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The polarized infrared and Raman spectra of hexagonal Li;N (space group D ,)are reported. The
frequencies of the infrared-active phonons and the dielectric constants are determined from a Kramers-
Kronig analysis and oscillator fits to the reflectivity data. A group-theoretical analysis has permitted an
identification of the symmetries of the infrared- and Raman-active phonons. The frequencies of these
phonons are used to determine the parameters of a rigid-shell model which includes the anisotropic
polarizability of the nitrogen ions. The calculated dispersion curves are discussed in connection with the
second-order Raman spectra. It is concluded that Li;N is the first known compound in which the nitrogen

ions are close to an anomalous N~ state.

I. INTRODUCTION

Recently there has been a considerable interest
in the static and dynamic properties of lithium
nitride, Li,N. This material exhibits a large ionic
conductivity comparable to that of Li B-alumina,
pointing to important applications as a lithium-
conducting solid electrolyte.*? Lithium is special-
ly suited for applications in energy-storage de-
vices due to its low equivalent weight and strong
electropositive character. The only (other) lith-
ium compound with an ionic conductivity compar-
able tothat of Nag -alumina is Li8-alumina. How-
ever, unlike lithium nitride, LiB-alumina is thermo-
dynamically unstable at elevated temperatures with
respect tolithium, thus restricting its applica-
tions.>* Another interesting aspect of Li;Nis thatit
is the fir st compound known to have nitrogenionsinan
anomalous N* state as will be shown in this paper. It
is well known that the large and nonlinear polar-
izability of the O*" ion, which arises from its in-
stability as a free ion, plays a very important
role in the dynamical properties of oxides such as
MgO and SrTiO,.> On the other hand, the N* ion
should be even more unstable. Hence it is to be
expected that its polarizability should play a sig-
nificant role in determining the phonon dispersion
relations and the Raman spectra of Li,N. The su-
perionic conductivity of this material might also
be related to the nitrogen polarizability. There-
fore, Li;N serves as an important model sub-
stance. It will be shown in this paper and a later
publication® that, indeed, the intraionic polariz-
ability of N*, in particular its anisotropy, is cru-
cial in the understanding of various dynamical
properties of Li,N.

The crystal structure of Li,N has been shown to
be hexagonal with four atoms per unit cell.”*® The
unit-cell dimensions are a=3.648 A and ¢ =3.875
A. The symmetry point group is Dy, (space group
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Pe6/mmm). The structure is typically ionic with
the N3 coordinated in a regular way with eight Li*’
ions. As shown in Fig. 1, the structure can be
visualized to consist of Li,N layers normal to the
z axis connected by one lithium atom per unit cell
which occupies a site in the middle of the layers.
In a layer each N and Li atom form six and three
bonds, respectively, whereas only two N-Li bonds
are responsible for the connection of the layers.®
We have defined the axes x and y in the hexagonal
plane as shown in Fig. 1. The Cartesian coordi-
nates of the ions in the unit cell are (0,0, 0) for
nitrogen, and za,3a/V3,0), (3a, —3a/V3,0), and
(0,0, 3c) for lithium.

In this paper we present polarized-infrared-re-
flectivity and Raman spectra for oriented single
crystals of Li;N. The values of zone-center opti-
cal-phonon frequencies and dielectric constants
are determined. A factor group analysis is per-
formed and the symmetries of observed phonons
are identified. A rigid-shell model with eight pa-
rameters, which includes the nearest-neighbor
interactions only and the anisotropic polarizability
of the nitrogen ion, yields an excellent fit to the
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FIG. 1. Crystal structure of Li;N. The eightfold co-
ordination of N* and Li* ions is shown. The solid points
and open circles represent nitrogen and lithium, re-
spectively. The Li(2) occupies a site in the middle of
layers along the z axis. The y axis is defined to be along
the line connecting N(1) and Li(4).
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zone-center phonon frequencies. The complete
phonon dispersion curves are obtained and dis-
cussed in connection with the second-order Raman
spectra. Preliminary results have been published
elsewhere.’

II. EXPERIMENT

A. Samples

The single crystals of Li,N were grown by the
Czochralski method® and oriented from conven-
tional Laue photographs. The samples were cut
using a precision diamond-impregnated annular
saw for measurements on the face containing or
normal to the z axis. The samples were care-
fully lapped and gently polished using suspensions
of alumina abrasive in paraffin oil on polishing
cloths. The final polishing was done with tiny
amounts of methanol instead of the paraffin oil.
Due to the hygroscopic nature of the samples, it
was necessary to preserve the samples in vacuum
desiccators. The Raman measurements were done
with the sample in evacuated cryostats. The in-
frared measurements were performed by drying or
evacuating the sample chamber in the spectrom-
eters. A final polish immediately prior to mea-
surement was found to be necessary in spite of the
precautions taken to preserve the samples.

B. Infrared reflectivity measurements

Figures 2 and 3 show the results of infrared re-
flectivity measurements at 300 °K. A Polytec FIR
30 Fourier spectrometer and a Perkin Elmer Mod-
el 180 grating spectrophotometer were used. A
wire-grid polarizer which could be rotated by 90°
was used for recordmg the polarized spectra. The
spectrum for EL% in Fig. 2 was measured on an
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FIG. 2. Room-temperature reflectivity spectrum of
LizN measured on the hexagonal plane for the electric
vector E perpendicular to the z axis. The arrow on the
right-hand side indicates the Value of reflectivity mea-
sured at 4000 cm™!,
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FIG. 3. Room-temperature reflectivity spectra of
LigN measured on a face containing the z axis for E
parallel and perpendicular to z. The arrows on the
right-hand side indicate the values of reflectivity mea-

sured at 4000 cm™!.

oriented z face. The spectrum on the z face
showed no polarization dependence and was iden-
tical to Fig. 2 when the polarizagon was I:Qtated
in the z plane. The spectra for ELZ and Ell Z in
Fig. 3 were recorded on a face containing the z
axis. These spectra show pronounced polariza-
tion dependence. The crystal had to be carefully
oriented with respect to the electric field, par-
ticularly for measurements with E 11 Z, in order
to avoid any leakage of the strong ELlZ spectrum.
The spectra for ELZ are identical for §ll % and
q1Z. The values of reflectivity, however, were
somewhat lower for 1% measurements due to the
inferior quality of the surface compared to the z
face. The reflectivity measurements were ex-
tended up to 4000 cm™ (A= 2.5 v m) in order to ob-
tain reliable values for €,. The structureless re-
gion is not shown in Figs. 2 and 3. Instead, the
reflectivity measured at 4000 cm™ is indicated by
an arrow at the right-hand edges of these figures.

C. Raman measurements

Raman spectra were recorded at room tempera-
ture using the back scattering configuration. A
Spex Triple monochromator, equipped with photon
counting electronics was used. The 6471-A line
of a Kr* laser was used as the excitation source.
Though the sample is transparent to this radia-
tion, it was not possible to perform right-angle
scattering due to the difficulties of sample prepa-
ration. A strong first-order line was observed
for (xx), (yy), and (xy); here the notation (xz) for
example, indicates that x and z are the polariza-
tion vectors of the incident and scattered photons,
respectively. The wave vectors of the incident and
scattered light were normal to the scattering plane
(see Fig. 3 of Ref. 9).
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III. THEORY AND DISCUSSION

A. Symmetry analysis

The Brillouin zone (BZ) of the hexagonal lattice
with Dy, point-group symmetry of Li;N is shown in
Fig. 4. We have studied the symmetry properties
of the phonons for wave vector q along the three
principal symmetry directions x,y, and z. These
are the same directions as shown in Fig. 1 with
reference to the direct lattice. We shall not de-
scribe in detail the well-known procedure of group-
theoretical analysis'®'! except for the following
relevant points. The normal modes of vibration
are classified by assigning them to the irreducible
representations of the space group of the crystal,
D}, (P6/mmm). This being a symmorphic space
group, its irreducible representations can be ob-
tained from the irreducible representations of the
point group G; corresponding to the wave vector 4.
The number of normal modes which correspond to
a given irreducible representation j of Gj; is given
by

n@=5 3 (PR, DXR,D, (1)

REG
q

where R are the symmetry operations of G; and

x YR, q) are their characters in the irreducible
representation j. Nj is the order of G;. The char-
acter X(R,q) of R in the twelve-dimensional re-
ducible representation of G; are calculated ac-
cording to the formula

X(R,q)=(£1+2cosOy)Ny. (2)

Here Ny is the number of atoms in the unit cell
which are left in the equivalent positions as a re-
sult of the operation R. The (+) and (-) signs re-
fer to the proper and improper rotations, re-
spectively, by the angle 6,. For the points at the
boundary of the BZ which are displaced by a re-
ciprocal-lattice vector G under the operation R,
N, is replaced by 2J, exp(iG*TF,), where k runs
through the atoms which remain in equivalent po-
sitions.

Table I summarizes the results of the analysis.

FIG. 4. Brillouin zone of
LigN. Principal symmetry
points and directions are
shown. (see Table I).
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FIG. 5. Normal modes
of vibration of LizN corre-
sponding to different irre-
ducible representations at
the T point. (See Table II).
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The allowed irreducible representations corre-
sponding to special points or lines in the BZ are
shown. The various compatibility relations be-
tween symmetry points and lines are also indi-

-cated.'> The modes A and B are nondegenerate

and the modes E are doubly degenerate. At the I
point one of the three 4,, and one of the three E,,
modes belong to the acoustical branches. The re-
maining 24,, and 2E,, modés are infrared active
and are allowed for the electric vector E parallel
and perpendicular to the z axis, respectively. The
B,, mode is both Raman and infrared inactive. The
Raman-active E,, mode is allowed for (xx), (vy),
and (xy) configurations.'? These predictions are
consistent with the experimental observation (see
Figs. 2 and 3, and Fig. 3 of Ref. 9), thus enabling
the symmetry assignments to the observed modes.
- The symmetry eigenvectors of normal modes at
different points in the BZ were constructed using
the projection operator technique.'®*! Figure 5
depicts the motion of the ions for the different
modes at the I' point. The displacements of ions
are parallel to the z axis for the B,, and A,, modes
whereas they are perpendicular to the z axis for
the E,, and E,, modes. The symbols «, B, and ¥
refer to the displacement amplitudes of the re-

TABLE I. Symmetries, irreducible representations
and the compatibility relations of various symmetry
points in the Brillouin zone of LizN.

Point q G Allowable irreducible representations and

oM (0<E<1) q compatibility relations
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FIG. 6. Real and imaginary parts ¢’ (solid curve) and
€” (dashed curve) of the complex dielectric function &
of Li3N obtained from a Kramers-Kronig analysis of the
reflectivity data for & 1Z.

spective ions. The eigenvectors at the principal
symmetry points and lines are summarized in
Table II. It is interesting to note that the dis-
placements of ions for the modes at I, A, A, Z,
and M points are polarized along one of the three
Cartesian axes. On the other hand the displace-
ments of lithium ions in the hexagonal plane are
polarized along both x and y axes for K and 7.

B. Kramers-Kronig analysis

Assuming a constant value of reflectivity below
and above the measured range of frequencies, a
Kramers-Kronig integration was performed to ob-
tain the phase angle of the complex reflectivity.
The optical constants were then calculated from
Fresnel’s formula. Figures 6 and 7 show the real
part €’ and the imaginary part €” of the complex
dielectric function € obtained from the Kramers-
Kronig analysis of the reflectivity data of Figs.

2 and 3. The TO- and LO-phonon frequencies oc-
cur at the maxima of the €” spectra and at the
above-resonance (positive-slope) zero crossings
of the €’ spectra, respectively. Table III con-
tains the TO and LO frequenciés and the static
and high-frequency dielectric constants, €, and
€., for ELz and Ell z. The values of €, are from
the measured values of reflectivity at 4000 cm™.

C. Oscillator fits

An oscillator model with the following expres-
sion for € was used to fit the reflectivity data:
S
Wi —wr—iv;w

(3)

w)=e(w)+ie"(w)=¢€_ + Zz
i=1

Here S;, w;, and 7; are the strength, position, and
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damping of the jth oscillator, respectively. The
parameters were chosen manually with the aid of

a minicomputer equipped with a plotter. The cal-
culated reflectivity curves were overlaid on the
experimental data for comparison. This procedure
was continued till the best fit was obtained.

The solid curve in Fig. 8 shows the results of
such a fit. The open circles are the experimental
points. It can be seen that the fit is not good at
low frequencies. Attempts to fit that portion al-
ways resulted in a overall deterioration of the fit.
The _lveak structure on top of the second oscillator
for E 1Z was observed for ¢l Z measurements only
(see Figs. 1 and 2) and is perhaps due to fre- -

' quency-dependent damping arising from seécond-

order processes. The fitted values of frequencies
and dielectric constants are in good agreement
with the values of Table IIl. The €, values were

given by
2
€0=€‘,‘,+Zw—?.\ ‘ (4)

The components of the effective charge tensor'®
for the nitrogen ion evaluated from the infrared
data are —-1.8e and —2.6e, parallel and perpen-
dicular to the z axis, respectively. This suggests
that the nitrogen ion is in a N® state with a strong
dynamic screening in the direction of the z axis
(see Ref. 9 for details).

D. Lattice-dynamical model

We consider the short-range interactions be-
tween the neighboring ions indicated by springs
in Fig. 1 and begin with the determination of the
symmetries of the force-constant matrices.!*
We shall denote the longitudinal components of
the forces by the symbol A and the transverse
components by B if parallel to the hexagonal plane
and by C otherwise. The matrices corresponding
to the pairs of ions which are connected in or par-
allel to the yz plane (see Fig. 1) are then

B, 0 0
ez
<1>(1,2)=~-2-z7 0 B, 0 |, (5)
0 0 A,
B, 0 0
ez
8(1,3)=%(1,4)=-5-{ 0 A4, 0 |, (6)
0 0 Cg
B, 0 0
ez
#(3,4)=—5-| 0 4, 0 |, ("N
0 0 C

34

and
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TABLE II. Symmetry eigenvectors corresponding to irreducible representations of various symmetry points in the BZ of LizN.

Eigenvector

Irreducible
representation
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TABLE II.
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Eigenvector

Irreducible
representation
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FIG. 7. €’ (solid curve) and ¢” (dashed curve) of LizN
for E||Z obtained from a Kramers-Kronig analysis.

B,, 0 0

e 0 4 (A24 - 024)

8(2,4)=-5; ey

+Cyy —2h(A,, - C,)
(A24 - 024)

0 -2h(Ay-Cy) h* B

+C,,

(8)
Here e and v are the electronic charge and the vol-
ume of the unit cell, respectively. In Eq. (8), %
=V3c/a. - The matrices for other equivalent pairs
of ions are related to the corresponding ones given
here by rotations along the z axis.

We neglect the polarizability of lithium ions and
consider the nitrogen ions to be anisotropically:
polarizable. This polarizability is described by
a shell with a charge Y and coupled to the core by
a tensor of the form

G,

0 0
G)={0 G, 0. (9)
0 0G '

The dynamical matrix for the shell model®® is
written as

D=M"Y2{R+ ZCZ - (R+ ZCY)
X(R+G+YCYY)WR+2zZCeY)tMmt/2,  (10)

In the above equation R is the 12 X 12 matrix for

the short-range interactions which is obtained by
the Fourier transforms of the matrices &. The

expressions are given in the Appendix. The Li-N
interactions are via the lithium ion and the nitro-
gen shell. The diagonal tensors M and Z contain
the atomic masses and the static ionic charges of
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TABLE III. Phonon frequencies (in‘ cm™) and dielectric
constants for LizN as determined from a Kramers-
Kronig analysis of the infrared reflectivity data.

ELiz E|lzZ
TOy 316+ 4 481+ 4
LOy 338+ 2 503+ 4
TO, 404+ 5 645+ 4
LO, 575+ 2 708 + 2
€ 10.54 1.5 6.042.0
€ 5.040.5 4.0+ 0.5

N and Li. The latter are taken to be -3¢ and +1e,
respectively, for the following reasons: first of
all, the x-ray analysis supports static charges
with these values'®; secondly, our infrared analy-
sis gave a transverse effective charge -2.6¢ for

N which is close to —3e. Furthermore, the scaling
of the Coulomb forces between Li* and N*~ as com-
pared to those in Li*F~ suggests an enhancement
of these forces by a factor of about 3, correspond-
ing to the charge —3e of N®~ as compared to -1e

of F~ (see below). The tensors Y and G contain
the shell charge-and the shell-core interaction of
the nitrogen, respectively. The matrix of the Fou-
rier transforms of the Coulomb interactions is de-
noted by C.

The nine experimental frequencies of zone-cen-
ter optical phonons (four pairs of infrared active
LO and TO and the Raman-active modes) were
used to determine the parameters of the model.
Due to the simple expressions of the dynamical
matrix at the zone center, the fits could be ob-
tained without the aid of a computer. In the most
general case with all the above described inter-
actions there would be 14 parameters, not count-
ing the ionic charges which remain fixed. A pre-
liminary calculation was performed with a Born-
Mayer potential'” using only one set of parameters
for all the Li-Li interactions and another for all
Li-N interactions. This calculation indicated that
the Li-Li interactions are very weak in compari-
son with the Li-N interactions. In the second step
the Li-Li forces were ignored and the N-Li forces
were considered noncentral but axially symmetric,
i.e. B;;=C,,. In this model a good fit for the ex-
periment was obtained with only seven parameters.

TABLE IV. Best-fit shell-model parameters.
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FIG. 8. Oscillator fits (solid curves) to the experi-
mental reflectivity spectra (open circles).
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However, some acoustical modes were unstable
at the M and K points. Any attempt to remove this
instability resulted in the deterioration of the fit.
Stable solutions for the dispersion curves and a
good fit to the experiment could be obtained only
by assuming a strong axial asymmetry for the N-
Li interaction in the hexagonal plane. The best-
'fit values of the eight parameters used in the mod-
el are shown in Table IV. It is interesting to note
that the parameters for the N-Li forces are about
three times larger than those for the correspond-
ing interactions in lithium halides.'® These large
repulsive forces are required to compensate the
attractive Coulomb forces which are three times
larger in Li,N than in the lithium halides due to
the charge -3 of the nitrogen ion instead of -1 of
the anions in the halides.

E. Analysis of the dispersion relations

Figure 9 depicts the calculated dispersion re-
lation. The experimental data at the I' point are
also shown for comparison. It should be men-
tioned that the fit is very good. The maximum de-

. viation from the experimental data is about 5%,
which occurs for the highest TO frequency of 4,,
symmetry. The following observations about the

The symbols || and L refer to the z axis.

N-Li N
Units et/ et /v
Parameters Ay By Ays Bys Cy3 Y Gy G,
Value 90.0 -16.8 76.5 —26.5 -2.0 -3.75 50.8 45.7
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FIG. 9. Dispersion curves of LigN. The experimental
data of the ir- and Raman-active modes at the I" point
are indicated by the symbols: ®E,, O A,,, and m E,,.
The transverse (T) and longitudinal (L) branches are
numbered according to the corresponding modes at the
T point as in Table III. The modes polarized along the
z axis are indicated by (). The letters s and R prior
to the symbol designating the phonon branch refer to the
silent mode and the Raman-active mode at the T point,
respectively. The silent mode (B,,) is accidentally de-
generate with the A,, mode at 404 cm™.

dispersion relations can be made: There are low-
lying acoustical modes and some of them tend to
become unstable at the zone boundary in the (xy)
plane. Also the dispersion surfaces in this plane
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are nearly isotropic as indicated by the curves
along the T and Z directions in Fig. 9. In contrast
to the shape of the dispersion curves in these di-
rections, that along the A direction is generally
flat. Unfortunately the neutron scattering data are
not yet available and hence no verification of the
dispersion curves can be made. However, the
structures in the second-order Raman spectra can
be tentatively explained on the basis of our calcu-
lations.

The Raman spectrum of Li,N for x(zz)¥ is shown
in Fig. 10. In this configuration the first-order
line is not allowed. The spectrum shown is due to
two-phonon processes only, except for a small
polarization leakage of the first-order line at 600
cm™, It is well known that the second-order Ra-
man spectra are characteristic of the density of
states and the matrix elements of the polarizabil -
ity tensor. The sharp features can be explained
by the overtones or combinations of phonons at the
symmetry points in the Brillouin zone. The ob-
served spectra have a cutoff at ~1500 cm™ which
corresponds to the overtones of the highest opti-
cal branches. In Fig. 10 we propose an assign-
ment consistent with the dispersion relations
shown in Fig. 9. It appears that the overtones of
phonons propagating in the A direction contribute
strongly to the spectra. This is understandable
due to the flatness of these branches which leads
to high density of states. .

It has been shown® that the second-order Raman
scattering in oxides arises mainly from the intra-
ionic polarizability of the O% ion. In alkali-earth
oxides this ion is the lightest one, and hence the
main contribution originates from the high-lying
optical branches. In an analogous manner, the
intraionic polarizability of the N3, which is the
heavier of the ions in Li,N, should contribute to
the second-order spectra in the region of the over-
tones of the acoustical branches. Indeed the

B LizN
Sxg x(zz)x
=N —_—
B P2z x
7 ~ P55 % 6471 A
Er ; Loy 2 FIG. 10. Second-order
ok 5’ '?' | =] Raman spectrum of LizN
5 & 2 < o for x(zz)%. The 6471-A line
-L b= 3 11 p < . of a Kr' laser was used to
¥ | ! = = 1S ]
> i 3 s | 0 g _ excite the spectrum. A
7 E < g ‘T ~ ; symmetry assignment of
5 B ~ 8 EE | S the structures in the spec-
——— <« (N poet] N .
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strongest part of the observed spectra in Fig. 10
corresponds to the overtones of the TA and LA
branches of the dispersion curves in Fig. 9. A
calculation of the second-order Raman cross sec-
tion including the intraionic polarizability of the
N3~ ion is in progress.®

F. Calculation of the dielectric properties

The well-known expression of the high-frequency
dielectric constant for the shell model'® in the
present case, where the only contribution comes
from nitrogen, reduces to

€or=1+4m[(a,/v)/(1 -4.938a,/v)] , (11)
and
€on=1+47[(0,/v)/(1 -2.690a /)] . (12)

Here o, and «, are the components of the nitrogen
polarizability perpendicular and parallel to the
hexagonal axis, respectively, which are given by

a,= Yz/[G.L"'Blz"'%(Ala"'BlS)] (13)
and

a,=Y?%(G,+A,+3C,,). (14)

The values of parameters in Table IV lead to «,
=6.04 A®and o,=4.66 A®. These values are even
higher than those found for the O* ion, which vary
between 0.4 and 3.0 A%.%° This suggests that the
valence electrons of the N3~ ion are very loosely
bound, as is to be expected if this ion is stable
only because of its crystal environment. Accord-
ing to Eqs. (11) and (12) the high-frequency dielec-
tric constants have the values €,,=6.1 and €,

= 2.8, in good agreement with the experimental
values given in Table III. From the generalized
form of the Lyddane-Sachs-Teller relation'® we
obtain the values €, =12.4 and €,,=3.9 for the
static dielectric constants, which again compare
well with the experimental values of Table IIIL

J

~{2BE?+ [3P+3(B+3C)]C,E,}C,

where only the upper half of the matrix is given,
since it is symmetric. Here we define:

P=(A-C)/(4+h?, (A3)
h=V3c/a, (A4)

-iV3[P+3(C -B)]S,E,C,
-{3(4P+ C)E}?+ [P+3(3B+C)]C,E}C,

IV. CONCLUSIONS

The lattice-dynamical properties of Li,N have
been investigated both theoretically and experi-
mentally. The infrared’and Raman data can be
explained satisfactorily in terms of a shell model,
with eight parameters, which contains nearest-
neighbor interactions only and includes an aniso-
tropic polarizability of the nitrogen ion. The dy-
namic charge of the nitrogen ion is obtained from
the infrared data and its static charge involved in-
the lattice-dynamical model lead to the conclusion
that in this material the nitrogen ions are close
to an anomalous N° state. This is the first known
evidence for the N3~ state in a nitrogen compound.
The large and anisotropic polarizability of the
nitrogen, which is related to a highly deformable
filled (2p°) shell, might support the high mobility
of the lithium ions in Li;N. As in oxides such as
MgO, the predominant part of the second-order
Raman spectrum seems to originate from the
intraionic polarizability of the N*~ ion which is
highly unstable as a free ion. Detailed investiga-
tions of this aspect are in progress.
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APPENDIX: THE SHORT-RANGE MATRIX R

The complete 12X 12 matrix R for the short-
range forces can be split up into the (3 X 3) ma-
trices R(q, kk’) for each pair of particles (kx’),
which satisfy the following relations:

R(d, k') = RT(q, kx") = R(-, «'K) . (A1)

For (kk’)=(13), (41), (34), (23), or (42) the cor-
responding matrices can be summarized, in units
of ¢*/v, by

V3hPS,E.S,
ihP(E}? ~C,E,)S,
-(k*P+C)(zE}*+C,E,)C,

(A2)
E,=exp[z(iqa/V3)], ‘ (A5)
C,=coszq,a, ’ (A6)

C,=coszq,c, (AT)
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and S,, S, are the analogous sines. For the cases
(kk’)=(13), (4 1), (3 4), it is taken c=0.

The correspondence between A, B, C, and the
force constants introduced in Sec. IIID is given in
each case by

(kk') A . B c ,

(13)
) Az By Cug s

(41)
(3 4) A34 B34 034 ’

. (23)
24,, 2B,, 2C,, .

(42)

The matrix corresponding to the pairs of atoms
(12) is expressed in units of e®/v as follows:

-B,C, 0 0

R(q,12)= 0 -B,C, 0 . (A8)
0 0 -A,,C,

The matrices R(q, KK) are obtained from the trans-
lation 1nvar1ance relatlons

R, kk)=~ Y R(0,kk’). (A9)

k! (k'#k)
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