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Renormalized expressions for the transport coefficients of a normal quantum fluid are derived from a
nonlocal kinetic equation. As was shown in the classical case by Forster and Martin and by Résibois, the
expressions for the transport coefficients separate naturally into “kinetic” and ‘““direct” parts. The kinetic
terms are proportional to matrix elements of the inverse of the kinetic kernel, and have the same general
structure as the “bare” transport coefficients obtained from a local Boltzmann equation. The direct terms are
proportional to matrix elements of the kernel itself, and have no counterpart in calculations based on a local
kinetic equation, as in the kinetic theory of gases. We evaluate the transport coefficients using the weak-
coupling approximation to the kernel derived in a previous paper. Results are given, first, for both Bose and
Fermi fluids at arbitrary temperature, and then for the Fermi fluid near T = 0, where complete solutions
are obtained. It is found that the direct parts of the shear viscosity and thermal conductivity are of higher
order in T than the kinetic parts, and are therefore negligible at very low temperature. The kinetic parts
have the same leading temperature dependence as the predictions of the Landau theory. For the bulk
viscosity, however, the direct and kinetic contributions begin at the same order (T ?) in the temperature.

I. INTRODUCTION

Linear-response theory provides an exact rep-
resentation of the transport coefficients of a
fluid in terms of the small wave-vector and fre-
quency limit of hydrodynamic response func-
tions.? Modern calculations of transport co-
efficients therefore focus on the problem of de-
termining the response functions. Two general
approaches are available. In the first, known as
generalized hydrodynamics, a response function
is obtained from an equation that involves con-
figuration-space variables only. The equation
contains another response function, the memory
function, which is better behaved in the hydro-
dynamic limit than the original one, and therefore
easier to approximate. If necessary, the scheme
can be iterated, so that a hierarchy of memory-
function equations is generated.?

In the second approach, the hydrodynamic re-
sponse function is obtained from a phase-space
correlation function. This approach could be
called generalized kinetic theory, because the
phase-space function is the solution of a kinetic
equation related to the linearized Boltzmann equa-
tion. In place of the Boltzmann collision kernel,
there appears a more complicated collision ker-
nel which, in general, is the sum of two terms,
one nonlocal in space and the other nonlocal in
both space and time. For classical fluids, non-
local equations of this type have been investigated
extensively during the past decade. There has
been a great deal of progress both in the con-

struction of these equations and in their practical
use for calculating response functions and trans-
port coefficients.* The success of the classical
theory now makes it attractive to apply this ap-
proach to the more difficult problems of quantum-
mechanical fluids. .

In a previous paper, we derived a nonlocal ki-
netic equation for a normal quantum fluid with
Bose or Fermi statistics (neglecting spin) and
evaluated the collision kernel explicitly to-second
order in the interparticle potential.® We showed
that the classical limit of the kernel reduced to
the weak-coupling kernel derived by Akcasu and
Duderstadt® and that in the limit of small wave
vector and frequency it reduced to the kernel of
the linearized Uehling-Uhlenbeck equation’ with
the Born approximation for the cross section.

In the present paper, we study the transport co-
efficients predicted by this nonlocal quantum ki-
netic equation.

Although we are concerned here with the hydro-
dynamic regime, it is important to note that such
nonlocal kinetic equations are valid for all wave
vectors and frequencies, and that a major part
of the interest in them has to do with the cal-
culation of correlations on an atomic scale. Such
a calculation for normal liquid He® at low tem-
peratures has recently been presented by Valls,
Mazenko, and Gould,® who approximated the ker-
nel of the nonlocal equation on a partly phenom-
enological basis and calculated the dynamic struc-
ture function and the dispersion relation for zero
sound. Their investigation focused on the inter-

4260 © 1978 The American Physical Society



I3

mediate wave-vector and frequency regime,
rather than on the hydfodynamic regime.

An important feature of these nonlocal kinetic
equations is that they depend on only one time
(or frequency) variable, the physical time dis-
placement of the correlation function. This dis-=
tinguishes them from the multiple-time equations
that are the natural result of quantum mechanical
Green’s function techniques, such as the two-
time generalized Boltzmann equation derived by
Kadanoff and Baym.® Some advantages of the
single-time fdrmulation‘were noted by Valls ef
al.: it allows a natural separation of static and
dynamic effects; the criteria for preserving con-
servation laws, sum rules, and symmetries are
simpler; and physically reasonable approximations
can often be introduced with greater ease. To
these may be added the feature that is exploited
in this paper, namely the straightforwardness
of a low-order expansion in powers of the physical
frequency, which is necessary for the study of
the hydrodynamic regime.

It is clear that the wave-vector (k) and fre-
quency (z) dependence of the collision kernel is
essential for describing the structure and motion
of a fluid on the atomic scale. It is less obvious,
perhaps,- that the £ and z dependence of the ker-
nel also has an important effect in the hydro-
dynamic regime. In fact, it has been shown in
the classical-case by Forster and Martin'® and
by Résibois!! that there are contributions to the
transport coefficients from terms through second
order in the small-2 and -z expansion of the ker-
nel. The effect of the k- and z-dependent terms
can be regarded as a renormalization of the trans..
port parameters from the “bare” values given by
the local limit of the kinetic equation, where &
and z are set equal to zero in the kernel. The
renormalization is what accounts for the effects
of correlations due to the interparticle inter-
actions. (Note that this renormalization is distinct
from the renormalization that one may perform
in deriving an expression for the kernel itself.)
Such correlations are present even in the low-
density classical gas, although their effects are
small in that case.'® .

As we show in this paper, the transport co-
efficients of a quantum-mechanical fluid can be
obtained from the nonlocal kinetic equation in
essentially the same way as in the classical case.
This is a consequence of the single-time form -
of the equation. The results for the renormalized
transport coefficients—both classical and quan-
tum—have the following basic structure. There
are contributions from two types of terms, which
may be called “kinetic” and “direct.” The kinetic
terms are proportional to matrix elements of the
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inverse of the kernel and in this respect are sim-
ilar to the expressions for the bare transport co-
efficients. The direct terms are proportional to
matrix elements of the kernel itself, and have

no bare counterpart. In the zero density limit,
the direct terms vanish, and the kinetic terms
reduce to the result given by the Boltzmann equa-
tion. Little is currently known about the actual
magnitudes of the various terms for dense fluids,
but it is anticipated that as the density and inter-
action strength increase, the renormalization
corrections will grow in importance relative to
the bare term. In one case, liquid argon near
the triple point, a calculation by Jhon and Forster
based on a modeled kinetic equation indicates
that the experimental viscosity and thermal dif-
fusivity are mostly accounted for by the direct
terms."

We have already mentioned that our weak-cou-
pling equation reduces to the Uehling-Uhlenbeck
equation when the kernel is considered in the
limit B, z—~0. Another point of reference for a
quantum kinetic theory is provided by the Landau
theory of Fermi liquids.'* Valls ef al. have con-
sidered the correspondence hetween their kinetic
equation and the Landau theory in some detail,
and have used it in formulating their phenomeno-
logical model. In its usual form, the Landau
equation has a wave-vector-dependent mean-field
term, related to the static term of the nonlocal
equation, but the wave-vector and frequency de-
pendence of the Boltzmann-like collision term
is neglected.® The Landau-theory transport co-
efficients calculated by Abrikosov and Khalatnikov!®
therefore do not contain any direct terms, and
the mean-field term serves mainly to change the
effective mass. Wave-vector and frequency de-
pendence of the kernel has been included in cal-
culations of higher terms in the temperature ex-
pansion of the Landau-~theory transport coeffi-
cients,'” but the methods of calculation used did
not allow for the appearance of the direct terms.
In view of the Jhon and Forster result for argon,
it is interesting to see whether this can be justi-
fied. Briefly, our result for the weak-coupling
kernel indicates that it is proper to neglect the
direct terms of the shear viscosity and thermal
diffusivity at low temperature, because they begin
at higher order in the temperature than the
kinetic terms. For the bulk viscosity, how-
ever, the contributions of the kinetic and direct
terms begin at the same order in the temperature.

The outline of the body of the paper is as fol-
lows. In Sec. IIA we review our previous re-
sults for the nonlocal kinetic equation, and in-
troduce the additional definitions and notation
that are needed for the discussion of the trans-
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port properties. In calculating the transport co-
efficients from the nonlocal kinetic equation, we
follow the procedure developed by Forster and
Martin in their study of the classical weak-cou-
pling equation, and we refer to their paper for
details of the argument. ' A heuristic outline of
the calculation together with a discussion of the
features of the renormalized expressions for the
transport coefficients is given in Sec. IIB. If is
intended that this subsection will be accessible
to the reader who does not wish to study the rest
of the paper in detail. In Sec. III we turn to the
weak-coupling equation and work out the trans-
port equation expressions as far as possible for
both Bose and Fermi fluids at arbitrary temper-
ature. Finally, in Sec. IV, we specialize to the
case of the Fermi fluid at low temperature, where
complete solutions are obtained.

IT. NONLOCAL KINETIC THEORY
A. Kinetic equation and correlation functions

We begin with a brief summary of the notation
and definitions used in our previous paper.® The
basic quantity in our description is the quantum
phase space or Wigner density operator

f'(th):(Zw)’Bjdr’eis'g’
XZPT(T— %T’Jt)d’!(ly'*'%y',t)’ (1)

where $(rt) and ¥'(#£) are the Heisenberg field
operators satisfying the usual equal-time com-
mutator or anticommutator relations.for Bose
or Fermi statistics, For simplicitly, we ignore
spin and consider particles of unit mass which
interact by a central potential ir)

=(27)"® fdke“‘ *y(k). Except where otherwise
noted, we take 7Z=1anduse the letters 2,7 andp to
represent vector quantities. From f(afpt) we form
the anticommutator correlation function

Flp,v'p' |t~ ") =G {fpt),f 0'p't")})
~(fpthH {f b)), (2)

where the angular brackets indicate an average
in the grand canonical ensemble with inverse
temperature B and chemical potential u. Trans-
forms of F(rp,v'p’ {t ~1') and similar quantities
are given by the convention

F(kzpp') = —i f dt et
0
x‘fd('r —71) e—ii. (T-1¢ )F(’Vj), ript ]i) ,
(3)

with the imaginary part of z positive. The spatial
Fourier transform F(kpp’) of the equal-time anti-

commutator function also plays an important role.
It is given by

F(kpp') =8(p —p")N(kp) +H(kpp') , (4)

where H(kpp’) is the connected part of the two-
particle distribution function, and N(kp) is the
symmetrized combination

NEp)=snp+3R)Ap ~5k) +57p +5 RIn(p -3 k)
(5)

of the one-particle momentum distribution z(p)
=(f(np)y and its complement 7(p) =1+ €21 ) (p).
€ is +1 for Bosons and -1 for Fermions. For
free particles, n(p) is

ny(p)=(2m)™ (eB(lez-u,) ). )

The factors of 27 come from the definition of
fpt) in Eq. (1), which corresponds to a classical
normalization. Thus, momentum integrals are
not accompanied by a factor of (27)™%, and n(p)
reduces in the classical limit to n¢(p), where
n is the density and ¢(p) is the Maxwellian.
F(kpp') and F(kzpp’) are of course closely related
(after integration over the momenta) to the static
and dynamic structure factors S(k) and S(kw)
of the fluid. :
The equation of motion of F(kzpp’) has the gen-
eral form

(z ~K*D)F (kzpp’) =F(kpp’) + f dp 2 (kzpp)
x Flezpp’).”  (7)

The function £, which we call the kinetic kernel,
accounts for the effects of collisions as F(kzpp’)
evolves from its initial condition F{kpp’). The
kinetic kernel separates naturally into a sum of
two terms, a frequency-independent or “static”
term Z(kpp’) and a frequency-dependent or
“dynamic” term Z‘@(kzpp’), which vanishes like
z"'at large 2. The static term describes in-
stantaneous mean-field effects, and is the now-
familiar generalization of the term in the Landau
theory of Fermi liquids that couples an inhomo-
geneous distribution of excitations to the ground
state distribution of quasiparticles.'® The dynamic
term describes the effects of collisions, and is
the generalization of the Boltzmann collision ker-
nel. To recover the linearized Boltzmann equa-
tion (either classical or quantum) from Eq. (7)
one would first evaluate Z at low density, where
only binary collisions contribute, and then take
the limit of zero wave vector and zero frequency
(=0, z=04+i0"). The &~ 0 limit does away with
spatial correlations, and causes the mean-field
term to vanish, while the z—~ 0 limit does away
with memory effects. Thus in the limit 2, z2—-0
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(the uniform Markovian limit), the kernel reduces
to its local value

K@(0,i0% pp") =id (pp’) , (8)

‘where J(pp’) is the standard collision kernel of

the linearized Boltzmann equation. Here we have
introduced the kernel K(kzpp’), which we obtain
from Z(kpp’) by convoluting it with the initial value
F(kpp'):

K(kzpp) = [ dp 2(kzpp) Fbp"), (%)

K(kzpp') =K (Bpp') + KD (zpp’) . (9b)

It is more convenient to deal with K than with Z
because, as discussed in our previous paper, the
two quantities [K*BF (kpp’) + K (kpp’)] and

KD (kzpp’) are symmetric in p and p’.

This completes the summary of general results
from our previous paper. Some further comments
on the equation are given in Sec. III in connection
with the explicit results for the weak-coupling
approximation to the kernel.

As will be discussed in Sec. II B, the transport
coefficients are obtained from the normalized
density-density correlation function G,m(kz) and
transverse current correlation function G ,(kz)
defined by'®

G, n(k2) =F ,,(k2) /F (k) (10)

G (k2) =F, (k2)/F . (k), S (11)
where

F"n(kz)=fdpdp’F(kzpp’), (12)

Fouk2)= [ dpap’ p,Flkzpp')pL, (13)

and the normalization factors are the static cor-
relation functions F,,(k) = fdp dp' F(kpp'), etc.
Here we have taken k to point in the z direction.
In the calculation of the transport coefficients,

it turns out that only the 2 =0 values of the static
functions F (k) and F,,(k) are needed. These are
given by?

F,,(0)= g <a—z,)s, 14)

F,(0)=n/B. (15)

Now we introduce a convenient operator notation,
and define the remaining quantities needed for the
discussion in Sec. IIB. Let {|p)} be a set of vec-
tors satisfying

(p|p"y=F(kpp"), (16a)
[avap |py Fpp a7 | =1, (16b)
where F~Y(kpp’) is the solution to

de F A (kpp) F(kPp') = (p ') 17

The vectors ]1)) depend implicitly on 2 as well

as on the thermodynamic state of the system.

The static inverse F~!(kpp’) can be simply ex-
pressed in terms of a momentum-dependent gen-
eralization of the classical direct correlation
function.® Given a function A (kzpp’), we define
the matrix elements of the corresponding operator
A by

@lalpy= [ dpAzpp) Flebp) . (18)

With these definitions, the solution F(kzpp’) of
the kinetic equation (7) can be written

F(kzpp’)=(p |[2 - k)] [p7), (19)
where the kinetic operator Q(kz) is defined by

Qkz) =2 (k) + Q' (k) + Q¥ (k2) , (20)
with

(P|QO®) |p"y =k-DF(kpp"), (21a)

(P[22 ) |p") =K (kpp") , (21b)

(PP (2)|p"y =K@ (Rzpp’) . (21c)

With the symmetries of K noted above, we see
that the matrix elements of 2 + Q% and of Q@
are symmetric in p and p’. This is the reason
for the inclusion of the weighting factor F(kpp’)
in the operator definition (18).

Vectors |n), .|u;), and |€) corresponding to
the number, momentum, and kinetic-energy den-
sities are defined by: '

[y =[F 1 [ap |p) (22)

lui>=[Fu<k)]"’2fdpp.-|p>, (23)

|€) =[F (k)2 f ape(kp)|p), (24)
where the kinetic-energy function €(kp) is

ekp)=1p® -, (25)
with

ap =[F (k)] f dp dp’ 3 p* F(kpp') - (26)

The term ¢, is included in (25) in order to make
|€) orthogonal to |n). (Both |€) and |n) are of
course orthogonal to the |u,~>.) In the classical
limit, €(kp) loses its k dependence, and reduces
simply to 2p2 -3 8L

The vectors In), |ui>, and |€> span the null
space of the kinetic operator 2. Specifically,
we have
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(n]|Q9 (k) + QP (Rz2) [p) =0, (27)
(u;]9(0,2) [p") =0, (28)
(€](0,i0%) [p7y=0. (29)

Equation (27), which is equivalent to the number-
conservation law, says that the zeroth moment
of the kinetic kernel vanishes for all 2 and z:

S ap [k Epp?) + K (kzpp)] 0. (30)

The moments corresponding to momentum and
kinetic energy are more complicated. We define
the momentum flux tensor 7', .(p) =TE(p)+ TE(p)
by

[app R BFepp’) + K (kpp")]

=k; TP +. v , (31a)
[avp K @Czpp) =k, TR+ . (31b)

and the kinetic energy flux vector @;(p)=Q§(p)
+Q{¥(p) by

Jap (D) E-BF(kpp) + K pp)]
£ QPP+ ... | (322)

fdp (D)KDRzpp’) = QP (D) +26 (D) 4. . .

(32b)

where €(p) is the 2 =0 value of €(kp), and the
omitted terms in Eqs. (31) and (32) are of higher
order in % and/or z (these are not needed). Note
that the z dependence of the kernel plays a role
only in Eq. (32b). It can be shown that conserva-
tion of momentum and total energy (kinetic plus
potential) follow from the fact that Eqs. (31) and
(32) have the indicated form.°

Specific results for the quantum T';; and @; are
given in later sections, but it may be remarked
here that the static contributions 7'{5’(p) and
Q?’(p) are very simple in the classical case.
The combination K+ pF(kpp’) +K ' (kpp ') ap-
pearing in their definition reduces to
K-pro(p)d(p —p’), and so one has 7¢(p)
=pip;nd(p) and Q) (p) =3p(p* =387 Ing(p).

B. Transport coefficients

The transport coefficients are obtained by for-
mally solving the kinetic equation for the density-
density and transverse-current correlation func-
tions, and comparing these functions with the
results predicted by ordinary hydrodynamics. ‘The
calculation also gives the speed of sound and the

ratio of specific heats. The argument is simpler
for the transverse mode, so we consider it first.

From Egs. (11) and (19), we see that the nor-
malized transverse-current correlation function
can be written as the matrix element of the in-
verse Kinetic operator,

Y

Gy(k2) =(u, |[z = Q(R2)]" |u,) . (33)

This is to be compared with the result given by
hydrodynamics for small # and z,?

Gttxydro(kz)=(z +ik27)/n)-1’ . (34)

where 7 is the shear viscosity. At first glance,
one may be tempted to reach inside the matrix
element in Eq. (33) and immediately take the
k, z—0 limit of ©(kz). Inessence, this is what
is done in the usual (local) kinetic theory: by
setting &, z=0 in Z(kzpp’) for the low-density
gas (but keeping the k- p term) and then solving
Eq. (33), one gets the Boltzmann equation result
for the shear viscosity. Although this is a good
approximation in some circumstances (the low-
density gas, for example), it is clearly not valid
in general because of the highly singular behavior
of the correlation functions in the hydrodynamic
limit. We must therefore rearrange Eq. (33) in
such a way that the correct limit can be taken.
This can be accomplished in the following way.®
Note that singularities in Eq. (33) can arise
because in the &, z—~0 limit, the operator  van-
ishes on the subspace spanned by the density,
momentum, and kinetic energy vectors In),
]u,-), and Ie}. We can handle these singularities
by separating the hydrodynamic subspace from
the rest of function space, using the projection
operator

P=lny ] + 20 |u) ] + € ¢e] (35)
1

and its complement @ =1 - P. A straightforward
calculation based on the identity

(2-1=(2-2Q) " + (2 -QQ)"QP(z — Q)™

‘ (36)

shows that the correlation function (33) can be
written in the form

G, (k2) =2 — @, (R2)]™, (37)

where the transverse memory function ¢,(kz2) is
given by

@ (k2) =@l(kz) + p{(k2), (38a)
Wivth ’
@i(kz) = (u, | 2k2) Q[ 2 - QQUR2)QTQQURZ) |u, ) ,
(38b)
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@i (kz) = (u, |QUk2) |u,) . (38c)

Because of the projection operator @ in Eq. (38b),
we are now free to take the 2, z—0 limit of ¢,.
Comparison of Eqs. (34) and (37) shows that the
shear viscosity is given by

n=n1+nrl=in lim W

2
k=0 k

(39)

As we mentioned in Sec. I, a result equivalent
to Eq. (39) was obtained by Résibois using a dif-
ferent approach.!! ‘

In general, then, n separates into two parts,
corresponding to the two terms of the memory
function ¢,(kz). The “direct” term 1”, propor-
tional to a matrix element of the collision oper-
ator, comes from the term of order £2z° in the
small &, z expansion of the kernel, and therefore
has no counterpart in calculations based on a
local kinetic equation. Its occurrence is the most
obvious manifestation of the renormalization pro-
duced by the nonlocal kernel. However, the “ki-
netic” part n’, which is similar in form to the
result of the local theory, also contains renor-
malization effects. To show this, we write out
the expression for the kinetic part of the shear
viscosity, from Eq. (38b), as

=B [dp T, (p)g(p), (40)
where sz( p) is the transverse-momentum flux

obtained from the nonlocal kinetic equation via
Egs. (31), and g(p) is the solution to®

[ F(pp")(p) = T, (p). (41)

The'local result 7, comes from solving Egs. (40)

22— (Qpp + P5g) 2+ 955055 — (9,5)°

and (41) using the free-streaming momentum flux
T2.(p) =p, P .no(p)7(p). The nonlocal contributions
to ' enter through the remaining parts of the
momentum flux—in particular, there are con-
tributions from the potential-induced correlations
in F(kpp’) and from the terms of order k'z° of the
kernel.

Now we turn to the longitudinal modes. The
analysis is similar to the transverse case, al-
though the algebra is more involved. The density-
density correlation function is obtained from the
3 X 3 matrix of correlation functions

G op(k2) =(a|[2 - Q(R2)]*|B), (42)

with @,8=1, 2,3 representing the three longi-
tudinal elements |n), ]uz), and ’e), respectively.
Using Eq. (36) as in the transverse case, we can
express G,; as the solution to

22 (28, = 90 (k2)] Gg(k2) = By, (43)

where the matrix elements of the memory kernel
are given by

@ osR2) =@l (k2) + @2 (R2), (44a)
with

g (kz) =(a |k2)Q[2 - QR(k2)Q]'QRUR2) |B)

, (44b)

oty (k2) =(a |Q(k2)|B) . (44c)

From the symmetries of the kernel,® it is straight-
forward to show that ¢, and ¢,; vanish identically.
By construction, ¢, is symmetric in @ and 8.

Now solving Eq. (43) for its (1, 1) matrix element,
the normalized density-density correlation func-
tion, we obtain '

Gnn(kz) =

It is to be emphasized that the ¢ matrix elements
in this equation are still functions of 2 and z;

Eq. (45a) is the general result for G,,(kz) de-
termined by the nonlocal kinetic equation. To
obtain the transport parameters, we compare the
small k, z limit of Eq. (45a) with the result de-
termined by the Navier-Stokes equations,? which
can be written

224+ik3(T + D)z — k2%c?(1 —y™Y)

G *°(k2) = 23 +ik*(T + D ;)22 — k2c?z — ik%c?Dy, °
' (45b)
where D, is the thermal diffusivity, and
T=(y - 1Dy +(1/n)EN+0) (46)

A (2 90‘33) z% 4 ((pzzgos:s -5 - (sz)z + Q%P5

(45a)

is the sound-attenuation coefficient, which con-
tains the shear viscosity, the thermal diffusivity,
and the bulk viscosity ¢. The thermodynamic
parameters in these equations are the adiabatic
speed of sound ¢, and the ratio of specific heats
y=C,/C,.

To exhibit the # and z dependence of G,,,(kz)
for small 2 and z, we must now expand the matrix
elements ¢ 4(kz) appearing in Eq. (45a). Forster
and Martin show that it is sufficient to keep terms
through second order in & and z (that is, terms
through order %2, kz, and 22). To this order,
the matrix elements of the memory kernel are
given by

@ ,(kz) =ka,,, (47a)
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@yok2) = —ik2a,,, (40)
@,,(kz) =k a, +ikz b,,, (47c)
@ 4k2) = —ik?a,, - 2b,, —i2%cy,, (47d)

where a, b, and ¢ denote the coefficients (chosen
to be real) belonging to the terms of order 2°,

z', and 2%, respectively. We now regroup the
terms in the numerator and denominator of Eq.
(45a) and compare the coefficients of powers of
2z with those of the hydrodynamic formula, Eq.
(45b). To leading order in 22 in each coefficient,
we obtain?

2

2 _ 2 023 . -
ci=al, + 1+b33 ’ (483,)
cz azs
v= _a—f:=1+ 4_”?2(1+b33 , (48b)
1 a%z a33
DT = 0—2 W 5 (480)
2a23b23 a§3c az a33

- 33 23
=tz 1+by, " (T+by,)* * A1 +by)* °
(484)

These formulas are general expressions for the
renormalized hydrodynamic parameters deter-
mined by the nonlocal kinetic equation, as is
Eq. (39) for the viscosity. There is a natural
separation of the a, b, and c coefficients into
direct and kinetic parts. In Sec. III, we show
that in the weak-coupling case, the thermal dif-
fusivity D, and the bulk viscosity ¢, which is
obtained from I', also separate in this way. The
bare results for the transport parameters are
given by Eqs. (48) with coefficients a,;= a%, obtained
from the k, z -0 limit of the kernel, and b,,,
b,s, and c,, set equal to zero. '

III. WEAK-COUPLING APPROXIMATION

In Sec. IIB we derived general expressions
for the transport parameters in terms of the ki-

netic kernel K (zpp’) and the initial condition
F(kpp’). We now carry out the calculation of the
transport coefficients using the weak-coupling
approximation for X and F. For convenience,
we gather in the next paragraphs the pertinent
results from our previous paper.

The nonsingular part of the initial condition,
Eq. (4), is given to first order by

H (kpp") = =B[v(k) + €v(p = ") No(kp) Ny (kD)

 tanh(3 i+ p) — tanh(3 gk - 1)
3Bk-(p-p)
and the term N(kp) multiplying the 8 function in
Eq. (4) is determined by

(49)

b

n,(p) = —ny(p)Ay(p’)
x[ b B[00 +ev(p -Pny(F).  (50)
The first-order term of the static kernel is
K©kpp") = (BLo(8) + c0(p -] Mylkp) =€5(p =)

x [d5au(p ~BIMR)Noep'),  (51)
where )
My(kp) =B [ne(p — 3 ) =no(p +3F)] - (52)

Note that K’ is odd in k. This is true of K’ in
general. The first-order term (51) involves only
one-particle functions, and can be obtained from
a mean-field or Hartree- Fock approximation to
the equation of motion.® It should be mentioned
that higher-order terms of K contain two- and
three-particle correlations, and are not of the
Hartree-Fock form. In our previous paper we
evaluated F(kpp’) and K® to second order, but
we do not reproduce those terms here.

The dynamic part of the kernel begins with the
second-order term, which can be written in the
symmetric form

K (kzpp’) =% (2m)2 fdpldpzdedp4 W(1234,p) W(1234,p") X [A (1234 |k, 2) = A ((1234]| - &, -2)], (53)

where

W(1234!p) :[U(pl "pg) +€'l)(p1 _p4)]5(p1 _p) +[1)(p2 _p4) +€U(p2 —173)]5(1)2 -'P)

—[’U(P3 _pl) + €U(P3 —pg)]ﬁ(p:; —P) - [’U(P4 —pz) +€U(p4 —pl)]é(p4 _p) H (54)

" _ Ao(pl"‘%kyp +%k’[)3‘%k1p —%k)
Ao1238 [k, 2) =8(ps o2 =ba=bat B R (TR TR b1 By by 3B (59)
Ag(pipo0300) =7 [no( D) no(D)Too (D) Too(D) +70(D ) Tio( D) (D) 1o(D,)] (56)
(57)

E(p,pypspy) =5(p2+p2=p2-p?).

In the local limit, this reduces to K*)(0,:0%; pp’) =i (pp’), where



17 KINETIC THEORY OF A NORMAL QUANTUM FLUID. II.... 4267

Jz(pp’) = "% (27")—3 [dpz dpgdp4 {27{ ['U(p _pa) + G'U(p -p4)]2no(p)%(172) ;Lo(pg)ﬁo(p4)5(1> +P2 _pg —P4)

X S(E(pp,03p N[6(p —p") +8(p,—p") = 8(p,

J, is the kernel of the linearized quantum Boltz-
mann equation with the transition probability eval-
uated in the Born approximation.

A. Shear viscosity

The two terms of the shear viscosity, 1’ and
n”, are obtained from Egs. (38) and (39). With
the weak-coupling approximation for the kernel,
the appropriate value of the density in Eq. (39)
is the one that occurs in the initial value of the
transverse-current correlation function, namely,
n expanded to second order.?2

The result for the kinetic part of the shear vis-
cosity, 71’, is given directly by Eqs. (40) and (41)
in terms of the off-diagonal element T,,(p) of the
momentum flux. (Since this is evaluated at =0

T )= @nY0 [ doydp 5 b, b

-p")=8(p-p")}. (58)

r
all the off-diagonal elements are equal.) The
static part of the momentum flux is

T8 (p)=psb Nof0,p) + 221

d _ e
X E(NO(O,;D) fdp [0(0) +€v(p —p)]no(P))

(59)
plus a second-order contribution which we do not
write out. The zero-order term in Eq. (59) is
the free streaming momentum flux, as noted in
Sec. II. The first-order corrections come from
both K« BF(kpp’) and K (kpp’). In classical me-
chanics, the static kernel does not contribute at
all to the shear viscosity. The dynamical part
of the momentum flux is found to be

DI EDD,psp )] A(PDybsb )

X[v(p = b) +ev(p ~p)] [t1y(b =) 4 ui,(p -2, (60)
where dk dp dp' No(kp)NO(kp') - e .
uu(P)= —’p i Tp] +8;;0(p) (61) [ (p p[) ]2
X|u. (k) +€U — . (64)
Xz x2 7

and ®indicates the principal value of the integral.

We now consider the direct part of the shear
viscosity n”. As in the classical case, only the
dynamical part of the kernel contributes. From
Eq. (39), we have

n"—-llm (uy | 2P, 10" |u, ), (62)

Which reduces to
=207 [ dp,dp,dp,dp.Ao(p,0,0..)

Xa(p1+p2"' "ﬁ4)6(E(p1p2p3p4))
X[uxz(pl_p3)+€uxz(p1—p4)]2' (63)

Obviously, n” is positive. As noted in Sec. III,
it comes from a term of order %2z° of the kernel,
and therefore does not appear in a local theory.
It can be seen that n” begins at second order in
the density, since at low density A (p,p,P.P.)
reduces to zn2[¢(p,)p(p,) +d(p,)d(p,)].

It is interesting to express 7” in a form that
allows us to examine the classical limit. The
inyerse of the change of variables used to obtain
Eq. (4.21) in Ref. 5 gives

In the classical limit N,(kp) becomes n,¢(p), the
exchange term €u,, vanishes, and we recover
the expression derived by Forster and Martin.
The classical n” has a simple density and tem-
perature dependence, but this does not carry
over to the quantum result.

B. Speed of sound and Cp /C,

In the weak-coupling approximation, the ex-
pression (48a) for the square of the speed of sound
can be reduced to

where the subscript {2) indicates expansion through
second order, and

A= [ap[TL®) +TLP)e(p), (66a)

B=F,(0) - fdpé(p)%f. (66b)

The relation (65), without the implied expansions,
also applies in general. The first term on the
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right-hand side of Eq. (65) comes from the initial
conditions F,,(k=0), Eq. (14), and F,,(k=0)
=F,(k=0), Eq. (15). The momentum flux ele-
ments T.,(p) are given by Egs. (59) and (60),
while the weak-coupling result for the function
8(p) defined in Eq. (32D) is

8(p)==@n)°® [ dp,dpydp,Ao(p,b,bob,)
X[E(D Do 05 0)]"
X6(py+ps=Ds=D,)
x[v(p, =pg)+€v(p, ~p)]*.
Equation (65) is to be compared with the hydro-

dynamic result for the adiabatic speed of sound,
c?=(8P/an)g, expressed in the form

2= (?ﬁ) i .ﬂ_[_ (E) ] nC,
m/lg n 9/, B®

One can quickly verify that the first terms on
the right-hand sides of Eqs. (65) and (68) agree
to second order. The remaining terms are more
difficult. We might begin by asking whether the
numerators and denominators agree separately,
that is, whether it is true that

(67)

(68)

apP

3 ?
fdp [TE(p)+T@(p)] e(p) 2 - < 86>n (692)
and
1,29 WLCU
P (0= [dp8(p)4p*2 Z5x. (69b)

Although these conditions do hold classically,??2¢
it turns out that neither of them is true in the

" quantum case. This is seen by a comparison of
the perturbation expansions of the various terms.
Of course, the disagreement vanishes in the clas-

J
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sical limit.
" In order for the two expressions for ¢? to agree,
though, it is necessary only that

Az g [<8P ]2

"B uC, @") "
be true. We have verified this to first order in
perturbation theory: the two stronger conditions
(69) fail at this order but the errors compensate
when the quotient is formed. The perturbation
expansion of the right-hand side is extremely
laborious, unfortunately, and we have not carried
it out to higher order. We conjecture that Eq. (70)
is correct in general.

With the expressions (48a) and (65) for c2, the
value of y given by Eq. (48b) is seen to be the
square of the ratio of the adiabatic and isothermal
speeds of sound, which is, of course, identical
to the ratio Cp/C .

(70)

C. Thermal diffusivity

From Eq. (48c), we write the thermal diffusivity
as

Dr=ag/y(1+by,). (1)

As usual, this breaks up into D,=D% +D%. Each
of these terms can be seen to contain an overall
factor of (yB)™. In the classical limit this factor
becomes B2/ynC, = B2/nC,, and One can rearrange
the formulas to obtain the thermal conductivity a
from the hydrodynamic formula Dy =x(nCp)™*. A
similar procedure is not evident in the quantum-
mechanical case, however, since one no longer
has the condition (69b) to give the appropriate
value of the specific heat, and therefore we work
with D, itself.

The contribution D% can be reduced to

1 dap dp,dp.d
Dp= —p [P A(b100sb)O(By 40s =y =D IUE(D bobs2))

X ((bu42 0, +c0(p, =) 3 g {00, =P )0E =D +<0(b, = 03 -1D)])

which is positive, and which has the correct clas-
sical limit.

The remaining contribution is given by an in-
tegral equation like the one for 7/ discussed in
Sec. IIB. Itis

Dy=6B) [dpxP(p)g(p), (13)
where g? satisfies
Sap' 76571876 = ~x2() , (74)

J

ng(p):g(p)p,.[No(O,Ph g- -d—(No(O,p)de [0(0) +ev(p —f)]’%(f))] :

dap

9

2
H

(72)

—
with

X2(0)=Q.(p) —BAn~t [ ap'F(O,pp")py.  (15)

The term subtracted from @,(p) ensures the or-
thogonality of x”(p) to the null space of J. The
leading term in the static part of the energy flux
is

(76)
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The dynamic part of the energy flux is

dp.,dp . d : 9 ] 9
RP(p)=- —————1’22(2";3)31’4 [v(pl—p3)+ev(p1—p4)]26(p,+p2—p3—p4)(ap %o 2% )Ao(mpzpsm)
N 1i 2% 3i
dpdp 4,
—o [ LI (0(p, —p) s €v(p,-p)J0p, 45y o p)fg’;’———pifs))—
4

X <“(p1 +p2)i[v(p1 '—pg) +€’U(p1 -p«;)]

In the classical limit this expression for @
simplifies greatly. The first group of terms,
which is due essentially to the & dependence of
no(p +%%k), vanishes, while the principal-value
integral reduces to the Forster and Martin result.

D. Bulk viscosity

We obtain the bulk viscosity ¢ from the sound
attenuation coefficient I', Eq. (46), by subtracting
the contributions from the thermal diffusivity
and shear viscosity. From Eq. (48d), we have

%(%mc)%z—z"””” Ll (18)

1+b (1+b )2

In combination with the expressions for m obtained
above, this gives a result for {=¢’ + ¢” that can
be put into a manifestly positive form. For ¢”,
we obtain

dp.dp.dp.,d
=8 ué—f)’;—fifx (b bobaby)
5(P1+P2- _pq)b(E(plpzpapq))

X <’l/l(p1 -P3)+€“(P. —P4)

- %[U(PI—P3)+€U(P1—P4)]>2, (79)

where [see Eq. (61)]
()=} u(p) =3+ Vo(p) +0(p). (80)

The remaining contribution is given by

t'=8 [ (g (p), (81)
where g(p) satisfies

[ap 166250 ==X\ (0), (82)
with

X(P) =4 T4 (0) + % 6(p)

- fdp" <;3;m, * %ﬁ(P'))NO,pp'). (83)

In contrast to x" for the shear viscosity and x?

1
zap

2 [0(p, - ) (D2 =12+ €v(p, —p )P = pgn) (77)

for the thermal diffusivity, the inhomogeneity

" x* vanishes for a noninteracting system. At low

density it is of order #%, and therefore ¢’ also
begins at order n2

IV. LOW-TEMPERATURE FERMI SYSTEM

The weak-coupling expressions of Sec. IIT can
be applied to either a Bose or a Fermi normal
fluid, at arbitrary temperature. In this section,
we consider the special case of the Fermi fluid
in the low temperature limit, Bu .

We begin with the direct contribution to the
viscosity, n”. It is convenient to put the integrand
in Eq. (63) in invariant form, by replacing the
final factor with &[#;;(p, - p,) - #%;;(p, - pJ)]?,
where #;; is the traceless part of u;; and a sum
over Cartesian indices is implied. Reducmg this
factor, we have :

dp dp,dp,d -
w8 | DG nolp ) n b )l )

X ﬁo(Pq)ﬁ(Pl +f)2 _pg _p4)
XE(p pypsp NP =Dy D =D, ,  (84)

where

W,,(PP') =%pz [v/(p)]z +_§_pl2[vl(pl)]2
2(p-p')°

< 2o (p1) - S

v (phv' (p').

(85)

The right-hand side of Eq. (84) has the same
structure as the collision integral appearing in

the Landau theory, and can be evaluated (to leading
order in the temperature) by the method of Abri-
kosov and Khalatnikov.'® We define three di-
mensionless energies

=BEpI-p), x=BEPI-u), y=BGPI-p),
(86)
and three angles: 6 and ¢, are the polar and
azimuthal angles of p, with respect to p,, and ¢
is the angle between the planes determined by

(p,,p,) and (p,,p,). After the change of variables,
the low-temperature limit of Eq. (84) becomes



4270 CHARLES D. BOLEY AND JEFFREY B. SMITH 17

" R f dt ax dy RO I +3 = O[1 =KW1 = k6] [ “a fo"dqb foﬂdcbzsin(%e)wn-(w), (87)

where h(t) = (e +1)7, pp=(2p)"? is the Fermi
momentum, and w,(0¢) is w,(p, =Py P, —P,)

with all the momenta restricted to the Fermi sur-
face, namely,

w,(00) =5 p71w,(2 6, 20), (88)
w, (@, a’) =sin®a sin®a’ [v'(2 p, sina sina’)]?
+ sin’a cos®a’ [v/(2p, sina cosa’) P

+ sin?a sina’ cosa’ v'(2p, sina sina’)

Since w, depends only on 6 and ¢, the ¢, inte-
gration in Eq. (87) is trivial. The integrals in-
volving ¢, x, and y, though not trivial, can also be
done exactly,?® and give 72, Thus, the final result
for n” is

II__. 4
n 35077‘32-{ daf da'sinaw,(a,a’). (90)

Note that this vamshes like T2 and, as we shall
see, is therefore not the dominant contribution
to the low-temperature shear viscosity.

A similar analysis gives the direct contributions
to the thermal diffusivity and bulk viscosity. The

X v'(2py sina cosa’) . (89) end results are
. ‘ ‘

D= 12 E f duf dau(l —u®)2wu, o), (91)
r/e 2y-1/2

n_

2161r432 f duf doau(l —u?)
2
><<usina v’ (2ppusina) —u cosa v’ (2ppu cosa) + —z—li——[w(u,a)]l/2> , (92)
P .

where
wu, @) =[v(2ppusina) - v(2pu cosa)l?. (93)

In evaluating these quantities we have used ex-
pressions for yB and A/B appropriate to the low-
temperature free gas; thus, Egs. (91) and (92)
are correct to order v2. Since the free-particle
specific heat is (nC,),=p,/68 at low temperatures,
the thermal conductivity corresponding to D, is
proportional to T,

We now turn to the kinetic .contributions to the
transport coefficients. The task is to construct
the appropriate inhomogeneities and to solve the
three integral equations (41), (74), and (82), using

J

fdP'J(PpP ) (ﬁ,)d)(t )““ 4(271)6'32 lm l

—
the low-temperature limit of the local kernel
J(p,p’). It is evident that J(p,p’) has the same
form as the collision integral that appears in the
Landau theory. Exact solutions to the Landau
theory transport equations have been obtained

by Sykes and Brooker,? and Hdjgird Jensen,

Smith, and Wilkins.?” The same methods can be
used to obtain exact solutions in our problem also. .
In the next paragraph, we collect the pertinent
tools.

First, we need the leading term of the local
kernel, which is proportional to T2, Following
Sykes and Brooker, we see that to this order the
action of J on the product of a spherical harmonic
and any function of #’ =8($p’? - u) is given by

f ar K@, ") [9(t) = M) =20, @], (94)

where ¥, and Y, are the symmetric and antisymmetric parts of ¥, and

e =[(e' + (e + 1),

coshi¢ (-1

K(t, 1) = | )
cosh}t’ sinhz(t ~1')
I

(95)

(96)

The real quantities w ,A\igs and A;, are angular mtegrals of the scattering probability on the Fermi surface.

In particular, we need
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w 97a)
f du f da (-il%)— 1 - 3u*sin?2« (97b)
wxla 3 -4y (97¢)

with w(u, @) given by Eq. (93). Next, we need the integrals
(1, q,(t) (98a)
- f " dtelt) 0 , (98b)
L1 N (t? = 572 (t) (98c)

where ¢,,q9,, and ¢, are solutions to

ROER NN 1 (99a)
f " ar Kty t")| qp) =x,,q,0) | = ¢ , (99b)
- 0e(t) - 2,(t") O (99¢)

with ¢, () and g,(t) even and ¢,(¢) odd in . The
integrations in Eqgs. (98) remove any nonuniqueness
in the solutions, in accord with the remarks in |
Sec. III. (In this case, ¢, and ¢, are unique, while
g, is unique except for an additive constant.) In
terms of the Sykes and Brooker functions

w

e = 1-Xx (47 + 3)
T4 g e+ D)2n+ D[+ 1)2r +1) = 2]
~(100)
and
R (4n +5)
HQ) = 4 “~ m+1)2n+3) [ +1)2n+3)=2]’
(101)
the results are
I=[2/m2(1 = 2] e(ny,), (102)
Io=[2/(B =X )HX,), (103)
Iy=g7°. ' (104)

The calculations for the kinetic parts of the
transport coefficients are now straightforward.
For the weak-coupling approximation, we retain
only the leading term in the potential expansion
of the inhomogeneities. At low temperature, the
inhomogeneity for the shear viscosity is then

T, )= @0) % p el . (105)

With Eq. (94) for J, Egs. (40) and (41) determining
7’ reduce to the system (98a) and (99a). We then
have 1’ = 64w B2pp I, /15w, or

=& B2 prc(ryy)
-1
X < fdudazﬁ(l —u®)"2gin2 20 w(u, oz)> .
(106)

:I‘his has the same T2 dependence and general
form as the viscosity calculated in the Landau
theory. If the potential is scaled as §8(7), then
we have 1/ ~T728 72, since 1,, is independent of
the strength of the potential.

Similarly, the inhomogeneity for the thermal
diffusivity is

xP(p)=2n)2B 7 p telt). (107)

Note that in the low-temperature limit, the sec-
ond term on the right-hand side of Eq. (75) does
not contribute. The system determining D% re-

duces to Eqs. (98b) and (99b), and we obtain D%,

=647 82 pI,/w, or

D’,.=4wzﬁzp2FH(hla)< [wdan -, oz)).
(108)

Again, we have the characteristic 72 dependence
of the Landau theory result. (With the free gas
specific heat, the thermal conductivity goes like
L)

The corresponding contribution to the bulk vis-
cosity is considerably more difficult to evaluate
since its inhomogeneity vanishes in a noninter-
acting system. After a rather lengthy calculation,
we find that to leading order in perturbation theory
it is

-1

Xi()= 550, 7) [ ap' (oo~ pr) - 26022
0
_ eo(p>eo(p’)zvg<o,p')>
Fe.(0)
X',l')‘(p/ - j)”)No(O,P”)(P”Z _'IS/ . 'f)n) ,
(109)
where v(p) =v(0) +ev(p) and N, = fdp No(0,p). Equa-
tion (109) holds for either statistics. The low-

temperature limit of this in a Fermi system is,
after much reduction,
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Xi @) =[P E /B0 Eule@)( - 57%),  (110)
with

12 _
== —z—f duul (1 = 2®)0(2ppu) = ppu(l = u?)v' (2peu)

+2p",’,.u"v”(2ppu)] . (111)

With this result, the equations for ¢’ reduce to
the system (98c) and (99¢). The final result for
thispart of the bulk viscosity is then ¢’ =4p3 521,/
9m g u®w, or .

' - 3252 2y-1/2 ]-1
4 —_—2431%132[ fdudau(l—u) w W, o) B

(112)

which vanishes at T2

Summarizing the results of this section, we
note that the dominant contributions to the shear
viscosity and the thermal diffusivity are the kinetic
‘terms. These diverge at zero temperature like
T "2 and have the same form as the results pre-
dicted by the Landau theory. The direct contribu-
tions to the shear viscosity and thermal diffusivity
are proportional to 7% and 7°, respectively. The
bulk viscosity is down by a factor of T* with re-
spect to the shear viscosity and therefore con-
tributes negligibly to sound attenuation. An in-
teresting point, though, is that the kinetic and
direct contributions to the bulk viscosity have the
same T2 temperature dependence.

V. DISCUSSION

In conclusion, we present a qualitative discussion
of the renormalization corrections to the transport
coefficients, emphasizing the idea that these cor-
rections will eventually dominate as the density
and interaction strength of the fluid increase. As
we have noted, the general form of the quantum
transport coefficients is the same as for classical
fluids, so most of the following comments apply
to both cases. Let us suppose that the kernel
scales roughly like o, which is some combination
of density and interaction strength. From Egs.
(38) and (39), we see that the kinetic part of the
shear viscosity has a term which begins at order
o~ This is the bare result, which would be ob-
tained if we calculated the viscosity directly from
a local kinetic equation as in the kinetic theory of
gases.? However, the renormalized kinetic
part also has terms of order ¢° and ¢!, coming
from collisional contributions to the stress ten-
sor. The direct part of the shear viscosity, Eq.
(62), clearly goes like 0. Thus, for sufficiently
low densities or weak interactions, where o is
very small, only the bare ¢! term of the kinetic

part will be important, while for very large o,
the direct part and the o' term of the kinetic part
will dominate. In the Fermi liquid at low tem-
perature, however, the effective strength of the
interaction is curtailed by the exclusion principle.
This is of course the basis of the Landau theory.
If o is measured by the quasiparticle scattering
rate, it is proportional to 7% at low temperature.
Thus, no matter how large the interaction, there
is always a temperature low enough so that the
bare term dominates the shear viscosity. It is
also known from the calculations of Emery and

of Dy and Pethick,'” based on the Landau theory,
that the leading corrections to the shear viscosity
come from the kinetic part rather than the direct
part, and this also is what we expect. (However,
this oversimplified argument would lead us to
guess that the correction is proportional to 7°
rather than to 77! as is in fact the case.)

The thermal diffusivity behaves like the shear
viscosity as a function of interaction strength,
but the bulk viscosity is qualitatively different
because of the fact that the noninteracting part of
the inhomogeneity x* vanishes. Thus, there is
no bare contribution to the bulk viscosity, in ac-
cord with a result from the kinetic theory of mon-
atomic gases. The direct term goes-like 0! as
usual. For the weakly coupled Fermi liquid, we
found that the kinetic term begins at order v° and
the direct term at order 2.

Finally, it is interesting to ask whether the
kinetic and direct parts of the transport coeffi-
cients reflect different physical mechanisms. We
have pointed out that the kinetic part reduces to
the bare result in the low-density or weak-inter-
action limit, where the dominant transport mech-
anism is the streaming of free particles, and the
role of collisions is mainly to establish local
equilibrium. In a dense fluid, in which free-par-
ticle motion is greatly suppressed, the dominant
transport mechanism is the collisional transfer
of momentum and energy. It is tempting to specu-
late that collisional transfer is mainly accounted
for by the direct term, and that the kinetic term
describes the contribution of particle transport,
including the effects of collisions on the motion.
This correlates with the result of Jhon and For-
ster, which we have already quoted, that for liquid
argon near the triple point, the direct terms are
much larger than the kinetic terms. It should be
remembered, though, that there are renormaliza-
tion contributions to both the direct and the kinetic
terms, and it is possible that there is no clean
separation of the different mechanisms. We sug-
gest that systematic studies of the density and
interaction strength dependence of the direct and
kinetic terms would be very worthwhile.
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