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Velocity of second sound and mutual friction in rotating helium' II
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The dependence of u2, the velocity of second sound, on the angular velocity ~ has been meas-

ured in rotating helium II in the temperature range 1.40 ~ T ~ 2.05 K. A linear dependence of u2

on ao was observed for the entire experimental range of angular velocities cu ~4 rad/sec. The
slopes can be accurately described by the relation Au, /t»ti = (1/2) B)(tl/(r where rr/2n is the

second-sound frequency. The mutual friction parameter 82 in this relation was previously calcu-

lated from experimental values of the parameters Bi and Bi' by Mehl. Experimental values of 82
determined from the slopes hu2/has are in excellent agreement with the calculated values over the

entire temperature range 1.40 ~ T ~2.05 K. This agreement provides new support for the
correctness of the Hall-Vinen theory of the interaction of second sound with vortex lines. The
dependence of the parameter Bi on second-sound frequency has also been measured. The agree-

ment of the results with the Hall-Vinen theory also provides new support for the detailed correct-
ness of this theory.

I. INTRODUCTION

Experimental and theoretical work on the interac-
tion of second sound with superfluid vortices was first
published by Hall and Vinen in 1.956.' A number of
theoretical2 7 and experimental' "papers have dealt
with this subject since then. In recent years, a de-
crease of u2, the velocity of second sound, has been
observed in rotating helium. ' ' Lhuillier, Vidal,
leRay, and Francois originally discussed this decrease
in terms of a coupling between heat currents and
counterflow. ' Later Lhuillier and Vidal' 2' proposed
an explanation of the coupling mechanism based on
the theory of Hall and Vinen. An alternate explana-
tion of the dependence of u2 on rotation, also based
on the Hall-Vinen theory, was proposed by Mehl. is, 22

New measurements of the decrease of u2 in rotation
are presented in this paper. " The measurements are
in close agreement with the calculation of Mehl and
disagree with both the experiments" "and theory"'
of the other groups. An explanation of the disagree-
ment between the two experiments is presented later
in this paper. Some problems with the theory of
Lhuillier eI al. are also pointed out.

New evidence in support of the theory of Hall and
Vinen was also found in measurements of the depen-
dence of the mutual friction parameter Bi on the
second-sound frequency.

The paper is arranged as follows: A review of the
theory of Hail and Vinen and the calculations of Mehl
is presented in Sec. II. The experimental principle and
techniques of data analysis are explained in Secs. III
and IV. The apparatus and experimental method are
described in Secs. V and VI. Measurements of the

velocity of second sound in rotation are presented in

Sec. VII, along with discussions of the experimental
and theoretical work of the other groups. Measure-
ments of the parameter Bi and its frequency depen-
dence are presented in Sec. VIII. The paper is con-
cluded with a short summary.

II. INTERACTION OF SECOND SOUND WITH
VORTEX LINES

A review of the theory of Hall and Vinen and the
calculations of Mehl is presented in this section. Hall
and Vinen erst described the interaction of second
sound with superfluid vortex lines in terms of a force
of mutual friction between the normal fluid and
superfluid. ' The force per unit volume F is equal to
the vortex density 2'/K times f, the force per unit
length of vortex line. Here co is the angular velocity
and a = h/mH, is the quantum of circulation. The
force f is given by

D vRL + ~D pnK~~ x vRL

where v~L = v& —vL is the relative velocity of rotons
near the lines with respect to the lines, D and D' are
proportional to the cross sections for momentum
transfer parallel and perpendicular to v~L, p„ is the
normal fluid density, and ao is a unit vector along the
rotation axis and hence parallel to the vortex lines.
For simplicity all velocities are assumed to be perpen-
dicular to eo. The force component proportional to
p„K is the Iordanskii force. In order to obtain F in

terms of the macroscopic superfluid aud normal fluid
velocities v, and v„, it is necessary to relate vR and vL
to these velocities. The velocities v, and v„are as-
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sumed to be average quantities, representing averages
over regions containing many vortex lines, while small
compared with the wavelength of second sound. The
Magnus-eA'ect formula is used to relate vL to v, (Ref.
7).

v„p —vR =f/E

where

(3)

pswco (v, —vL)

where p, is the superfluid density.
The e6'ects investigated in the present work ori-

ginate in the relation between v~ and v„. L'et v& be
the average roton drift velocity in a region within
about one roton-roton mean free path of a vortex
line, and v„p be the average roton drift velocity far
from the line. Hall and Vinen estimated the
difference between these velocities by using the model
of a wave in a viscous fluid interacting with a solid
wire. The result is

to calculate the parameters 82 and 82'."
The parameter 82 has been measured as a function

of temperature in the present work. The results are
compared with calculated values. The comparison
provides a test of the details and internal consistency
of the Hall-linen theory.

The relation between vR and v„p leads to a weak
dependence of all the mutual friction parameters on
the second-sound frequency. For example, doubling a
typical second-sound frequency at 1.65 K will increase
8[ by 2.5%. This parameter has been precisely meas-
ured in this work. The results have been used to
compare the experimental frequency dependence with

theory. This is an additional test of the correctness of
the Hall-linen theory.

The primed parameters in Eq. (5) are unimportant
in the present work and will be omitted in the follow-
ing discussion. If F is included in the two-fluid hydro-
dynamic equations, the following wave equation for
second sound is obtained:

1/E = [—ln( —, XL) —1 —, i rr]/4rr—q (4) q = u22 V V q+ (p/p, p„) F (6)

Here L is the roton-roton mean free path, q is the
normal Quid viscosity, and ~ is proportional to the re-
ciprocal of the viscous penetration length. In terms of
the second-sound frequency a/2rr, h. is given by
h, = (p„a/rt)'~'. The net effects of Eqs. (3) and (4)
are (i) the average roton drift velocity near the vortex
lines diN'ers from the average roton drift velocity far
from the lines by a factor which is typically on the
order of —,; this factor depends on the frequency

a/2a", (ii) the imaginary term in Eq. (4) introduces
phase shifts whit:h lead to out-of-phase force com-
ponents. 22 It is these phase and frequency-dependence
effects in Fq. (3) which are investigated in the present
work.

If Eqs. (2) and (3) are used to eliminate vL and v„
from Eq. (1},the result can be expressed as a mutual
friction force

p pn 82vsnF =— eu Biv„, + +8] co X Vert

where q = v, —v„. It is important to be precise about
the4efinition of v„ in the hydrodynamic equations. It
is equal to the average drift velocity of all the rotons,
and hence diA'ers from v„p by a small amount, since
the rotons near the vortex lines have a dift'erent aver-
age drift velocity. The dift'erence depends on the
number of vortex lines and hence on ~. In the fol-
lowing only effects linear in co are considered, hence
the difkrence between v„and v„p in the expression
for F [Eq. (5)] can be neglected, and Eqs. (5) and (6)
can be combined to give

q = u j 7 7 ' q 8)(tlq Br(dq/0

The eA'ects of the mutual-friction force terms in Eq.
('7) can be easily seen by considering a one-
dimensional solution u = q„exp [i (kx —cur ) —ax]. Sub-
stitution of this form into Eq. (7) leads to

u, (~, a) =~/k = uz(1 —B,~/2a)

+82Qjx
0

(5)

where v„, = v, —v„p, p = p, +p„, and the real part of
all complex terms has been taken. The 8 parameters
in Eq. (5) depend on the scattering parameters D and
D' and second-sound frequency a/2a, as well as on
the other parameters appearing in Eqs. (1)-(3}.Hall
and Vinen, who neglected the imaginary term in Eq.
(4), expressed F in terms of the parameters 8 and 8',
which have here been replaced by the complex param-
eters 8~ +i82 and 8~'+i82'. Experimental values of
8] and 8~' have been used to determine the scattering
parameters D and O'. These, in turn, have been used

a —8
~ Ql/2 up

for the usual experimental conditions o. && k,
82&v/a (( l. Equation (8) states that the velocity of
second sound in rotating helium is reduced by a frac-
tion 82co/(2a). This equation accurately described the
results of Lynall and Mehl" at 1.65 K, where
82 =0.06. The attenuative eft'ect of the parameter 8]
is sho~n in Eq. (9).

III. EXPERIMENTAL PRINCIPLE

Measurements of the normal-mode frequencies of
cylindrical resonators were used to determine the de-
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crease of u2 in rotation and the associated mutual-
friction parameter 82 ~ Measurements of the reso-
nance linewidths were used to determine the parame-
ter Bi and its dependence on the second-sound fre-
quency. Standing waves were excited using carbon-
film transducers on the cylinder walls. The tempera-
ture oscillations for these modes are given by

T' cz J, (k„,r)e+-"" (10)

The present work was restricted to s =0 modes, for
which the only effects are an increase in losses propor-

1
tional to —,Bias and a decrease in the resonance fre-

quencies by —
&

82~, in agreement with Eqs. (8) and

(9).
For typical experimental conditions 82 =0.06,

&o = 2 rad/sec, and a/2m =1000 Hz, the fractional de-
crease in the resonance frequency is on the order of
10 ppm. A study of the effect thus requires measure-
ment of the resonance frequencies to a few ppm.
Since typical resonance Q's were in the range 10'—10',
it was necessary to fit experimental measurements to a
theoretical resonance formula to determine the reso-
nance frequencies with sufficient accuracy. This
method of analysis is described in Sec. IV.

IV. ANALYSIS OF STANDING-%A VE

MKASURKMKNTS

A. General

4'hen a second-sound resonator is excited by driv-

ing an emitter transducer at a frequency near one of
the resonance frequencies o-p, the amplitude of the
temperature oscillations can be described by the
Lorentzian formula

A =ao[y+i(o ap)] '—
~here ap is proportional to the emitter power and y is
the resonance half-width. Note that ao/y is the ampli-
tude at resonance. In general there will be a back-
ground signal owing to weak excitation of other
modes. If the frequencies of the other modes are well

separated from o.
p the background will be approxi-

mately constant, and the total signal can be described
by

where J,(z) is the s-order Bessel function. The boun-
dary condition at the cylinder wali, dj, (z)/dz =0 at
z = k„,a, determines the values of k„, and the reso-
nance frequencies cr„, = k„,u2. Here a is the cylinder
radius. Modes with a component of v,„parallel to the
cylinder walls are being neglected. The effects of mu-
tual friction [Eq. (5)] and the Coriolis force on the
normal-mode frequencies are given by"

', (i8, ——8,) a) + [iB,' —(2 —8 )') ]

&( (k2 a2 s2) —ls ~

g(T =—y it)2/ap (i4)

That is, the maximum is shifted by a fraction (ybqlao)
of the half-width y. This fraction is the ratio of the
out-of-phase background b2 to the maximum signal
(ap/y). Thus in this work ha. may be as large as Ip/p

of y = ap/(2Q). With a Q of 10', the correction is 5

ppm, which is significant compared with the effect of
interest.

$. Need for a background correction

Consideration of the effect of background in rota-
tion shows that a background correction must be
made. The effect of mutual friction on the resonance
widths for the s =0 modes is given by"

]p+
2

B]OJ (15)

where yp is the half-width at rest. The total frequency
shift in rotation is found by using Eq. (15) in Eq. (14)
and adding the term (——,82ao) from Eq. (11), giving

ho = bqyp/ao ——
2

[82+ (b2yo/ao) 8~]co

,'(b&/ap)8(~' —. (i6)

Thus, for sufficiently small co, b, o- will be linear in ao,

but the slope will be shifted from (——,82). The im-

portance of the correction can be estimated by noting
that in the present work (b2yo/ap) may be as large as
1%. Since 82 is on the order of 5% of 8], failure to
correct for background can lead to significant errors in

an experimental determination of the parameter 82.
At higher angular velocities the quadratic term in

Eq. (16) becomes important. The effect of this term
is evident in the data of Vidal et al, ' "and accounts
for the large values of —hut/&u' reported earlier by
that group. "

C. Determination of the resonance parameters

It is most convenient to eliminate the effect of back-
ground by fitting raw data directly to the absolute
value of Eq. (13). This is a nonlinear problem. How-

ever, for the small background levels found in this
work, it was possible to linearize Eq. (13) and to sim-

plify the fitting. Equation (13) can be rearranged to
give, to first order in b] and b2.

A =ao[y+i (a a'o)] '+'b +ib2

Electrical crosstalk at the second-sound frequency will

also contribute to the background. In the present
work the background was typically in the range of
0.1%—1% of the maximum signal. It is therefore
sufticient to consider only the first-order effect of b[
and b& It is. easy to show that the maximum of ~A ~

is

shifted from o.
p to op+Do-, where
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I" I
'=cp+cio. +cto'+c3(T', B. Second-sound resonators

where

g
—2 (y2+ ~2)g

c, =ap [—2opg+(y +o'p)(2bg/ap)l

(18)

c, =op'( 4b—,crp/ap+g)

ci = ap'(2b, /ap)

and

g=l 2(big/ap) 2(bi pa/ap)

These relations can be solved to give the resonance
parameters

o'p= [&(cici—cpcp) 4ci(Tp 4cj(Tpl

x (c22 + cic3)

=cp(c)+20'pcs) —op

(19)

(20)

In this work the coeEcients (c,[ were determined by

fitting data {A„a,} to Eq. (17). The data were weight-

ed to correspond to a uniform uncertainty in the A, .
About 12 points in the approximate range cro+ y were
used. Then o p and y were calculated from Eqs. (19)
and (20). Tests with simulated data show that this
method of analysis gives correct values of o-0 to better
than 0.5 ppm as long as b[ and b2 are less than 5% of
the maximum amplitude, and the resonator Q is

greater than 10', These conditions are far more
severe than the worst experimental case in this work.

Two cylindrical resonators were used. The resona-
tors were constructed from precision-bore glass (boro-
silicate} with the cylinder ends ground flat and parallel
to the sides. The inner diameters were 3.81 and 5.08
cm. Both cylinders had lengths of 3.81 cm. Eight un-
iformly spaced slits were cut in the glass at each end
of the cylinders. The slits provided a path for electri-
cal leads and for thermal counterflow. The end caps
were machined from boron nitride. With the end caps
in place, the exposed area of each slit was approxi-
mately 0.9 mm'.

Carbon-film transducers were prepared by spraying a
colloidal suspension of carbon" on the masked inner
walls of the cylinders, Eight uniformly spaced films
were applied to each cylinder, with strips of conduc-
tive silver paint used for electrical contacts at each end
of the cylinder. The carbon-film widths were 1.27 and
1.905 cm for the 3.81- and 5.08-cm resonators, respec-
tively. The films ran nearly the full length of the
cylinders. Fine stranded electrical leads were passed
through each slit, fanned out, and covered with silver
paint to ensure electrical contact with the correspond-
ing films.

The resistances of the individual films are —1 kfl at
room temperature and -3 kQ at 2.0 K, with a tem-
perature coefficient of resistivity R '(dR/dT) of about
0.15 K ' near 2 K. Four alternately-spaced films were
driven in parallel as an emitter. One of the remaining
films was biased with a steady current and used as a
detector.

V. APPARATUS

A. General

The second-sound resonator was suspended from
stainless-steel tubes which extended into the helium
De~ar from a turntable at the top of the Dewar sys-
tem. The resonator was protected from bath tur-
bulence by a brass enclosure. Small holes at the top
of the enclosure insured thermal contact between the
bath and the resonator. The entire enclosure and sup-
port tubes rotated with the turntable. The turntable
was supported by a roller bearing. A Teflon ring
backed with an 0-ring was used for the vacuum seal.
Low-level electronics and battery power were rotated
with the turntable. Electrical connections to the rotat-
ing system were made though a rotary transformer. "
The turntable was driven through a variable-speed
transmission. "The rate of rotation was determined
electronically by measuring the frequency of'a square
wave from a shaft-angle encoder coupled to the rotat-
ing system. Long term stability of the rotation rate
was typically 0.1%.

C. Temperature control and measurement

A conventional mechanical pumping system was

used for rough 'temperature control. Primary tempera-
ture measurements were made by means of helium
vapor-pressure measurements with an oil manometer.
Resistance thermometry was used for more precise
temperature measurements and for fine temperature
control ~

A doped-germanium thermometer was mounted in

the helium bath at the same height as the resonator.
Its resistance varied from about 15 kO at 2.2 K to
about 100 k0 at 1.4 K. The resistance was measured
with a Wheatstone bridge operated at 33 Hz. A lock-
in amplifier was used as a null detector and to provide
a corrective signal for temperature regulation. The
thermometer power was limited to less than 10 W to
minimize self-heating. The corresponding bridge sen-
sitivity is about 1 p, K. The regulator was capable of
holding drifts to a few p, K per day.

Although thermometers were not permanently
mounted inside the resonators, a special experiment
was performed to ensure that the temperature inside
the resonators did not drift when the system was ro-
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tated or when power was dissipated in the transducers.
A carbon-resistance thermometer was mounted inside
one resonator and monitored by a bridge on the rotat-
ing table. The sensitivity of this bridge was also about
1 p, K. When the system was rotated at 4 rad/see and
the carbon films were heated at typical levels no tem-
perature shifts could be detected.

D. Second-sound electronics

A frequency synthesizer" was used to provide a
drive signal with high amplitude and frequency stabili-
ty. The drive signal was passed through one channel
of the rotary transformer and applied to four carbon
films connected in parallel. The heating of the films
generates second sound at twice the synthesizer fre-
quency. One of the remaining carbon films was biased
by connecting it to a battery through a large fixed
resistor. Resistance oseillations at the second-sound
frequency were detected by observing the ac voltage
across the detector film. This signal was amplified in

the rotating system and passed through a second chan-
nel of the rotary transformer to the stationary elec-
tronics. A vector lock-in amplifier was used for
measuring the signal. The output of the lock-in was
measured with a digital voltmeter. With a 3-sec time
constant, it was typically possible to measure the
second sound signal with a precision of about 0.1%,

Note that with this method of generation and detec-
tion any electrical crosstalk at the drive frequency will

not be detected as second sound unless there is har-
rnonic generation in the amplifier chain, The danger
of this was in any case minimized since, for the film

geometry used here, electrostatic coupling between the
films was extremely low. The measured crosstalk (at
the drive frequency) was less than 0.05% of Ao. In
addition, the output of the synthesizer contained less
than 0,03% second harmonic.

UI. EXPERIMENTAL METHOD

A. Measurement sequence

Measurements were made at fixed temperatures.
After cooling and regulating at a fixed temperature, a
preliminary experiment was carried out to insure that
the second-sound amplitude was low enough to avoid
nonlinear eft'ects. A safe level was determined by

plotting the second-sound amplitude at resonance
versus the drive power. A departure from linearity
identified a critical po~er which was typically about 4
mW. All subsequent measurements were taken at a

lower power level. The detector power was always

kept at a level low compared with that of the emitter
films.

The remaining measurements at the fixed tempera-
ture were made to determine the resonance parame-

ters o.o and y for one or more resonator modes at rest
and at several angular velocities, Normally a set of
measurements at rest was followed by two or three
sets at diferent angular velocities, then another set at
rest, and so on until four or five rest sets and eight to
ten rotation sets were obtained. About half the rota-
tion sets were taken with clockwise rotation and the
remainder with counterclockwise rotation.

Following each change in the angular velocity, a de-

lay of 30 min was allowed to ensure equilibrium. This
time interval was chosen conservatively; experimental
cheeks indicate that a 10-min delay would be
sufFicient. Following the delay a set of approximately
12 measurements (A„cr, ) was taken. The frequencies
were spread over the approximate range op + y, with

approximately uniform spacing. The order of the
measurements was randomized. In most cases, this
set of measurements was immediately followed by
another set using one of the other modes of the reso-
nator.

The temperature was continuously recorded during
experimentation and the level of the helium bath was

recorded before and after each set of rneasuremer ts.
These data were used to correct the resonance fre-
quencies for small temperature shifts and for the vari-
ation of u2 with pressure.

B. Data analysis

Each set of measurements (A„o, I was fitted to the
theoretical resonance formula (17) as described in Sec.
IV. The fitting provided values of the resonance fre-
quency o.o, the resonance half-width y, the maximum
amplitude, Ao= ao/y, the fractional out-of-phase back-
ground h2/Ao, and X', the sum of the squared residu-
als. Typically, the rms residual was 0.05% of Ao and
b2 was less than 1% of Ao. When the data were divid-
ed into two six-point subsets and each set was

analyzed separately, the values of pro typically agreed
within 1 ppm,

When necessary, the resonance frequencies were
corrected for any temperature drifts observed on the
chart recorder which monitored the temperature.
Since u2 has a maximum at 1.64 K, these corrections
were only necessary at the temperature extremes, and
then only infrequently. The magnitude of the correc-
tions seldom exceeded 1 ppm.

Since u2 is pressure dependent, it was necessary to
correct the resonance frequencies for changes in the
helium bath level. A set of measurements on a single
resonance curve could be taken in less than 15 min.
During this time interval the helium bath dropped on
the order of 0.25 cm. Thus, since u2

' du2/dh is on
the order of 2-ppm/cm He, o-0 should drift by no more
than about 0.5 pprn during a set of measurements.
This drift is negligible and it was not necessary to
correct individual measurements. However, it was
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necessary to correct for the greater changes in level
which occurred between measurements at different an-
gular velocities. It was convenient to combine this
correction with the determination of the parameter Bq.
The resonance frequencies were fitted to

(rp((o, h) = crp(0, 0) + up h B)co . (21)AQUA

As a check, the coeScient uq
' duq/dh was also deter-

mined from a separate fit to the o-p(O, A) data. No
significant differences between the two values of the
coefficient were ever found.

The slopes u~
' du, /dh determined from these fits

are shown in Fig. 1. For comparison, slopes deter-
mined from the second sound velocity data of Heiser-
man et af. "are shown as a solid line. (Pressure in-

crements on the order of 1 atm were used by Heiser-
man et a/. , while the maximum pressure difference in

this work was about 3 x 10 ' atm. ) Some of the lack
of reproducibility in the data of Fig. 1 may be due to
small thermometry drifts, which would be corrected to
first order in the fit of Eq. (21}.

During a normal sequence of measurements at a
fixed temperature, the helium bath level dropped by
approximately 20 cm. Hence the maximum correction
was on the order of 40 pprn, comparable with the
magnitude of the decrease described by the Bq term.
The uncertainty of the correction estimated from the
quality of the fit to Eq. (21}was typically on the order
of 1 ppm.

VII ~ VELOCITY OF SECOND SOUND
IN ROTATING HELIUM

A. Results

Figure 2 shows the dependence of the resonance
frequencies o.

p on the angular velocity ~ at 1.4 K.
The data were taken with the 10 mode of the 5.08-cm
resonator, and the 10 and 20 modes of the 3.81-cm
resonator. Some of the frequencies in Fig. 2 have
been corrected for small temperature drifts. The max-
imum such correction was 0.8 ppm. The frequencies
have also been corrected for bath level using the
slopes determined by fitting to Eq. (21) as explained
above. The frequencies thus corrected are expected to
be described by 4a.p(~) =——B~co. The straight lines

in Fig. 2 are those determined by the fits to Eq. (21).
The slopes correspond to Bq =0.0450, 0.0445, and
0.0483, respectively. Thus the slopes are approxi-
mately the same, in agreement with Eqs. (8) and (11),
although the values of o-p(cu =0) vary by more than a
factor of 2. (The total variation of the parameter B~
with frequency is on the order of 1% for this range of
frequencies and would not be observable. )
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FIG. 1. Fractional dependence of the second-sound velo-

city on pressure u&
' du&/dh as a function of temperature.

The points were determined from fits to Eq. (21) as ex-
plained in the text. Multiple points at a fixed temperature

correspond to different second-sound fsequencies. The solid

line is calculated from the u&(p, T) data of Heiserman et aI.

(Ref. 28).

FIG. 2. Second-sound resonance frequencies o.p/2n as

functions of angular velocity at 1.40 K. The upper data were

taken with the 10 n~ode of the 5.08-cni resonator, and the

center and lower data with the 10 and 20 niode» of' the 3.81-
cm resonator, respectively. The frequencies have been

corrected for bath level as explained in the text. The linear

dependence on cv is in agreement with Eqs. (8) and (11).
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Similar measurements were made at other tempera-
tures, using the 10, 20, and 30 modes of the resona-
tors. Because of the relatively high background for
the 30 mode, the data obtained using these modes
were unreliable and are not reported here, Data taken
with the 10 and 20 modes were generally similar to
those shown in Fig. 2. A set of data taken with one
mode at one temperature normally included approxi-

I I I

I .4 I.5 I.6 I,? I.8 I.9 2,0 2.I

T(K)

FIG. 3. Slopes hoo/b, cv determined from linear fits to

data similar to those in Fig. 2, vs T. The open and closed

symbols correspond to the 3.81- and 5.08-cm resonators,
respectively. The circles correspond to the 10 modes, and the

squares to the 20 modes. Typical resonator properties are
given in Table l. The solid line is the theoretical prediction

Eq. {8) with values of B2 from Ref. 22. The dashed lines en-

close the region of similar data from Ref. 18. An explanation

of the difference between the two sets of data is given in the

text.

mately the same amount of data as in the cases shown
in Fig. 2. In all cases the plots of a.o(~) vs ao were
linear, and the average deviation of the points from
the best linear fit about 1 ppm. The slopes
—Dao/Scan =—(oa/cu) (hu2/uto) are shown in Fig. 3.
The different symbols distinguish between the
different modes and resonators. The frequencies o.o
and resonance widths yo for some typical temperatures
are listed in Table I. The solid line in Fig. 3

I

represents the theoretical slope —,B2. The values of
B2 were calculated as explained in Sec. II.' Although
there is considerable scatter, the experimental slopes
in Fig. 3 are in good agreement with the theoretical
slope.

In order to make a closer comparison, the experi-
mental slopes at each temperature were averaged and
used to determine experimental values of the mutual
friction parameter B2 These average values are com-
pared with the calculated curve in Fig. 4. The close
agreement shows that the decrease of u2 in rotation
can be completely accounted for by the extra term in

the expression for the force of mutual friction {5),
and provides new support for the details of the Hall-
Vinen theory.

The dotted lines in Fig. 3 define a region bounding
the results of tidal and Lhuillier' {VL). The
disagreement between these data and those deter-
mined in the present work may be explained by refer-
ring to Eq. (16). VL determined values of the reso-
nance frequency of a rotating rectangular resonator
using a "resonance-circle" technique. It is easy to
show that background will displace the circles by
(bi+ib2) in the complex plane without affecting the
shape or diameters of the circles. VL determined
values of o.o by finding the frequency which
corresponded to the intersection of the circle and a di-
ameter which passes through the center of the circle
and the point (b~+ibt) This point ac.tually

TABLE I. Selected resonator properties.

Resonator

diameter

{cm)

Mode Temperature

{K)
Resonance

frequency

0/2~ {

Resonance

half-width

yo/2' {Hz)

0 = o.o/2@0

3;81

5.08

10

20

10,

20

1.4
1.65
2.0
1.4
1.65

2.0
1.4
1.65

2,0
1.65

628

654
534

1149
1196
978
472
491
399
899

0.127

0.0746
0.0496
0.170
0.110
0.0586
0.139
0.0980
0.0556
0.0940

2470
4380
5380
3380
5440
8340
1700
2510
3590
4780
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FIG. 4. Mutual friction parameter B2 vs T. The points

were determined by averaging the data in Fig. 3 at each tem-

perature. The solid line was calculated by Mehl (Ref. 22),
using experimental values of the parameters 8» and 8»'. The

agreement supports the internal consistency and details of the

Hall-Vinen theory.

corresponds to the frequency given by Eq, {16). VL
state that the electronic pickup in their experiment
was on the order of 5% of the maximum signal, Since
they generated second sound at the oscillator frequen-
cy using a biased emitter, this pickup was a steady
background, which in turn led to a spurious change of
o-Q in rotation. According to Eq. {16),the background
will shift the slope of the o.p(co) curve at 1.65 K by ap-
proximately —,(0.05)8» =0.03, which is approximately

the correct magnitude to account for the difference
between the two sets of data in Fig. 3. Moreover, Eq.
(16) predicts the quadratic contribution to op(QJ) ob-
served by Vidal et al. ""The sign of the quadratic
effect shows that b2 was positive in their experiment,
and hence that the coefficient of the linear term in Eq.
(16) will be larger than —,82, in agreement with Fig, 3.
The difference between the two sets of data in Fig. 3
is greatest at the extremes of temperature. Much of
this temperature dependence can be accounted for by
the temperature dependence of 8». Precise back-
ground measurements would be necessary to account
for the exact dependence. Earlier, Vidal et al." re-
ported a quadratic dependence of 0'p on m. The tem-
perature dependence of their values of Au2/(&o') is
also qualitatively similar to that of the 8»' term in Eq.
(16).

8. Experimental checks

Various checks were made to insure that the ob-
served decrease of u2 in rotation did not arise from
spurious sources. These checks are summarized
below.

{i}As explained in See. VC, a thermometer was

mounted in one of the resonators in a special experi-

ment. Within the sensitivity of —1 p, K, the tempera-
ture inside the resonator did not shift when the ap-
paratus was rotated at angular velocities up to 4
rad/sec and the carbon films were heated at typical
levels. Thus temperature shifts in the resonator can-
not account for changes of u~ of more than about 1

ppm.
(ii) As an auxiliary check on temperature effects, a

set of carbon film transducers was mounted on one of
the resonator endeaps. These were used for generat-
ing and detecting second sound in the ~ direction.
Resonance measurements were made at 1.4, 1.65, and
1.9 K, at rest and in rotation. While there was consid-
erable scatter in these measurements, the shift of u2

was in all cases less than 10% of the expected value
for horizontally propagating second sound at the same
frequency. In addition there were no changes in the
resonance linewidths greater than 5% of the expected
values for horizontal propagation.

(iii) Geometric imperfections in the resonator could
in principle give rise to a temperature distribution
which contains, in addition to a strongly excited n0
state, a mixture of the ns states [cf. Eq. (10)]. The
frequencies of the s ~ 0 states are shifted by rotation
as described by the (2 —8»'} term in Eq. (11). If such
a mixture is taken as the "unperturbed" state, and the
effect of Eq. (5) is calculated using perturbation
theory, the predicted frequency shift will contain
terms proportional to the (2 —8»') term in Eq. (11)
and the coefficient of J, (k„,r) in the expansion of the
unperturbed state. The sign of such shifts reverses
with reversal of co, ho~ever. Measurements of O.p(co)
were made with both clockwise and counterclockwise
rotation. The absence of a consistent difference
between measurements taken in the two directions
rules out the possibility of a significant contribution
from geometric perturbations.

C. Discussion

The experimental results reported above show that
the decrease of u2 in rotating helium can be complete-
ly accounted for by the Hall-Vinen theory, provided
that phase effects in the velocity perturbation [Eqs.
{3)and (4)] are included in the calculation of the
force of mutual friction. A different theoretical ap-
proach was taken by Vidal, Lhuillier, and col-
leagues, ' " who interpreted their measurements of
the decrease of u& in rotation and in heat currents in
terms of a thermodynamic coupling between the force
of mutual friction and heat currents. They also con-
structed a model based on the Hall-Vinen theory to
explain the coupling. There are difficulties with both
parts of this approach.

It is first important to note that the effects included
in the 8& term of Eq. (5) are intrinsically ac effects;
the theoretical basis of Eqs. (3) and (4) is only valid
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for sufficiently high frequencies. It is unclear whether
there will be an effect at zero frequency, as is assumed
in the thermodynamic approach. A further possible
source of difficulty is the use of the Onsager reciproci-
ty principle in the thermodynamic theory. This princi-
ple only applies to Markoffian systems. 2 It is not
clear whether it applies to the system of oscillating
vortices and second sound. It is worth considering an

analogy with electrical circuits. The component of
mutual friction proportional to Bl is analogous to
electrical resistance, while the 82 component is analo-
gous to inductance. While the Onsager principle ap-
plies to complex circuits containing only resistances, it

is not applicable to systems containing inductances or
capacitances.

The model of vortex motion introduced by Vidal
and Lhuillier' " includes three effects: an inertial
,force on the vortices which has some similarity to the
82 term in Eq. (5), thermal forces on the vortices,
and entropy drag by the moving vortices. The latter
two effects are associated with roton drag by the vor-
tices. While it is correct that entropy is transported by
the vortices with a local velocity which differs from v„,
this effect is already included in the entropy conserva-
tion equation with a properly defined macroscopically
averaged v„. Similarly, the thermal force is included
in the fountain effect term in the hydrodynamic equa-
tions. Stated in another way, if the entropy drag by
moving vortices and thermal forces on vortices are to
be explicitly included in the equations of motion, for
consistency it is also necessary to explicitly include the
corresponding rate of change of momentum of the

dragged rotons in the p„v„ term. Thus the only con-
tribution to hu2 which is linear in co is that of the 82
term in Eq. (5). (The discussion in Sec. II with

respect to the difference between v„o and v„ is
relevant to this point. )

UIII. DEPENDENCE OF MUTUAL FRICTION
ON SECOND-SOUND FREQUENCY

l4.

BI I.2-

0

I.O-

0,9-

1.4 l.6
I I I

I7 I 8 I 9 20
T(K)

FIG. 5. Mutual friction parameter Bl vs T. The parame-

ters were determined from measurements of resonance

linewidths y(eo) as described in the text. The various sym-

bols correspond to difI'erent resonators and modes, as stated

in the caption to Fig. 3. The frequencies of the 20 modes

{squares) are a factor 1.831 higher than the frequencies of
the 10 modes (circles); correspondingly, Bl is always higher

for the 20 modes.

also have sufficient precision to show the effect of
second-sound frequency. In all cases the values deter-
mined with the 20 modes {square symbols) are higher
than the values determined with the 10 modes (cir-
cles). The differences between the two measurements
at each temperature taken with the 3.81-cm resonator
are shown in Fig. 6. The scatter is large since 4,8I is

only on the order of 2% of 8 I. The smooth curve is

the prediction of the Hall-Vinen theory. Values of
BI at 1.65 K are shown as a function of the second
sound frequency in Fig. 7. Measurements were taken
with the 10 and 20 modes of the 3.8l-cm resonator,

Owing to the frequency dependence of the roton-
drift-velocity perturbation [Eqs. {3}and (4)], all the
mutual friction parameters are frequency dependent.
The parameter Bl is most easily measurable. In this
section, measurements of Bl which are sufficiently
sensitive to show the dependence on frequency are
presented.

As previously described, the fits to the (A„a, ) data
yielded values of the resonance halfwidth y{ao).
These in turn were fitted to Eq. {15) to determine the

parameters yo and Bl. Typical values of yo are given
in Table I ~ (The values of yo determined from fitting
did not differ significantly from the actual measure-
ments at co =0.) The values of BI are shown as a

function of temperature in Fig. 5. The data are in

good agreement with other data in the literature, and

004-

005-

hal
0.02

0.01-

I.4 I.5
I

I.6
I

I.7 I.e
T{K)

I

I.9 2.0

FIG. 6. DiA'erence between the Bl values for the 20 and

10 modes of the 3.81-cm resonator, vs T. The smooth curve

is the prediction of the Hall-Vinen theory.
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FIG. 7. Mutual friction parameter 81 vs second-sound fre-

quency o'0/2m at 1.65 K. The open and closed symbols

correspond to data taken with the 3.81- and 5.08-cm resona-

tors, respectively. The smooth curve is the prediction of the
Hall-Vinen theory.

IX. SUMMARY AND CONCLUDING REMARKS

and the 10, 20, 30, and 40 modes of the 5.08- cm reso-
nator. The smooth curve is the prediction of the
Hall-Vinen theory. ' Given the large scatter in Figs. 6
and 7, the agreement with the Hall-Vinen theory is sa-
tisfactory.

of the parameters BI and B1'. The calculation of B~
involves no free parameters. Stated in another way,
the two temperature-dependent scattering parameters
(D,D') are capable of fitting three experimental
parameters (BI,BI',B2). This agreement between
theory and experiment provides new support for the
internal consistency and detailed correctness of the
Hall-Vinen theory.

The B2 term arises because of phase eftects in the
roton-drift-velocity perturbation [Eqs. (3) and (4i].
The same perturbation gives rise to a depertdence of
all the mutual friction parameters on the second
sound frequency. Measurements of the dependence
of the parameter B1 on frequency are reported here
for the first time. The measured dependence is in sa-
tisfactory agreement with the prediction of the Hall-
Vinen theory. This agreement also provides new sup-
port for the detailed correctness of the theory.

Measurements of B1 and B2 were made in the tem-
perature range 1.4—2.05 K. The rapid dependence of
u2 on temperatures near T„made measurements of
B2 above 2.05 K difticult. However, o~ing to the ra-

pid dependence of all the mutual friction parameters
on temperature near T„, measurements in this tem-
perature range would be worthwhile, particularly since
the critical behavior of B1 and B1' has recently been
determined. " Such measurements should be possible
with a redesigned apparatus.

The dependence of the velocity of second sound in

helium II on the rate of rotation has been measured.
The results are in close agreements with the calcula-
tions of Mehl, "which were based on the Hall-Vinen
theory of mutual friction. Experimental values of the
mutual friction parameter B2 were determined from
the bu2 data. These were found to agree closely with
values calculated by Mehl" from experimental values
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