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Variational principles for solving nonlinear Poisson equations for the potential of impurity ions
in semiconductors with spatially variable dielectric constants
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The theory of the potential of a (point) impurity ion in a semiconductor involves an expansion of the
screening-charge density in terms of the impurity-ion potential. In a recent paper, this problem has been

reexamined by taking into consideration the spatial variation of the dielectric constant of the host medium.

In this paper, the linearized Poisson equation, with the neglect of a small term, has been solved

approximately by making use of an equivalent variational principle. In another recent paper, the spatial
variation of the dielectric constant has been ignored and variational principles have been formulated for
obtaining approximate solutions to nonlinear Poisson equations of any given order in the impurity-ion

potential. The present paper aims at the unification of the above two approaches and presents variational

principles for obtaining approximate solutions of nonlinear Poisson equations for the potential of an impurity
ion which is located in a medium characterized by a spatially variable dielectric constant.

I. INTRODUCTION

In a previous investigation, ' Dingle's theory' of
the screening of a (point) impurity ion in semi-
conductors (characterized by standard energy
bands) has been generalized by including in the
theory the spatial variation of the dielectric con-
stant of the medium. The linearized Poisson equa-
tion, with the neglect of a small term, has been
solved approximately by making use of an equiva-
lent variational principle. This procedure resulted
in a (donor-ion) potential that consists of a linear
combination of two exponentially screened Coulomb
potentials (with two different screening lengths)
which is scaled by the static dielectric constant of
the medium. A blemish of this result lies in the
fact that, as the distance from the donor ion goes
to zero, the potential remains still scaled by the
static dielectric constant of the medium. A sub-
sequent investigation' showed that this feature of
the impurity-ion potential can be eliminated by a
modification of the previous theory. ' Another in-
vestigation succeeded in representing the term
neglected' in Poisson's equation as an infinite
series. It has, subsequently, been possible to
show' that, at distances larger than Dingle's
screening length Ro, the neglected term adds to
the impurity-ion potential' two types of correction.
One type consists of terms which are proportional
to Dingle's potential, but with proportionality con-
stants so small that the correction terms are ren-
dered completely negligible. The other type con-
sists of terms each one of which is proportional
to functions of the form (1/r ) exp(-q;r), where
m = 2, 3, 4, . . . , and the parameters q; are related
to the constants appearing in the spatial dielectric
functions of Si and Ge."

All of the conclusions mentioned above have been

reached on the basis of a linearized Poisson equa-
tion for a (point) impurity ion embedded in a semi-
conductor which is characterized by a spatially
variable dielectric constant. Another line of inves-
tigation' focused on solving nonlinear Poisson equa-
tions for the potential of a (point) impurity ion that
finds itself embedded in a semiconductor which is
characterized by its static dielectric constant.
(Early attempts to treat this type of a problem
have been made by Csavinszky and Adawi. ' }
These types of Poisson equations result from the
expansion (in terms of the impurity-ion potential)
of the Fermi-Dirac function 5,y„which appears
in the screening-charge density. Use of equivalent
variational principles' has suggested that the ap-
proximate solutions to the nonlinear Poisson equa-
tions can be represented as linear combinations of
exponentially screened Coulomb potentials (which
are scaled by the static dielectric constant of the
semiconductor}. The use of the variational prin-
ciples is, however, contingent upon the conver-
gence of the expansion of S,y, . A formal test of
the convergence of the series showed" that, in

the classical limit, the series does converge at
all distances from the donor ion, while, in the de-
generate limit, the convergence is assured only
beyond a certain distance from the impurity ion
(which depends on the Fermi level).

The purpose of the present paper is the unifica-
tion of the two main approaches. '~ Since most of
the mathematical details have already been given
elsewhere, "' Sec. II gives only the salient points
of the theory.

II. THEORY

Poisson's equation, for the potential Q(r) of a
(point} donor ion, in a medium of dielectric con-
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stant x(r), is of the form'

2, 4np 1 dz

where

p(r) =2e,(2vm k T)'l

x [6',i,(q„) —8', g, ( q„+e,4/k, TjJ (2)

q„=r„„/k, T .
In what follows, the right-hand side of Eq. (1) will
be put equal to zero for reasons discussed else-
where

In Eq. (3), the constants A, B, o., P, yare spe-
cific to a given semiconductor and have been ob-
tained by Azuma and Shindo' for Si, and by Okuro
and Azuma' for Qe, with the constraint of

is the screening-charge density (composed of free
electrons in a standard conduction band), and

z '=e "+A(1 —e ")+B(1—e "")

is the inverse of the spatial dielectric function of
the medium.

In Eq. (2), e, is the magnitude of the electron
charge, m„ is the (scalar) effective ma, ss of the
electron, 4~ is Boltzmann's constant, and T is the
absolute temperature, while the Fermi-Dirac inte-
gral Wy/2 is defined' by

1
&.(q.) =

k,

where the reduced Fermi level g„ is related to the
Fermi level P„by

(6)

where &p ls the static dielectric constant of the
semiconductor.

Introducing the function

((r}=ry,

Eq. (1) can be written

f"+4'/z =0. (8)

6"(q.) = &. ,(q.),

Eq. (8) is brought to the form

Expanding 6', g, (q„+cog/keT) in Eq. (2) in terms
of e $/0k Ts, and making use of the relation'

y" —R 'y- gc R 'g(e ' Ae ' -—Be "")—e,R '(g'/r) —e,RO'(g'/r') —e,RO'(g /r') —~ ~ ~

—e,R, 'a,(p/r)(e " Ae '-- Be "') —e,R, 'z,(p/r')(e -Ae "-Be &')

—e,R, 'e,(('/r')(e -Ae e' —Be &') —~ ~ ~ =0,

where Ao, a screening length introduced by Dingle, ' is defined by

(10)

R, ' =[16''eo'm'„'(2rkeT)' '/z, k3]0:,~,(q„),

while the quantities cy f2 &g . stand' for

1 e, F,g, (q„} 1 e, ' &,g ('q, )
2! ke T 6', y, (q„)

' ' 3! ke T 6', y, (q„)
' 6', g,(q.)

4! keT 6', g, (q„) '

The central problem is to solve Eq. (10), which is the (approximate) nonlinear Poisson equation for the
potential of a (point) impurity ion in a medium of variable dielectric constant. This we wish to do by mak-
ing use of an equivalent variational principle. To this end, consider the functional

(13}

where g is a trial function (which depends on a number of appropriately chosen parameters), and the
lower limit of integration r, is a constant (whose choice will be discussed later).

The task is now the finding of an expression for I, in such a manner, that upon substituting I" into the
Euler-Lagrange equation"

one obtains Eq. (10). It is seen that this is the case if Ii is chosen as
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', e,R-, '(g'/r) —+ e,R, '()jt"/r ') —
& e,R, '()j)'/r ') —~ ~ .

—me, RO'«oe '(g'/r)+ —,
' eR o' «P e '(P'/r)+-', e,RO'«, Be "'(g'/r) —4e,R, '«Oe ™(g/r')

+~a,R, '«, Ae '()j'/r') +-,'e,R, '«,Be "'(y'/r') —=,
'

e,RO'«Oe "'(g'/r')

+5 e,R, '«Pe 8'(y'/r') +- e,R, '«,Be "'()t)'/r') —~ ~ ~ . (15)

The next step consists of choosing a trial func-
tion )))(p„p„.. . ), where p„)j.„.. . are parame-
ters to be determined from the conditions

s&() ), u, . . . ) =0,
g0--const

s&() ), v, . ")
8 P,2 R&=const

-0 (18)

it(") =0. (18)

These assure us that the potential Q, at small and

large distances from the impurity ion, behaves as

As to the boundary conditions that g must obey,
the following are suggested:

|F(o) =e,

that ignored the spatial variation of the dielectric
constant but considered Poisson equations which
are quadratic, cubic, etc. , in the impurity-ion
potential, the suggestion has been made that the
trial potentials for these cases should be repre-
sented as linear combinations of two exponentially
screened Coulomb potentials, three exponentially
screened Coulomb potentials, etc.

Following this line of reasoning, the trial poten-
tials for the quadratic, cubic, etc. , Poisson equa-
tions, as given by Eqs. (7}and (10), might be con-
structed as

(2) r (2)r4"=(e,/«, r)(C&2)e "~ +D"'e " )
Px [1+(«o—1)e 3 "], (21}
(3)r (3)

4&» -(e /«r)(Ci»e-~) +D(~)e-&2 ~yEi3)e g ")'0 0

g(3)„x [1 —(«, —1)e 4 '], (22)

and

y(r o)- (19a)
where the parameters C~'-) and D~') in Eq. (21) are
subject to the constraint

A(r- =) (19b) C(2) + D(2) ] (23)

In Ref. 1, Dingle's boundary condition/(r —0) =eJ
~p has been used. The goal at that time consisted
in incorporating the spatial variation of the dielec-
tric constant into Poisson's equation for the im-
purity-ion potential. [The change of «(r) with r is
more rapid in Si than it is in Ge, as can be seen
from the graphs given in Refs. 6 and '7. In both

cases, however, «(r) reaches the value of «, in a
distance (-8as for Si and -5ae for Ge) which is
smaller than the lattice constant. ] The realization
that, in addition to the correct Poisson equation,
the behavior of the trial function in the immediate
vicinity of the impurity ion may affect it even at
large distances from the impurity ion motivated
the work of Ref. 3.

The trial function suggested there for the poten-
tial of a donor ion is of the form

~(l)
y~') =(eoe ) '/«or)[1+(«0 —1}e " ' '], (20)

where &,
" and ~,' are variational parameters. It

is easily seen that Eq. (20) satisfies the boundary
conditions in Eqs. (19a}and (19b). The trial function
in Eq. (20) is pertinent to a Poisson equation that is
linear in the impurity-ion potential. In the work

while the parameters C'-", D(", and E(') in Eq.
(22) are subject to that of

gs) +D(s) ~E(s) (24)

etc. The constraints in Eqs. (23) and (24) are nec-
essary if Eq. (19a) is to be satisfied. In view of the
above, the quantity L in Eq. (13) becomes a func-
tion of two parameters ())I'), 1,"))when dealing
with the linear Poisson equation, a function of four
parameters (C ",AI", X22', )),' }when dealing with
the quadratic Poisson equation, and a function of
six parameters (d", D ",&,'), X',",)),",A,' ) when

dealing with the cubic Poisson equation, etc.
As has been shown' before, the integrals that

result from the substitution of Eq. (15) into Eq.
(13) are of two types. The first type consists of
integrals that can be evaluated without any difficul-
ty. The second type consists of integrals whose
denominator contains 1/r ', 1/r', . .-. , etc. This
latter type of integrals can be reduced, upon par-
tial integration, to integrals which give no trouble,
and to integrals which can be expressed in terms
of the exponential integral, defined" by
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oo Q8-«(-&) = du.
l4

All of these integrals contain ro, the lower limit
of integration in Eq. (13). The choice of this quan-
tity should be such that the validity of the expan-
sion in Eq. (10) is assured. The choice for ro is,
necessarily, coupled with some uncertainty. It
has been shown" that, in the limit of complete
degeneracy, the expansion of F, ',(rl„+cop/keT) is
assured for distances at which eoP(r)/g„& 1. In
the completely nondegenerate limit, no restriction
on the expansion of F, ',[q„+e,Q(r) /k sT] has been
found. " In view of this finding, at least in the de-
generate limit, one may carry through the varia-
tional calculation with an assumed r, value [Eq.
(13) can be evaluated with any value of ro], and then
check on the validity of the eoP(r)/f„&1 condition.

Once L[gj =L(p„p.„.. . ) is obtained, its ex-
treme value, in principle, is determined from Eqs.
(16). In practice, this might proceed via two

routes. The parameters p„",. . . (appearing in

$) are either such that series expansions' for
-Ei(-$) can be used, or they are such that tables"
of this function must be consulted.

III ~ CONCLUDING REMARKS

It is anticipated that the impurity-ion potential
to be obtained from the considerations of this pap-
er might find use i' theories of ionized-impurity
scattering. Theoretical treatments of this scat-
tering process, such as the well-known theories
of Conwell and Weisskopf, "of Brooks and Herr-
ing, "or the less often used partial wave theories
of Blatt, "of Csavinszky, "and of Krieger and
Strauss, "are all based on a potential that is devoid
of the refinements of the potential suggested in this
paper. The same is true with regard to correc-
tions to the Brooks-Herring" mobility formula,
which have been calculated by Moore, "by Moore
and Ehrenreich, and by Luong and Shaw. "

~P. Csavinszky, Phys. Rev. B 14, 1649 (1976).
R. B. Dingle, Philos. Mag. 46, 831 (1955).
P. Csavinszky, Int. J. Quantum Chem. (to be published).
P. Csavinszky, Int. J. Quantum Chem. Symp. 10,
305 (1976).

~P. Csavinszky, Phys. Rev. B 15, 3281 (1977).
6M. Azuma and K. Shindo, J. Phys. Soc. Jpn. 19, 424

(1964).
S. Oku "o and M. Azuma, J. Phys. Soc. Jpn. 20, 1099
(1964) ~

8P. Csavinszky, Phys. Rev. B 14, 4483 (1976).
P. Csavinszky, Philos. Mag. 10, 231 (1964). For the
correction of an error see Ref. 10.

'OI. Adawi, Philos. Mag. 13, 331 (1966).
~'P. Csavinszky, Int. J. Quantum Chem. 12, 335 (1977),

R. Courant, Lhfferential and Integral Calculus {Inter-
science, New York, 1968), Vol. II, p. 491ff.

~36. Arfken, Mathematical Methods for Physicists,
2nd ed. (Academic, New York, 1970), p. 472ff.

'4See Ref. 13, pp. 291 and 473.
Tables of Sine, Cosine and Exponential Integrals, U. S.
Natl. Bur. Stand. {U.S. GPO, Washington, D.C., 1940),
Vols. I and II; V. I. Pagurova, Tables of the Exponen-
tial Integral (Pergamon, New York, 1962).

6E. Conwell and V.F. Weisskopf, Phys. Rev. 69, 258
{1946);77, 388 {1950).
H. Brooks, Advances in Electronics and Electron
Physics {Academic, New York, 1955), Vol. VII,
p. 156ff; C. Herring (unpublished).
F. J. Blatt, J. Phys. Chem. Solids 1, 262 {1957).

'~P. Csavinszky, Phys. Rev. 126, 1436 (1962).
J. B. Krieger and S. Strauss, Phys. Rev. 169, 674
(1968)~

~'E. J. Moore, Phys. Rev. 160, 607 (1967); 160, 618
{1967)~

2E. J. Moore and II. Ehrenreich, Solid State Commun.
4, 407 {1966)~
M. Luong and A. W. Shaw, Phys. Rev. B 4, 2436 (1971).


