PHYSICAL REVIEW B

VOLUME 16, NUMBER 2

15 JULY 1977

Electronic band structure of fluorite

J. P. Albert, C. Jouanin, and C. Gout
Centre d’Etudes d’Electronique des Solides, associé au Centre National de la Recherche Scientifique, Université des Sciences
et Techniques du Languedoc, Place E. Bataillon, 34060 Montpellier, France
(Received 26 July 1976)

The electronic band structure of CaF, is calculated by a mixed tight-binding orthogonalized-plane-wave
method. The tight-binding method includes the calculation of three-center terms and the plane waves are then
orthogonalized to the occupied levels. The exchange potential is of the Slater form together with a scaling
parameter A adjusted to the gap. The obtained band structure is found to differ significantly with that of
previously proposed empirical schemes. Comparison is made with photoemission and optical data and the

agreement is good.

I. INTRODUCTION

During the last few years, there has been a
great interest in the theoretical study of the elec-
tronic structure of the alkali halides. However,
in spite of the growing of experimental results
about alkaline earth halides, there is very little
precise theoretical information on the energy
bands in these crystals. This lack of theoretical
band calculations can be explained by the fact that
the alkaline earth halides have more than two
atoms in the unit cell. To date, some experiment-
al material'~® has been accumulated on alkaline
earth fluorides which requires an interpretation
from the stand point of the band structure of these
crystals. The purpose of this work is to deter-
mine the energy bands of calcium fluoride by a
combined tight-binding (TB), orthogonalized-plane-
wave (OPW) method.

CaF, has been chosen for it can be considered
as very representative of the other alkaline earth
fluorides (SrF,, BaF,) which crystallize in the
same structure (the fluorite structure) and whose
intrinsic optical spectra posses similar features
in the vacuum uv region. In these highly ionic
crystals, like in the alkali fluorides, the valence
band is principally formed by the outermost p
electrons of the F~ ions while the lowest conduc-
tion bands are expected to be a mixing of the un-
filled s and d electronic states of the cations.

The comparison of the band structure of these
crystals with that of the alkali fluorides can there-
fore provide some insight on the influence of the
structure on the band states arising from the same
type of ionic levels.

In order to determine the bands proceeding from
the filled levels of the ions, we have decided to
apply the TB method, as improved by Lafon and
Lin.' In its present form which incorporates the
correct evaluation of three-center terms, this
method has proven to be as accurate as other

methods and, in addition, does not necessarily in-
corporate restrictive assumptions about the sym-
metry of the crystal potential. This technique has
proven successful in application to alkali metals,!!
transition-element metals,'? group-IV crystals,'®
alkali halides,'* !5 and recently CaO.!¢

The only difference between those'* and our
work!s lies in the fact that we use the TB method
to calculate only the valence band, while, in those
other works, the whole band structure is calcu-
lated by this method. Our basis functions are then
formed by the only filled orbitals of the ions.
Then, they need not incorporate the excited states
which are highly diffuse and thus make the con-
vergence of lattice summations very slow.

The conduction band of CaF, is expected to be
rather free-electron-like and thus we have used
the OPW method. This same approach has been
used by many authors in calculating the energy
bands of solid-rare'” gases, alkali halides,'® and
cuprous halides.' In our study the plane waves
are orthogonalized to the occupied states previous-
ly found by the TB method. Hence, the mixing be-
tween the occuped orbitals in the crystal is ex-
plicity taken into account when calculating the con-
duction band.

Il. CRYSTAL SYMMETRY AND THE MODEL POTENTIAL

The fluorite lattice is shown in Fig. 1. The unit
cell includes three ions, one cation chosen as ori-
gin, and two anions which are situated at Ga, 1a,
1a) and (Ga, 2a, 3a, 3a, where a is the lattice
constant®™ (a=10.323 62 a.u. for CaF,). The space
group is O; and the Bravais lattice is face cen-
tered. Accordingly the Brillouin zone is the same
as that of the NaCl structure.

Model potential. The crystal potential is com-
posed of contributions from Coulomb interaction
and from exchange as

Vc:y(i‘) = Vt(::r)’ (;) + V(e:rxy (f‘) . (1)
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FIG. 1. Unit cell of fluorite crystal.

The Coulomb part has been taken as the superpo-
sition of the overlapping Coulomb potentials of the
free Ca** and F~ ions. This is based on the as-
sumption that the sum of the free-ion charge dens-
ities is a good approximation to the crystal charge
density, which is known to be true for highly ionic
crystals like this one.?!

For the exchange part of the potential, we have
used the local pY/3 approximation of Slater?® togeth-
er with a multiplicative factor A. In our work
this exchange coefficient A is treated as an adjust-
able parameter, 2<x<1, selected to match some
feature of the experimental data (here the gap),
although various theoretical prescriptions have
been proposed.??~2

The Lafon and Lin TB as well as the OPW meth-
od require the knowledge of the Fourxer coeffi-
cients of these potentials, Vc,y(K) and Vc,y(K).

Using the decomposition of the Coulomb potential
over the lattice sites, one obtains without diffi-
culty

ve,® =3 e v . )

Here 7, specifies the position of atom « in the unit
cell, the sum being on the three atoms (Fig. 1) and
VE(K) is the Fourier transform of the Coulomb
potential of the individual free ion

VEW =g (e - g T am [ 7 REO)
x sin(Kr) dr) .

®3)

Q, is the volume of the unit cell, Z, is the atomic
number of ion k, a,, the occupation number of its
nth occupied state, and R,, is the radial part of
the atomic orbital for that state. Using the ana-
lytical atomic orbitals given by Clementi?® for the
Ca** and F~ ions, these coefficients may then be
readily evaluated analytically. The exchange crys-
tal potential is given by

cry I‘) - _GA[ 3/877)puy(§)] 1/3 (4)

where py is the crystalline charge density and A
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an adjustable coefficient. However the calcula-
tion of the Fourier coefficients of this potential is
tedious. In fact, the approximation of this poten-
tial as the superposition of individual atomic
terms —6A[(3/8m)p,(#)]/® leads to unreasonable
results because of the long tail of these pY3 terms.
The use of a screened potential like the Robinson,
Bassani, Knox, and Schrieffer®® model can remedy
this problem. However such an approach has been
found not to be valid in our case because the
screening is not sufficient, due to the low dielec-
tric constant of CaF,. We have thus adopted a
muffin-tin version of this exchange potential, cal-
culating the spherical average of the crystalline
charge density around each atom, performing the
integrals of this charge density over atomic
spheres of radius half the nearest-neighbor dis-
tance, and combining them as in (2). Such a pro-
cedure has been widely used and has proven ad-
equate in similar band-structure calculations on
ionic crystals.'® It ensures that the crystal ex-
change is equal to the free-ion exchange near the
ion sites where the wave functions are large.
Furthermore, it suppresses the exchange potential
in the small charge density regions (between the
muffin-tin spheres), where it is known that the
Slater approximation overestimates the correla-
tions effects.

This model potential was used to calculate both
the valence and core bands and the conduction
bands, the exchange scaling parameter X being ad-
justed to match the experimental gap of CaF,.

III. VALENCE AND CORE BANDS CALCULATION

Like in the conventional TB method, the elec-
tronic wave function is expanded on Bloch sums of
atomic orbitals of the ions within the crystal.

1 1.0 R .
(PEK (i‘) =m’ Eu: eik (T Rv)u"(Y‘—TK - Ru) . (5)

Here the sum is carried out over all the lattice
vectors R and u, (f‘ 'r,< - R,,) is the nth free-ion
state centered at T, +R

The crystalline wave function with energy E | k i
thus obtained by solving the well-known elgenvalue
problem

HC,=Efsc, (6)

where H and S are the Hamiltonian and overlap
matrices in the ionic Bloch function basis and G
is the ith eigenvector whose elements specify the
appropriate linear combination of the ionic Bloch
sums corresponding to this ith eigenvalue E; .

One is thus led to calculate matrix elements of the
form
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(¢EK|O|¢}:’K’> =Zy: e‘-i-('rnl“’ku—rx)

X (un(F -FK)IOlun'G_?K'—-R’U) ’
(7

where O is either the kinetic-energy operator for
the kinetic-energy integrals, V., (T) for the poten-
tial energy integrals, or the identity for the over-
lap integrals.

The kinetic energy and overlap integrals are of
two-center type and present no difficulty in eval-
uating them. In order to avoid the three-center
terms appearing in the conventional TB calcula-
tion when evaluating the potential-energy integrals,
Viry (T) is expanded in a Fourier series on the re-
ciprocal space:

Vcry (;‘) = Z V'cry(ﬁ) COS(ﬁ ¢ -f') . (8)
K

When, as suggested by Chaney et al.,?” the atomic
orbitals are developed on a Gaussian basis, the
potential-energy integrals consist of linear com-
binations of terms like

Z Vc,y(ﬁ) fxa(f—?x)cos(ﬁ-?)x p(F =T =Ry dr ,
K

)

where X, and x g are now Gaussian functions.

The integrals appearing in (9) can then be readily
evaluated using analytical formulas derived by
Chaney et al.?” and Langlinais et al.'? according to
the s, p, or d symmetry of the Gaussians.

In our study, the Bloch sums were constructed
on the atomic orbitals of all the occupied states of
the free Ca** and F~ ions whose Gaussian-type
atomic wave functions have been given us by
Salez.?® However it has been suggested that an in-
crease of variational freedom could be gained
when one takes Bloch sums of single Gaussians.?® !¢
In fact, for the occupied bands, the energy differ-
ence between the two results (Bloch sums of
atomic orbitals and of single Gaussians) is far
smaller than that due to the uncertainties on the
potential, as it can be seen, for example, in Ta-
ble I of Ref. 16. This shows clearly that the atom-
ic orbitals from a good basis set for the calcula-
tion of the valence and core states.

In the calculation of the energy integrals [Eq.
(9)], it has been previously noted that the sum on
the reciprocal lattice converges very slowly, and
that a technique for speeding convergence must be
employed. We have applied in that case the pro-
cedure previously developed by Chaney et al.,
which is an Ewald-type decomposition, and we re-
fer to their paper® for a detailed account of this
technique.

The matrix elements of the different operators
are then constructed as in (7); their expression
with respect to three center integrals are given in
the Appendix. These expressions are, in the fluo-
rite lattice and for the three center case, similar
to those derived by Slater and Koster®® for the two
center case in the more conventional cubic lattices.

Owing to the rather high degree of localisation
of the ionic orbitals, the sums over the neighbor-
ing atoms require very few terms. For instance,
the interaction between p F~ orbitals (which are
the most extended in space) requires a summation
to the third nearest neighbor in order to obtain a
convergence of 10”3 Ry.

In Fig. 2 we have plotted the computed bands ob-
tained when taking the full Slater exchange poten-
tial (A =1). Only the higher bands arising from the
2p,2s F~ and 3p,3s Ca** states are shown; the
other core states of the ions are much lower and
give rise to flat bands which do not interact sig-
nificantly with those bands.

The valence band structure and more generally
that of the bands proceeding from the states of the
F~ ion is more complex than that of the alkali
fluorides because of the presence of the two in-
equivalent sites of these ions which creates bond-
ing and antibonding linear combinations which
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FIG. 2. Occupied bands of CaF, with the full Slater
exchange.
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double the number of levels. Nevertheless, this
valence band possesses the same characteristics
as that of the alkali fluorides. Its higher branch
is practically flat and its width is about the same
as that found in other fluorides'*'* when using the
full Slater exchange.

One then finds at about 17 eV lower in energy
the bands arising from the 3p Ca** states which
lie near and interact rather strongly with the 2s
F~ states. The 3s core Ca** states are flat and
are situated at about 37 eV from the top of the val-
ence band.

IV. CONDUCTION BANDS

The OPW method is well known and we will give
only here a brief outline of the procedure we have
used. In this method the basis functions are given
by31

|fE>=|WE>-2; @R whky | (10)

where | WE) denotes the normalized plane wave
with wave vector k +K, and the lzp?) are all the
normalized occupied states previously found by the
TB method.

The matrix eigenvalue problem to be solved is
then in the same form as in (6), the matrix ele-
ments of H and S being now given by

<fE IHlf-E'> = |E+Rn|26m,' + chy(ﬁ;,l - E,,)
-2 Efoliwhariehy . ay

SRRy =6y - Z Wk whYwEh (12)

The Vc,y(ﬁ,,r—ﬁ,,) are the Fourier coefficients of
the potential previously found and the orthogonal-
ization coefficients (¥} | W5) consists of a linear
combination of Fourier transform of the atomic
orbitals with coefficients C; ,. determined by (6):

%)k - L -k, 7 1(R+R )T -
W) = Ci nc€ n e n (7).
Wiwh = =2, «f ()

(13)

The bands were obtained with a basis set including
160-180 plane waves. The bottom of the conduc-
tion band was found to be the I', level and thus we
have adjusted the theoretical band gap (T",, - I',) to
its experimental value, 12.1 eV. When this was
done a value of 0.795 was found for the scaling ex-
change parameter A. This value is to be compared
with that found by other workers in ionic solids:
0.75 by Drost et al.'* on LiF, 0.82 by Walch et al.3?
on MgO. We have plotted in Fig. 3 the energy
bands obtained for such a value of A. The energies
of the levels at the high symmetry points T, X,
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FIG. 3. Energy-band structure of CaF, with the ex-
change scaling parameter A=0.795. Negative energy
bands are occupied.

and L are given in Table I.

The convergence of the levels with respect to
the number of plane waves has been tested at the
T point because at this point the symmetrization
is the most efficient and thus the order of the sec-
ular determinants is the lowest, for a given value
of |E+§,,l. This convergence is shown in Fig. 4.
As can be seen, a basis including 160 plane waves
is sufficient to give a well-converged T", level and
thus to fix the gap. The p state I';; is also well
converged with such a basis while the d-type states
T'); and I';; would require a greater set. Neverthe-
less we have verified that the sequence of levels
for the lower branches does not suffer by this lack
of convergence. In particular enlarging the basis
set to 400 or 500 plane waves convinced us that
the unusual sequence of levels, T',, under I'},, is
not due to this fact.

Before comparing our results with other theo-
retical and experimental works, let us say a few
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TABLE 1. Energy of the levels at high symmetry points
I, X, and L (in Ry). For the occupied bands, the first
column lists the ionic states which contribute the most
significantly to these levels.

r X L
1s* 1 _292.344 1 _292.344 1 _292.343
o 1 _49.008 4' _49.008 1  —49.008
2 _49.007 3  _49.008 2’ —49.008
25 1 _30.805 1 _30.806 1  —30.805
2[)' 15 -25.127 4’ -25.127 2/ -25.127
5 _25.427 3 _25.126
3s* 1 —3.319 1 _-3.319 1 _3.319
ve 1 _2.169 4  _2.194 1 _2.150
2 _2.424 3 _2.143 2’  _2.180
. 15 _1.918 4  _1.876 2’  —1.885
3 5 —1.921 3  —1.919
15 —0.633 1  —0.744 1  —0.681
o 25 _0.712 2 _0.625 2°  —0.681
5 _0.689 3 —0.678
5 —-0.646 3’ —-0.664
1 0.260 1 0.471 1 0.677
2 2425 4 0.633 2 0.573
conduction 1° 1.032 3 0.676 3 0.757
25 0.976 2 0.893 3’ 1.337

12 0.742 2 2.243

5 1.217

5 0.924

words about the dependence of the bands on the
exchange parameter A. When A was varied from 1
(Slater exchange) to 0.795 (fit to the experimental
gap) the gap varied from 16 to 12.1 eV.

This proceeds from the fact that the (p like) T,
level is affected in a different way than the (s like)
T',. level by exchange. The p-like valence func-
tions have large amplitude in regions of high
charge density (near the ions) and are thus far
more sensitive to the exchange potential (~p/3)
than the more diffuse s like I',, functions. Thus,
decreasing exchange shifts the whole band struc-
ture to higher energies but the conduction band
not as much as the valence band.

E(Ry)

os|.

o

50 100 150

FIG. 4. Energy of conduction levels at T vs number
of plane waves.

Concerning the occupied bands, as can be seen
in comparing Figs. 2 and 3 the essential features
of the bands did not change. In particular the
interband separation energies and the order of
their levels remained the same.

Indeed, the bandwidths, and particularly that of
the valence band, are more sensitive and increased
significantly when A was decreased. However the
greatest width of the valence band was in the two
cases found at X point and was given by the sepa-
ration

X4-X, (0.5eVfora=1; 1.6 eV for A=0.795) .

V. COMPARISON WITH OTHER THEORETICAL OR
EXPERIMENTAL DATA

Apart from some empirical band schemes pro-
posed by different authors,>* %3 the work of Staro-
stin®* % seems to be the only one which is con-
cerned with a calculation of the electronic struc-
ture of CaF, from first principles. He calculates
the valence band in the TB two-center approxima-
tion3 and subsequently the whole band structure by
the OPW method. 3% Our bands are in qualitative
agreement with his own, chiefly for the valence and
core bands where the sequence of levels and the
shape of the bands are quite similar, However his
band gap (7.4 eV) and valence bandwidth (9 eV in
the TB method, 3.2 eV in the OPW method) are ra-
ther different from our results, This seems to be
due, either to the two-center approximation or to
the lack of convergence in the OPW method for the
valence states. The conduction bands, chiefly its
lowest branches, are also in good agreement. In
particular the same sequence of levels is found at
T point. Contrary to the alkali halides, T, lies
lower than I'}; and I’} is repelled towards higher
energies. This is due to the presence of the two
inequivalent anions sites in the unit cell which
creates linear combinations of occupied s and p
orbitals not existing in the NaCl structure and
which repel those levels. In the same manner,
the d-type X, level which was predicted by some
authors*® to be an absolute minimum lies even
above X, because of the existence at this point of
a linear combination of occupied s F~ orbitals
with the same symmetry. In order to be sure that
this is not due to a lack of convergence in our
method, we have calculated some key levels of the
conduction band structure of CaF, and CaO with
the same model potential for the Ca** ion.%®

This potential was obtained so as to give the
same band structures of CaO as that found by
Mattheiss® and Seth et al.'® (where X, is found
under I')). We then found, that X, is repelled
above X, which convinced us that the sequence of
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FIG. 5. Reflectance spectra of fluorite at 90 °K (after
Rubloff, Ref. 5). Vertical arrows indicate the structures
discussed in the text.

levels found in this work is realistic.

Comparison with experimental data. There
exists a wealth of experimental data concerning the
alkaline earth fluorides and specially calcium
fluoride. Concerning the occupied states, photo-
emission results have been reported by Poole
et al.' and Bremser.? The optical constants be-
havior has also been studied extensively. Reflec-
tance measurements have been made by Tomiki
and Miyata® near the fundamental optical gap,
Stephan et al.,* Rubloff,® and Hayes et al.® up to 40
eV, and Le Comte ef al.” has made absorption mea-
surements on thin films from 20 to 70 eV. Fran-
don et al.® and Lahaye et al.® have also measured
characteristic energy loss up to 140 eV. These
different spectra are in good agreement with each
other. In Fig. 5 we report the reflectance spectra
given by Rubloff.® It is composed of a number of
fairly strong peaks extending from 11 eV up to 17
eV. Then one finds at about 25 eV a rather large
peak, one sharp excitonic peak at 27.7 eV and a
fairly broad doublet about 4 eV wide which domin-
ates the high energy part of those spectra around
35 eV.

We report in Table II the experimental and the-
oretical results concerning the relative positions

of the core bands with respect to the valence band.
As can be seen our results are in good agreement
with the experimental ones. This is surely due to
the great care we have taken in order to obtain a
good convergence for the potential-energy integrals
in the TB part of the calculation. It also tends to
prove that the superposition of the individual ionic
densities is a good approximation for the crystal
charge density and that CaF, can be considered as
formed of Ca** and F~ ions. Concerning the optic-
al spectra, our purpose is not to make a detailed
comparison but to test the validity of our calcula-
tion.

The first excitonic pic, which appears in all the
experimental spectra, is situated between 11.1
and 11.18 eV, and the gap corresponding to the
I',;—~ T, transition is evaluated at 12.1 eV. Our
theoretical band gap has then been adjusted to this
value; that gives a binding energy of about 1 eV
for the exciton, in accordance with the values cal-
culated by Tomiki and Miyata® and Wiesner et al.*®
A detailed interpretation of the following struc-
tures up to 17 eV seems to us unrealistic at this
stage, first because they are surely related to ex-
cited d states which are situated a little too high
in our calculation and then because, as has been
noted by some authors,***° one must be very cau-
tious in assigning peaks to excitonic or band tran-
sitions at specific critical points. However, the
increasing sharpness and the behavior of these
structures when lowering temperature show that
this part of the spectrum is dominated by excitonic
transitions. Further insight could only be gained
by calculating excitonic effects along the lines
proposed by Andreoni et al.%! in the cubic rare
gases, which lies outside the scope of the present
work.

Concerning the large 25-eV peak, it has been
attributed® to transitions either from the F~(2s)
core level or from the second set of valence bands
associated with I'},. Our calculation tends to sup-
port the second possibility, the I');—I' ; transition
being situated at about 24 eV.

The sharp peak situated at 27.7 eV can be iden-

TABLE II. Comparison between the relative positions of core and valence states from theo-
retical and experimental (photoemission) data. Energies are in electron volts. The zero of

energy is taken at the center of the valence band.

TB two-
centers
This work approx. Bremser Poole et al.
Core states a=1 a =0.795 (Ref. 34) (Ref. 2) (Ref. 1)
3p* 17.4 16.9 19 17.1 17.3
2s” 21 20.1 24.3 21.4 22
3s* 36 37 43.4 36
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tified as the core I' ;(p*) - I'; exciton. The cor-
responding interband transition energy is found at
29.6 eV, which gives for this exciton a binding en-
ergy in accordance with that calculated by
Hoenerlage et al.? (1.68 eV).

We then find the rather broad doublet in the 30—
35-eV energy range. This doublet is found in cal-
cium compounds (CaF,, CaCl,, Cal,,” and CaO)
and is thus characteristic of the Ca** ion. The
Fls(P+) - Fzs(d+)) Fls(P*) - rlz(d+); and Xls(p+)

- X,(d") transitions which could explain these
structures are situated in our band structure at
about 39, 36, and 35 eV. These theoretical values
are a little greater than those predicted by experi-
mental data; this fact is explained by the poor
convergence of the OPW method when applied to d
type states. Transitions from the 2s F~ states be-
gin at about 35 eV and can thus explain the weak
structures observed on the high-energy side of the
doublet.

VI. CONCLUSION

In this study, the electronic band structure of
CaF, has been calculated with a mixed TB-OPW
method. The TB method has been used in the ver-
sion reformulated by Lafon and Lin which includes
the calculation of three-center terms and, in cal-
culating the conduction band, we have used the
OPW method, orthogonalizing the plane waves to
the states previously found in the TB method.

The model potential was constructed from ionic
charge distributions for Ca** and F~, with an ex-
change contribution of Slater’s form. The bands
s0 obtained were found to disagree with previously
proposed empirical schemes. Indeed, concerning
the valence bands, the two sets of levels associated
with bonding and antibonding orbitals are found to
mix strongly all over the Brillouin zone, contrary
to what was anticipated in these schemes. It was
also shown that the conduction bands cannot be ob-
tained from those of the fcc alkali fluorides.

With respect to these crystals, there is an inver-
sion of some levels (I",, lies below I';,) and some
other levels are repelled upwards. In fact, the
minimum of the conduction band is not found to be
X, as in CaO and some previous empirical schemes
but I';. These discrepancies can be explained by
the presence of symmetry-type levels in the oc-
cupied bands which do not occur in the fcc alkali
halides and so perturb significantly the whole band
structure.

Our calculated band structure has been shown to
compare favorably with experimental data. In
particular, the relative positions of the valence
and core bands are in good agreement with photo-
emission results. It has been also shown that the

essential features of the optical spectra are satis-
factorily interpreted with the obtained band struc-
ture. A more detailed interpretation would re-
quire a calculation of excitonic effects which lies
outside the scope of the present work.

APPENDIX

Matrix elements of the Hamiltonian in the Bloch
sums basis for the fluorite structure. There ma-
trix elements are noted (u|i’), where p and p’
stand for the symmetry type of the wave function
(s, x, y, orz). (E,dspc denotes the matrix ele-
ment of the Hamiltonian (in the three-center cal-
culation) between the atomic orbitals | centered
at ¥, and p’ centered at ¥+ + R, [see Eq. (7)].
ABC specifies the relative positions of these cen-
ters and k,, k,, k, the coordinates of the wave vec-
tor. The geometrical factors entering Eq. (7) de-
pend on the symmetry of the shell of neighbors
which is summed up and so the expressions were
derived according to each symmetry type. Care
must be taken that these expressions were de-
rived according to the local symmetry of the anion
sites (k =2 and 3) which is only a tetrahedral sym-
metry (7,). Concerning the cations interactions
one then has to further take into account the effect
of inversion.

First class of neighbors (0,0,A).

(s]8) =2(E 45)oa (COSk, A +cOSE A +cOSE,A) ,
(s|x) =2(E,,)gou Sink, A ,
(] x) =2(E ;)04 (COSE, A +cosk, A)
+2(E,,)o0a COSkLA |
(x| ¥) =24(Ey,) o4 Sink A .
Second class of neighbors (0,4, A).
(s18) =4(E3)onn
x(cosk,A cosk, A
+cosk,A cosk, A +cosk, A cosk,A) ,
(8] %) = —4(E ;x)oa4 Sink,A sink, A
+4i(E 4 )oaa(sink, A cosk, A
+sink, A cosk,A) ,
(x| x) =4(E,;)o4a cOsk, A cosk, A
+4(E ,y)oaa(cosk, A cosk,A
+cosk, A cosk,A) ,
(*| y) = =4(E,,)qa4 sink, A sink,A
+4i(Eyy)oa4(sink, A cosk,A
— sink, A cosk, A) .
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Thivd class of neighbors (A,A,A). (x| x) =4(E;) aqa[cOsk, A cosk,A cosk, A

~i(sinky A sink A sink A)] ,
(| y) =-4(E,,)sa4[cosk, A sink, A sink, A
—i(sink, A cosk, A cosk,A)] .
Fourth class of neighbors (A, A, C).

(s|s) =4(E4 ) ana[cosk, A cosk,A cosk, A
- i(sink, A sink,A sink A)] ,
(s|x) =-4(E)aa4[cosk, A sink, A sink, A
-i(sink, A cosk,A cosk,A)] ,

—

(s]8) =4(Es) anc [cOSE,C cosk, A cosk,A —i(sink,C sink, A sink,A)
+cosk,C cosky A cosk, A —i(sink,C sink, A sink, A)
+cosk, C cosk, A cosk, A —i(sink,C sink,A sink,A)] ,
(s| x) =4i(E ;) gac [cOSE,C sink, A cosk,A +i(sink,C cosk, A sink,A)
+cosk,C sink, A cosk, A +i(sink,C cosk, A sink, A)]

+4(E ;) ancl—cOSkC sink A sink, A +i sink,C cosk,A cosk,A] ,
(x| x) =4(E ;) sac[cOsk,C cosk, A cosk,A - i(sink,C sink, A sink,A)
+cosk,C cosk, A cosk, A ~i(sink,C sink, A sink, A)]

+4(E ;) aac[cOskC coskyA cosk, A —i(sink,C sink,A sink,A)] ,

(x| y) =4(E,,) aac[—cosk,C sink, A sink,A +isink,C cosk, A cosk,A]
+4(E,.) aaclcosk,C sink, A cosk, A +i sink,C cosk, A sink,A)

+44(E ;x) aac[cosk,C sink, A coskyA +i sink,C cosk, A sink,A] .

Fifth class of neighbors (0, B, C).

(s|s) =4(E,)[cosk, B cosk,C +cosk,C cosk, B +cosk, B cosk,C

+cosk,C cosk,B +cosk, B cosk,C +cosk,C cosk,B] ,

(s| x) =4(E ;) opc[—sink, B sink,C - sink,C sink, B]

+4i (Eg, )opclsink, B cosk,C +sink, B cosk,C] +4i(E ),pc[sink,C cosk, B +sink,C cosk,B] ,

(x| x) =4(E,,)opc[cOsk, B cosk,C +cosk,C cosk, B)

+4(E,)onclcosky B cosk,C +cosk, B cosk,C] +4(E,,)ysc[cosk,C cosk, B +cosk,C cosk,B]
(x| ) =4i(E,,)opc[sink,C cosk, B] +4i(E ,;),sc[sink,C cosk, B]

+4i(E;)onc|sink, B cosk,C] +4i(E,;),sc[sink, B cosk,C]

-4i(E,,)opc[sink, B sink,C] - 4i(E,,)opc[sink,C sink,B] .
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