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NizrF6 6H,G crystallizes in the trigonal NiSnC16 682G structure with one trigonally distorted

INi(H, 0)~]'+ complex per unit cell. %e have measured &II and. X, for this salt between 0.05 and 4,2 K and

C~ in. zero field and in H~~
——2000 Ge between 0.09 and 4.2 K. The susceptibilities are those of a uniaxial

ferromagnet with the easy axis along the trigonal direction and T —.0.16 K. C (0 = 0) exhibits a sharp

cooperative peak at 1,= 0.164+0.002 K and a Schottky anomaly with C,„„/R =0.24 and- T,„-1.5 K.
Thus, the "A2g ground state of INi(H2G)6] + is spht into a lower doublet and an upper singlet separated by
-3k and the ionic moments are Ising-like near Tc. C~(0~~ ——2 kGe) shows two overlapping rounded

anomalies. The data are well described by an Gguchi mendel in which pairs of spins are treated exactly and

their interaction with the rest of the crystal is represented by a mean field. The pair Hamiltonian is

X = D(S,'; +S,'&) —2J'5; 5, + g pe(5; + 5 ) A„~ where S; = S, = 1, A,„=- ft,» —[2J(r 1)/Ng '—p1e) M,
D/k = —3.14 K, g = 2.33, and zJ/k = +0.084 K. Dipolar coupling accounts for about one-fourth the

spin interaction energy in this salt and appears to give it the meanfield-like character of a dipolar Ising ferro.-

magnet.

INTRODUCTION

¹ckelchlorostannate hexahydrate, NiSnCl, ' 6H20,
was shown by Pauling' many years ago to
cxystallize in a, trigonal structure belonging to the

space group It3. The rhombohedral unit ceil (a
=7.09 A and cr = 96'45') contains a 'single

[Ni(H, O),]~ complex which is distorted along a
trigonal axis parallel to that of the crystal. In-
terestingly enough, the ground state of this com-
plex was first studied, not in the chlorostannate,
but in another of a large group of compounds of
Ni" that crystallize in the same structure, namely,
NiSiF, ~ 6H,Q, for which a= 6.26 A and a = 96'6'.
Magneto-optic Rl, , ' paramagnet1c resonRnce ) mag-
netic, and thermal data ' on Ni.SiF„,H,O Rt low

temperatures are reasonably well described by a
single-ion spin Hamiltonian of the form

3C=g„yeII, S,+g, ice(II„S„+II,S,)+DS,',
with 8=1, g„=g~=2.24 and D= -0.16k. Thus the
'&~ ground state of the octahedral [Ni(H, O),]"
complex is split under the combined actions of the
trigonal distortion of. the crystal-field and spin-
orbit coupling into a lowex doublet and an upper
singlet separated, below 4 K, by ~D~=0.1%.
Evidence of a weak ferromagnetic interaction
among NP' cons, which form a nearly-sxmple-
cubic lattice, was also extracted from EPR line-
width data. "' Magnetic a.nd thermal measure-
ments' subsequently revealed magnetic ordering
below a Curie temperature of -0.15 K.

More recently the structural prototype,
NiSnCl, ~ 6H,O, itself has been studied at low

temperatures. It is possible to describe mag-
netic, thermal" and EPR" da, ta below 4.2 K in

first approximation with Eq. (l) assuming that
g„=g~= 2.25 and D =+ 0.6k. Thus the basic span
triplet is split into a lower singlet and an upper
doublet, in marked contrast with the Quosilicate.
In addition, it has been found possible' to i&+prove

the fit of the data, substantially by introducing a.

weak coupling between Ni" iona of antiferromag-
netic sign, i.e. , opposite that in the fluosilicate.

We have also found" singlet ground states (D) 0)
and evidence of antiferromagnetic spin coupling in
several other. salts of the NiSnC16 ~ 6H,O struc-
ture with the formula NiMX, ~ 6H,O where M
= Pt", Pd" and 2 "=C1,Br, I". It is, therefore,
reasonable to ask whether or not the doublet
g1'01111d 8'tate (D & 0) a11d fel'1'0111aglle'tlc collpll11g

in the fluosilicate are anomalous or perhaps
characteristic of those compounds containing the
fluoride ion. To examine this quest;ion, we have
prepared crystals of NiZrF, 6H,O, NiTiF, ~ 6H,O,
'and NiSnF, ~ 6H,O all of which appear to exhibit,
at least at room temperature, the NiSnC1, ~ 6H,O
structure. In this paper, we report the measure-
ment, at temperatures above -0.05 K of the low-
field magnetic'susceptibilities and heat capacity
of NiZrF, 6H,O. As we shall see, it does re-
semble the .fluosilicate in that D & 0 and the net
spin coupling is ferromagnetic. However, ~D

~

proves to be larger in the fluozirconate by more
than an order of magnitude, a fact which has quite
interesting consequences.

' Nickel fluozirconate hexahydrate was prepared
by dissolving equimolar quantities of NiQ and

ZrQ, in hot hydrofluoric acid and ~ixing the two
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solutions in a polyethylene beaker. Qn cooling,
the solution yields tiny crystals which are then
filtered out, dissolved in water and allowed to
recrystallize by slow evaporation at room tem-
perature. The addition of excess HF prevents
precipitation of oxides and promotes the growth
of large crystals. These are green in color,
elongated parallel to the trigonal axis, and stable
in air. X-ray powder photographs" indicated that
the structure is rhombohedral with unit-cell pa-
rameters a= 6.52 A and ~ =96'18'. These results
and the external morphology of the crystals sug-
gest strongly that NiZrF, ~ 6H,Q crystallizes in
the NiSnC1 ~ 6H,Q structure.

Most of the measurements to be described were
performed in a 'He-4He dilution cryostat at tem-
peratures between -0.05 and 4.2 K. Magnetic sus-
ceptibilities were determined by a mutual induc-
tance technique" at a frequency of 70 Hz. 'Three
matched mutual inductances thermally anchored
to the 1-K reservoir of the dilution refrigerator
and symmetrically arranged with respect to the
mixing chamber were used. These enabled us to
measure in one experiment the susceptibilities of
NiZrF, ~ 6H,Q along and perpendicular to the tri-
gonal axis, as well as the susceptibility of a cer-
ium magnesium nitrate (CMN) thermometric sam-
ple. All three specimens were mounted inside but
isolated from their respective coils and thermally
linked by bundles of insulated copper wires to the
mlxlng chamber.

The data reported were taken on tw'o crystals
shaped into ellipsoids of revolution with the major
axes parallel and perpendicular to the trigonal
axis. 'The specimen used to measure X(( weighed
0.2122+0.0005 g and had semiaxes @=3.6 mm and
b = c = 2.3 mm. The calculated demagnetizing fac-
tor was $ = 2.82. X, was measured with a crystal
weighing 0.2149+ 0.0005 g and having semiaxes
a=3.6 rnm and b=c =2.4 mm. The susceptibility
of each of these specimens was first measured by
the ac method between 0.3 and 4.2 K in a liquid-
'He-cooled cryostat. In those preliminary experi-
ments, the NizrF, ~ 6H,G crystals as well as a
CMN standard could be successively inserted into
the same mutual inductance at each temperature.
Thus g„and X, could be determined relative to the
known susceptibility'4 of CMN. Data taken in the
dilution cryostat, in which no such interchange
was possible, were subsequently normalized to
the values determined in this way above 0.3 K.

In order to measure heat capacities, the mutual
inductance assembly was removed from the dilu-
tion cryostat and replaced with a calorimetric
insert. '" This consists of a supporting mount
carrying the single-crystal sp'ecimen (3.5 cm
x1.5 cm x 0.5 cm weighing 3.54 g), its suspension,

and a bundle of 3000 840 Cu wires linking it to
the mixing chamber via a pincerstype mechanical
heat switch. A Speer 220-0, -% carbon resistor
and a heater winding are attached to the wire heat
link. The carbon thermometer was calibrated,
with the heat switch closed, against a CMN ther-
mometer mounted directly on the mixing chamber.
The CMN thermometer calibration constant was
in turn determined above 0.5 K by means of an en-
capsulated germanium thermometer- also attached
to the mixing chamber. 'The Ge thermometer had
been pl evlously calibrated against the vapor' px'es-
sure of liquid 'He in another cryost, at.

'The thermometer calibration procedure, begin-
ning with the establishment of the constant for the

magnetic thermometer, was carried out after each
warming of the cryostat to room temperature.
Extrapolating the magnetic scale to 0.050 K, the
carbon resistor and magnetic thermometer were
compared at about twenty points between 0.05 and
4.2 K. These R-T data were fitted with an expres-
sion of the form

(
lo Z =A+A(logR)+C(logA)'+D(loge)'. (2)T

The rrns deviation of the observed from the calcu-
lated temperatures was typically about 1/0 ~ In
order to keep power dissipation in the thermom-
eter at acceptably low levels ((10"W at 50 mK),
it was necessary to operate the Vjheatstone bridge
measuring circuit at low currents and to measure
the imbalance signal with a phase sensitive de-
tector (PAR Model 121).

The lower end of the calorimeter insert and its
surrounding vacuum jacket fit into the bore (4.6
cmdiameter) of a Nb-Zr superconducting solenoid
capable of producing fields at the specimen up to
-57 kQe. In the present experiments, the trigonal
axis of the crystal (long axis of the specimen)
was aligned with the field to within -+3 . The
carbon thermometer is situated outside the solen-
oid and was not subjected to fieMs large enough to
produce significant magnetoresistive effects. All
heat-capacity data reported below were obtained
by the discontinuous heating (heat pulse) method.

RESULTS AND DISCUSSION

Figure 1 shows the susceptibilities of
NiZrF, ~ 6H,O measured parallel and perpendicu-
lar to the trigonal axis between -0.5 and -4 K in
the 'He cryostat. Also shown over the same inter-
val are values of the susceptibility of a spherical
sample of compressed powder measured in the
same cryostat. A curve calculated from the sin-
gle-crystal data according to the relation Xp
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3X()+ 3xg is seen to fit the powder values quite
well. This is consistent with the persistence in
this region of the uniaxial anisotropy which char-
acterizes the crystal at room temperature.

It is instructive to analyze the data of Fig. 1 in
a preliminary way before presenting the results
of measurements at lower temperatures. If the
interactions among Ni" ions are ignored, then a
plausible model for this system is given by the
single-ion-spin Hamiltonian of Eq. (1) with S= 1
and the z direction along the trigonal axis of the
crystal. The energy eigenvalues of Eq. (1) are
for H))z,

W, =D-g„p, H, S;=D+g„p. H, 8",=0

and for H& z,
gT 1[D (D2+4g2 p2H2}1/2]

I
W = [D+(D2+4g—'p, H')' '].

(3)

(4)

Using these sets of field-dependent levels it is a
straightforward matter to form partition functions
and calculate, in the zero-field limit, the suscep-
tibilities for N noninteracting ions. These are

2Ng, (P,B 1
ll Py ea/I T+ 2

XP lB2Ng'q ea ~ I T -1
D eD"T+2 '

From the theory of the spin Hamiltonian" one
finds

g~~
—g1=2D/x.

(5)

(6)

Since for the [¹(H20),]"complex, the spin-orbit
parameter X is --270 cm '," and ~D

~

is typically
-1 cm ', the difference g„-g, is usually too small

FIG. 1. Magnetic susceptibilities of powder and single-
crystal (parallel and perpendicular to the trigonal axis)
specimens of NiZrF6 ~ 6H&O. Solid curves are calculated
for mean-field model with g)/k =-3.00 K, g=2.36, and
n =+0.06 mole/emu.

x.=xl/(1 —"xl) (10)

A least-squares fitting of all of the data of Fig. 1
using Eqs. (9) and(10) and allowing D, g, andn
to vary, yields the parameters D/k=-3. 00 K,
g=2.36, and n=+0.06 mole/emu. The solid curves
shown in Fig. 1 are calculated with these param-
eters and reproduce the data quantitatively. The
fact that the mean-field constant n& 0 indicates
that the net effective spin coupling in NiZrF, ~ 6H,O
is ferromagnetic as it is in NiSiF, 6H,O. Quite
striking, however, is the magnitude of D, which
is larger by a factor of almost 20 than the zero-
field splitting in the fluosilicate.

An estimate of the temperature-independent Van

to be easily detected in susceptibility measure-
ments. Except where otherwise noted, we shall
assume g() =gg=g.

From Fig. 1, we see that X,&X, over the whole
temperature range. From Eqs. (5) and (6) one
finds

X'„/X', =(D/kT)/(en "r—1),
which is «1 for D&0. Thus for NiZrF, ~ 6H,O,
D& 0 and the basic spin triplet is split into a lower
doublet and an upper singlet, as is the case for
NiSiF, 6H,O. In order to estimate the. magnitude
of this zero-field splitting and of the g factor we
have fitted Eqs. (5) and (6) to the data of Fig. 1in
various ways. A least-squares fit of Eq. (6) to
X, yields D= -2.74 and g= 2.4, for example.
Those parameters inserted in Eq. (5) give rea-
sonable fit of y„at the highest temperatures but
the model fails quantitatively as the temperature
falls.

Guided by earlier experience with NiSnCl, ~ 6H,O,
we have tried to improve the fit of these data by
introducing interaction among ¹1"ions in a sim-
plified mean-field approximation. The magnetic
field H in Eq. (1) is replaced by an effective field
which is the sum of the applied field and a term
-proportional to the ma, gnetization M of the speci-
men, i.e. ,

H, )q
= H+ nM. (6)

For weak effective fields, M=X'H, «, where X' is'

given either by Eq. (5) or Eq. (6). For weak ap-
plied fields the temperatures where no spontan-
eous order occurs, we can also write M =XH
where y is the initial susceptibility of a system
of interacting ions. Thus

x = M/H=x'(1+nx),

and either

x„=x'„/(1-nx'„)

or
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Vleck susceptibility can be made using the g fac-
tor as determined above. Adding to the spin Ham-
iltonian, Eq. (1), the quadratic Zeeman term"
previously omitted, the Van Vleck contribution to
the paramagnetic susceptibility is easily derived,
It mRy be written in the form

Taking X=-270 cm ' and @=2.36, one finds Xvv
= 3.53 x10 ' emu/mole. The temperature-indepen-
dent diamagnetic contribution may be estimated
from the tabulated values" for the component ions
and ligands to be -1.67 x10 ' emu/mole. The net
temperature-independent susceptibility is thus
+1.86 xl0 ~ emu/mole and is negligible in the tem-
perature region of interest.

The signs and magnitudes of D and the mean-
field coupling constant in NiZrF, 6H,G inferred
from the simple analysis of the susceptibilities
at relatively high temperatures suggest the oc-
currence of ferromagnetic ordering near 0.1 K.
This is confirmed by measurements of X„and y,
carried out in the 'He-'He dilution refrigerator
down to -0.05 K. The data are shown in Fig. 2
where X„and.y, 'are plotted on different scales.
X„rises rapidly to a distinct peak at -0.16 K which
is presumably the Curie point T~. The much
smaller peak exhibited at the same temperature
by X, could easily be the result of slight specimen
IIllsRllgnnlent. As 'the trRnsitlon temperature wRS
approached from above, not only did X(, become
very large, but it also developed a large loss com-
ponent. The resultant power dissipation in the
specimen caused warming of the mixing chamber
of the dilution refrigerator and made measure-
ment of X„near T~ difficult, Such losses are sug-

gestive of the onset of some form of ferromagnetic
order.

Of particular significance is the magnitude of
X„below T . At the lowest temperature, -0.058
K, we find y„, expressed in emu/cm', nearly
constant at 0.352. The calculated demagnertjza-
tlon factor for the elllpsoldRl specimen is = 2.82.
Thus 1/I) =0.354 =y„, as expected for a ferro-
magnet which has no remanence. In such a ma-
terial, a small field II~, applied along the easy
direction is exactly compensated by the demag-
netizing field -SM, so that the internal field
H„,=H, —&M=0. This occurs when the mea-
sured susceptibility X = (BM/SH„, )r = 1/&. ln
NiZrF6 6H,O, the single-ion anisotropy DS,',
with D«0, establishes the trigonal axis as the
easy direction and the plane perpendicular to that
axis as a "hard" plane. The large negative value
of D insures that X, is much smaller than g, at
and below T~ as well as above it.

I,et us consider now the results of heat-capacity
measurements on NiZrF, ~ 6H,O above -0.09 K in
zero applied field. Figure 3 shows the magnetic
contribution to the heat capacity CJ,(mag) as a
function of temperature below 4.2 K. A very sharp
cooperative peak at T = 0.164+ 0.002 K marks the
Curie point. It is followed by a mell-resolved
Schottky anomaly (7 -1.5 K) associated with
the thermal population of the single-ion excited
singlet. Separation of C~(mag) from the measured
total heat capacity of the specimen and its calori-
n1etric addenda was effected approximately by
fitting those data in the interval 2.6 to 4.2 K with
an expression of t e form

C~= aT+ bT'+C'(mag) .
The first two terms are used to represent the

60 —,e Ni Zr F~
~ 6H20

~ a Da ta Uncorrected

o Data Corrected
for Demagnetization

Oguchi Model

5.2—

0
E
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I I I

Nl Zr F - 6H20
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H=0

Data Points (Corrected for Lattice )
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c = O i6" K '- O. OO2 K

I

I

T (K)
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FIG. 2. Magnetic susceptibilities parallel and perpen-
dicular to the trigonal axis of NigrF6 ~ 6H&Q down to
0.05 K. Solid curves calculated for Qguchi model with
L)/k=-3. 00 K, g=2.33 K, and zZ/0=+0. 084 K. T~
= 0.164 K.

00 I i l

T(K)
Flo, 3. Magnetic heat capacit+ of N1ZrF6 6II2Q crgs-

tal in zero applied field. Solid curve calculated for
Qguchi model with g)/k = -3.14 K and zJ'/k =+0.082 K.
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free-electron and lattice contributions of the add-
enda as well as the lattice part of the specimen
heat capacity. The third term is the heat capacity
of N noninteracting Ni" ions calculated with the
energy levels of Eqs. (3) for H=0, namely,

2 ~D/AT
C'(mag)= 2Nk —,n&~r (13)

A good fit was obtained with D/k= -3.14 K. The
difference C~ —C'(mag) =aT+ bT', was then as-
sumed to approximate nonmagnetic contributions
to the total measured heat capacity over the en-
tire range, 0.09 to 4.2 K. This correction
amounted to 0.04/0 of the raw values at 0.2 K,
1.4%% at 0.85 K, 6.3% at 2: K, and 50%%ug at 4.1 K.
The values of Cp(mag) shown in Fig. 3 are the
result of subtracting off these nonmagnetic cor-
rection terms.

The fully resolved Schottky and cooperative
anomalies of Fig. 3 emphasize graphically an im-
portant property of NiZrF, ~ 6H,O already inferred
from the fitting of susceptibility data well above
T~, namely, that the interactions among Ni~ i.ons
are weak in comparison with separation ~D

~

of
the single-ion doublet ground state and excited
singlet. At Tc the singlet (m, = 0) is not thermally
populated and the Ni" spins have essentially the
m, =. a1 character of the doublet. In. other words,
they can point in the m directions and thus behave
as Ising spins. However, a comparison of the
heat-capacity data for 0.6& T/Tc & 2 with theoreti-
cal estimates" for @n.Ising model on a simple
cubic lattjce with nearest-neighbor interaction re-
veals significant systematic discrepancies. At
the. same time, : the 'abrupt, possibly discontinuous,
drop in C~ at T~ together with thd relatively in-
significant short-range-order tail above T~ are
suggestive of a simple second-order transition
describable by mean-field theory.

In order to examine further the possibility of
mean-fieM behavior' in NiZrF, 6H,O, we have
fitted the heat-capacity and. susceptibility data
with two mean-field models. The first is of the
simple kind previously described. Because of the
small but noticeable tail exhibited by C~ above
T~, it was considered worthwhile also to use a
model which, to some extent, incorporates the
effects of short-range order. The simplest of
these is the Oguchi model" in which interactions
between pairs of neighboring magnetic ions are
treated exactly and the interaction of the pair with
the rest of the lattice is approxi;mated by a mean
field. The pair, rather than some larger cluster
such as an ion and all its nearest neighbors, is
chosen for exact treatment because of its simpli-
city and tractability and generally has no struc-
tural significance. This method treats short-

range order effects only approximately and usual-
ly underestimates their magnitude. Since the two
procedures yield very similar results and the
Oguchi model for S= 1 with uniaxial anisotropy
is relatively unfamiliar, we shall limit our dis-
cussion to that case.

. The Hamiltonian of any two nearest-neighbor
spins S, and S& interacting with one another and
with their other nearest neighbors via isotropic
exchange is

R «~=D(S(, + Sag}
—2ZS; ~ S,

-2J QS S,. +QS, Sq) .
A g

(14)

-2Z(z —1)( S)( )S,+Si,)
+ g AH„~(S,,+ S,,), (15)

where z i.s the total number of nearest neighbors
to a given magnetic ion. Since the expectation
values of S„and S&, should be the same as those
of their nearest-neighbor spins, (S,) should satisfy
in a self-consistent way the relation

2(S,) =(S,,+S,,)
= Tr(S;,+S&,)e 8 "~«~/Tre ~"~«~

where P =1/kT. The magnetization of the speci-
men along the e axis is related to (S,) by the
equation

(16)

M, =Ng pe(S ) .
Thus K,~, can be rewritten

K ),=D(S~( + S~,) —2 JS; ~ S~

y gpeH, s, (S,,+S&,), (18}

2 j(8 —1)
Hepta H[J 2 2 M)~ ~

lVg Pg
(19)

Equations (18)and (19) show explicitly the action on
each ion pair of an applied field H„as well as of
a mean-field proportional to the magnetization of
the sample.

The eigenvalues and eigenvectors of H„„for
S&=S&=1 are found to be:

Here the indices k and l refer to all nearest neigh-
bors of spin i (except spin j) and of spin j (except
spin i), respectively. Oguchi replaces the opera-

: tors SA and S, by their thermal average expecta-
tion values (5) and notes that only (5,) does not
vanish. With these substitutions and adding a mag-
netic field H)} in the z direction, the pair Hamil-
tonian becomes

36 „=D(S( S+)~—2 JS; ~ S~
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E =D+ J —[(D+J)'+BJ']' '

(E2+ 8 J2) 1/2

2v 2J
I
o, o&+ (I+, o&+

I
—,+ &);

v2

E,=D+ 2 J+X; P, = ~(I+, 0&+
I
0,+));

E3=D —2J-x; y~= (Io, -)+ I-, o));

E„=D+2J+x; y, = ~ (I+, o) —
I
o, +));1

E,=D+2J-x; y, =~(I0, -&- I-, o&); (20)

Fig. 3. Note that the theoretical value of X„drops
to zero below T~ because the needle-like speci-
men for which it is calculated consists of a single
domain. The values of D and g obtained with the
Oguchi model are essentially the same as those
given in the simple mean-field model as indicated
above.

The internal energy of the Oguchi model of a
crystal with N magnetic ions was obtained by cal-
culating the thermal average expectation values of
each of the operators appearing in X„„[Eq.(15)],
multiplying them by the appropriate numerical
factors and adding all of the contributions. 'The

result is

U =-.'- X[D(S,'.,+ S,'.&
—2J(S, ~ S,&

E,=D+ J+ [(D+J)'+ 8J']' '
+gi, Hf, (S,,+ S,, &

--.'(z - I)J(S,,+ Sy,&']. (22)
P =(E'+ 8J') 'i'

x —&2Jlo, o&+E.~(l+ -&+ I- +»1

E,=2(D+J); 0,= (I+ -& —
I

—+&)'
1

E,=2(D-J+x); y, = I+,+);
E,=2(D- J-X);

where X=g AH„-2(z —1)J(S,&=gpzH, «.
As is evident from Eqs. (16) and (I't), the mag-

netization may be calculated in a straightforward
way from the pair partition function Z = Tr(e,«,)
=Pj& e Nz~, according to the relation M= (1/P)(1/
Z)(SZ/BH). The result is a transcendental equa-
tion which must be solved self-consistently. For
comparison with our experiments, it was also
necessary to obtain X = (sM/sH)

I „~. Using Eqs.
(20), we have calculated X„. For H&z, the dia-
gonaliza. tion of the pair Hamiltonian was ca,rried
out, "in part numerically, and X, computed in an
analogous way.

The best fit of X and y~ with the Oguchi model.
was obtained for D/k= -3.00 K, g= 2.33, and
zJ/k =+0.084 K. The solid curves of Fig. 2 show
the results of this fit. They have been calculated
for long needle-shaped specimens with the needle
axis )j and L to the z direction, i.e., with no de-
magnetizing effects. Where the measured suscep-
tibilities (solid points in Fig. 2) become large
above T~ they must be corrected to this geometry
for comparison with theory. This has been done
using the familiar relation

(21)

Such corrected data points are shown as open
circles in Fig. 2. At T~=0.164 K the model be-
gins to exhibit spontaneous magnetization. This
agrees with both the y, data and the C~ data of

It differs from ~z N(3C. ..& by the factor z in the
mean-field (last) term which is introduced to
avoid counting twice the interactions of spins
belonging to neighboring pairs. 'The averages in
Eq. (21) were determined in the usual way, e.g. ,

Tr[(S, 8 )e zer~r]
~S .S~=-

Tr(e Beragr)

The heat capacity was then calculated by differen-
tiating the internal energy, Cz(T)=(BU(T, H)/ST)H.

It should be noted from Eq. (22) that when (S,,
+S,,) is zero, i.e. , above Tc for H=o, only one
of the ' nearest-neighbor interactions of a given
ion is taken into account. This is an unrealistic
feature of the model which leads to an underesti-
mate of the short-range-order contribution to the
heat capacity in zero field. A better representa-
tion of the observations in that region could be
obtained by taking as the interaction contribution
to the internal energy the expression" -NJz(S, ~ S&&.

This choice leads, however, to an incorrect re-
sult for the difference. in magnetic entropy between
the completely ordered and disordered states,
M= fo C„/TdT. In contrast, Eq. (22) ultimately
yields the expected value, Nkln3, for this entropy
difference and is consistent with the pair Hamil-
tonian, Eq. (15).

We have fitted the Oguchi model to the magnetic
part of the heat capacity of NiZrF, ~ GH,O by a
least-squares procedure in which D and J were
allowed to vary. The theoretical result is shown
as a solid curve in Fig. 3. Agreement with the
experimental data is quite gratifying. 'The best
values for the fitted parameters are D/k= -3.14
K, and z J/k=+0. 0816 K while the calculated Curie
point is T~= 0.164 K. The agreement with the
corresponding values obtained by fitting the sus-
ceptibility data, D/k= -3.00 K and zJ/k= 0.084 K,
is excellent. The limitations of the model are
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FIG. 4. Magnetic heat capacity of NigrF6 ~ 6H&0 with
II„=2 kOe. Solid curve calculated for Oguchi model with
a/k=-3. 14 K, @=2.36, andes/4=+0. 082 K.

evident just above T~ where, as expected, it un-
derestimates the magnitude of the heat-capacity
tail by a factor of about 1/s or -'. At or slightly
below Tc, , the data rise above the calculated
values. Possible implications of this behavior will
be mentioned below.

An interesting test of the relevance of a mean-
field model to this system is provided by a series
of measurements of the heat capacity of a single
crystal of NiZrF, ~ 6H,O with a field of 2000 Oe
applied parallel to the trigonal axis. The sample
and its addenda are the same as those used in the
zero-field measurements. The combined lattice-
addenda correction determined in zero field was
therefore subtracted from the measured total
heat capacity to yield the magnetic part shown in
Fig. 4. The applied field in this case is small in
comparison with D/gps -19.6 kOe and yet large
enough in comparison with M/V that the heat capa-
city in constant applied field C„ is essentially
the heat capacity in constant internal field CH.
As Griffiths" has shown, the sharp zero-field
cooperative anomaly at Tc is replaced in this
case by the rounded and broadened anomaly pre-
dicted for most model ferromagnets by theories
of in-field behavior which ignore demagnetizing
effects. This behavior, as well as modification
of the upper Schottky maximum, are dramatically
illustrated in Fig. 4.

We have fitted the data of Fig. 4 with the Oguchi
model using the values D/0= -3.14 K and zZ/0
=+0.082 K, determined from the zero-field heat-
capacity results and g= 2.36 as required by the
low-field susceptibility measurements. Only the
internal field was varied in the least-squares
fitting procedure. The solid curve in Fig. 4 shows
the theoretical result for an internal field II„,
=1894 Qe. The ability of the mean-field model

to reproduce the observations is very striking.
The difference of -100 Oe between the applied
and internal fields represents a demagnetizing
field. The specimen crystal was elongated along
the c axis and its edges had been rounded off, but.

it was not ellipsoidal. The intern@1 magnetic
field is thus probably somewhat nonuniform. As-
suming, however, an ellipsoidal sample of the
same extremal dimensions, one estimates at 0.1
K a demagnetizing field of -VO Qe, which is rea-
sonably close to the empirical value.

We turn now to consideration of the possible
origin of mean-field behavior jn NiZrF, ~ 6H,Q.
As was emphasized earlier, the large separation
of the doublet ground state from the excited singlet
in this salt gives it pronounced Ising character.
It was also noted than an Ising model with nearest-
neighbor interaction alone did not reproduce the
data very well. It has been shown, 23 however, that
an Ising ferromagpet in the limit in which all spins
interact equally with one another exhibits mean-
field behavior. The general ease in which inter-
actions are ferromagnetic, of infinite range, and
decrease with interspin separation according to a
power law, . has also been studied. " In three-di-
mensional systems of this type, mean-field be-
havior is expected if the interaction falls off
slowly enough with distance.

The inverse cube law of the dipolar interaction
satisfies this criterion. However, the angular-de-
pendence of the sign of the dipolar coupling renders
it not purely ferromagnetic so that, in general„ it
need not lead to mean-field behavior. A system
of Ising spins with dipolar interaction proves to be
a special case of particular interest. I.arkin and
Khmel'nitskii" and Fisher and Aharony'-' have
shown that the critical properties of the dipolar
Ising ferromagnet in zero fjeld are mean-field-
like but with corrections involving

~

lrit
~

where
f = T/Tc —1. In genera—l, the logarithinic correc-
tions are difficult to detect. Except under high-
temperature resolution very close to T~ many
properties of dipolar Ising ferromagnets will ap-
pear to be essentially mean-field-like. Aharony27
has also considered the critical behavior of uni-
axial ferromagnets with both exchange and dipolar
interactions. He finds a crossover to the dipolar
regime at a value of t which grows with increas-
ing admixture of dipolar coupling.

These results suggest that what we are observ-
ing in NiZrF, ~ 6H,Q may be the approximate mean-
field behavior of an Ising ferromagnet in which di-
polar interactions are important. 'This interpre-
tation is quite consistent with the low value of T~
and the structure of the salt. It implies, of
course, that the quantity zJ determined by fitting
the Oguchi model to the data must be regarded as
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~syh+ 4+ C

V„, ' (23)

~""is the result of the interaction of ions j at all
lattice sites witkin a spherical volume inside the
sample with the ion i at its center. Por ions with
spin ~2 and H (( z Daniels finds

a measure of the net effect of interactions of sev-
eral kinds and not of nearest-neighbor exchange
alone.

In order to estimate serniquantitatively the rela-
tive importance of dipolar and exchange interac-
tions in this salt, it is useful to examine the be-
havior of X„ in the paramagnetic region, Correct-,
ing the data for demagnetization effects, according
to Eq. (21), we plot 1/X" versus T in an interval
in which only the doublet ground state of the single
Ni" ion is significantly populated, T «1.1 K (Fig.
5). Here one may ~easonably ascribe to the ion
an anisotropic moment, with effective spin S'= &.
The data are well described by a Curie-Weiss.
law X ~~ C~~ /(T 8~~) whel 6 Cp 1 95 + 0 02 cgs K/
mole and off = 0.183+ 0.003 K. Assuming 8'= 2, the
Curie constant C

~

=N, g,'2ps'S'(S'+ 1)/3k yields g, ',

= 4.528.
'The leading terms of the high-temperature series

expansions of the thermodynamic properties of a
system of ions with dipolar interaction have been
calculated by Van Vleck." Daniels" has extended
this work to include ions with anisotropic mo-
ments. The dipolar contribution 4 to the Weiss
constant 0 obtained in these calculations is often
written approximately as a sum of two parts

where the summation is ca,rried out inside the
sphere, the radius having been taken large enough
that the contribution of the next spherical. shell is
negligible. The rest of the ions in the needlelike
crystal are replaced by a magnetizable continuum
with poles on the surface of the spherical hole
which produce the so-called I,orentz field at i and

contribute to d. the term 4vC/3V „,.
The sum in Eg. (24) has been evaluated within a

sphere of radius -328 A by computer. With gf'f

=4.526, we find 6", "=-0.0053-K, the small mag-
nitude reflecting the approximately simple cubic
nature of the spin lattice. Taki. ng C,

f

=- I.95 emu
K/mole and V „,=.167.4 cm', the Lorentz term
is 4rrC„/3V „,=+0.0488 K. Thus 6=+0.0435 K.

The leading terms of the high-temperature ex-
pansion of the susceptibility of a system of ions
with nearest-neighbor isotropic exchange inter-
action (-2Z'8,' 8,') take the form of the Curie-
Weiss law. " If a givenionof effeitive spin8'= z

interacts with z equivalent nearest neighbors, the
Weiss constant is zJ'/2k. Assuming additivity of
the exchange and dipolar contributions, as is
reasonable in this approximation, the Weiss con-
stant becomes

zJ'
8 =s+—

Inserting the measured 8„and calculated 4 values,
we find zZ'/2k =+0.183 —0.044=-0.139 K. Trans-
forming back into an S = 1 formalism, this be-
comes z J/k=+0. 104 K. This is not very different
from the effective coupling estimated with the
Oguchi model, namely, zJ,/'0=+0. 084 K. Corn-
paring 8ff and 4, we see thai the dipolar part
amounts to 24'70 of the measured Weiss constant
and is thus almost one-third the nearest-neighbor
exchange contribution in magnitude.

These estimates indicate that dipolar interaction
in NiZ rP, ~ 6H20 provides a substantial part of the
interionic spin coupling. Ii seems to add enough
long-range character to that coupling to make the
properties of this salt distinctly mean-field-like
rather than those of a simple nearest-neighbor
Ising ferromagnet. 'The latter quality is not com-
pletely obscured, however„as is evident in the
zero-field heat capacity (Fig. 3) just above Tc,
where a small short- range-order "tail" occurs,
or just below T~ where C„rises slightly above
the values calculated for a mean-field model.
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