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Moments of absorption- and emission-band shayes of impurities in solidi
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General expressions are reviewed and explicitly presented for determining all quantum-. mechanical mome'rats

of absorption- and emission-band shapes that originate: from electronic transitions in a.defect whose

vibrational interaction .contains, in the Condon and adiabatic. approximations, terms both linear and

quadratic in a single configuration coordinate. The zeroth through fourth absorption'and emission moments

are presented, the fourth moments for the first time, The band shapes, proportional to transition

probabilities, have moments that differ from those of experimentally measured absorption coeNcients and

einission. rates.

A. Moments of I and I

The method of moments provides a powerful
means for determining the values of theoretical
parameters from experimental optical absorption-
and emission-band shapes due to defects in solids.
This method is powerful because the moments can
be calculated precisely from theory and can be
readily compared to experimental results that are
amenable to calculation from the data by the use
of simple computer programs. The method of rno-
ments was originally developed by Lax, ' and ex-
tended by others, ' for optical absorption-band
shapes originating from vibrationally assisted
electronic tx'Rnsltlons I~ax gRve o'eneral expx'es-
slons for the first five quantum-mechanical nlo-
ments without introducing explicit expressions for
the vibrational interaction terms. A method for
explicit calculation of all quantum-mechanical mo-
ments was given by O' Rourke. '

The present work uses the approach of 0 Rourke,
1 eltel Rtlng his general expx'esslons fox' cRlculRtlng
absorption and emission moments, and presents
the calculational results for the zeroth through
fourth moments.

II. THEORETICAL DEVELOPMENT

The experimentally measured absorption coef-
ficient and the emission probability pex' unit time
per unit energy interval are, respectively, '

The absoiption-band shape I (F) for electric-
dipole transitions from the ground-state an to the
excited-state bP of the defect (where the electron-
ic-ground-state quantum number is u, and + is the
vibrational-ground-state quantum number) is
I„(E)=b'av

((e. (er)4, )('6( E- ,E+I". ), (3)

where av„designates a thermal average over the
gx'ound-state vlbl"RtlonRl levels of the px'oduct of
the square of the matrix element of the electr'ie
dipole operator er and the 5 function that locates
the energy of the a~ - bP transitions. We now re-
place the & function by its Fourier transform, inte-
gra. te Eq. (3) over E, recognize the definition of
the nth moment

dzl „(z)(z—z„)"

taken about an offset energy E, (see below), and
make two approximations. " The adiabatic approxi-
mation is that 4 can be written as the product
X(+, where X x'epresents the vibrational part of the
wave function and Q represents the electronic part.
The Condon approximation is that the electric di-
pole operator er is independent of the nuclear co-
ordinates. With these approximations,

&„/i&, = I,[d"/'d(it/&))" ] g(t) jt„„

n(L) = (4v'/3fic)(F, /F)'(nN/c, )EI„(E), .

e (Z) = (4/A'c') (F,/F)'(n'N/e„, )E'I, (E), .

(l)

(3) ((()=Z~ ~ ew( " „'" ' l(x. lxs)l', (8)

where the I (F) and I,(Z) are the band-shape func-
tions. The defect concentration is N, the index of
refraction of the host lattice is w, and the dielec-
tric constant is e, . The factor (F,/F)' occurs be-
cause the effective field (F,) at the defect may dif-
fer from that (F) of the host lattice.

The wave functions characterizing simple harmon-
ic vibrational motion of the ground state (frequency
~) and excited state (frequency It.&) are'
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344'p

x exP(-uq'/2') R [{~/If)'~2q],

X8 = [{R(u/'v/S)'~'/2'p! ]
~

& exp]=,'.—1(R+/h)'~'q+ (2S)'~']'}

&& Hs[{R~/ff)'~'q + (2S)'~']

(Ba)

4 1 2 2 3 2
8'; =-,'(R' —1)'+SR'(4R'-3) coth ZT-

iv, (If&a)
'

6.[3SR"-,'{R -1)'{2R -1)]coth' »
+ —"' SR'(R'- 1)'coth'—

foI'. ITIotlons characterized by R single conf lgul ation
coordinate q, where the force constants of the two.
oscillators differ, indicative of quadratic coupling
(the vibrational Hamiltonian contains terms quad-
ratic in q), and the equilibrium coordinates dif-
fer, indicative of linear coupling (the vibrational
Hamiltonian contains terms linear in g), the
strength of which is measured by 8, the Huang-
Rhys factor. The III, are Hermite polynomials.
The energies Rre

+ ~(a'- i)'co@'(—,') .

The col responding moments for emission Rx'e

found in the same fashion Rs for absorption. The
result is still given by Eqs. (10)-(12), but with

~=Re/V -R~,

and 0 replaced by AO in the thermal average. The
fll st five 'moments Rl e

8 8= Li' + (p+-z) Rliu,

Fan = (o' + z)@~ ~

. (9a)

(9b)

M, , =1{@,1er1@,&1'=-M„

M„(k(u)
One tlleh defines the thermal average av {g) and
applies the Slater sum, as was done by O'Hourke,
to find that

'!f./&0(If~)" = [&"'(7)(d"/&T")g(7) I. —.
M„(ff(u)'

+ (R' —1) coth

Avhere 7'= E&k, Rnd

g(~) =& "(~)&(~),
A(T) =2R cosh'. cosh' —2R + (R'+1) sinhA. sinhp, ,

(12a)

fl(~) = exp[ —2S[R coth(-,'- p. ) + coth(-,'x)] '}. (12b)

For absorption
x= -A7, (13a.)

jU, = 9/T + 7 {13b}
0 —= h.cu/0 .. (14)

Equations (10)-(13)were used to calculate the
first five moments for absorption. For simplicity,
the central moments m„are presented. They are
evaluated about t/I„which has been evaluated
about E---0:

, = -S/R — (R' —1)'cothm„, . 1, , 86
M~o A(d

+ . ,— (R' —1) coth' AO

+ —,(R —1) coth'
]. 2 ~, AO

BA 2T

—&'-,—,— =& (R' — }'+~ (4 —3R') coth

+ —,+;(R —1) (2-R ) coth
A'0

4R 27'

R8, (R' —1)'coth' .

A6+,— (R' —1)' coth'

M. =-1{0.l srl en) I', (15a.)

+SR+& (R' —1) coth
AIo/E {d h ~ 2T

=SR' coth -—+-,' (R' —1)' coth'
Mo(lECU

(15c)
' —,— = SR'+-; (R' —1)'coth ~ '-.,-SR'(R' 1)

Mo A(u
'

2T

coth . +-', (R' —1)'coth', (15d)
2T '

2T
'

The first four absorption and emission moments
agree vrith the results of Fonger and Struck, ' vrho

did not calculate rn, Elsewhere, ' how&ever, they
did give an expression for m, for the linear inter™
action (R = 1) that agrees with the above results
They include a translation of their nomenclature to
those of others. ' For comparison purposes, Table
I gives a notational correspondence between the
present I1omenclature and theirs.

Because of I.he syIT1I11etry involved ln going froDl
absorption to emission, the absorption moments
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TABI, E I. Notational correspondence between the
present work and that of Fonger and Struck (Hef. 5).

This work

(2g)i /2

g i/2

8
—(2S)'"j(1+Z)/Zl'"

[~/(1-; a)]'"
(1 —n')/4R
coth (6/2 T)
coth( 36/2g)

Fonger and Struck
(B.ef. 5)

~i/2

(g )1 /2

'

fl(dg

tan~0 = cu„ /( '„=8„/5„
Qg~

sin 0

, kg
(2m+ 1)„
(2m+ 1),

An experimentally obtained absorption coeffr-
cient n(E) differs from the absorption-band shape

I„(E)by a multiplicative factor proportional to the

energy Z; in emi. ssion, that factor is proportional
to the cube of the energy [see Eqs. (1) and (2) I. lt
is found experimentally that the I correction to
the moments in absorption is much less critical
than the E correction in emission. ' Both factors
should, however, be considered when interpreting
experimental data. by moments techniques. From
Eqs. (1) and (2),

M„(II) = K~M„+,(In), (18a)

M,„(B)= e, lf,„,;,(I, ) . (18b)

can be transformed to give the emission moments.
Four steps are required to convert Eqs. (15) to
Eqs. (17): (i) replace 8 with R8, (ii) replace ku&

with -AII+, (iii) replace S with SjR, and (iv) re-
place A with 1/If. These steps are similar to
those found by Fonger and Struck. ' The moments
calculated by Fonger and Struck are phonon mo-
ments, and are different from Eqs. (15) and (17)
which are photon moments. The photon moment
M, for absorption represents the band centroid as
measured from E=O. On the other hand, the pho-'
non moment that corresponds to M, represents the
band centroid as measured from E =.E,. Thus, the
two values of M, are related simply by the energy
displacement F. . The central photon moments are
the same as the central phonon moments.

In an experimental measurement, the absorption
and emission-band shapes have a qualitative mir-
ror symmetry about the zero-phonon line (for ex-
ample, the Q =0 p =6 tx'ansitlon in absol"ption ls
on the high-energy side of the zero-phonon line,
whereas the It3 =0- Qt = 6 transition in emission is
on the low-energy side). Fonger and Struck em
ploy a gen61 allzed methodology that uses pos1.tive
energy scales for both absorption and emission.
(for example, both the a =0-P =6 transition in ab-
sorption and the I3 = 0- n = 6 transition in emission
116 011 tile sanle side of tile zel"0-ph011011 11116)' As
a result of this, the odd emission moments pre-
sented by Fonger and Struck have a sign reversal
from those presented here. All absorption mo-
rnents and the even emission moments, of course,
agree.
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Mistaking n(E) for I (E) in the linear interaction
introduces a mild temperature dependence in the

band centroid,

Af, (II ) . , S (su))' 6= Eo+ SII~+ „coth, , (19)2'
a mis'take that suggests the presence of weak quad-
I atic collplillg (tile celltrold sillft ls 01lly 0.01EO
over 0&T &800 K). -The presence of quadratic
coupling would also be inferred from the tempera-
ture dependence of the second central moment.
Corresponding relations for e are more complex.
Th, e leading tel"ms for' the centi"old

M„(B) 6S (f/~)' 0-= E, —SII~I+, ,
—coth —, (20)

M~0(E') Eo SIIh& 2T

give a sixfold larger shift than in absorption, the
result of the stronger dependence in B(E).

III, SUMMARY

The O' Rourke technique is used to establish a
procedure for calculating all moments of the I
and I, band-shape functions when there are both
linear and quadratic vibrational interaction terms.
This procedure is used to find the explicit forms
of the I and I, moments 3I, through m, . Experi-
mental n and c moments differ from those of I
and I,. In the linear vibrational interaction, for
example, the I and I, centroids are temperature
independent, whereas the z and e centroids con-
tain temperature dependences that are similar to
those in the I and I, centroids that are induced
by the addition of quadratic coupling.
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