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Dielectric constant of He near the liquid-vapor critical point
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High-resolution measurements of the static dielectric constant » along the critical isochore are

reported for 3He in the region of the critical point. The experiments were conducted at a frequen-

cy of 1000 Hz and the purpose was to observe a divergence of (8»/9T) as T, is approachedp . t

from above. No evidence for a critical anon&aly was found, the estimated upper bound l'or its in-

tegrated value being 5» —4 X 10 which is consistent with the theoretical estimations. Hence, the

recently reported enhancement in 5» for SF6 over that predicted by theory is not observed in He.

In the Appendix, some experimental questions arising in such constant-density experiments are

discussed.

I. INTRODUCTION

where p is the number density and 00 the polarizability
of an isolated molecule. According to this equation, e

should be constant along a path of constant density.
The fundamental assumption behind the Clausius-

Mossotti equation is that the polarizability of a

molecule in the fluid is unchanged by the neighboring
molecules. Far from the critical point, the fluctuations
in the thermodynamic variables {for example, the
density) are small and uncorrelated, thus the effect of
neighboring molecules averages out and the Clausius-
Mossotti equation can be expected to work quite well.

However, in the critical region fluctuations become
larger and the correlation between molecules in-

creases. When these effects are included in the
derivation, nontrivial correction terms appear.

The expected changes in the behavior of the dielec-
tric constant in the critical region have been studied in

recent years, beginning with Larsen, Mountain, and
Zwanzig' and continued recently with the theories of
Mistura, ' Stell and Hoye, ' and Bedeaux and Mazur.

All of these more recent theories predict that the
dielectric constant at the critical point is finite, but the
slope (Be/Bt)„diverges as a power law with some ex-

t'

ponent x,
t

, reg

+At ',

In this work we present high-resolution rneasure-
ments of the static dielectric constant ~ of 'He near
the liquid-gas critical point. These measurements
were made to test the validity of recent theories which

predict deviations from the behavior given by the
Clausius-Mossotti equation,

(e —i)/(a+2) = ,
'

wpl)o—,

where t =(T —T, )/T, and wh. ere (Be/Bt)„, expresses
a regular part.

The theories by Mistura' and by Stell and Hoye' re-
late the divergence of {9~/9t)„ to the specific-heat

t'

divergence, characterized by an exponent e, and thus
predict x =0.1. The Bedeaux and Mazur theory re-

lates e to the correlation length (=(Ot ' and gives
x =0.31. Quantitative predictions by Stell' specifically
for 'He, and by Bedeaux and Mazur indicate that the
anomalous change in ~ of fluids is small. It should
nevertheless be resolvable in most fluids, but only
marginally so in 'He. However, an experimental
study of sulfur hexafluoride (SF6) along the critical
isochore by Hocken, Horowitz, and Greer' revealed a
very large anomalous change 5~, more than ten times
the size predicted by Bedeaux and Mazur. These au-
thors also found the behavior of the slope (Be/Bt)„

t'

was more complicated than that of a simple power-law
divergence predicted by the theories. The discrepan-
cies between the SF6 result and the theory led us to
make dielectric-constant measurements in 'He; for a

similar enhancement of S~ in 'He the singular
behavior would be observable with our capacitive
techniques.

II. THEORY

The three recent theories mentioned are quite
different in their approaches, but give the same quali-
tative behavior: a finite dielectric constant at the criti-
cal point and a divergent slope (Ba/Bt)„. Mistura

uses the smoothness postulate to relate the singular
part of the dielectric constant to the singular part of
the internal energy, and shows that qualitatively
(Ba/Bt)„should have a divergence like C,. , the

C
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specific heat. This theory makes no quantitative pred-
ictions.

The theory of Stell and Hoye' starts with the expan-
sion of the Clausius-Mossotti function

FcM = [(a —1)/(t + 2))(1/p) =
3

n't)p(1 +S), (3)

where S is expanded in powers of the yolarizability.
The authors show that the lowest-order term in the
expansion is closely related to the internal energy and
that if higher orders are neglected, it is reasonable to
expect that the dielectric constant will have a singular
part analogous to that of the internal energy.

Further work by Stell' specifically on 'He produced
an order of magnitude estimate for relating (Be/Br)„

C

to the configurational specific heat

(6)

a result different from that obtained via Eq. (4) and
which is also shown in Fig. 3. A review of the
theories and a more detailed discussion of their appli-
cability to SFq is given by Hocken, Horowitz, and
6reer. '

Because of the finite experimental resolution in e
and in T, it turns out that the singular behavior of
(Be/Br)„as predicted by theo". y will be resolvable best

for t & 3 x 10 ' above T, As the critical temperature
is approached doser than about t = 10 the same
difficulties appear as in measurements of C, Also,
gravity effects can be expected to'become important.

C,.„„,= (Cv/ks ——) ks
3 III. EXPERIMENTAL

The work of Kerr and Sherman' on the polarizability
of 'He showed that the dependence of the polarizabili-

ty on the density was very nearly linear. Using this
fact to justify omitting terms of higher order than
linear in the density, Stell derived the quantitative re-
lation between the slope dS/dT and C,,„, on ihe basis
of their similar functional form in terms of the radial
molecular distribution function g (r). Using numerical
values of certain molecular interaction and polarizabil-

ity parameters, he obtains an order-of-magnitude esti-
mate

Briefly, the experiment consists in measuring the
dielectric constant along the critical isochore at a fre-
quency of 1000 Hz using a highly stable ratio-
transformer capacitance bridge. At each measurement
the temperature is stabilized within about 1p,K, the
resolution is 5a/a=1 X10 and the range extends
over —0.1 & t & 0.1. We will not discuss the region
below T, , where the capacitor samples the dielectric
constant of two phases having different densities. We
now describe in some detail the individual com-
ponents.

dS 2 10 Ct.on ['

dT kg
(4) A. Temperature measuremenf

Finally, using the C,, data of Brown and Meyer, ' we

obtain a curve which is presented in Fig. 3, Sec. IV.
Because C,. ~ r ", and C, ./ks and —, are comparable

a

over a large portion of the temperature range of in-

terest, C,.„,[ reaches its asymptotic divergence (~E ")
only extremely close to T, The Stell and Hoye'
theory does not predict a "universal" behavior for
fluids, namely, the approximations which are expected
to work for helium may not necessarily be adequate to
describe a more complex fluid such as SF6.

The theory of Bedeaux and Mazur' does not employ
an expansion of the Clausius-Mossotti function, but
develops an expression for the dielectric tensor in

terms of the fluctuations of the hydrodynamic func-
tions. From this approach the authors derive a closed
form for the dielectric constant involving the density-
density correlation function. Their result using the
Ornstein-Zernike correlation function is

e„„,=—(I/54m) [(a+2)(e —1)'/ jk„TaK g'r, (5)

~here K~ = I t ' is the compressibility along the criti-
cal isochore and ka is the Boltzmann constant. Mak-

ing use of experimental values for 'He, ' with

y =1.17 and v =0.62, we obtain

The cryostat used in this experiment was designed
specifically for use near the 'He critical point and was
capable of maintaining sample cell temperatures
between 3 and 4 K with 1 p, K control for long periods.
The germanium resistance thermometer was calibrated
against the T»-'He temperature scale, and we esti-
mate that including systematic errors, our temperature
scale is within 0.5 mK of T».

8. Sample cell

In the cell used, shown schematically in Fig. 1, the
top and bottom pieces were 0.75 in. thick with a 1.2-
in. -diam bolt circle. The height to diameter ratio was

made large to reduce the pressure response to simple
static compression. A 0.002-in. -thick layer of 2850FT
Stycast epoxy was used to hold the plate in place while

electrically insulating it from the grounded shell. For
the temperature range T, to (T,, +10 mK), the pressure
distortion effect caused a change in the capacitance
5C/C =—4 x 10 ' as P increased at constant volume.
Because (BP/BT)„= constant over this range'a this

change was linear in T and was easily calibrated and
corrected for in the data analysis.
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FIG. 1. Sample cell and valve. (a) German silver valve

seat with 0.0025-in. hole for stainless-steel needle; (b) capil-

lary above valve is 0.010-in.-i.d. stainless-steel tube, heat

sunk to the pot; (c) valve stem is 0.010-in. wall thickness

stainless-steel tube, heat sunk to the main 4He bath above

the He pot; (d) capillary between valve and cell is 0.004-in. -

i.d. stainless-steel tube.

D. Procedure

The 'He sample with an isotopic purity of 99.99%
was introduced into the cell at 3.S K, in the one-phase
region, and the density was checked two ways. The
first method was to record the change in the capaci-
tance. When corrected for the pressure effect (which
was less than 0.3% of the total change SC/C when
'He was introduced), the capacitance change gave the
density directly using the Clausius-Mossotti equation.
Even if there was a large critical anomaly in ~, we felt
that 3.5 K was far enough away from T,. to give an ac-
curate density measurement. The polarizability used
was

Od = 0.1231 cm'/mole

from Ref. 7 and the critical density was

p, . = 0.0137 mole/cm'

The fill capillary consisted of a 0.008-in. -i.d.
stainless-steel capillary from room temperature to the
'He bath and to the pot, where it was heat sunk, and
finally to the low-temperature valve. The thermal
links between the valve and the bath were heat sunk
to the pot to reduce any temperature gradients
between the valve and the cell. The only remaining
heat leak was down the inner valve stem which was

heat sunk at the main 'He bath temperature. With
the bath at 4.2 K, this heat source was calculated to be
less than 30 p, W. The capillary from the valve to the
sample cell was 0.004-in. -i.d. stainless steel, and the
valve seat and capillary contained less than 0.4% of
the total sample.

C. Capacitance bridge

Two arms of the bridge are provided by a ratio
transformer, and the other two arms are the sample
cell and standard capacitor. Details of the system are
presented else~here" and will not be repeated here.

The capicitance bridge was run at 1 kHz and meas-
ured directly the ratio

~C Caample/f Caample + Ca&andardl

The step sizes of the different ratio-transformer
steps were checked and found to be linear to at least
the resolution of the bridge, about 2 x 10 ', which
corresponds to 5~ =1 x 10 resolution in ~. The
long-time bridge stability was to within the resolution
and the data taken were very reproducible from day to
day. Small shifts in the ratio occurred due to mechan-
ical shock when the pot was filled before the experi-
rnent, but they were usually smaller than 1 x 10 '.

The measured dielectric constant was then
~ = 1.02145.

The second method, used as a check on the first,
was to interpolate the Behringer, Doiron, and Meyer'
PVT data for 'He to derive a pressure versus density
diagram at the filling temperature. The densities
measured by both methods were found to be within
0.2% of each other.

Both warming and cooling runs were made, and no
hysteresis was found in the data. Some data points
were taken at large temperature intervals away from
the critical point, mostly to check the pressure effect,
and each run included one particular temperature to
check for day to day shifts in the capacitance ratio.
The pressure distortion effect was found to be small,
linear in the pressure, and consistent throughout the
data taking.

The critical temperature was observable from two
effects. As the critical temperature was crossed, there
was a large change in the equilibrium times. In the
one-phase region, equilibrium times were small, )ess
than S min, awhile in the two-phase region the equili-
briurn times were over 20 min. Also, at the critical
temperature there was a noticeable change in the
behavior of the measured (Bd/81)„, which was found
to pass through a sharp peak. This observation was in

fact an instrumental effect caused by a small constant
temperature gradient between valve and cell, as will be
discussed in the Appendix. By lowering the tempera-
ture of the main He bath, thus reducing the heat leak
and thermal gradient, we found we could minimize
the change in ~ without affecting the temperature of
the peak, which was identified with T, We found
T,. =3.3092 K in good agreement with previous deter-
m i nations.
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IU. RESULTS
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FIG. 2. Change 5~ vs temperature for a bath temperature

of 3.5 K. e =1.02145.

The data in Fig. 2 were taken with the helium-bath
temperature reduced to 3.5 K. No change in the
dielectric constant occurred until the temperature
reached 2 mK above T, Particularly in the range
from 1 to 10 mK above T, , where the predicted ano-
maly would be most visible, there is less than 1 x 10 '
change in ~, and most of that can be shown to be a
remnant of the instrumental effect discussed in the
Appendix. Thus, we have found no evidence of an

anomaly substarltially larger than our experimental
scatter. Based on estimations of the instrumental
effect, we would therefore place an upper limit of
about 4 x 10 on the true dielectric constant anomaly.

To put an upper bound on the slope, since we. saw

nothing we could not account for, we can only state
our resolution. In Fig. 3, we show a conservative
upper bound for our measurements. The dashed line

represents the slopes which would produce a dielectric
constant chat|ge as large as our resolution for the tem-
perature steps used in the experiments. The slopes in

the shaded region below the dashed line are con-
sidered unresolvable in our experiment. Figure 3 also
shows the SF6 data and the predictions for 'He and

SF6 by-Stell' and by Bedeaux and Mazur, respective-
ly. For 'He the order-of-magnitude estimates from
theory are consistent with our findings. An integra-
tion of Stell's prediction' gives 5e = 2 x 10 ~ and a
similar result for Bedeaux and Mazur. "

Both current theories" predict a very different
behavior for SF6 than for 'He, and it ip likely that SF6
will have a much larger anomaly than 'He, as for ex-
ample the Bedeaux and Mazur' theory predicts. Thus,
the existence of a large anomaly in SF6 is not incon-
sistent with our results. However, as we discuss in

the Appendix, there is a very great similarity between
the SF6 data of Hocken et aj." and the instrumental
effect which we described earlier. This suggests that

the same type of behavior might have occurred in

their experiment, but until the experiment is carried
out again with this problem in mind we cannot really

judge whether the similarity is meaningful or merely a
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FIG. 3. Comparison of the SF6 data, theoretical predic-

tions, and the limit of resolution of this experiment.

strange coincidence. If the SF6 anomaly is confirmed
it would be then most interesting to study the
behavior of some gases which might have intermedi-
ate behaviors, such as neon, argon, and xenon. Such
results would be most helpful in resolving the theoret-
ical problems which now exist.

V. CONCLUSION

We have measured the dielectric constant of pure
'He along the critical isochore and have found no evi-

dence of an anomaly in the critical region. After
correcting the data for the small residual interaction
between the gas in the valve and the sample cell due
to small heat leaks, there was no resolvable change in

the dielectric constant. Considering the scatter in the
data and the resolution of our bridge, we would place
a very conservative upper limit on such an anomaly in

the dielectric constant at four parts in 108.

From a practical point of view it appears then that
the Clausius-Mossotti relation represents extremely
well the p and ~ data for 'He even in the critical re-

gion, when allowance is made for weak nonsingular
dependence of the polarizability on the density. '

The stimulation to this research was provided by the

large discrepancy between theory and experiment for
SF6 near the critical point. However for 'He the ex-
periment does not confirm the enhancement of he

over that predicted by theory.
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APPENDIX

Since our study of e for 'He has produced a quite
different result than that obtained' for SF6, and the
predicted anomaly for 'He is small, ' we shall describe
in some detail" the instrumental effect in ~ to which
we alluded earlier. This eff'ect arises from the density
gradient between the valve (containing 0.4% of the
sample) and the sample cell caused by a temperature
gradient b Pand a pressure gradient 4P. A heat leak
into the valve will be responsible for a

~valve ~t.eil

awhile a height difference between the space immedi-

ately belo~ the valve and the cell will give

We then have

hp/p = (p„„.~„—p,. a}/p =—apkT Kr/). P, (A 1)
where aI and Kq are, respectively, the thermal expan-
sion and compressibility coefficients. Including their
temperature dependence we have

Ap/p « l. We note that since EP is nearly constant,
then by the proper choice of 5 T, the amplitude of the
divergence can be made to vanish.

Data were taken with the main 'He bath at several
controlled temperatures to provide runs with different

alues for b T. The results in Fig. 4 show that the
amplitude of the effect is indeed linear in T as expect-
ed from (A2) and that near 3.47 K, the lines intersect.
The data for our run closest to this temperature,
namely 3.5 K, were shown in Fig. 2.

To determine how much of the experimental ano-
maly ba =1.5 x 10 ' (see Fig. 2), is attributable to the
compressibility thermal gradient effect, we calculate
(8e/r)t) due to this eA'ect from the linear model ' and

compare it with the data. We find that the data in Fig.
2 can be described very well by the instrumental effect
as shown in Fig. 5. The coefficient 8 was obtained
from the fit to the data. For an assumed h =0.5 mm,
one finds 5 T = 1 p, K, a reasonable value that
corresponds to a calculated heat leak of 1 p, W.

Since there does not seem to be any systematic de-
viation between the calculated and the experimental
curve, we can put an upper bound for a real anomaly
only slightly larger than the resolution of the bridge
1 x 10 8. Ho~ever, since we have had to subtract out
a small pressure effect and the scatter in the data was

a few parts in 10, we place a more conservative upper
limit of about 4 && 10 on the dielectric constant ano-
maly.

The similarity between the SF6 data6 and the instru-
rnental effect we found with the bath at 4.2 K is

shown in Fig. 6. The scales have been shifted to em-

Ap/p = (—A hT —raP) lrl '=Br- (A2)

where A and 1 are constants. This relation is valid for

Bath 3.5K
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FIG. 4. Change 5e vs the bath temperature. One notes

that 5~ depends linear}y on the difference between the cell

temperature and the bath temperature.

FIG. 5. , Effect calculat. ed from the "linear model" (Ref.
13), compared to the 3.5-K bath-temperature data.
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FlG. 6. Comparison of (B~/8r)„ for He and SFt;. The SF6
C

ieniperature scale and amplitude scale are shifted to show

that the two data sets have nearly identical shapes. 3He data

were taken with the main bath at 4.2 K.

phasize the similarity in shapes. Except for the lowest
temperatures (t & 10 ') the curves are almost identi-
cal. It would be plausible to attribute the difference in

magnitudes to a larger percentage of gas outside the
cell for the SF6 experiment. Ho~ever, only 0.3% of
the fluid was contained in the capillary, ' and hence
this cannot explain the difference between the SF6 and
the 'He data in their scaled representation. The
difference in the temperature scales implies a larger
pressure/therma) gradient in the 'He experiment when
the bath is at 4.2 K.

In summary, while the scaled behavior of the SF6
and the He data (with bath at 4.2 K!) is suggestive
that the instrumental effects described above are irn-

portant in both experiments, our opinion is that
Hocken et al. were well aware of such problems and
accordingly careful in their measurements. Hence we

are unable to draw any firm conclusions as far as the
SF6 data are concerned.
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