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In this paper we treat the lattice dynamics of microcrystals (clusters) of MgO in the context of the
Kellermann rigid-ion model. Clusters of 180 and 900 ions are studied, both unrelaxed and relaxed. Extensive
use of the cluster symmetry (space group D,;) allows us to solve the dynamical problem of the large cluster.
The effects of size and of relaxation on the dynamics and the vibrational specific heat are evaluated. It is
found that size effects are simple, that is, proportional to cluster size and ratio of surface to bulk ions. On
the other hand, relaxation effects are very significant in that unrelaxed clusters do not satisfy the condition
of rotational invariance; this leads to the wrong behavior of the cluster-excess heat capacity over the entire

temperature range.

I. INTRODUCTION

In recent years a fair amount of experimental
and theoretical interest has been devoted to a var-
iety of properties of ionic microcrystals, such as .
infrared absorption, Raman scattering, and heat
capacity. The theoretical description of each of
these phenomena requires a treatment of the vi-
brational modes of microcrystals. Such treatments
have been given both in the context of continuum
theory**2® as well as with lattice dynamics.*®
The latter approach becomes necessary when the
lattice properties are important, as is the case
when the crystallite size is small compared to the
wavelength of the absorbed or scattered light, or
for the description of thermodynamic properties
at sufficiently low temperatures. Despite the fact
that a lattice-dynamical calculation becomes un-
practical for crystallites of more than a thousand
ions, such an approach allows the study of the in-
fluence of size variation on the optical and ther-
modynamical properties of small crystallites in a
reasonably realistic fashion. ’

Several years ago, Genzel and Martin*® carried
out a lattice-dynamical calculation for MgO mi-
crocrystals (of up to 180 ions) to evaluate the in-
fluence of surface and size effects on the dynami-
cal and infrared properties of such systems; in
this work the relaxation of the microcrystals was
not taken into account. However, in recent work
on slab-shaped crystals, Chen and de Wette® have
demonstrated that surface relaxation can have ex-
tremely important effects on surface vibrational
spectra. This strongly suggests that relaxation
cannot be neglected in the study of the dynamical
properties of microcrystals with a high surface-to-
volume ratio. .

In the present paper we study the dynamics of
small microcrystals (clusters) of MgO containing
180 and 900 ions, with and without relaxation. This
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enables us to study the effects of increase in size
(by a factor of 5) and of relaxation on the dynamics
of these clusters. Since Chen et al.* have recently
made a detailed study of the surface thermodynamic
properties of ionic crystal slabs (including MgO),
it seemed worthwhile, for comparison with the slab
results, to evaluate the cluster-excess heat ca-
pacity of these MgO microcrystals.

From the experimental point of view, measure-

" ments of the heat capacity of small particles (pow-

ders) form the most direct approach to the vibra-
tional contributions to the surface thermodynamic :
functions. Unfortunately, however, despite a grow-
ing interest in surface thermodynamics, very few
direct measurements of the heat capacity of pow-
ders have been made up to the present. A similar
situation exists with respect to theoretical work;
despite the fact that there have been a num-
ber of analytical treatments of surface thermo-
dynamic properties, very few calculations of these
properties were based on sufficiently realistic
crystal models to allow a detailed comparison with
experimental measurements such as exist. For a
more complete discussion of these matters we re-
fer to Ref. 4. We hope that the present work will
help to stimulate further experimental and theo-
retical interest in this area.

II. CALCULATION

Following Ref. 2(b) we have used the Kellermann
rigid-ion model (KRIM) for the ionic interactions
in the cluster. Although the KRIM is known to be
deficient in that it neglects polarization, it en-
ables us to calculate the cluster relaxation in a
reasonably simple fashion [which the shell model
(SM), used in earlier calculations® on MgO slabs,
does not]. Moreover, as Chen ef al.*® have shown
in earlier work on NaCl slabs, the low-temperature
specific-heat results obtained with the KRIM and
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MgO Cluster

FIG. 1. Small cluster of MgO (180 ions) with D, ,
symmetry. The large cluster (900 ions) has the same
symmetry.

the SM are in quite good agreement, despite dif-
ferences in the details of the dynamics. This
seems to result from the fact that the specific heat
is mainly determined by the long-wavelength acous-
tical modes, whereas the differences between the
KRIM and the SM are primarily evident in the
optical modes.

In the present work we have not taken into ac-
count anharmonic effects and thermal expansion
since they would substantially complicate the cal-
culations. Although these phenomena should cer-
tainly be included in a full description of the dy-
namics and thermodynamics of small crystallites,
it is reasonable to assume that at the low tempera-
tures of interest here they play only a minor role.

The calculations have been carried out for rec-
tangular clusters bounded by (001) surfaces. The

reason for choosing clusters of this symmetry are

the following: First, the earlier calculations of
Genzel and Martin,2®° with which we want to com-
pare our results, were carried out for clusters of
this symmetry, but more importantly, it appears
from electron micrographs of the MgO smoke used
-in Rieder and Horl’s'! experiments that this
smoke indeed consisted of microcrystals of this

symmetry. On the basis of equilibrium energy con-

siderations one might have expected the crystallites
to have close to spherical shape, but this appears
not to be the case. Apparently, theformation of
the smoke is not a process in which complete
equilibrium is reached.

We have chosen rectangular clusters of 6 X 6 X5
=180 ions (see Fig. 1) and 10 X 10 X 9=900 ions
(called “small” and “large” in what follows). This
particular shape cluster was chosen because it has
D,, symmetry (with [001], and [110] and [110] as
the twofold rotation axes); this has no degenerate
irreducible representations which is desirable be-
cause a maximum number of independent vibra-
tional frequencies are required for obtaining
reasonable density-onstates functions. At the

same time the number of irreducible representa-
tions is large (eight) so that our 2700 x 2700 dy-
namical matrix could be block diagonalized into
eight matrices, the largest of which was 370 x 370.

A. Relaxation procedure

The calculations were carried out for unrelaxed
and relaxed clusters. In an unrelaxed cluster the
ions occupy the same positions as they do in the
bulk, but these are not the positions of static
equilibrium because of the finite size of the cluster.
To obtain the relaxed positions we use the fact that
in static equilibrium the static potential energy of-
the cluster is minimum so that the forces on the
ions are zero.

The expansion of the potential energy & of the
crystal, in terms of the particle displacements
u4(Ix), has the form

&~ dy= ) B (IK)uy(lK)

ko

f% 3 0 Rt (LU LK) £+ (1)

lka

1'k’8
where @, is the potential energy of the configura-
tion about which the expansion is made, u,(Ix) is
the @ component (x,y,z) of the displacement of
the ion of the kind «, at the site 7, and

/
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& (Ik) is the negative of the @ component of the
force acting on the ion (Ik). In the KRIM these
forces contain contributions from the long-range
point-charge interaction, and from the short-range
repulsive pair interaction which is described by
the Born-Mayer potential

CI)S=7\e"'ij/p. (3)

Here 7;; is the nearest-neighbor distance, and
A=3.585x107° erg and p=2.538X 107 cm are the
Born-Mayer constants for the nearest-neighbor
Mg-O interactions. These parameters, as well as
the effective ionic charge e*=1.52¢(e is the elec-
tron charge) for the Coulomb interactions are the
ones used in Ref. 2(b) and were derived by Keller-
mann’s method” from the condition of bulk lattice
stability and two relations involving the reststrahl
frequency and the compressibility.

A reasonably fast procedure to find the relaxed
equilibrium configuration of the cluster is the fol-
lowing. Starting from the bulk configuration, for
which the forces —&,(Ik) are not zero, we move the
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ions over small distances, proportional to the
forces on them. That is, we give the ions displace-
ments of the form

u (k)= —vd (Ik). (4)

Substituting these displacements into Eq. (1) we
find,

&= vy (K
ko
+30% ) B,k 1K) B, (1) B,(1'K").  (5)
1

If v is chosen sufficiently small, & — &, will be
negative, and the new configuration, resulting from
the displacements (4), is closer to the ultimate
equilibrium configuration. This leads to an itera-
tion procedure which is continued by calculating
the new ®,(Ik) and ®,,(Ix;1’k’) and repeating the
whole procedure. If in each step of this iteration
procedure ® — &, continues to be negative and
|tI> -®,| and !fba(lk)| continue to decrease, we
know that we are approaching the equilibrium con-
figuration. !

A suitable value for v follows from Eq. (5), which
is quadratic in » and goes through the origin (i.e.,
® — $,=0 for v=0). Starting from a nonequilibrium
configuration, & — &, is negative for small positive
v, but becomes positive for large v. Hence & — @,
has a minimum for some small v=v,; . given by

20 ®2(Ik)
Ika
Vopt = . (6)
20 BogllK; k"D (1K) By(1K")
lka .
1A

Choosing v = v, we know that in carrying out the
displacements (4) we are moving closer to the
equilibrium configuration. Unfortunately, this ‘
method for choosing v is computationally time-con-
suming because for each new configuration, v,
has to be reevaluated. In practice it turned out that
this method works fine for the relaxation of the
small cluster, but that it is far too time consuming
for the relaxation of the large cluster. In the lat-
ter case, therefore, we have assumed values for
v, guided by our experience with the small cluster.
The approach to the equilibrium configuration is
monitored by calculating the first derivative term
Ed)i(lfc) which should diminish after each step of
the iteration. This procedure avoids calculating
the denominator of Eq. (6).

In the case of the small cluster, where v was
computed, 33 steps in the iteration reduced the
largest force component in the cluster by a factor
of 6.5X 1073, On the other hand, during the first 15
of these steps & — &, was reduced by a factor of

10", Hence it is clear that & - &, gives a more
optimistic picture of the approach to equilibrium
than do the forces' -&(lk). Since the calculation
of & - &, requires more computational effort than
& (Ik), in practice we have judged the approach to
the equilibrium configuration by monitoring the de-
crease in the forces alone.

In the iteration procedure for the large cluster,
where we used estimated values for v, a total of
120 steps in the iteration procedure reduced the
largest force component by a factor 4 X 10", The
probable reason for needing many more iteration
steps to obtain about the same force reduction as
for the small cluster is that the estimated values
of v were not optimum. In particular, if at any
stage of the calculation an iteration had a larger
value of E,Kaéi than the preceding iteration, we
discarded that iteration and reduced the magni-
tude of v.

In both the small and the large cluster the ions
relax inwards such that the cluster becomes slight-
ly rounded: The corner ions and their neighbors
are relaxed most, the edge ions second most, and
the surface ions least, especially those in the mid-
dle of the face. ’

Some time ago Anderson and Scholz® evaluated
relaxation effects in ionic microcrystals (includ-
ing MgO) by minimizing the static energy with re-
spect to the positions of only the surface ions, and
the lattice constant of the remainder of the crystal.
Despite this restriction, their results for clusters
of up to 20 ions are in qualitative agreement with
our results for very small clusters (not reported
here). The strength of the present method is that
the forces on the ions are used as a guide in chang-
ing the ionic positions, so that all ions can be in-
cluded in the minimization procedure. This latter
fact is of basic importance. It can be shown that
the condition of rotational invariance is only sat-
isfied for a crystal which is in its configuration
of lowest potential energy. This is borne out by our
calculations; the lattice-dynamical solution of the
unrelaxed cluster yielded three nonzero rotational
frequencies. After relaxation these frequencies
were reduced in value, but not as much as one
would naively expect; apparently the vanishing of
the rotational frequencies is by far the most sensi-
tive test of approach to the equilibrium configura-
tion.

B. Solution of the dynamical equations

In the harmonic approximation the equation of
motion of the ion (k) is

Mgio(IK) = = 3 ®o5(lky Uk ug(1'K"). ()
1'k’'B
It is customary to assume an oscillatory solution
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for Eq. (7), that is,
(11 = Sl it (8
K

Substituting Eq. (8) into Eq. (7) we obtain the eigen-
value equation

WPE(IK)= D Doyl Ik E(LK"). (9)
1'k'B
D, is the matrix element of the dynamical matrix
which can be expressed in terms of Coulomb and
short-range interactions

1
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Here, A and B are short-range parameters depend-

s""(6x6x5)

ing on the interparticle distance 7; they are re-
lated to the Born-Mayer parameters X and p by
the following relations:

43\ Be° [(43\ 2

Alr)= (%) e (%) 5 (13)
3\ 1 de° (43 A

B(y) = <?g> ; e _<;§9> e (14)

III. RESULTS AND DISCUSSION
A. Cluster-excess phonon density of states

In Fig. 2 we present the phonon density-of-states
functions for the unrelaxed and relaxed small
cluster. The main differences are that the spec-
trum for the relaxed cluster extends to slightly
higher frequencies than that of the unrelaxed clus-
ter, because the small inward relaxation gives
rise to slightly stiffer forces; in addition the main
central peak is broader. This will turn out to have
important consequences for the cluster-excess
density of states and consequently for the. cluster-
excess specific heat.

The small broad peak near zero in the unrelaxed
case represents the three zero translational fre-
quencies, and the three nonzero (but small) rota-
tional frequencies. In the relaxed case, the sharp
peak at zero represents the three zero translation-
al frequéncies, and the three rotational frequencies
which have been substantially reduced by the re-
laxation of the cluster. Specifically, the relaxa-

Sre(QxBxS) ‘
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1

FIG. 2. Phonon density-of-states histograms for the unrelaxed and relaxed small clusters of MgO (S“"and $', re-
spectively). The vertical scale is such that the total area under the curve is normalized to one.
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FIG. 3. Phonon density-of-states histograms for the bulk and the relaxed large cluster of MgO. Vertical scale as in

Fig. 2.

tion causes a reduction in one of the rotational fre-
quencies by a factor of 4 from 4.7 X 102 rad s™
1.06 X 102 rad s™!, while the other two are reduced
by-a factor of 7 from 4.94 x 102 rad s to 7.38

x 10 rads™.

It should finally be mentioned that the dens1ty of
states of the small unrelaxed cluster closely re-
sembles the result of Genzel and Martin,?™-as it
should, because we used the same KRIM in the cal-
culation.

In Fig. 3 we show the bulk phonon density of
states of MgO and the density of states of the re-
laxed large cluster; the bulk results are in good
agreement with those of Ref, 2(b). -In overall fea-
tures the relaxed-large-cluster curve is in good
agreement with that of the relaxed small cluster
(cf. Fig. 2), but much smoother because it con-
tains five times as many frequencies.

The differences between the unrelaxed and re-
laxed cases are brought out more clearly in the
cluster-excess density -of -states function f%(w),
which is defined as

fc(w) - [fcluster(w) _fbulk(w)] s

where f°1s*** and fPU* are the computed spectral
densities of the cluster and the bulk, respectively,
each normalized to unity (i.e., f S w) dw=1). The
functions f° are presented in F1g 4. S" for the un-
relaxed small cluster, S*® for the relaxed small
cluster,; and L*® for the relaxed large cluster.
Physically speaking, each of the peaks in f° con-
tains contributions from surface-, edge- and cor-
ner modes (cf. Ref. 9), but we have not disen-

(15)

tangled these different contributions here. Com-
paring the curves for the unrelaxed and relaxed
small cluster, it is evident that there are impor-
tant differences between the locations and the rela-
tive strengths of the peaks and valleys: S™ has
stronger low-frequency peaks, whereas in S*® the
high-frequency peak is much more pronounced. On
the other hand, the spectra for the relaxed cases
S'¢ and L™ are'very similar. The peak and valley
locations are the same, but the features of L are
more pronounced because this spectrum is based
of five times as many frequencies. The dotted
curved with L™ is the experimental spectrum,
obtained by Rieder and Horl!%! from neutron scat-
tering experiments on MgO powder. We note that
in the lower half of the spectrum the agreement be-
tween calculation and experiment is reasonably
good, but the very strong high-frequency peak in
the calculation has only a weak experimental coun-
terpart, while the broad high-frequency experi-
mental peak has, at best, a very weak computed
counterpart. These discrepancies between calcula-
ted and experimental results were first noted by
Chen et al.? in their SM calculations of unrelaxed
MgO slabs. Although there are differences be-
tween the SM slab results and the KRIM cluster
results, neither of these cases gives an explana-
tion for the broad high-frequency peak in the ex-
perimental results. Recently, Rieder'? has specu-
lated that this peak might be due to neutron scat-
tering from a low concentration of hydroxl! ions ad-
sorbed on the surface (cf. Ref. 13). Additional work
will be required to resolve these discrepancies.
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FIG. 4. Clustdr-excess phonon density-of-states his-
tograms for the unrelaxed small cluster (S**), and the
relaxed small and large clusters (S™and L™, respec-
tively). The vertical scale is arbitrary but the same in
the three cases. The dotted curve with L ™ is determined

- from neutron scattering experiments (Refs. 10 and 11)
and has a different arbitrary vertical scale.

B. Cluster-excess specific heat

The vibrational heat capacity of a system with vi-
brational frequencies w; is given by

C,=kpy_ xieti(e¥i ~1)72, (16)
where s
x;=Tiw, /Ry T. (17)

The cluster-excess specific heat (heat capacity per
particle) is defined as

¢5=N3HC5 - N3C3, (18)

where C¢ and CB are the heat capacities of cluster
and bulk, respectively, and N, is the number of
ions in the cluster and N, the number of ions in the
bulk sample for which C3 was calculated. -

In Fig. 5 we show the results for c¢¢ for the small
clusters: S for the unrelaxed, and S*® for the re-
laxed cluster. The difference between these cases
is striking; ST has a peak at 80 °K of height 13.4
% 10"® erg(°K ion)™ and at room temperature it has
dropped down to 10% of its peak value. On the
other hand, S™ has a peak at 130 °K of height 27.8
% 107*® erg(°K ion)™ and at room temperature is
still 60% of its peak value. These differences are
a direct result of the differences atlow frequencies,
between the cluster-excess density -of -states func-
tions f%(w) for these two cases. In particular, the
large values of S'" are mainly due to the presence
of the strong low-frequency peak in f°(w) and the
three nonzero rotational frequencies. Finally, the
nonzero values of ¢$ at 0 °K result from the in-
clusion of the three translational and three rota-
tional frequencies in the calculation of ¢ [Eq.

(18)]; the nonzero rotational frequencies of S*™ ac-
count for the smaller 0 °K contribution in S*,
Despite the growing interest in surface thermo-
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FIG. 5. Surface-excess specific heat per ion ¢§ for
the unrelaxed and relaxed small clusters (S“"and S™,
respectively) as functions of temperature.
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FIG. 6. (a) Surface-excess heat capacities CJ of the
relaxed small and large clusters (§* and L', respec-
tively) as functions of temperature. (b) Surface-excess
specific heat per ion ¢ of the relaxed small and large
clusters as functions of temperature.

dynamic properties, there are hardly any experi-
mental data with which these calculated results can
be compared. Forty years ago, Giauque and Ar-
chibald'* measured the heat capacity of small MgO
particles between 15 °K and room temperature. In
1959, Barron et al.’® combined their own bulk
measurements with those of Ref. 14 to obtain the
surface-excess heat capacity of MgO. These re-
sults indeed show a surface enhancement, but the
experimental uncertainties in the data are too
large to make a meaningful comparison with our
calculated results. For a more extensive discussion
of the differences between experimental and theo-
retical results we refer to Ref. 4.

In Fig.6 we showa comparison of the cluster-ex-
cess specific heat for the relaxed small and large
clusters, both as total quantity [Fig. 6(a)] and as
quantity per ion [Fig. 6(b)]. For both clusters the
peak occurs at the same temperature (80 °K) and
the approach to zero for large T is very similar.
Since the large cluster contains more surface ions,
the total quantity C$(L*®) is larger [Fig. 6(a)], but
since the translational and rotational frequencies

are the same for S*™ and L*®; C¢(L™) and C%(S™)
approach the same value for T- 0°K. On the other
hand, c$(L*®) [Fig. 6(b)] is smaller than c¢§(S™¢), be-
cause L'® has relatively fewer surface ions than
STe; consequently, the 0 °K value of ¢$(L®) is
smaller than that of ¢§(S™). This is a size effect
that disappears rapidly with increasing cluster
size and that will not show up in measurements on
real powders because of the larger grain size.

Finally, there remains the question to what ex-
tent the present KRIM result for the small unre-
laxed cluster (specific surface area 1406 m?/g) can
be compared with the SM result for the unrelaxed
slab (specific surface area 177 m?/g) of Ref. 4.
Points of comparison are the peak maxima of C¢
and C;, the temperatures T at which these occur
and the decline of C{ and CS for increasing tem-
peratures. CS (cf. S** in Fig. 5) has the maximum
value of 8.72X 102 erg K™ cm™ (expressed in the
units of Ref. 4) at T ,,=130°K. C$ of the slab (cf.
Ref. 4, Fig. 3) has the maximum value of 5.98
X107 erg K™ cm™ also at T,,,=130°. The com-
plete agreement in 7, for these two peaks is
striking, considering the important differences
between these two calculations. Moreover, the
high-temperature decline of both peaks is very
similar: At 300 °K C¢ has declined to 58% of its
maximum value, while C{ of Ref. 4 has declined to
50%. These points of agreement seem to be more
than fortuitous. On the other hand, the ratio of the
peak heights is only 1.46 instead of 7.94 as one
would obtain if C$ and C{ were strictly proportion-
al to specific surface area, all other things being
equal. Whereas an agreement about peak location
and shape in the specific heat depends on general
similarities between f°(w) and f$(w), a detailed nu-
merical agreement between C§ and C; depends on
a numerical agreement between f%w) and fS(w).
The latter cannot really be expected because these
functions are small differences between cluster
and bulk densitites of state [Eq. (15)] in the cluster
case, and between slab and bulk densities of state
in the slab case. In as much as different bulk
calculations are involved —KRIM for the cluster,
SM for the slab—close agreement cannot be ex-
pectéd. In conclusion then, we can say that the
agreement between the unrelaxed cluster and slab
cases is extremely gratifying, given the differen-
ces between the two calculations.

IV. SUMMARY

In this paper we treated the lattice dynamics and
the specific heat of 180-ion and 900-ion clusters
of MgO in the context of the Kellermann rigid-ion
model. An efficient method was used to obtain the
static equilibrium configurations of these clusters
(relaxation). We were thus able to evaluate both
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size and relaxation effects on the dynamics and the
specific heat of these clusters.

The results for the cluster-excess density-of-
states functions and the cluster-excess specific
heat enable us to judge the relative importance of
effects due to size and due to relaxation. The ef-
fects of relaxation are intrinsic and pronounced,
both in the excess density-of-states functions and
in the excess specific heat, and are in evidence
over the entire frequency range of f°(w) and over
the entire temperature range of CS. It turns out,
however, that size effects are simply proportional
to the number of ions involved. Intrinsically, the
excess phonon densities of states of both the large
and the small relaxed clusters are practically -
identical, and this leads to the same kind of ex-
cess specific-heat functions in both cases (e.g.,
same T, , same decline for increasing 7). The
only intrinsic differences occur, in f°(w) near
w=0, and in C¢ near T=0°K. These results in-
validate the contention of Genzel and Martin?®
that relaxation effects might not be important in
large crystallites.

A final comment concerns the use of the r1g1d-
ion model. In this model, polarization effects are
not taken into account and it is a well-established
fact that in most cases the shell model (in one of
its various forms), in which polarization is in-
cluded in a modelistic fashion, is superior to the
KRIM in obtaining agreement between theory and
experiment. On the other hand, whereas relaxa-

tion calculations in the context of the KRIM are
fairly simple, this is by no means the case for the
SM. In fact, there are serious difficulties in de-
veloping a SM description which is consistent for
both static structural properties, such as relaxa-
tion, and dynamical properties such as phonon
spectra (cf. Ref. 13). Since we are here interested
in both kinds of properties, both for small and
large clusters, the use of the KRIM is a reasonable
point of departure, the more so since up to this
time neither relaxed clusters nor large clusters
have been treated dynamically.

Finally, since the important differences between
the KRIM and the SM are mainly manifested in the
optical frequencies, they do not greatly effect the
specific heat, which is an integrated quantity de-
termined mainly by the low acoustical frequencies.
In fact, in their work on NaCl, Chen et al.’® have
found that the KRIM actually leads to better agree-
ment with the experimental results than does the
SM. Therefore, for the moment, we consider the’
use of the KRIM for the evaluation of the low-tem-
perature cluster-excess specific heat as a quite
reasonable procedure. Although the present cal-
culations were performed for MgO clusters, the
effects of size and of relaxation found here are in-
dependent of the actual values of the interaction
parameters and it is therefore safe toassume that
KRIM calculations for any of the rocksalt struc-
tured ionic crystals will lead to the same general
conclusions.
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