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The orientation of the main axis of the constant-energy ellipsoids and the mass-anisotropy ratio m, /m, of
the secondary valence-band extrema of PbTe has been determined experimentally. These extrema are

generally believed to be located at the X point of the Brillouin zone. Investigation of the anisotropy behavior

of the coeAicient of the conductivity of warm holes and magnetoresistance measurements showed that the

main axes of these ellipsoids are parallel to (100) and do not coincide with the symmetry direction of the

X point. The value of the mass-anisotropy ratio for the secondary valence band in PbTe is approximately 10.

It has been derived from magnetoresistance experiments.

I. INTRODUCTION

The band structure of PbTe has been treated in
the past in a series of theoretical and experimen-
tal papers. A review of these papers is given in
Ref. 1. The following properties of the band struc-
ture of PbTe near the band edge have been found:
(a) the valence-band edge VB(L) and the conduc-
tion-band edge CB(L}are both situated at the L
point of the Brillouin zone' ~; (b) the surfaces of
constant energy of CB(L) and VB(L) are ellipsoids
with the main axis in a (111) direction'; (c) from
experimental investigations of the fundamental
absorption' and the Hall effect' ' as a function of
lattice temperature, it has been suggested that
there is a second set of maxima in the valence band
of PbTe. Band-structure calculations showed" "
that these maxima are situated on the Z direction
of the Brillouin zone. We will call them VB(Z}
therefore. These maxima lay approximately 0.17
eV below the valence-band edge VB(L) at a lattice
temperature of 0 K." With increasing tempera-
ture the energetic separation of VB(L} and VB(Z}
decreases. At a lattice temperature of approxi-
mately 450 K both bands lay at the same energy. "
At this temperature VB(L} and VB(Z) are both
populated by holes and contribute to the current
conduction. Because of the high lattice tempera-
ture at which these maxima become populated,
Shubnikov-de Haas and de Haas-van Alyhen as
well as cyclotron-resonance experiments could be
carried out only at very high magnetic fields if at
all possible. No information was available con-
cerning the shape of the surfaces of constant en-
ergy in k space, the orientation of the main axis
of eQipsoids of constant energy, nor the coeffi-
cient of mass anisotropy of the VB(Z) maxima.

In a recent letter" we reported the determin-
ation of the orientation of the main axis of the
ellipsoids of the constant-energy surfaces of
VB(Z). By analyzing the anisotropy of the warm-

electron conductivity the direction of the main axis
was obtained to be parallel to (100) in k space. It
is the purpose of this payer to describe in more
detail the experimental procedure and the results
of this investigation of the warm-electron aniso-
tropic conductivity as we11 as the results of mag-
netoconductivity measurements.

'Ihe anisotropy of the coefficient of the conduc-
tion of warm holes in PbTe was determined in a
temperature range between 77 and 400 K. This
coefficient is usually called P." The experiments
showed a(100) orientation for VB(Z), giving the
first experimental proof that the main axis of the
ellipsoids of VB(Z) do not coincide with the Z di-
rection in the Brillouin zone. In the following, the
orientation of the main axis of the ellipsoids of
constant energy will be called "orientation" for
simplicity.

Magnetoresistance experiments were carried out
in the temperature range from 300 to 420 K. From
these experiments the orientation of VB(Z) was
determined in agreement with the resu1ts of the P
measurements. The coefficient of the mass-re-
laxation-time anisotropy K' = (m, /m, )(r, /~, ) was
also measured.

The results of these two experiments have been
explained by a model for the valence band of PbTe
in which the ellipsoids of VB(Z) are situated along
the edges of a cube in the Brillouin zone, whose
edges are parallel to the (100) direction.

Both experiments are only capable of determin-
ing the orientation of the main axis of the constant-
energy ellipsoids. They do not give any informa-
tion on the location of their centers in k space.
We therefore use the results from band-structure
calculations, "'"which show that the second-val-
ence-band extrema are located at g; we will con-
struct a second-valence-band model based on this
assumytion. We would like to point out, however,
that the experimental results are compatible with
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ellipsoids centered at g as well as ellipsoids cen-
tered on X.

II. THEORY

A. Conductivity of warm carriers in semiconductors

The theory of the conductivity of warm carriers
in semiconductors has been presented by Schmidt-
Tiedemann" and will be outlined here briefly.

In semiconductors the mobility of carriers is
given by

V. ,=e~ ((e))/m*.

stands for the momentum relaxation time, p, ,
for the mobility of the carriers at small electric
field strength E, m" is the effective mass, and (e)
the mean energy of the carriers. If one expands p,

into powers of (z) and assumes energy balance for
the carrier gas one gets

e d7'
~=~o+ .„(~m* ~eEo~. .

7, is the energy relaxation time.
Now we can define P as

Cf7 m

m+ ' d(e)

and Eq. (2) can be written

p =go(1+PE ).

(2)

(4)

P(8) =P, —2y sin'8 cos'8, (8)

where 8 is the angle between E and a (100) direc-
tion. The band structure of the semiconductor is

P is called the coefficient of the conductivity of
warm carriers. In semiconductors where the
constant-energy surfaces are ellipsoids of revo-
lution, the effective mass and the conductivity are
described by tensors. The current density j as
function of the electric field strength E is given by

3j] =Egoe] +E 0';~, e~e, e

0,.„ is the conductivity tensor, j, is the ith com-
ponent of the current density, and e„e„e are
the directional cosine for the direction of E. Co-
ordinate axes are parallel to the main crystallo-
graphic axes. For cubic-face-centered crystal
systems the conductivity tensor can be simplifiedm
and Eq. (5) can be written

j& =c,Ee, [1+PE —yE'(e~ +e,')], i ej ak ef . (6)

Comparing Eqs. (4) and (6} one gets P as a function
of the direction of the electric field

P(e„e„e,) =P, +y(Ze,'- 1). (7)

For E in a (100) plane Eq. (7) can be written in the
form

included in Eq. (8) via the coefficient y. y depends

on the orientation of the main axis of the ellipsoids
of constant energy. y has been calculated by
Schmidt-Tiedemann" for ellipsoids with the main

axis parallel to a (100) direction (X orientation)
and parallel to a (111)direction (L orientation).

(9)

(10)

y. =-.* [(K- 1)'/(K 1)']C„„„
y =-[2(K-1}'/(2K+1)']P, )

K is the mass-anisotropy factor m, /m, . For
valleys with the main axis parallel to (110) orien-
tation (Z valleys), y is given by Ref. 14.

yz =-[(K—1)z/2(3Kz+2K+ 1)]p&,~&.

From Eqs. (6)-(11)one gets an expression of P(8)
for the various band structures. The expression
P(45')/P(0') is larger than 1 for maxima with main
axes parallel to (111) and (110) directions. For
those with (100) orientation p(45')/p(0') is smaller
than 1.

In the temperature range of interest for the pres-
ent case, electron and hole scattering in PbTe is
dominated by acoustic-phonon scattering and by
polar optical-phonon scattering. " P&,~& as function
of lattice temperature is given for acoustic-phonon
scattering by

P.,=(g —p, )jp,E'=-0.14&(p, ju )' (12)

p, is the mobility in the ohmic region and Qy is the
sound velocity.

For polar optical-phonon scattering P is given
for temperatures above the Debye temperature" by

mq.'[K,(z}-K,(z)] [K,(z) +4zK, (z}]
kz6 6zK, (z) Kz(z)

where k~ is the Boltzmann constant, 8 the Debye
temperature, K~, K, are modified Bessel functions,
and z =8/2T.

The values of P(0 }/p', in PbTe for the different
scattering mechanisms are plotted as dashed lines
in.Fig. 1. They were calculated by assuming the
well-established relation g, (T}= (T, /T)' 'n, (T,).
g and L indicate that conduction in the g, respec-
tively, L band alone is assumed. The full curve
in Fig. 1 has been calculated taking equal contrib-
ution to the conductivity by acoustic and polar op-
tical scattering and a relative population of VB(Z)
versus temperature which is plotted in Fig. 7. The
parameters used for this calculation are listed in
Table I. The dots age experimental data.

B. Magnetoresistance

The theory of magnetoresistance in semiconduc-
tors has been treated in the literature extensively. ~
It has been shown that the relative change of the
specific resistance due to an applied magnetic field
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TABLE I. Parameters used for calculation of the
population of VB(Z) and values of P(0')/pp.

10

0
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(L)
glf

p~(z)
I I I I

-10

lg(T 5)

FIG. 1. Calculated values of P3/@33 as a function of T.
Dashed lines are calculated for acoustic-phonon (ac) and
polar optical-phonon (po) scattering of carriers in VB(I )
and in VB(Z), respectively. The full curve has been
calculated by assuming tentatively an equal contribution
to the conductivity by ac. and po. scattering and taking
the relative population of VB(Z) as shown in Fig. 7.
Dots are experimental data.

can be expressed in the form

~p/p =bf 1 3 3
p 3H3 (14)

where M'„'„"„''is the coefficient of magnetoresis-
tance. sp2s, is a vector parallel to the direction
of the magnetic field 8 and (r&rsr3) is a vector
parallel to the electric field E. For a given direc-
tion of magnetic and electric field, M can be ex-
pressed as a linear combination of the Seitz coef-
ficients 5,c, d in cubic-face-centered crystals. ""

(15)

r,r,r, and s,s, s, are the directional cosines of the
electric and magnetic field. The linear combin-
ation z =-(b +c)/d is characteristic for the direc-
tion of the main axis of the ellipsoids of constant
energy. " The values for z and some other linear
combinations of 5, c, d are listed in Table II for
bands with (100), (110), and (111) orientation.
Magnetoresistance for two-band conduction has
been treated by Qlicksman. '~ He derived an inte-
gral expression for the Seitz coefficients if con-
duction occurs in (100) and (111) bands. However
the integrals can only be solved analytically for
acoustic-phonon scattering. %e therefore interpret

Ei(0) = 0.19 eV

&E,(0) =0.17 ev

M,E
BT

~=+4x10 4 eV/K

B&E2 4

OT
=-4 x10 eV/K

v~(~) t = 0.035mp

mug(g) )
= 0.49mp

~lnmg (T)
Bl T

~ v& ( L) /~ v& ( Z) 4 3

&, /T& =3 for T &150 K

A = (b +c)/(b +c +d),

a =(b+1)/(b+c+d);
(16)

with A and B a relation between the anisotropy-
relaxation-time factor of both bands is given.

TABLE II. Values for the linear combinations of the
Seitz coefficients for different orientations of the main
axis of constant-energy ellipsoids.

Model Linear combination Sign (d) & = -(b + c) /d

&100&

(110)
&111&

b+c+d=0
b+c —d=0
b+c=0

d(0
d&0
d&0

+1
-1

0

the effect of mixed conduction on the Seitz coeffi-
cients qualitatively. Two examples are given.

(i) Free carriers are transferred from a band
with (111) orier. tation to a band with (100) orienta-
tion. At first z will be zero (see Table II). With
increasing population of the (100) band the value
of d will change its sign from plus to minus, and
z will decrease to -~, jump to +~, and then de-
crease till it reaches +1.

(ii) Free carriers are transferred from a (111)
band to a (110) band. In this case d does not change
sign and z will slowly decrease with increasing
population of the (110) bands from 0 to -1.

It is therefore possible to distinguish clearly
between mixed (111) and (100) or (111) and (110)
conduction when z is measured as a function of
the population of the valleys.

A method for the determination of the aniso-
tropy-relaxation-time factor K' without the ex-
plicit calculation of the Seitz coefficient for two-
band conduction ((111)-(100))is also given in Ref.
24. The linear combinations A and B are defined
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Equation (17) is independent of the scattering me-
chanism. For various populations of the bands
one gets different pairs of A and B. When one
inserts this pair of A and B into Eq. (17) a func-
tional dependence of K&yyy) on K(ygp) is obtained.
These functions have the form of hyperbolas when
plotted in a diagram with the axes K(gyes) and K(gpss).
From the point of intersection of these hyperbolas
the values of K(gyes) and K&ypp) can be determined.

E tvcm]
FIG. 2. Typical values of 0/fr()-1 vs E for different

lattice temperatures which are indicated in the figure.

field strength. The change of the conductivity
6(J(E),„o has two physical reasons: (i) ac(E)„ is
the change of conductivity due to "warm carrier"
effects and (ii) dg(E)„ is due to Joule heating by
the current pulse. At lattice temperatures in the
range of room temperature, a&y(E) and eh@(E)„
are of the same order of magnitude in PbTe.
Therefore a correction of ac(E),„o had to be made.
Adiabatic heating of the sample was assumed and
(&,g(E)„calculated, which was then subtracted from
O, &&(E),„, to obtain b, g (E) . The values of [a(E) /
o(0)] —1 were plotted versus E'. In the range of
warm-carrier conduction this gives a line with an
inclination equal to P. As an example some of
these results are shown in Fig. 2.

The experimental set up for magnetoresistance
measurements was the usual one. The cryostat
with the sample was placed between the poles of
an electromagnet and could be rotated round an
axis normal to the magnetic field lines. The sam-
ple axis was parallel to [110]. Two series of re-
sistance measurements were carried out with each
sample. (a) The axis of rotation parallel to the
sample-direction. (b} The axis of rotation per-
pendicular to the sample direction. The geome-
tric configuration for both series of measurements
are shown in Figs. 3(a) and 3(b). Before the mag-
netoresistance measurements, the Hall effect was
measured on each sample. The magnetoresistance

&001&

C. Experimental method

All experiments described in this paper have
been carried out on monocrystalline p-PbTe films
epitaxially grown on a (100) plane of NaCl sub-
strates. " Two directions for the current were
possible: [100] and [110]. The samples were
dumbbell shaped and had two potential probes each.
The samples for magnetoresistance measurements
had another probe on the opposite side for Hall-
effect measurements. In the case of warm elec-
trons the carrier concentration in the film was
determined before etching the sample shape. The
experiments and the results of the P measurements
have been described in a recent letter. "

The resistivity of the samples as a function of
electric field strength was measured by means of
a Wheatstone bridge with current pulses of 200-
nsec duration. The samples were placed in a cry-
ostat which allowed measurements between 77 and
400 K. The measured resistivity was inverted to
the conductivity g(E) as a function of the electric

l00

a.

i,&001&

&100&

&010&

b.
FIG. 3. Geometric configuration of magnetic field B

and current j used for two different sets of magnetores-
istance measurements.
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FIG. 4. Relative change of specific resistance p as
function of the direction of the magnetic field B for
various lattice temperatures measured on sample A.
Dots are experimental values. The curves have been
plotted as a guide for the eye. A change of the form of
the curves is obtained between T=359 and T= 390 K.

which lays energetically below the first valence
band VB(L) at 0 K. The energy gap between VB(Z)
and the conduction band is nearly temperature in-
dependent and is approximately 0.36 eV. The en-
ergetic position of the bands of PbTe as a function
of the lattice temperature is given in Fig. 6. When

at high temperatures is relatively small. In order
to improve the accuracy of the measurements a
computer was used on line to evaluate the data and
to reduce the statistical fluctuations by performing
two measurements per second and averaging them.
Results of ap(B)/p, versus the angle s for sample
A (p =2.'lxl0" cm ') and B (p =3.5x10"cm ') are
shown in Figs. 4 and 5. 3 is the angle between the
direction of magnetic field B and the (100) plane.
Each point in Figs. 4 and 5 has been obtained by
averaging over approximately 250 individual mea-
surements.

III. DISCUSSION

VB(L)

CL
LQ

UJ VB(Z)

BET = 0 19+ IX10 . T [eV]

0

From data of the fundamental absorption' it is
known that the energy gap of PbTe is approxi-
mately 0.19 eV at 0 K. It increases as lattice
temperature increases. The temperature coef-
ficient is approximately 4.1x10 eV/K. At tem-
peratures higher than 450 K the gap becomes near-
ly constant. The interpretation for this behavior
has been given in Ref. 8.

In pbTe a second valence band VB(Z) exists

I

200

I

400

FIG. 6. Energetic location of the conduction band
CB(L) and valence band VB(L) and of the second valence
band VB(Z) in PbTe as a function of lattice temperature
T.
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r}
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f3~47)
P(0')

0,5-

0 I

0 100

I I

300 500

FIG. 7. P(8 45')/P(8=0 ) and the population of VB(Z)
as function of temperature. Dots are experimental re-
sults. Curves (a), {b) and (c) were calculated with a
two-band model. Orientation of VB(~) is (111) for (a),
(110) for (b), and (100) for (c). Only in the case of (c)
a ratio of p(45')/p(0 ) smaller than 1 is obtained.

more important, the only curve which explains val-
ues smaller than 1 for P(45')/P(0') is obtained with

the (100) orientation for VB(Z). Also shown in

Fig. 7 is the population of VB(Z) as function of T.
For the calculation nonparabolicity of valence
bands has been considered. The model for non-
parabolicity was that presented by Cohen. " The
parameters which were used for the calculation
are listed in Table I.

The linear combination of the Seitz coefficient z,
derived from experimental data of magnetoresis-
tance as function of temperature is plotted in Fig.
8. In this figure the population of VB(Z) is in-
dicated also. The change of sign in d occurs at
rather high populations of VB(Z). This can be
explained by the fact that magnetoresistance is
proportional to p' and p~~&»/p, vs&& is approxi-
mately 4.'0 As shown in Sec. II the form of z vs T
is typically for the transition from conduction in
(111)-orientated ellipsoids to conduction in (100)-
orientated ellipsoids. From both experiments,
warm-carrier conduction and magnetoresistance,
it can be concluded that the structure of the valence
band of PbTe can be described by a set of ellip-
soids at the I. point of the Brillouin zone with the
main axis parallel to (111) directions and a second
set of ellipsoids probably centered at a Z point and

the lattice temperature reaches 450 K both bands
have the same energetic position. There exists
no experimental evidence for the location of this
band in the Brillouin zone. However band-struc-
ture calculations"' locate the second valence
band of PbTe on the Z direction of the BriQouin
zone. Experimental data for the second-valence-
band maxima are only available at high tempera-
tures and have been obtained by investigation of the
fundamental absorption. '

Extrapolation for T-0 however gives the same
energetic position for this maxima and for the Z
maxima of band-structure calculations. We there-
fore adapt the notation VB(Z) for the second val-
ence band. From Hall-effect measurements as a
function of the 'temperature the effective mass of
holes in VB(Z} has been determined. Its value is
given in the literature in the range from m* = 0.6m,
to 1.4m, ."~' In Fig. 7 the experimentally de-
termined values of P(45')/P(0') are plotted as func-
tion of the lattice temperature. At temperatures
above 800 K the ratio P(45'}/P(0'} is smaller than

As shown in Sec. II this indicates that current
is transported in a band consisting of ellipsoids
with the main axis parallel to a (100) direction.
For comparison the curves in Fig. 7 have been
calculated assuming three different orientations
for the second valence band. The best fit and also

V8(E)

0
5

~ SAMPLE A

4 ~ SAMPLE 8

3 w

2-

I
~ ~

I
I
I
1
I
I
I
I
I
I
I
I
I

I
I
I
I

-2-
3

-4-
-5

100

I

200

T [x]

300 400

FIG. 8. Magnetoresistance symmetry parameter z
vs T. Dots are experimental values. Curves are fitted
to the experimental values. Dashed lines show where
the change of sign of z occurs. In the upper diagram
the calculated population of VB(Z) vs T is plotted.
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20 I;
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I j

10

10 15

I

100

FIG. 9. Model for the constant-energy surface of the
valence bands of PbTe, based on the experimental fact
that for the second-valence-band extrema the main
axis of the ellipsoids of constant energy are parallel
to (100) and based on the result of band-structure cal-
culations which show that these extrema are located at
Z.

the main axis parallel to (100) directions. This
picture is somewhat similar to a model of the band
structure of the valence band of Sn Te presented
by Allgaier. " The difference between Allgaier's
model and ours is that we use a two-band model
while Allgaier stated the existence of a strong
nonparabolicity showing up as additive appendixes
of the VB(L) band in the k space. A model of the
constant-energy surfaces of the valence bands of
PbTe is given in Fig. 9.

The mass anisotropy ratio KQop& for holes in
VB(Z) has been derived as described in Sec. II.
In Fig. 10 Ko»& vs K&,«& is plotted for sample A
for different temperatures (this means for differ-
ent sets of f&, c, d). The curves intersect at K&»»
=5.5~1 and K&,«& =3.5+0.5. For sample B similar
results are obtained. This appears to be the first
experimental determination of K&,«& for VB(Z) in
PbTe. The value of K&,»& obtained is in good agree-
ment with data obtained earlier on PbTe." With

K&,«& the mass anisotropy -ratio K=m, /m, can be
calculated when t.,/t, is known. Herring and Vogtso
showed that for acoustic-phonon scattering v, /r,

FIG. 10. Values of K& fj~& vs E ( ~00& for different lat-
tice temperatures T. The procedure to obtain the values
of E' from magnetoresistance measurements is des-
cribed in Sec. II.

does not depend on K and is approximately 1. For
polar phonon scattering w, /r, depends strongly on
K." In PbTe the Debye temperature is approxi-
mately 150 K. Therefore polar optical scattering
has to be considered as a strong-scattering me-
chanism at lattice temperatures above 300 K. This
conclusion can also be drawn from Fig. 1, where
the experimental values of P are compared with
values calculated for different scattering mechan-
isms. Assuming pure polar optical scattering and
using the diagram of 7, /7, vs K of Ref. 31 we ob-
tain for VB(L) m, /m, = 18+4 and for VB(Z) m, /
m, =10~2. In reality these values may be smaller
because of acoustic-phonon scattering.

In conclusion we can say that the experimental
data obtained by magnetoresistance measurements
and conductivity of warm holes indicate a model
for the second valence band in PbTe consisting of
probably 12 ellipsoids with the main axis parallel
to the (100) direction and a mass-anisotropy ratio
of approximately 10.
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