistency if one wants to generalize the volume to
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be an arbitrary one inside the system: Combining
Eq. (A3) with a different time evolution of the vol-
ume V = Jri& da, , such as given by Eq. (2.10) or by
setting & =0, Eq. (Al) is no longer valid. So in a
local description, only two of the above three eq-
uations can be specified. If V is the total volume
of an isolated system, however, because Eq. (Al)

and (A2) are trivially true, so is Eq. (A3).
Equation (A3) was also discussed by Putterman

in Appendix 1 of Ref. 8. However, his argument
does not rule out the possibility of an invariant v'
(i.e., g =pv ) in connection with superfluidity (i.e.,
j =pv'+T*) or vice versa, a Galilean v' (g = pv"
+ j *) in connection with no superfluidity () =pv").

*On leave from the Technical University of Munich,
West Germany.
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