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Effective-charge theory and the electronic stopping power of solids
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Electronic stopping powers 8 of solids for penetrating ions are analyzed on the basis of effective-charge

theory, and comprehensive comparisons are made to available data for random stopping. The effective

projectile-ion char'ges Z, e, extracted from the data agree to within experimental uncertainties with tho'se

calculated in a statistical model, for projectile atomic number ranging from Z, == 1 to Z, = 92 and for

projectile velocity -v~ = vo —e'/fi. The rise of Z, with i', fully accounts for an often-quoted apparent
deviation of heavy-ion stopping power from the behavior expected in the limit t', -~O. The Hloch and the Z ',

corrections to the usual formula for S are calculated and found to make no appreciable contribution to
presently available data, save possibly to one bromine datura. %'hen &~„& &: 5 3&~0 the analysis requires, and

provides, an empirical velocity-dependent proton effective charge Z e. A theoretical account of Z',*, is

given in terms of velocity and energy criteria for electron stripping. Thomas-Fermi densities for heavy ions

are used to calculate Z, . Our results lead to an interpolation linear in g, for the range 0 & t, , 5 p„which
gives satisfactory values for S in this low-velocity regime.

1. INTRODUCTION

Qver the past half century a fairly complete
physical understanding has developed of the elec-
tronic stopping power S of matter, i.e. , the kin-
etic-energy loss per unit path length by ions to
electronic excitations during penetration of mat-
ter. At high ion velocities, the theories of Bethe'
and of Bloch' provide a quantitative account. At
low ion velocities, Fermi and Teller' have shown
on very general grounds that 8 must be linearly
proportional to the ion velocity v, . The propor-
tionality constant can be estimated by various
methods. "At intermediate ion velocities one
has recourse to effective-ion-charge models, first
introduced by Bohr" and by Lamb. ' Brandt' has
given an effective-charge theory that successfully.
summarizes a large body of stoppi'ng-power data
for heavy ions. Extensive discussions of the field
are available, ' "as are ext;ensive compilations of
interpolated stopp ng po ers. '""

The present study was stimulated by some recent
data on heavy-ion stopping in solids, which were
claimed to call into question the proportionality to
'Uy expected in the low-velocity limit. " If in fact
so, such evidence would pose very disturbing the-
oretical questions, and would imply important.
practical consequences for radiation-damage cal-
culations. However, these data do not pertain to
the low-velocity limit. They were taken in an in-
termediate velocity range where the effective pro-
jectile-ion charge increases with velocity. We
show in the following that when this is taken into

account the putative discrepancy is resolved. "
Brice has also addressed this discrepancy" and
concluded that these data conform to his three-
parameter semiempirical. formulas 's

In the course of this investigation it became ap-
, parent that effective-charge theory provides a
comprehensive description of electronic stopping
power at all velocities from the high values of the
Bethe limit down to those approaching the Fermi-
Teller regime and for all projectile-target com-
binations, provided that the proton stopping power
in the target is known. In scrutinizing available
data, ""we find that for ion velocities greater
than thrice the Bohr velocity vo =e'/Fi the effective
projectile charge Z~8 calculated using a velocity
criterion for electron stripping" agrees with ex-
periment. The leading corrections to the Z, '-pro-
portional energy loss formula, which are propor-
tional to Z,*' and Z,*', were included. It is then
shown that when allowance is made for an empiri-
cal effective-proton. charge Z~e, agreement be-
tween theory and experiment extends to v,
Both a velocity criterion and an energy-stability
criterion for st;ripping are considered, and a the-
oretical account of the effective proton charge for
stopping power is given. Our results lead to a
simple interpolation scheme for electronic stop-
ping power's ln the range 0 ~~ v~ = vo ~

Il. ANALYSIS AND COMPARISON TO EXPERIMEN f USING
A VELOCITY-STRIPPING CRITERION

Effective-charge theory asserts that the elec-
tronic stopping power in a. target of atomic num-
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ber Z, for an ion having charge Z,*e and velocity

e, can be written

S(Z„Z,, ; v, ) = [Z,'(v, )e ]'S,(Z, ; v, ),

when g, , is greater than the velocity at which the

stopping power for protons in the same target has
a maximum. " S, is then the stopping power per
unit charge taken in the limit of vanishing charge.
At velocities such that the effective charge num-

ber Z," is equal to the projectile atomic number

Z I Eq . (2 .1 ) is simply the Bethe app roxirrration .'

When'higher-order contributions to the stopping
cross section for a specified projectile charge
need be retained, the right-hand side of Eq. (2.1)
has additional terms to which we shall come pres-
ently. According to Eq. (2.l) we can write the ba-
sic scaling relation of effective charge theory as

(2 2)

where S (Z, ; v, }=—S(l, Z, ; v, ) and Z~(v, }e are, re-
spectively, the proton stopping power and effec-
tive charge in the same target.

Rearranging Eq. {2.2) as

I' S(Z„,Z„V, )
"' Z;(v, )/Z,2

Z', S,(Z., ; v, ) Z„'(v, )/I ' (2.3)

and plotting experimental values of the left-hand
side of Eq. (2.3) as a function of py reveals that
the right- hand side is insensitive to the target ma-
terial within an uncertainty of about 10%, as is

shown in Fig. 1 for two representative examples.
Accordingly, the effective charge nuxnbers Z„* and
Z* are taken to be independent of the target. In

the following, we shall refer to Z~ as the effective
charge number or the effective charge, which are
the same in atomic units with e = 1. The data shown

in Fig. 1 and in subsequent graphs are based on

scrutiny of all measurements available to us. '~"
As is well known, stopping-power data, can differ
by as much as 20%, particularly in the velocity
range of the proton stopping-power maximum.
When representative numbers are needed, we bal-
ance such data to provide them.

In Fig. 2 we plot the left-hand side of Ecf. (2.3)
using all such data as a function of the reduced ion
velocity (v, /v, z', ~'). lf Z*(v, } were unity this would

yield Z,*(v,}/Z, . The effective-charge fraction
Z,*/Z, according to.Brandt' is shown as the solid
line in Fig. 2 and tabulated in Ta.ble I. The velocity
criterion for electron stripping, p{x) -" v„was
used, with the "local-orbital velocity" at y. in the
projectile taken to be v(1.) =bv~(r). The local Fer-
mi velocity, v~(1) = [311'p(1.) ]'~' in atomic units,
was taken to be given by the Thomas-Fermi (TF)
approximation for the electronic density p(r) of a
neutral atom, and the parameter value b =1.26 was
chosen. At high velocities (py 380) the data are
well represented by the theoretical curve for b
=. 1.26. The parameter value b =1.33 gives a better
fl't 'to tl'le heavy-ion data at low v!/voz! values.
When p, . 3p„ the light ion plots tend to deviate
upward from the b =-1.26 curve as v, is reduced.
The available heavy-ion data correspond to ion
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FIG. 2. Empirical effec-.
tive-charge fractions ob-
tR1ned fl oIn dRtR Us1ng Eq
(2.3) with g& ——1. The theo-
I'etlcRl cUI've cRlculated by
the veloc ity stripping cri-
ter1011 (Qef, 8) with lP = 1.26
1s Rdeq u ate Rt high ve loc 1-
ties for lighter projectiles,
sRy g'j —- 17~ wh1le 5 = 1.33
1S More SRtlsfRctoly foI' .

heavier projectiles, e.g. ,
for Br. . Data references:
ECe, Befs. 22, 25, 37, RIld

41; C, lgefs. 20 and 33; N,
Bets. 21—2.3~ 33~ Rlld 11
0, Hefs. 20 and 32—35;
Ne, Egef. 38; K, Puef. 38;
Cl, Bef. 32; Br, I~ef. 27„
28, 30 and 39; I Hefs. 27—
30; Ia, Hef. 31; U, beefs.
16 Rnd 27. Proton stopping
powers beefs. 21 25 and
40—49. Sonle data us ed In
the analysis have. been
omitted from the figure for
clarity of presentation.

5=- 1.33

0.012
0.034
0.070
0.].01
0.155
0.197
0.256
0.305
0.344
0.391
0.447
0.480
0,ill 5
0.554
0.598
0 645
0.698
0.756
0.819
0.852
0.886
0.919
0.952
0.981,

0.023
0.050
0.093
0.129
0.189
0.238
0.312
0,375
0.432
0.504
0,600
0.660
0.731
0.816
0.924
1.057
1.233
1 474
1.824
2.092
2.432,
2.936
3.767
5.620

0.024
0.053
0.098
0.136
0.100
0 .251
0.330
0 .396
0.456
0.532
0.633
0.697
0.771
0.862
0.975
1.116
1.302
1.556
1.928
2.208
2.567
3.098
3.977
5.932

TABLE I.. I ractional effective charge by- Braildt's
procedure. Calculated as discussed in the text and taken
from Bef. 8. In this model Z&/Z&. is a universal function
of (1/(~) (~~/'~(}&1~').

velocities p, = 2.5po, but we conjecture that simi-
lar low-velocity depa, rtures f rom Brandt's curve
for b =1.33 would be found for heavy ions, as is
signaled by an lnclplent trend of the data fol chlor-
ine, potassium, and bromine projectiles.

To explore the origin of this trend we have com-
pared the TF curve for the charge fraction with
calculations based on the I enz-Jensen (LJ) approx-
lmatlon fol the electlonlc density and the same
velocity criterion, for b =1. The results, curves
a(TF} and &(LJ) in Fig. 3, are virtually the same,
and rule out the possibility that the upward devia, -
tions for light lons ln Flg. 2 could be eliminated by
using a more accurate electron density than that.
of the TF a.tom.

We have calculated the contributions to the stop-
ping power due to the Bloch' and Z
heavy ions and for the proton in the form of a cor-
rection factor C such that Eq. (2.3) is supplanted
by

r' s(z z ~) '~' z'(v)/z
c z', s,(z, ;v, ) z,*(v,)i&

'

have

s ~ p/I. )fz;ritz, 'l,a ,1]).,'~"..
t+ (t/1. ,) [J., + 0'(c'/Nv, ) j

where I = L,,+Z;"I, is the stopping number per tar-
get electron and + is the Bloch correction which
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ping, and I., can be approximated by ln(2mv', /ha~).
Here, ~ is the resonance (plasmon) frequency of
the target valence electrons of density 3/4!!r', with

z, in atomic units. For the typical value x, = 2, we
have 5&g =0.612 a.u. and

I

Zf

0.5

0.2

L, = (e'(u /mv', )I(h(u /2mv', )

=0.612(v,/v, )'I [0.306(vo/U, )"j.

O. l
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FIG. 3. Effective charge in different models, calcu-
lated using the velocity stripping cxiterion (Igef. 8) with
0 =- j. and (a) Thomas-Fermi charge-density profile,
and (b) a I,cnz-Jensen profile (Hef. 51). (c) Represents
the Knipp and Teller (I&ef. 4) calculation using a Thomas-
Fermi profile and stripping criterion differing from that
used for (a) and (b) {Hef. 52).

interpolates between the quantum-mechanical limit
(Z,*/g, «1) and the classical limit (Z /u, :-.& 1) of

stopping-power theory. In terms of the digamma,
functior p~(z) = I"(z)/I'(z), 4'(x) = g(l) —Reu'(1+ix).
ln the high-velocity limit, Ib ecomesln(2m''-', /I ),
I, being the average excitation energy of the tar-
get, and L„ is the coefficient of the so-called Z
effect.

No experimental point in Fig. 2 deviates signifi-
cantly from Brandt's curve unless g, ; 3p„ there-
fore for numerical estimates, we evaluate upper
limits of C, Eq. (2.5), in the low-velocity domain
where target ion cores do not contribute to stop-

The function I(x) is given in Ref. 53, and we have
here chosen fi/2m', for the impact parameter cut-
off a„of Ref. 53.

Ke find considerable cancellation between the

Zj and the Bloch contributions, in that they happen
to be comparable in magnitude but opposite in sign
for all ions. Values of C obtained from Eqs. (2.5)
and (2.6) are overestimates at z. , -3v„ for the heav-
ier pro]ectxles, say for Z, ~17. For such Z, and

vq, the alternative choice (ff/2BE(d~)' ' of impact
parameter cutoff decreases C by roughly 20%, and,
moreover, Z, *I., is becoming large enough that
the perturbation expansion of 1. should include

l.O-—!

l.5

l.4—

I.I—

I.O—

0.9

08
0 0.2 0.4 0.6 0.8 I.0 I.2 1.4 l.6 I.8

YI/O Z 2/5

I"IG. 4. g&*" and Bloch stopping-power corrections for
ion" of atomic number g &, in terms of the correction
factor C defined by Eq. {2.5) as discussed in the text.

I.O 2.0
V) /Vo

4.0

I IG. 5. Empirical effective proton charge for stopping
power. Points al e g~ values obtained using theoretical
g&/g& and experimental S in Eq. (2.4). Averages over
targets, e.g. , the solid lines in l'ig. 1, were used for g„
so that each point represents several data. Only values
deduced from light projectile 5' data are shown in the
plot, since heavy'-ion data are available only for veloci-
ties too high to give significant deviations from theory
for g& ——1, as I'ig. 2 shows. The solid line is drawn
through the points to aid the eye; smooth values of Z&
are given in Table II.
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FIG. 6. Effective ion charges obtained using the empirical Z' . Comparison to the b =1.26 curve of Fig. 2 with points

obtained from light-ion experimental data by using Eq. (2.4} and the average Z& (v &} given by the solid line in Fig. v.

Target dependence for a given projectile is indicated by, e.g. , several points at the same velocity, The heavy-ion data

shown in Fig. 2 remain unchanged because, for them, g* = l.

higher-order terms which are expected to reduce
the correction to I, In Fig. 4 we show represen-
tative results of the calculation using Ecl. (2.5).
Examination of. Fig. 4 in conjunction with Fig. 2

shows that the experi. mental points for the lighter
ion s are not brought, significantly closer to the
theoretical curve, and that the experimental points
for heavy ions given by available data at v, ~ 3v,
remain unchanged. Only the lowest-velocity datum

point for Br; at vl 0 856vo ls affected signifi-
cantly in that division by C brings it close to the

solid curve of Fig. 2 (but still above a curve for
b =1.33). In this sense the rise of the Br plot at
the lowest velocity mea. sured can be taken to sig-
nal a distinguishable Z', contribution. The results
summarized in Fig. 4 indicate that this is the only

available heavy-ion datum which can be so inter-
preted.

pre extract empirical values for Z*(v, ) by using

Eq. (2.4) and the theoretical charge fraction Z~(v, )/
Zl and exhibit the re suit in Fig . 5 . An effective
proton charge Z~(v, ) emerges which is independent

TABLE II. Empirical proton effective charge. Values
of the smoothed Z" (z»} data represented by the solid line
in Fig. 5.

1.0
1 95
1.50
1.75
2.00
2.25
2.50
2.75
3.00
3 25

0.65
0.78
0.80
0.85
0.90
0.98
0.95
0.97
1.00
1.00

of both the heavier projectiles and the target ma, -
terials to which the data, perta, in. The solid curve
in Fig. 5, which represents the locus of the data.

exhibited, approximates a continuation of the the-
oretical curve of Fig. 3 to higher arguments for
Z j 1 In Fig., 6 we have replotted the expe riment-
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al data according to Eq. (2.4) using the mean val-
ues of Z*(v, ) given by the solid line of Fig. 5 and
listed in Table II. They follow the theoretical
curve for Z,*(v,)/Z, within the uncertainty of the
data.

We conclude that, when combined with Fig. 5,
all available experimental data for solid ta.rgets
a.re brought into accord with the theoretical
curve at all velocites v, ~ vp for Z'] ranging from
2 to 92.

III. PROTON SCREENING AND STRIPPING CRITERIA

We must now test whether the empirical Z~ is
physically rea, sonable and whether its values can
be estimated within the framework of effective-
cha, rge theory. In doing so it is necessary to take
note of a few points which relate specifically to
condensed-matter targets or to protons. Most
commonly, discussions of effective charges have
been couched in terms appropriate to gas targets,
and Z,* interpreted as a steady-sta, te average over
a la, rge number of discrete capture-loss process-
es.' Moreover, the use of a statistical model for
an ion in isolation is suspect for light ions, let
alone a hydrogen ion. In a solid, however, the
screening corresponding to that due to the highest
occupied orbitals of an isolated projectile is built
up out of a, macroscopic number of ta, rget. electron
wave functions each of which has microscopic am-
plitude at the projectile. In consequence, in a
solid target, Z,* can vary continuously with small
fluctuations, and statistical models are well justi-
fied even for the screened proton. Of course, a
model useful and adequate for stopping power need
not apply to other phenomena. In any bulk metal,
if we were to include all of the screening charge
density which accompanies a, moving ion, we would
abvays find Z,*=O, in that perfect screening at
large distances is built into the dielectric response
function. We here deal with a "stopping power
Z, " as perceived by the medium over distances
comps, rable to the adiabatic screening length v, /
COp.

A. Stripping criteria

Velocity criteria for stripping stem ultimately
from Bohr's discussion' of effective charge in
terms of the v, dependence of capture and loss
cross sections. They can be written in the form
that projectile electrons of orbital velocity v such
that v & v j are considered stripped, and the pri-
mary question is what to use as an electron "or-
bital velocity" v. In ordina. ry TF approximation,
with v(r) =bur(r), such a criterion can be rewrit-
ten in the form of an'energy-stability condition.
The parameter b then ha, s the appearance of cor-

recting the 'IF ion energy for correlation effects.
Lamb's approach' primarily provides an energy
criterion. We shall now sketch a heuristic deriva-'
tion of such a. cri.terion and its relation to a vel-
ocity criterion;

We consider an ion of atomic number Z, moving
with a constant velocity v, in the bulk of a solid
and take the entire system to be in its ground state
for given v, and fixed total number of electrons.
We take N, electrons moving with the ion, and seek
a condition on Ny for the total system electronic
energy to be a minimum. It is conceptually im-
portant to remember that in the rest frame of the
target solid the energy of each projectile-ion elec-
tron increa, ses as v', . Any level in a st;atic ion,
however deep, eventually rises with increasing
v, to the lowest unoccupied level of the target me-
dium, i.e. , the Fermi level in a solid. Projectile
electrons can then simply fall off into the medium
provided that there is a finite transition-matrix
element.

Examination of those contributions to the total
electronic energy of the system which change with

N, reveals that for v, &v, the target solid may be
treated as merely a source and sink for electrons
at the Fermi level. ' It is then sufficient to retain
only the total projectile ion energy written as

—,(M, +N, m)v', +E(Z, , N, ),

—,mv', + U(r, ) = 0. {3.2)

An electron for which the left-hand side of Eq.
(3.2) is positive is to be considered stripped. In
a statistical model we introduce the local velocity

where 3I, and. m are the nuclear and electron
masses, respectively. E(Z„N, ) is the ion's ground
ground-state energy in its center of mass system.
The steady-state condition is then

BE(Z„N„)
1

which applies to any target medium with the stip-
ulation that differences rather than differentials
are used if the electron energy and number a,re
discrete. For discrete N„-BE(Z„N,)/&N, is just,
the ionization potential at N, and Eq. (3.1}becomes
Lamb's stripping criterion. "

In a one-electron approximation, Koopmans's
theorem" a,ssures us that BE/BN, is the orbital
energy of the highest-lying electron on the ion. In
turn, this orbital energy is equal to the self con-
sistent potential energy U(r) evaluated at the clas-
sical turning point x=—x„where the kinetic-energy'
density vanishes. Therefore, we obtain the energy-
stability condition
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v (R+ r) by writing ~mv'(R+ F) + U(R+ F) for the en-
ergy of an electron at an arbitra, ry space point
R+ r in the system, where R is the projectile-ion
center of mass. For definiteness we take the tar-
get Fermi level as the zero of energy. Since the
Fermi level of the system is not shifted from that
of the target by the presence of a single projectile,
for an electron in the highest. o.ccupied level of the
system we have

pmv~(R+ F) + U(R+ r) = 0,

which defines a local Fermi velocity v~. Near the
moving ion the self-consistent potential U is dom-
inated by. the strong and effectively spherical field
of the partially stripped projectile, independent of
the position H of. the ion in the system. In conse-
quence, near the projectile we may write

2)n v2~(r—) + U(r) = 0 (3.3}

and interpret vr(r) as the local Fermi velocity
"in the ion. " We take the cia.ssical turning point
r, for an electron in the ion and at the Fermi level
of the system as a natural choice for the effective
ion radius and vr(r, ) as the relevant "orbital vel-
ocity. " Comparison of Eq. (3.2) with Eq. (3.3) for
r= r, then shows that the energy criterion coincides
with the velocity criterion for b =1. Because we
have concentrated on the ground state of the sys-
tem, this connection takes no account of electron
transfers to states above the Fermi level of the
solid. Inclusion of such processes requires para-
meter values b &1.

C. Z» estimates
P

With a 1s screening charge-density profile trun-
cated at radius x, we calculate Z* as a function of

B. Screening charge density

The screening of a static proton in metals has
been studied in quantitative detail, "and these
studies fully justify use here of a local-density
approximation and a, statistical model. Accurate
static-charge-density profiles are close to those
of hydrogenic 1s functions at all points inside the
first node of the Friedel oseillations which occurs
occurs close to the classical turning point. "" We
use charge- densi ty profiles appropriate to a static
proton also for a moving proton. Since Z,* is given
by Z, minus an integral over the screening cloud,
an accurate account of shape changes due to the
finite velocity" v, is not crucial. As in the calcu-
lations of Z,*(v,)/Z, of Sec. II, we shall use neu-
tral-atom charge densities truncated according to
a stripping criterion.

1.0

0.8

ZP06

0,4

-1.0

0.6

0.2 —0.2

5.01.0 2.00 3.0
Vl/Vo

FIG. 7, Effective charge of screened proton. g& (v &)

calculated as discussed in the text using (a) the velocity
stripping criterion, and {b) the energetic stability cri-
terion. The empirical g& of Fig. 5 is shown as t'c).

x, and:relate x, to v, through thestripping condition
to obtain Z*(v, ). When we set b = I, as we would
for a hydrogen atom, the Z * obtained using the
velocity criterion (Fig. 7, curve a) rises signifi-
cantly more rapidly with v„ than do the empirical
values (curve c). The overall differences in slope
and value are not materially reduced by varying
the density profile or the value of b, and appear to
be qualitative. Since such a truncated ion has no
charge at x& x„ the potential-energy criterion,
Eq. (3.2), may be written

—,'m v', = Z,*(r,)e'/r, . (3.4}

Use of Eq. (3.4) gives a Z*(v, ) (Fig. 7, curve b)
which lies within the spread of the data about the
empirical curve. The small systematic overesti-
mate of Z* is to be expected, since an energy-sta-
bility criterion assumes all energetically allowed
transitions to proceed with proba. bility one.

The two criteria give different results because a
local density appropriate to a neutral atom was
used to determine vr(r, ) for the velocity criterion.
The potential which is consistent with that local
density is the potential at x= r, in a neutral. atom,
and differs from the ion potential of Eq. (3.4} by
an outer screening shift which for the proton can
be substantial. For example, the electron poten-
tial energy at y, is deeper in the ion than in the
neutral atom by about 9 eV at v, = v, and by about
15 ev at v, =1.5 v, .

Equation (3.4) is a Hartree approximation which
neglects exchange-correlation effects, but these
become appreciable only at large distances, "
where the screening charge density oscillates be-
tween positive and negative with a period on the
scale of interatomic spacings. Indeed, our results
suggest that the contributions of this oscillating
tail cancel sufficiently to be neglected as compared
to the central region insofar as stopping power is
concerned. The greater accuracy of the energy-
stafility criterion for Z,* as compared to the velo-
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city criterion with b =1 is analogous to the familiar
experience that, in any order of perturbation the-
ory, energies are more accurate than wave func-
tions or densities.

0,6

IV. SELF-CONSISTENT EFFECTIVE CHARGE

BY THE POTENTIAL-FNERGY CRITERION

All the previous calculations are based on trun-
cated neutral-atom electronic density for the pro-
jectile. The effective-projectile charge is obtained
by stripping the projectile according to a velocity
or potential-energy criterion. There will be re-
distributions of charge as the projectile is pro-
gressively ionized. To assess their influence we
solve the TF equation for several ionic charges.
We shall call the resulting relationship between
Z,~/Z, and y ==@,./v, Z', ~' the self-consistent solution.

Following conventional procedures, " the poten-
tial-energy criterion leads to the relations

2 03—I

i'I

0, 2

O. I

0'
0

73TO

53I
0 358(

I I

O. l 0.2 0.3 0.4 0.6

Y = vI/vo 2I I

0.7

FIG. 9. Comparison of self-consistent effective
charges with data. Z&"/Z& is calculated self-consistently
in Thomas-Fermi approximation for an ion, as dis-
cussed in the text and shown as curve (a) in Fig. 8.
Data shown are those used in Fig. 6.

Z,*(x,)/Z, = x,y (x,) (4.1)

(4.2)

where Q(x) and x are the usual diinensionless TF
potential and distance, Q'=dQ/dx and x, is the ra.—

dius of the TF ion'defined by

(4.3}

The results of this calculation are shown in Fig.

8 as curve a and compared with those for the trun-
cated a.tom (curve b) and with those based on the
velocity criterion (curves c and d}. Satisfactory
agreement of curve a with the data is obtained
without any empirical parameters for y ~ 0.4 pro-
'vided Z* is used, as seen in Fig. 9. At higher
values of y this form of seU-consistent solution
ceases to agree with experiment.

We have also performed Thomas-Fermi-Dirac
(TFD) calculations for several ions over the range
6 ~ Z, ~ 92. The Z,*/Z, obtained by TFD lie sys-
tematically below those found in TF, but only by
amounts smaller than the spread of the data, and
the shape of the Z,*//Z, -vs-y curve is the same.

0.8—

0.7

0.6

0.3

0.2

O. I

0
O O. I O. 2 O.3 O.4 O. 5 O6 O.7 O. s Oe IO

v/v z'"
FlG. 8. Effective charge inThomas-Fermi approxi-

mation for ions. Calculated using the energy criterion
for {a) a self-consistent TF ion of finite radius, and (b)
a model ion obtained by truncating the TF density for a
neutral atom. Calculated using the velocity criterion
and the truncated YF neutral-atom density with (c) b

=1, and (d) b =1.26 (saIne as the curve in Figs. 2 and 6).

V. INTERPOLATION FOR 0 & v& (vo

With allowance for proton screening the regime
of reliable Z~ theory reaches down to vy vp but
we have no basis for supposing it to reach signifi-
cantly lower. We now deal with interpolating to the
zero-velocity limit, at which S/u, is constant. Our
goal is a prescription for generating acceptable
values of 8, at all v„ for practical computations
in which fully quantit. ative accuracy at low velo-
cities is not crucial. As an example, we have in
mind the account of electronic losses which is re-
quired in collision cascade-simulations.

For 0 ( vy (vp no simple theory can be expected
to be quantitatively accurate for all projectile-
target combinations. While projectile shell-struc-
ture effects are typically 5% corrections when v,
& v„at l'ower velocities Z, -oscillation amplitudes
can be 50% of the "average" S. The Lindhard' and
the Firsov' theoretical estimates of the limiting
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S/v, coefficient, despite signific:ant su'ccesses,
disagree often with each other and with experiment,
and seemingly unsystematically. A detailed theo-
retical description of S throughout the range 0& m,

&v, is still lacking, Rnd we are for practical ap-
plications led to semiemiprical interpolation.

At v, =v„ the S values calculated via Eq, (2.2)
agree on:the average viith all available data, io-

osclllatlons, to within 20/o. Simply
connecting the point calculated at g, =no. to the ori-
gin by a straight line, i.e. , setting for v, & v,.,

S(Z„Z,; v, ) = S(Z, ; Z, ; v, )(v, /v, )

$&(10~' eV cm2 jatoxn).

(3AAI

79Au
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43 .

44, 4G

'TABLE III. Px'oton stopping power. at e&
——vo of varioos

tax'g e ts .

I 2.0—

I IG.G—

8.G —,

6.0

a 4.G

TARGET: 6C
V, =G.4I Vo

EXPTL. DATA

. .FIRSGV~
~THEGRY.

Ib =I.26)

LINDHARD

E IG.G-

c 8.0
I

—6.G

(2 40

FIRSGV-

G

G 4 8 l2 l6 20 24 28 32 56 40

FIG, 10. Electronic stopping power at v
& &eo. S~lid

lines; obtained by linear interpolation according to Eq.
IC4.1) as discussed in the ted&. Dashed lines: obtained
from Lindhard's (Ref. 5) and from Firsov's (Hef. 6)
estimates. Experimental $ at 'v ( = 0.410() In (a) carbon
targets (beefs. 39 and 40), and in Ib) alumimim targets
(Ref. 40), SCTF: self-consistent Thomas-Fexmi ap-
proximation.

= IZ (v, )/Z~~(v, ) l'S, (Z, ; v, )(v, /v, )

(5.1)

should therefore give 8 throughout 0 & v, & vo with
an accuxacy comparable to that at the low end of
the effective-charge theory regime. This simple
recipe preserves the genexality as well as the com-
putational efficiency of Z,* theory. Table III coll-

ates several experimental values of S,(Z, ; v„). In
Pig. 10 we compax'e experimental stopping powers
at v, =.0.41vo ln carbon Rnd in aluminum to those
calculated by the Lindhard Rnd the Firsov prescip-
tions and by Eq. (5.1). The solid curves are the
results of interpolation according to Eq. (5.1) for
Z,*(v,) obtained in two ways: from Brandt's meth-
od with the velocity criterion and b =1.26, and from
the self-consistent TF ion solution (SCTF) with the
potential energy criterion, .corresponding, respec-
tively, to curves d and a of Pig. 8. As these plots
indicate, Eq. (5.1) yields the mean Z, dependence
of the stopping power at v, = 0.41po in both targets,
and we expect the same at other velocities and for
othex projectile-target combinations,

Simple effective-charge theory is remarkably
successful, and its usefulness for practical com-
putRtlon seems RppRx'ent. It px'ovides comprehen-
sive perspective on stopping-power data taken over
limited ranges of widely different projectile-tax-
get combinations and projectile velocities. In
particular, some S data which were taken not to
extrapolate to S=O at p, =O are, in fact, high-vel-
ocity data (near V, = Sv, ) which along with all other
data conform to theoretical expectations and are
incorporated in Pigs. 2 and 6. Fine structure
superimposed on the mean trend of 8, such as /, —

dependent oscillations at low velocities, are not
contRined ln the px'esent statistical model of the
projectile ion; their calculation xnust take into
account detailed charge distributions. Our results
are persuasive evidence for the validity of the
factorization of electronic stopping power as stated
tn Eg. (2.1), on which effective-charge theory
buildS. Theoretical understanding of this factor-:
ization and of the conditions undex which it holds
j,s needed, Rnd, to that end, R study is required
which is firmly anchored to the foundations of
stopping-power theory.
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