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We have measured the conductivities a- and heat capacities C~ of MAg4I5-family solid electro-

lytes through the temperature range centered near 200 K, of their order-disorder transformations.

Here, M represents Rb, K, and NH4. The experiments were performed on pure single-crystal

specimens. The heat capacities of all the samples yielded approximately the same critical ex-

ponent, o. =0.1S, both above and below T, This value is close to that predicted by the Ising

model. C~ and v were measured simultaneously by the ac method. We find for each salt that

d(incr)/dT is accurately proportional to C~. This result is also derived theoretically by a calculation

which takes full account of the way sho'rt-range order determines both C~ and o. The observa-

tions cannot be reproduced'by mean-field theories. By fitting the experimental data to theory we

find that the saddle points through which diffusion occurs are insensitive to short-range order.
The heat-capacity results are compatible with a conclusion that approximately 40 of the 56 Ag ions

per unit cell are involved in the order-disorder transformation.

I. INTRODUCTION

A number of ionic solids have highly conducting
phases far below their melting temperatures, with con-
ductivities comparable to those of liquid electrolytes. '

Sometimes termed "superionic" conductors, ' these ma-
terials are of considerable technological interest as
electrolytes for solid-state batteries. Many exhibit
phase transitions into phases of lower conductivity.
Some of these are second-order transitions, character-
ized by gradual changes in the conductivity and lamb-
da anomalies in the specific heat. ' ' Because of the
wealth of information at hand concerning the detailed
behavior of materials undergoing second-order transi-
tions, these critical points may be used to investigate
the materials and to study the relationship between
ionic conductivity and the ordering of the mobile-ion
species.

A prototypical system is the series of silver-ion con-
ductors MAg4I~, where M may be Rb, K, or NH4.
The second-order phase transitions occuring near 200
K have been partially characterized. ' X-ray data have
shown that the RbAg4I5 transition involves a structur-
al change from cubic to rhombohedral. Specific-heat
measurements have been used to demonstrate that
the second-order transition is Ising-like; birefringence
data show that it is similar to a cooperative Jahn-
Teller transition. ' Salamon has presented a model for
the transition at 208 K in RbAg4I5 which involves dis-
tortions of the iodine lattice to couple the ordering of

the Ag ions at specific sites. ' The first-order transition
which occurs in these materials near 125 K will not be
discussed here.

In this paper we extend the specific-heat and con-
ductivity measurements on RbAg4I5 to the remaining
members of this class of compounds. In an earlier re-
port we show that the ionic conductivity of RbAg4I5
decreases smoothly near T,. and shows precursive
behavior, ' This is contrary to previous predictions
from mean-field models, which indicate that the ionic
conductivity decreases as (T —T, )i'~' below T, an. d is.
insensitive to order above T, In this paper we

present a theory which goes beyond the mean-field ap-
proximation to predict that the activation energy for
ionic conductivity should follow the ordering enthalpy
of the system; both eA'ects are sensitive mainly to the
short-range order surrounding each mobile ion. It will

be shown that this prediction is borne out for all

members of the family of ionic conductors examined
in this work.

In Sec. II we present details of the experimental
measurements by means of which we obtain simul-
taneous determinations of the specific heat and the
temperature derivative of the resistivity for single-
crystal samples. The results for the three salts,
RbAg4I5, KAg41~, and NH4Ag4I5 are presented in Sec.
III, Section IV contains a theoretical discussion of the
ionic conductivity near ordering transitions, with par-
ticular application to ionic conductors. A comparison
of theory and experiment is made in Sec. V.

I
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II. EXPERIMENTAL METHODS

When a sample absorbs heat periodically at a given
temperature, the amplitude of the induced tempera-
ture oscillation is related to its specific heat. ' Under
desirable conditions for ac calorimeters, the tempera-
ture oscillation is so slow (compared to significant
thermal-relaxation times of the sample), and its ampli-
tude so small, that the system is at all times very close
to equilibrium. For a thickness d, density p„and heat
capacity C„ the magnitude of the ac component of the
sampl-. temperature is approximately'

~AT,") =Pi/o)p(C, p,d).
when the power input is

P (r) = Pp +Pi

exp(i(opt�)

+

By this method, the specific heat can be measured as a
function of some externally varied parameter, which,
in our case, is the bath temperature. The ac technique
provides a continuous record of the specific heat and
gives high resolution provided that the amplitude of
the temperature oscillation is small.

The ac modulation of sample temperature intro-
duces modulations of other sample properties. " We
shall be concerned with the relationship between the
voltage Vand the current 1. I and Vare linearly relat-
ed by

V =R (T) I

with the response function R (T) temperature depen-
dent. Then, for constant I and To,

1

V = I R (Tii) + AT exp(i copr) +dR
GT To

By detecting the component of Vat the fundamental
frequency of temperature oscillation coo, we can there-
fore measure (dR/dT)r:

0

In the present investigation, a sinusoidal ac current
(frequency cot )) (oo) with constant amplitude I, was

passed through the sample, and the amplitude V~ of
the voltage at frequency ~0 detected by first filtering
and demodulating the ac voltage signals. The
narrow-band detection of a lock-in amplifier with
reference frequency coo was then employed to obtain
the temperature derivative of the sample resistance
(dR/dT) r . This was measured as a function of the

0
dc temperature To of the system, while the sample
specific heat, according to Eq. (1), was obtained
simultaneously from the value of hT.

Single crystals of MAg4I5 (M = Rb, NH4, K) were
grown in our laboratories using the solution tech-
nique' making use of M and AgI reagents of 99.9%
purity. Aqueous 0.57% molar hydroiodic acid HI was
used as the solvent. The different steps necessary to
prepare single crystals are explained in Ref. 12. An

important point is that crystals of the form MAg41&
could only be grown in a dry atmosphere (relative
humidity less than 10%) and with adequate ventilation
for at least the first 3 days of evaporation. Optically
clear, octahedral crystals were produced in various
sizes from 0.6 to 1.2 cm in diameter. Small single cry-
stals were chosen as representative specimens for x-
ray crystallographic identification, Buerger precession
patterns showed quite uniform alignment and a cubic
unit cell with a lattice constant of 11.24, 11.19, and
11.13 A for M =Rb, NH4, and K, respectively. These
values are in good agreement with previous deterrnina-
tions. Chemical analyses of RbAg41~ yielded Ag-Rb
atomic ratios of 4.2 ~ 0.2.

The compounds MAg4I5 are thermodynamically un-
stable below 27, 32, and 36 'C for M =Rb, NH4, and
K, respectively. At higher temperatures they undergo
disproportionation reactions to form M2AgI3 and
AgI. " However, the rate of decomposition is ex-
tremely small in the absence of moisture. All steps in

sample preparation were, for this reason, performed in

a glove box filled with dry N2.
To produce specimens, the crystals were first cut

with a diamond-impregnated wire into wafers of cross
section ranging in area from 8 to 10 mm'. The oppo-
site surfaces of the slices were ground parallel with
each other and then polished to a thickness of approx-
imately 0.1 mm using dry abrasives. The resulting
slab-shaped samples are very brittle and must be han-
dled with great care at all times.

Special efforts are required to make good electrical
contact to the MAg4I5 (M =Rb, NH4, K) samples. It
has been found that the most common interfaces,
such as "parent-metal" electrodes, cause impedance-
related problems which are particularly pronounced at
high current densities, In previous dc-conductivity
measurements made on polycrystalline specimens of
RbAg4I~ pressed into pellets, these contact problems
were reduced by spring loading the samples between
silver or amalgamated silver-foil electrodes, or by us-

ing mixtures of fine grains of RbAg4I5 and Ag as the
electrode materials. " However, uncertain grain boun-
dary errors from contact resistance are always present
in low-frequency ionic conductivity measurements on
pressed-powder pellet samples. Similar contact prob-
lems were observed during the present investigation
of MAg41q single crystals (M =Rb, NH&, K) when
these less-satisfactory interfaces were used.

The contact problems were greatly reduced when
diffused silver contacts were used as electrodes. We
used 50-p, m silver wires, coated with Ag paint dis-
solved in toluene; they were electrically heated awhile

in contact with the sample over an area covered with
silver powder. With these electrodes, no change in
the sample impedance at constant temperature for fre-
quencies higher than 500 Hz and current densities
lower than 1 mA/mm' could be observed over the
course of several hours. All the measurements re-
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ported here were made using this type of electrode in-
terface. '4

After the deposition of the four electrodes and the
connection of the corresponding electrical leads to one
face of a slab-shaped sample, two 25-p, m type-K ther-
mocouples were attached to the same face to monitor
the average dc temperature of the sample and its
induced temperature oscillations, Figure 1 shows the
(S~,Sq) thermocouple, for monitoring AT, flattened at
the junction for better thermal contact, and attached
to the sample by minute amounts of Dow-Corning sil-
icone grease. The thermocouple for monitoring the
average temperature of the sample, labeled (A, C),
was electrically isolated from the sample by a very thin
film of Ge RTV-108 silicone rubber. The face of the
thermocouple maintained thermal contact with the
sample, but the dc coupling to the electronic measur-
ing system was eliminated. The opposite face of the
sample was coated with colloidal graphite to maximize
the absorption of optical heating pulses. Auxilliary
measurements in the range 1.5 & coo & 10 Hz
confirmed that AT was inversely proportional to coo in
accordance with Eq. (I). The optimum operational
chopping frequency was approximately 1.6 Hz.

The experimental arrangement used to measure AT
and dR /dT simultaneously on one MAg4I5 crystal is a
modification of the Simons apparatus. "The constant

25pm Chromel 25'.m Alumel

ac current was produced by connecting a 100-k 0
standard resistance in series with the sample in the
secondary of an isolation transformer whose primary
was driven by a high-purity constant-amplitude sine-'

wave generator. The frequency of this signal was

co~ =10 kHz and the current density about 0.1

mA/mm'. The resulting ac voltage signals across
the sample, modulated by the induced temperature
oscillations at frequency coo=1.6 Hz, were fed into a
low-noise battery-operated preamplifier to eliminate
pickup problems and to drive the demodulator. A

low-pass filter at the demodulator output was used to
attenuate higher-frequency components ()eip) of the
signal, in order both to reduce noise and to prevent
overloading of the detection system. The Altered
output went into the input of the preamp stage of a
lock-in amplifier. The outputs of the two lock-in
amplifiers giving 6?~ and Ie (dR /dT) AT were record-
ed continuously as the average temperature of the
sample was swept slowly through the phase transi-
tion.

The ac method does not give the absolute value of
the specific heat when the heat flux to the sample is

provided by means of mechanically chopped light.
This problem is usually circumvented by normalizing
the data to an absolute measurement at a specific tem-
perature. Our results for the specific heat of RbAg41)
were normalized to the measurements of Wiedersich
and Johnston at a point near room temperature; the
two measurements are then in agreement at lower
temperatures. However, for NH4Ag41q and KAg41q it

was necessary to measure the absolute values of the
specific heat. A quasiadiabatic pulse method was
used. The resulting room-temperature values are as
follows:

.50@.m Silver ~ ~50'.m Silver

flattened
junctions

RbAg4iq, Cp = 68.3 calories/(mole K);

NH4Ag&lq, Cp =.80.6 ~ 2.4 calories/(mole K);

KAg4I5, Cp = 72.8 ~ 2.2 calories/(mole K).

diffused
silver

contacts ne
se

diffused' —silver
contacts

III. RESULTS

A. RbAg4I)

50@.m Silver
l~50iv.m S i iver

p.m Alum el

FIG. 1. Schematic diagram of sample. The current
leads are labeled I& and 12, the voltage leads, R

&
and R2.

S~ and S2 are the ac thermocouple leads; A and C extend to
an external ice bath to permit measurement of the dc sam-
ple temperature.

Preliminary reports of the experiments carried out
on this compound have appeared elsewhere. " Figure
2 shows the sample resistance and Fig. 3 shows the
logarithmic derivative of its conductivity d(lno. )/dT
near T, The latter exhibits critical behavior similar to
that of the specific heat, which is also shown in Fig. 3.
If the conductivity is assumed to take the Arrhenius
form, the data of Fig. 2 yield the activation energy
U=0.12 eV for 213 & T &300 K and U=0.17 eV for
180 & T & 205 K. These values are in good agree-
ment with previous determination from the dc conduc-
tivity. "
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with ~=0.6105 and B =24.09R for RbAg4I5. No at-
tempt has been made to subtract the temperature-
dependent portion of the lattice heat capacity, and this
undoubtedly causes come deviations of the data points
from linearity at small values of Cp far from the peak.
We note that Eq. (4) holds accurately even where Cp
is rounded.

Since Cp and d(lno)dT wer.e measured simultane-
ously in the vicinity of T,, we may examine their rela-
tive critical behavior without reference to fitting func-
tions, exponents, or a choice of T, The experimental
values of d(incr)/dT are plotted in Fig. 4 as a function
of the molar specific heat Cp with the temperature as
an implicit parameter. The curves cover three decades
of reduced temperature above and below the peak.
The solid line fitted to the data above arid below T,.

gives

FIG. 4. Plot of d lna-/dT against Cp with temperature as an
implicit variable for RbAg4I5.

B. NH4Ag4I5 and KAg4I5

The critical behavior of the specific heats of:
NH4Ag4I5 and KAg4I5 near their second-order phase
transitions were compared with the following power-
law equations:

C+(t) =(A+/ )(ltl —1)+8+, T & T„, (Sa)

Cp (t) =(A /n)(ltl —1) +8, T ( T, , (5b)

where t=(T/T, —1) is the red. uced temperature. Us-
ing a data-analysis technique developed by Lederman,
Salamon, and Shacklette, " the specific heats Cp+ and
Cp were interpolated for equal values of

l
t l. By ad-

justing T„a linear relation was obtained between C p+

and Cp data points with the reduced temperature t as
an implicit parameter. The intervals of reduced tem-
perature above and below the peak fall in the range
10 4 + t &10 ". Figures 5 and 6 show these results
for NH4Ag4I5 and KAg4I5, respectively. We conclude
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FIG. 3. Logarithmic temperature derivative of the ionic

conductivity. of RbAg4I5 as a function of temperature. The
specific heat is shown for comparison.

FIG. 5. Specific heat (Cp+) above T, vs the specific heat

(Cp) below T, . The data establish the scaling law for
N H4A g4I5.
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FIG. 7. Resistance of NH4Ag415 sample. The points

marked by symbols + and Oare obtained by integration of
the derivative signal and direct measurement, respectively.

that in these systems the scaling law 0, = o.
'

is verified
just as for RbAg4I5. ' The results are summarized in
Table I. We note that 8+ —A+/n equals B —A /u'

within experimental uncertainty, so that correction
terms appear unnecessary.

The conductivity results for NH4Ag4I5 and KAg4Iq
were analyzed by the procedure described above for
RbAg4I, . Figure 7 shows the resistance R (T) of
NH4Ag41~ obtained by integrating the experimental
values of dR /dT through the critical region. dc-
resistance measurements at several temperatures in

the same range are also indicated for comparison.
The experimental values of d(incr)/dT are plotted in

Fig. 8 as a function of the molar specific heat Cp with

the temperature an implicit variable. The curves cov-
er three decades of reduced temperature above and
below the peak. The analogous experimental data for
KAg4I5 are shown in Figs. 9 and 10, respectively. The
results are compiled in Tables II and III. By way of
summary, one may note that in all these materials
there exists an accurate proportionality between Cp
and d(lna)/dT. The origins of this novel property

comprise the principal subject rnatter of Sec. IV.
It is worth mentioning, finally, that specific-heat

measurements at lower temperature on NH4Ag41q and

KAg4I5 reveal signs of a first-order phase transition
similar to that of RbAg4I5 at 122 K. The transition
temperatures are T,. =134.7 K for NH4Ag41~ and

T,, =138.6 K for KAg4I5. Table IV shows how the
transition temperature of the class-I and class-II phase
transformations varies with cation species. These
eAects are in turn related to the size of the cubic unit
cell in the high-temperature phases.

IV. THEORY OF CONDUCTIVITY

The most convenient description of diffusion pro-
cess in the regime near the 200-K transitions is pro-
vided by classical statistical mechanics. Quantum
phenomena cannot be important since the thermal
wavelength h. = h/(3ksTM)' ' —2 & 10 ' cm of Ag
ions is very much less than the intersite spacing. In
addition, the temperature is above or comparable with

the Debye temperature, at which thermal properties

TABLE I. Values of the fitting parameters for the specific heat of the MAg415 compounds. Values for the parameters are in

calories/mole K. "Range" refers to the values of log, all —T/T,

Parameters RbAg41) KAg4I5 NH4Ag41) e expansion Series

Range

T(T,,

T)Tc
w+

B+
B

A+/3—
I

C

—0.4 to —3.7
—0.4 to —3.7

60.1 ~ 0.2
65.6 ~ 0.2

0.46 ~ 0.01
0.145 ~ 0.02

208.605 K

—1.5 to —3.7
—1.8 to —3.5

1.90 ~ 0.1

53.2 ~ 1.0
54.0 ~ 1.0

0.69 ~ 0.01
0.15 ~ 0.01
194.135 K

—1,7 to —4.2
—1.7 to —3 ' 5

2.05 w 0.05
59.6 ~ 0.5
60.2 ~ 0.5

0.70 ~ 0.01
0.15 M 0.02

198.68 K

0.53
0.08

0.62 ~ 0.03
0.125
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approach classical values. A large body of evidence
establishes that diffusion processes in crystals do not
exhibit noticeable departures from their high-
temperature behavior under these circumstances. '

At the same time, a description of diffusion in these
disordered materials presents'a many-body problem of
considerable complexity, in that the jump rate is deter-
mined by the many-body potential energy of interac-
tion among all the atoms. We shall call this potential
energy V(s), in which the mass weighted hypervector
s locates the positions of all the atoms in the crystal.
The systems of interest here contain a large number
of interacting mobile particles. Rather than all jumps
being equivalent, as for successive jumps of an isolat-
ed defect, the atomic displacements causing conduc-
tion in solid electrolytes occur in a wide variety of cir-
cumstances determined by the local order near the
jump path. The approximate calculation that follows
shows in fact that short-range order, manifested by
correlations among the positions of the mobile atoms,

.00
.20 .25

I I

.30 .35
C, gRT, t K-t}

40 .45

FIG. 10. Plot of d(lno-)/dt against Cp for KAg4I5 with'

temperature an implicit variable. The straight line is a least-

squares fit to the data.

TABLE II. Activation energy of charge transport in

MAg4I5 (M =Rb, NH4, K). above and below the critical re-

gion of their corresponding class-II phase transitions.

is the dominant factor determining the defect mobility
near the ordering transition. Hopping models" that
require the diagonalization of a matrix of hopping
rates, with or without polaron assumptions, are not
well suited to this problem. Our calculations show,
and the experiments confirm, that the required hop-
ping rates are explicitly configuration dependent,
through the influence of short-range order on the
jump dynamics. An explicit treatment of the dynam-
ics that enter into the diffusion jump is therefore
necessary.

It is possible to approach this problem at a funda-
mental level using methods of classical statistical
mechanics analogous to those employed by Slater" for
molecules and Vineyard" for solids. The potential en-
ergy function V(s), has minima in configuration
space that correspond to stable configurations of the
particles. Dynamical processes in which the represen-
tative point passes from the neighborhood of one
minimum y to a neighboring minimum y' constitute
the diffusion jumps of interest here, A boundary sur-

Compound Temperature range (K) U (eV)

.51 .52
1000iT ("K' '

)

FIG. 9. Resistance of KHg4I5 sample. The points marked

by symbols + and Oare obtained by integration of derivative

signal and direct measurement, respectively,

RbAg4I5

N H4Ag4I5

KAg4I5

213 & T &300
180& T &205
202& T &300
160 & T & 195
196 & T &300
160 & T & 190.6

l

0;12
0.17

0.117
0.162
0.12

0.18
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TABLE III. Constant of proportionality between d(lno-) dr
and C for MAg41& (M =Rb, NH4, K) in the critical region

of their corresponding class-II transitions.

Compound Region of fit

.RbAg4I5

NH4Ag41)

KAg4I5

0.6105
0.6825

0.8929

5.0 ~ log [ot ~ 1.5
—4.5 ~ log, ot ~ —1.7

4.5 ~ 1og i ()t
~ 1 .7

TABLE IV. Lattice constant of the cubic phase of the

compounds MAg4I5 (M =Rb, NH4, K), and transition tem-

perature of their class-I and class-II phase transformations.

face yy' separating the two regions can be constructed
on top of the potential ridge between the two minima.
Configuration space is thus partitioned by a network
of hypersurfaces into volumes associated with indivi-
dual configurations. By definition, a jump is complet-
ed each time the representative point passes from y
through yy' to y'. The r.ate w» at which a particular
jump occurs in thermal equilibrium is readily obtained
as the number of representative points that cut
through yy' each second in an equilibrating ensemble.
We shall return to the evaluation of the rate for the
system of interest after a nuinber of secondary but
still important points are clarified.

One complication is that the jump rates w» thus
calculated are not precisely the quantities needed to
obtain the diff'usion coefficient, because successive
jumps of one mobile defect may not be mutually in-
dependent. ' There is every reason to expect that this
eff'ect has negligible influence on the temperature
dependence of dift'usivity in the present application. If
vacant interstitial sites were so rare that they limited
the jump rate, then the most probable jump of a
freshly displaced interstitial would be back to its form-
er newly vacant site, thereby nullifying the first jump.
For approximately tetrahedral coordination this corre-
lation egect reduces the elective jump rate by a corre
iation fact'or of 0.50. But in the present application
only —, of the interstitial sites are occupied, so the

mean asymmetry, of the vacant site distribution
present immediately after a jump is reduced to about
29% of its value for the low-concentration limit. It
follows that the correlation factor is increased to ap-
proximately 0.85 in the cases of interest here. The
departure from unity is small, and possible tempera-

w» = v» exp[ —(G» —G,)/ka Tj (6)

ture variations of this eff'ect caused by its dependence
on short-range order, neglected in this approximate
discussion, are not of significant concern.

Long-range order also offers potentially severe and
complicated changes in the diff'usion behavior. The
main eff'ect can be understood by comparison with the
example of order-disorder transformations in binary
alloys such as P-brass. " At low temperatures the two
components, Cu and Zn, diff'use on independent sub-
lattices with distinct defect populations, whereas above
the order-disorder transformation they share all sites
and defects. The effect of the transformation on the
correlation factor connecting jump rates to diffusion
coefficients is therefore significant. However, the
eff'ect is much less important in the present case be-
cause (a) the ordering only aÃects a fraction of the
ions, (b) the ordering is only partial, and (c) there are
so many empty sites that in any event the correlation
factor remains close to unity as demonstrated above.
The influence of iong-range order will therefore be ig-
nored completely in our final result. We shall see
later that an accurate experimental check is available
to confirm the validity of this approximation.

The final complication concerns the connection
between the jump rate and conduction. We can obtain
the conductivity from the jump rate using the Nernst-
Einstein equation only for charge carriers that diff'use
in the absence of perturbing local fields; interactions
that modify the carrier density (as when carriers of
opposite sign bind together) cause related changes in

the conductivity. We are not aware of any treatment
of these interactions for the specific case of solid elec-
trolytes. In the Appendix we therefore present a per-
turbative discussion of the conductivity in the pres-
ence of solid-state interactions. This treatment shows
that the Onsager theory" of interaction eff'ects on the

.conductivity must be modified to take account of the
overlapping Debye-Huckel screens of successive an-'

ions in solid electrolytes. The drag eff'ect is greately
reduced, and the residual contribution from screening
is probably insensitive to both temperature and local
order, so that its eff'ect on critical properties can be
neglected.

We now turn to an explicit calculation of the ther-
mal mean jump rate. An expression for the rate w ~
at which transitions take place from volume y to
volume y' of configuration space can be written direct-
ly in terms of the classical distribution function. "
When evaluated in terms of the potential energy func-
tion V(s) the answer is

a (A') T, (K) T,.„(K) in which

RbAg4I5

NH4Ag4I5

KAg41)

11.24

11.19
11.13

122

134.7
138.6

208.6
198.7
194 4'

—V( V) /tt- TG, = k, Tin t d»-'se-
'y y

—V( g )/kB T
G = —k&Tin d' se.B

y
(g)
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W = $' $'P~w»
y

(9)

I

Here, for a crystal of N atoms, the integral giving G»
extends over the (3N —1)-dimensional hypersurface-
separating y from y' and that giving G, extends over
the 3N-dimensional volume y. The quantity v» is
the perpendicular mean velocity with which represen-
tative points cut (yy').

The total rate Wat which diffusion jumps take place
in a crystal in equilibrium can now be obtained as

in which Py is the probability

—G /kP =e
y

—G /k~T
(10)

with which configuration y occurs. The summations
extend over all distinguishable configurations y and all

distinguishable jump paths yy'. If the crystal of N
atoms contains qN mobile interstitials, the mean jump
rate of each interstitial is

(w) = = $' gv» exp( G»/k—&T) rtN g'exp( G,/k&—T)

from which the ionic diffusion coeScient and hence
the mobility may be calculated by m'cans of the simpli-
fying assumptions discussed earlier.

Both the physical content and the complexity of the
conductivity result are concealed in the summations of
Eq. (11). To make contact with experimentally acces-
sible quantities we must evaluate Eq. (11) in terms of
the potential energy function V(s). In particular, we
wish to isolate the effect of interactions among inter-
stitials on the conductivity by identifying that part of
V(s) caused by the interactions.

We write

V(s) = V'(s) + V'(s)

with V'(s) representing the potential energy of in-
teraction among the interstitials. To a major degree
this division of Vis arbitrary, since both V and V are
just 3N-dimensional functions of the atomic positions.
We take V to give a virtual crystal model of the vi-
brational properties. It contains all dependence of the
energy on interstitial location with respect to the
embedding lattice and an average description of in-

teractions among the interstitials. V' then remains as
a smooth function of s depending principally on the
relative positions of the interstitials. A division of
V(s) in this way is always possible; we take the cri-
teria for an optimal choice to be that V conforms to
the full crystal symmetry and that V' be the smoothest
possible function of atomic coordinates.

This division of Vallows the many body problem to
be simplified to manageable proportions. The virtual
crystal portion, V, can be used to obtain jump rates
for an idealized crystal lacking the complication of
short range disorder, and the interaction part V' then
contains all effects of detailed short range order. For
each jurnp geometry we can find virtual crystal values
G yy and G, of the functions G yy and G, needed to
predict the conductivity. The actual values in the
presence of disorder then follow from a treatment of
V'.

In order to evaluate Gy we diagonalize Vabout its
minimum V(s') at s' in the volume y:

3N

v'(s —s ~) = v,' + g —,
' ~.',s.', + (13)

where the s y are normal coordinates that diagonalize
V and co y are corresponding mode frequencies.
Hence from Eq. (8) we find, neglecting terms of
higher order than s'.

1/2
/kT 2mkq TGo= kTln e-

y 2
+=2 n

i

(14)

+V'+$Xs ~+

'1

= V~+V', +$—cu' s, +

1

2 +
2

QJ~
(is)

By carrying out the integrals needed to obtain Gy we

now find, to the neglect of terms of second and higher
powers in A. that

Gy= Gy + Vy

with V,' the values of V'(s) at the new minima
(s ' + h. /co'). An entirely analogous treatment of
G» shows that

G =G +V'

(16)

(17)

with V'„='V'(s") and s" the minimum of Von
the hypersurface yy'. We note that the V's enter as
additional potentials rather than as free-energy contri-
butions.

From Eqs. (11), (16), and (17), we now find the
mean jump rate

To evaluate G, including V'(s) we assume that V' is

satisfactorily smooth near s y and expand it also in a
Taylor series about s ', now neglecting terms of s' and
higher order, Then

V(s —s~) = V'+ & —'0)' s' +Ay Ay
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(w) =(v)N) ' X' $'Pvv, v
y y

f

I

x exp
8

r

V' —V'
x exp—

kgT
(18)

gnmx exp
kaT

x exp—Vnm V„

kgT
(19)

Provided that we ignore minor temperature depen-
dences of the v„arising from changing short-, range

. order, the entire many-body problem is reduced to the
calculation of the expectation values in the last factor
of Eq. (19).

To make first-principles predictions of the conduc-
tivity we need detailed knowledge of V(s) in order to
determine the quantities g„, V„', and V' in Eq. (19).
These details are not available at the present time.

with g» = G,y
—6, the activation energy in the

virtual-crystal approximation and P, the
configurational probability given by Eq. (10). Equa-
tion (18) is still general, and its use for solid electro-
lytes is only one specific application. In the alternative
case of crystals supporting thermally activated disord-
er, for example, I'y determines the most probable crys-
tal configuration and the quantity of activated defect
structure. The result therefore offers a theoretical
description of materials such as AgC1 and AgBr that
contain strongly interacting assemblies of thermally ac-
tivated defects. In the present work we fix attention
on the alternative case of stronger disorder. in which
thermal activation determines only the relative oc-
currence of alternative defect arrangements rather
than the density of the defects themselves.

We now make use of the translation symmetry of
the virtual crystal to simplify Eq. (18). Suppose that
distinguishable sites in the unit cell are labeled by
n = 1, 2, .. . and the different jumps of the mobile unit
from site n are identified using an additional index m.

g„ is now a constant for all jumps with a given (n, m).
In addition, v» is sensitive mainly to local geometry
and can be taken to depend principally on n and m; we

therefore replace v» by vn,„where appropriate. The
sum over y now defines an expectation value over n

and that over y' gives a factor I „„times the expecta-
tion value over jumps. Here v„ is the total number
of jumps from n sites by m paths that are accessible in
an average configuration of the mobile subsystem.
With these substitutions, Eq. (18) becomes

(w) = (qN) ' g' g' v„v„„,

Equation (19) can nevertheless by used to interrelate
conductivity and thermal properties. As a consider-
able oversimplification we model the relevant lattices

t4 WK CP~

as made only ot equiva ent s&tes an jump paths. Lhe
parameters therefore lose their dependence on n and
m to leave

(w) = (AN) 'vv exp
kgT

r

V —V'
x exp—

AT
r

( N)-i, „,„g+(V') —(V)
kgT

(20)

d(in~) d (v) —(v')
dT dT kg T

(21)

All singular parts of the conductivity variatiori arise in

this way from the interaction potential V'.

We expect that the influence of local order on the
saddle-point properties is rather weak. The point is '

that an accessible jump normally takes the migrating
defect from its initially occupied site to one that is ini-

tially unoccupied. The midpoint of the jurnp therefore
samples the local order surrounding both an unoccu-
pied site and an' occupied site. In systems with ap-

proximately half the accessible sites occupied, the
short-range orderings around filled and empty sites are
complementary (they sum to uniformity when super-
posed). Whereas the initial state of the jump samples-
only the order around an occupied site, the
saddlepoint samples equally the opposite ordering
characteristics of full and empty sites, and is

effectively decoupled from the order. In contrast, the
initial configuration is strongly dependent on the ord-
er. To determine V' —V we extract the active ion and
replace it at its saddlepoint. In a pair-force model the
mean energy needed to remove the mobile ion is just
twice the experimentally accessible enthalpy h of in-
teraction per particle. The energy to replace the ion at
the saddle point is not known, but is probably small

in which V' and V are written for the interaction po-
tentials in the ground and saddle-point configurations.

In the introductory comments to this section it is es-
tablished that the correlation factor for diffusion and
the electrostatic drag in conduction are both order and
temperature insensitive. When the diffusion
coefficient D is first derived from (w), and the con-
ductivity o- from D, using the Nernst-Einstein rela-

tioriship, the preexponential is therefore found to be
insensitive to temperature and local order [in fact,
contributions of T from v and exp( —g/kaT) cancel
T ' from the Nernst-Einstein result]. To the extent
that the remaining enthalpic portion of the virtual crys-
tal g is temperature independent, one obtains the
result
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and insensitive to order as mentioned above. We
write (V) =2ph in the expectation that p, will be
small and temperature insensitive. Then

( V') —( V ) = 2h (1 —p, ) (22)

From Eq. (22) we now obtain the singular part of the
conductivity near the ordering temperatures T,. in the
form

I

d(lno. ) 2ce(1
dT AT,

(23)

in which B contains all nonsingular contributions and

c, = Bh/BT is the specific heat due to interactions in

the mobile-defect subsystem. Equation (23) is the
final result we use to interpret the experimental data.

V. DISCUSSION

SHT=4R ln( —,6) (24)

at high temperature. To calculate the entropy at low

temperature we assume that a fraction p of the 16 in-

terstitials order and that each eliminates q sites from
possible occupancy by other interstitials. The
configurational entropy per formula unit of the
remaining 16(1 —p) mobile ions occupying 56—16 pq
sites is then

SL&=4(1 —p)R In[(56 —16 pq)/16(1 —p)] (25)

For the total entropy change due to the disordering
transition we thus find

4S =SHT SiT

=4pR ln3. 5 —4(1 —p)R ln
1 —p

(26)

The results presented above establish that the

MAg4I5 ionic conductors have very similar properties.
Each exhibits an Ising-like order-disorder transforma-
tion near 200 K, around which the conductivity
changes smoothly, but with a marked inflection. Our
principal experimental results concern the specific heat
and the ionic conductivity o-; In all three cases, we

have determined the critical heat capacity AC, and
have found that a conforms accurately to Eq. (4). It
is the purpose of this discussion to use this experi-
mental information to obtain further insight into the

type of ordering that occurs and the way the order
modifies the mobility.

We can use the specific-heat results to estimate the
number of ions that order per formula unit. Suppose
that at high temperature the 16 mobile ions per cell

occupy the 56 available sites in a completely random
manner. The configurational entropy per formula unit

is then

This is the result needed to interpret the specific-heat
data.

We can estimate the entropies of transition from the
observed critical exponents and the amplitude of the
observed critical heat capacity close to T, . The results
are as follows: AS =4.0R (RbAg415); 4S =3.4R
(KAg4iq); AS =3.7R (NHqAg415). Our value for the
Rb salt agrees well with an earlier res~;it, We estimate
the uncertainty in calculating the entropy changes at
~10% and therefore assume in the following
AS =3.7 ~ 0.3R for all three materials.

From Geller's x-ray study we note that the occupan-
cies of many sites change dramatically below T, The
occupancies of 14 sites are more than doubled, while

24 become vacant. The sites of increasing content
contain 8,2 ions at the temperature of the measure-
ment, indicating that p = 8.2/16 =0.51. Since a total
of 38 sites are involved, we conclude that

q =38/16p = 4.6. With these values we obtain
hS = 3.4R. This agrees with the experimental value
from the specific-heat measurements within the exper-
imental uncertainties. Further evidence for con-
sistency between the thermal and diA'raction data can
be obtained from Eq. (26). When the observed
values of 4S are introduced into Eq. (26), one finds

directly, for a wide range of possible values of p, that
the value of pq lies in the range 40 ~ 5. Thus, both
the x-ray and specific-heat results indicate that approx-
imately 40 of the 56 sites, are excluded from occupan-

cy in the fully ordered phase.
Consider now the mobility and its dependence on

local order. We have seen that the experimental ob-
servations are accurately fitted by

d (ln(r) K ~ ~p

dT RT,
(4')

both above and below the ordering ternperatue and
even in the "rounded" region at T, . The experimental
values of K are collected in Table III. From the theory
presented in Sec. IV we also have the result

d(ln(r) 2(l —p, ) c,
dT AT

(23')

with c, the specific heat of interaction per mobile ion.
It is highly satisfactory that the theory reproduces ex-
actly the observed functional relationship between a-

and the specific heat AC, of ordering. We point out
that the relationship (23) is independent of the specific
ordering process'and is equally valid in the absence of
an order-disorder transformation. The transformation
merely allows the interaction specific heat c, to be
separated from larger lattice contributions and thereby
provides a definitive experimental verification of Eq.
(23) .

We conclude that the critical behavior of the mobili-

ty is one aspect of a much broader relationship
between dift'usion and interactions in dense assemblies
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~ACv =2N~ (I —p, ) cp (27)

where N~ is Avogadro's number. The results of this
comparison depend on the number of ions that contri-
bute to the mobility. If all Ag ions per formula unit
took part equally in the diffusion, AC, would be ap-
portioned equally among four ions so that
4N„c, = b, C, and 4~ = 2(1 —p). Using the observed K

one now finds p, kb= —0.22 for RbAg4I5. The values
for the other salts are: p~H = —0.36 (NH4Ag415);

px = —0.76 (KAg41)).
Equation (23) contains simplifying assumptions that

are worth detailed mention here. If the available jump
paths are not identical by symmetry, they can enter
Eq. (19) with diA'ering activation energies g. Their
contributions to o- are then weighted such that jumps
with small g enhance the enthalpy contribution from
their initial site in Eq. (23). A similar bias occurs for
topological reasons if some sites take part in more
than an average number of steps in the random walk

each mobile ion travels. In the MAg4I5 lattices the
type-II sites necessarily participate in all jumps and
these are also the sites that order. For this reason the
egiective enthalpy per ion contributing to the mobility
might be expected to exceed the average over all ions.
A limiting estimate is obtained by assuming that only
type-II sites contribute to the mobility. Approximately
nine ions occupy type-II sites in both phases so that '

2.25~ =2(1 —p). In this case pab=0. 32,
p, ~H, =0.24, p, K =0.005. The important point

established by these numbers is that p, is small.

of defects. It is the short range order, included accu-
rately in Eq. (23), that causes the mobility to exhibit
explicit critical behavior not present in mean-field cal-
culations. Our measurements are the first that possess
the precision needed to compare the conductivity
derivative with the heat capacity'of disorder. No pre-
vious theories have succeeded in the incorporation of
short-range order into accurate predictions, Sato and
Kikuchi" have treated the short-range nature of the
diA'usion process in detail by a path probability
method, but have made mean-field approximations to
the thermodynamics. Lattice-gas models have been
used' to incorporate short-range order but the tran-
sport properties have not been pursued to obtain accu-
rate dc conductivities. In addition, it is necessary to
treat the dynamics of hopping&accurately to obtain Eq.
(23), as noted in Sec. IV. We note that interesting
diAusion anomalies of a related nature have been ob-
served near the order-disorder transformations of hy-
drides, "but the interpretations were again tied to
long-range, rather than short-range, order,

A comparison between Eqs. (4) and (23) olfers
further detailed information about the diffusion pro-
cess. In an earlier brief report we. point out that the
experimental ~ in Eq. (4) determines p, in Eq. (23),
through the equation

In the two limiting cases of (a) all sites and (b) type-II
sites alone contributing to the mobility, the deduced
values of p, remain small and change sign between the
extremes. We cannot treat the actual mobility
processes in detail, but they must certainly lie
between these two extremes. We conclude that p, is
very close to zero in the real crystals. This confirms
the intuitive belief, stated in Sec. IV, that the saddle
points are decoupled from the local order. The reason
is that each accessible saddle point samples equally the
short-range order of the initially occupied site from
which the mobile ion jumps and the short-range order
of the initially unoccupied final site.

A simple insight into the entire mobility process is
now available. Neglecting all other free-energy contri-
butions, in accordance with the linear-coupling ap-
proximation in Sec, IV, we regard the activation ener-

gy as a potential energy diA'erence between a we!l bot-
tom and a potential-barrier top. As the disordering
progresses, the well bottom is lifted in proportion to
the average interaction enthalpy h. The barrier height
changes by —2h (I —p) where the f'actor 2 accounts
for the pairwise nature of the interaction potential and
the factor (I —p, ) takes account of (almost negligible)
changes caused by the eA'ect of order on the saddle
point. The activation energy is then
—2h(l —p) +const, and Eq. (23) follows immediately.
The mobility thus reflects directly the way the well
bottoms rise towards the saddle points as disordering
progresses. Since none of the arguments involved in

the theory are restricted to particular pressures, we ex-
pect both the precise treatment and this intuitive
description of its consequences to hold for h(T, p)
acknowledged as a pressure dependent enthalpy.

We note finally that Eq. (4) holds with accuracy
through the "rounded" region of the phase transition.
We deduce from this that the inhomogeneities respon-
sible for the rounding do not modify the topology of
current flow significantly, or the relationship between
heat capacity and conductivity would fail. One possi-
ble source of rounding is a local variation in T,. due to
strains, low-angle boundaries, or fluctuations in im-

purity density. The variation —0.1 K in T,. required
by the observed rounding only involves a change,—2% in conductivity, since the peak observed value of
d(lno)/dTis -0.15 K '. -

Since changes in current path depend on the varia-
tions in the conductivity, their eA'ect on the measured
conductivity is of second order and therefore negligi-
ble. The observed changes in o- are evidently dom-
inated by the first-order eA'ects associated with the
changes in overage conductivity. Like the heat capaci-
ty, they are averages for the entire crystal, and the
two properties therefore show. identical rounding at T,

APPENDIX
The calculation of Sec. IV focuses on the eft'ect of

defect-defect interactions on the total jump rate. This
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Ty = elk'D, ek = I C+g„j Tka (AI)

with D the ionic diffusion coeEcient and C the mean
concentration of mobile ions, The dielectric function
ek is the ratio of the applied to total potential Fourier
component k at equilibrium. For the Coulomb in-
teraction of concern here,

effect is of first order in the ordering energy and
hence of second order in the ion-ion potential by
which the mobile defects interact. It arises solely
from the way the interactions change the diffusion
barrier, and contains no description of the way inho-
mogeneities of the lattice from one site to the next
influence the conductivity.

There is also a process of second order in the ion-
lattice interaction potential that can cause large
changes in the conductivity. It is a hydrodynamic
effect that depends explicitly on inhomogeneities in the
potential to which the mobile ions are exposed. In-
teractions among the mobile ions enter only through
their effect on thy dielectric function of the mobile as-
sembly. Since interaction-induced short-range order-
ing modifies the response only to higher order in the
ion-ion interaction, we can neglect defect ordering
effects in a discussion of this second process.

Onsager's theory of the drag effect' in strong elec-
trolytes is one example of the conductivity reduction
caused by inhomogeneity. The inhomogeneity in that
case arises from interactions between two defect sys-
tems having opposite charges. One may use Onsager's
theory to estimate the drag caused by the anionic lat-
tice on the mobility of Ag ions in solid electrolytes
also, but the results are not reliable because the ionic
density is too large. In addition, the crystal symmetry
and the overlapping of nearby Debye-Huckel screen-
ing clouds introduces new effects that have not been .

described. This Appendix analyzes the effects of in-

homogeneity on conductivity for a simple lattice
model that suffices to illustrate in a qualitative way the
basic processes that take place in solid electrolytes.

We fix attention on a model lattice in which the
sites available to the mobile ions outnumber the ions
by a factor 4. This is close to the ratio 7/2 that occurs
in MAg4I5. We will further suppose that the accessible
sites for the mobile ions form a Bravais lattice. A
simple cubic lattice with the anions occupying alter-
nate cube centers in a bcc array provides an example
that satisfied these conditions, and leaves all sites
equivalent as desired.

The eigenfunctions of the diffusion equation on the
Bravais lattice are plane waves with eigenvalues k that
fill the Brillouin zone uniformly with density (2TT)

Inhomogeneities described by these Fourier com-
ponents of ion density decay with time constants ~k

that depend on the ion-ion interaction potential @(r),
through its Fourier transform @„. The relevant
results are"

with

(k2 + &2) jk2 (A2)

~' = 4Tre'C jeks T (A3)

the (squared) Debye-Huckel screening parameter and
e the lattice dielectric'constant in the absence of defect
mobility.

Suppose now that each anion exerts an interaction
potential (energy) $p(r) on each mobile ion. It is
shown elsewhere that the interaction field from the
mobile ions is changed by

5 V(r) = —(2TT) Jl i k v Tk@kCgpe'"'d k
BZ

(A4)

ik (r+R'. )x e jdk (AS)

or

n

V(r) = i (2 )2T' g k—, v T„Q C„,
x=1

x e' )
" e' ) j

j=1
(A6)

To obtain Eq. . (A6) we have evaluated the summation
over R; to obtain 5 functions at the lattice points k „of
the anion reciprocal lattice. The basis distances 1; lo-
cate the n anions in the unit cell of the anion lattice.
The mean force exerted by the mobile defects on the
anion at r =0, and hence by symmetry the mean force
exerted by the anions on each mobile ion, is obtained
from Eq. (A6) as [V V(r) 4 p .

In the present application, the prescription (A6) has
a trivial result. Because all sites are equivalent, the
Fourier coeKcients C&0 of mobile ion density in
equilibrium are all zero, other than that for k& =0, for
which V V =0. Consequently there is no drag whatev-
er exerted on the mobile ions from the embedding lat-

'tice. In contrast, the Onsager result'4 for the effective
mobility

2
K

3(2+J2) Ck T
(A7)

predicts incorrectly that the mobility p, o is reduced by
more than an order of magnitude by the drag effect.

when the mobile defects drift with velocity v past this
anion, Here, Cko is the Fourier coefficient of ion den-
sity at wave vector k in the equilibrium state of the
system, and r is the distance from the anion to the
test point. We now use the linearity of the defect-
dielectric response to sum over all anions i, positions
R;, to find the total interaction field

V(r) = —(22T) Jt ik v

Typal,

Ckp
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Our derivation shows explicitly how drag is associated
with inhomogeneity of the equilibrating defect system,
and how this inhomogeneity can be reduced to zero at
high ion densities, thereby eliminating all drag.

The MAg4I5 lattices do not possess the exact
equivalence of all anion sites assumed in the model
system analyzed above. Consequently all Fourier
coefficients C„o do not vanish and some drag effect is
restored. A discussion of these corrections will not bc
presented here. For the present purposes it suNces to
note that the relevant wave vectors k„required to give
neighboring defect sites differing occupancies neces-
sarily fall near the zone boundary ~here screening
eIt'ects are minimal [cf. Eq. (A2)]. Interactions among
the mobile defects play a much i.educed role in the
dynamical response for this regime. Furthermore, the
observed concentration inhomogeneities over the
three types of Ag site present in the MAg4I5 lattice are

small compared to the very large effects predicted for
Debye-Huckel screening at the near-neighbor distance
in these concentrated defect systems. The drag is
therefore much smaller than that predicted by Eq.
(A7). Finally, the drag is temperatqre insensitive and
cannot show significant critical behavior. Apart from
the ordering that occurs on type-II sites of the lattice,
the Ag concentrations at different sites in MAg41~ are
rather temperature independent. The ordering itself
must be driven by defect interactions since, from sym-

metry, the virtual crystal potentials at the two type-II
sites per cell are identical. Consequently the virtual
crystal C,o for use in Eq. (A6) do nor strongly reflect
the critical behavior of the type-II site occupancies.
Equation (A6) therefore remains temperature and
order insensitive in the critical region, and the drag
eA'ect may be neglected from the discussion of Sec.
IV, as mentioned there.
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