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%e present calculations of the phononless Auger transition rates for excitons bound to the four common

shallowacceptors (8, Al, Ga, and In) in Si and Ge. The calculated rates for the bound excitons in Si vary

significantly for the di6erent acceptors, increasing rapidly as the acceptor binding energy increases. This is

in agreement with the rapid decrease with increasing acceptor binding energy of measured acceptor bound-

exciton lifetimes in Si. Numerically, the calculated Auger rates are within about a factor of 3 of the

measured recombination rates for the different acceptors. The dependence of the Auger rates on acceptor
binding energy is due to an increased spreading in momentum space of the bound-exciton wave function. In
Ge, the calculated Auger rates are orders of magnitude less than the measured free-exciton recombination

rate in undoped Ge, suggesting that the phononless Auger transition is not. important for acceptor bound

excitons in Ge. This is consistent with the experimental observation that light doping with shallow acceptors
has little effect on the lifetimes of photoexcited carriers at low temperatures in Ge; whereas, in Si the

carrier lifetimes can be decreased by orders of magnitude. The principal difference between Si and Ge is that

the acceptor binding energies are much greater in Si than they are in Ge.

I. INTRODUCTION

A bound exciton (BE) consists of three carriers
(two holes and one electron for acceptor BE; two
electrons and one hole for donor BE) bound to a
charged impurity. Because in a, BE thxee carriers
are localized in the same region of space, an Aug-
er transition, in which an electron recombines
with a hole and the energy is carried off by the
third carrier can occux" Auger transitions are
believed to limit the lifetimes of bound excitons in
many cases. ' ' Auger transitions have also been
shown to be important in band-to-band recombina-
tion and carx'ier capture at a trap site. ' ' These
px"ocesses have been studied theoretically, "but
to our knowledge, no quantitative calculations of
BE Auger rates in semiconductors have been pre-
sented.

The bound-exciton lifetimes for the four common
shallow acceptors in Si(B, Al, Ga, In) have recently
been measured. ' The BE lifetime was found to be
significantly shorter than the free-exciton (FE)
lifetime in undoped Si for each type of acceptor.
The BE lifetime was strongly dependent on the type
of acceptor, decreasing rapidly (at least a factor
of 200 from Si:B to Si:In) as the acceptor binding
energy increased. The lifetimes were interpreted
as due to Auger txansitions without phonon assis-
tance. Qualitatively similax behavior has been ob-
served for excitons bound to acceptors in Gar'. '
The lifetimes for the BE in GaP were also inter-
preted as limited by phononless Auger transitions.

Because the BE lifetimes are shorter than the
FE lifetimes in undoped Si, the addition of small
concentrations of shallow acceptors can greatly
change the decay rate of photoexcited carriers in

Si at low temperatures. For example, the free-
exciton lifetime in undoped Si is 2.6 p, sec. . lf Si
is doped with In at the 10" cm ' level (or greater),
the lifetime of photoexcited carriers (low excita-
tion) is reduced to less than 5 nsec. ' This dramat-
ic reduction in carrier lifetime is most likely due
to capture of a FE at the impurity to form a BE
(the cross section for this process has recently
been shown to be very large for Si:In at tempera-
tures less than 10'K') followed by Auger recom-
bination of the BE. The rate limiting step in the
process is the Auger recombination rate (for dop-
ing in the 10"cm ' or greater level and tempera-
tures less than 10 'K). '

In contrast to Si, doping Ge with shallow accept-
ors at the 10"cm ' level has little effect on the
lifetime of photoexcited carriers for temperature
and excitation conditions at which electron-hole
drops are not formed. ' ' Both FE and BE ax'e ob-
served in the luminescence spectrum of Ge under
these conditions and both decay with the lifetime' of
the FE in undoped Ge. Thus, it appears that Auger
transitions for the BE in Ge are slow processes.

In this paper, we present calculations of the BE
, Auger rates for the common shallow acceptors in

Si and Ge. The purpose of the calculation is to un-
derstand the strong dependence of the Auger rate
on acceptor type in Si and the qualitatively differ-
ent effect doping with shallow acceptors has on the
lifetime of photoexcited carriers in Si and Ge. The
result of the calculation shows the observed depen-
dence of the BE lifetime on acceptor type in Si and
is within about a factor of 3 of the measured life-
time in absolute value. The computed BE Auger
rates in Ge are found to be much slower than the
measured free-exciton lifetime in Ge. The impor-
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tant difference in the two materials is that the
holes are much more strongly bound to the accep-
tors in Si than they are in Ge.

The paper is organized in the following way: the
qualitative physics of the Auger transition is dis-
cussed in Sec. II. In Sec. III, the calculation is
presented, and the result of the calculation is com-
pared with experiment. Our conclusions are given
in Sec. IV. Calculational details are included in
Appendix A. Appendix B contains a calculation of
BE no-phonon oscillator strengths used to test the
BE wave function used in the Auger calculation.

II. QUALITATIVE PHYSICS OF THE AUGER TRANSITIONS

In their work on GaP, Dean and co-workers ar-
gued that the dependence of acceptor BE lifetimes
on acceptor type could be understood as due to an
increased localization (hence, an increased
spreading in K space) of the hole wave function in
the BE for the more tightly bound acceptors. '
(They did not, however, present quantitative cal-
culations of the BE Auger rates to support their
arguments. ) We believe that the physical picture
they suggest also applies to Si and can be used to
understand the qualitatively different effect of dop-
ing with shallow acceptors on carrier lifetimes in
photoexcited Si and Ge.

In the acceptor BE (initial state of the Auger
transition} there are two holes near the valence-
band maximum and an electron near the conduc-
tion-band minimum. The final state of the acceptor
BE Auger transition has one hole in the valence
band. The holes in the BE are spread in K space
baca,use they are localized about the acceptor. The
electron state will also be spread in K space, but
the spreading will be small compared to that of the
holes because the electron is not localized as much
as the holes. The wave vector of the final-state
hole lies on a constant energy surface as required
by energy conservation in the transition. Carrier-
carrier scattering, which conserves total wave
vector, is the dominant interaction responsible
for an Auger transition. Thus, for the Auger tran-
sition to take place, the initial BE state must have
an amplitude to contain wave vectors which are ac-
cessible to the final-state hole. The conduction-
band minimum is rather far in K space from the
constant energy surface of the final-state hole.
Since the BE wave function is peaked at the con-
duction-band minimum, spreading of the BE wave
function in K space is essential for the Auger tran-
sition to occur. In Si, the holes in the acceptor BE
are mell localized, resulting in large hole wave
function spreading and fast Auger rates. The de-
pendence on acceptor type occurs because the ac-
ceptors with larger binding energy bind the holes

in the BE more tightly leading to faster Auger
rates. In Ge, the holes in the acceptor BE are not
tightly bound, so that the hole wave-function
spreading is small and the Auger rates are slow.

In principle, the Auger transition could be phonon

assisted. In contrast to the phononless Auger
transition, an Auger transition involving a phonon
should not be sensitive to the wave-function
spreading in the BE because the phonon would make

up the difference in wave vector between the peak
in K space of the BE wave function and the final-
state hole. As a result the phonon-assisted Auger
transition rate should be insensitive to the accep-
tor type. Since the observed BE lifetimes in Si
are, in fact, very sensitive to the acceptor type,
the acceptor BE Auger transitions in Si most likely
occur without phonon assistance. In Ge, it is very
difficult to know whether the phonon-assisted or
no-phonon Auger transition is more likely. Exper-
imentally, neither process appears to be impor-
tant. We will show that the no-phonon Auger pro-
cess (which dominates in Si} is slow in Ge.

In order to compute the BE Auger rate, it is nec-
essary to know the BE wave function. It is very
difficult to compute this wave function accurately,
and we use an idealized model. In particular, we

describe the interaction of the holes with the
charged acceptor by a Coulomb potential and a
short-range square well. For Si:Al and Ge:Ga (the
impurity has the same core structure as the host)
the strength of the short-range well was taken to
be due only to the wave-vector dependence of the
dielectric function. For the other impurities, it
was adjusted to produce the observed acceptor
binding energies for a simple hydrogenic model of
the acceptor. In order to check the approximate
validity of the model BE wave function, we used it
to compute no-phonon oscillator strengths for BE
absorption. For Si:Al, Si:Ga, and Si:In the results
are within a factor of 2 of the measured values. '0

For Si:B, the computed oscillator strength is
about a factor of 4 too large. We readjusted the
strength of the square wells so as to give wave
functions which produce the measured oscillator
strengths. This procedure is appropriate because
both the no-phonon osciQator strength and the Aug-

er transition rate depend sensitively on the extent
of K-space spreading of the hole wave function and
hence on the strength of the short-range potential.
In contrast, the acceptor binding energy is not as
strongly dependent on the strength of the short-
range potential. For Ge, the computed oscillator
strengths were so small that they are probably not
observable. This is consistent with the lack of no-
phonon BK optical transitions for Ge doped with
acceptors, but is not of much help in the Auger
rate calculations.



5428 G. C. OSBOURN AND D. L. SMITH

III. CALCULATION OF AUGER TRANSITION RATES

From time-dependent perturbation theory, the
BK Auger transition rate is given by

Z l&FIHII&l'5(E, -E,) . (1)
@ F;AvI

Here ~F) is the final state which consists of a free
hole,

~
I) is the BE initial state, and II is the Ham-

iltonian for the solid. (The states ~I) and ~F) are
only approximate eigenstates of 0.) The BE wave
function has the form

Here c is the dielectric function, G and G' are re-
ciprocal-lattice vectors, and

&. .;..)t-)= „ I+re "'
~ .() .".(), ))))

where u is the periodic part of the Bloch function
and 0 is the sample volume.

The maximum contribution to the matrix element
comes from terms with G = 0 so that the denomin-
ator can be small. The 5 function in Eq. (5) re-
quires that

A~"„,(k„,k„', k, ) q (k„m, ; k„'m.,; k,o,),

where 4(k„m, ; k„'m, ; k,cr,) is a Sister determinant
with the valence-band states (k„m, ) and (k„'m,)
empty and the conduction-band state (k,o,) oc-
cupied. Here m, and m2 label the four hole bands
degenerate at the valence-band maximum and 0,
labels the electron spin. For simplicity, we neg-
lect valley orbit-splitting effects in the BE and re-
strict the electron to a particular conduction-band
minimum. A~" is the amplitude that a particular

1 2
determinant is contained in the BE wave function;
J is the total hole spin (2 or 0) with projection M
along the Z axis. The final state is

~F) = e(k, o,), (3)

where 4'(kznf) is a Sister determinant with the val-
ence-band state (kf oz) empty and of is the final-
state hole spin. (We neglect spin-orbit splitting
in the final state and the hole band index is in-
cluded with o~.)

Using the wave functions given by Eqs. (2) and

(3), the transition-matrix element becomes"

&F )II(I) = g A.'.".(k„, k„', k, )
kekh kh mlm2

k~+ k, —k„—k„'+ G' = 0

for G = 0. The amplitude function, 4, will be peak-
ed at k„-k„'-0 and k, -k„where ke0 is the conduc-
tion-band minimum. The wave vector kz lies on a
constant energy surface. For Si, k„ is about 82%%uo

of the way out in the Brillouin zone in the [100]di-
rection" and k~ is approximately 25% of the way
out in the zone with the value varying somewhat
with the direction of k&. Under these conditions,
the most important term in the sum over G' will
be with G' =0. For Ge, k„ is at the zone edge in
the [111]direction so that there is a nonzero 4'
that puts k„+4' at the zone edge in the [111]direc-
tion. Both this term and the one with 4' = 0 will be
significant in the sum on O'. These two terms are
important for different values of k& so there is no
interference between them, and they give the same
contribution to the Auger rate. Thus, we evaluate
the contribution to one of the terms and multiply
this by a factor of 2. (Since our conclusion will be
that the BE Auger rate in Ge is several orders of
magnitude smaller than the measured free-exciton
lifetime, this factor of 2 is not important. ) Thus,
for Si and Ge we need only consider the term 4
=G'=0 in Eq. (5).

The wave-function amplitude function is taken to
have the form

x(&y, ;y„.Iv„ly„. y, . )
&'-"- (ka ka k. ) =G'.",;A(ka)fa(ka)f. (k.), (8)

4))'m ) 0'))&m Veel4))&))& 4a )) ) q

(4)

where the coefficients C are chosen to give wave
functions that are eigenstates of the total spin of
the two holes. In particular, we have

where Q is a one-electron Bloch function and V„
is the Coulomb interaction. The two-electron mat-
rix elements in Eq. (4) can be written

&4'))„, ~)', ~v j@)) o ~),

and

/22 /21 g2 -1 g2 -2 |31 3 1 1 3 1 3
22 2 2 2 2 2 2

C20 g20 g 00 F00

(9a)

(9b)

e'(2a)'5 (k, + k„—k„—k„'+ 0 —G')
e (kf —k„+0) ~kf —k„+C~'

and all others are zero. The BE,wave function is
properly normalized so long as the d'ne-electron
functions f„and f, are. Using this notation, Eq. (4)
becomes
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hhe 12
(10)

We next consider the overlap integrals U. Both
jgf and A, h are toward the zone center and in the up-
per valence band. From the k ~ p calculations of
Cardona and Pollak, '3 we see that overlap integrals
of the form Uhh~;, ~&~& are not strongly dependent on
the magnitude of k& or k„ in Si and Ge, and we make
the approximation

(11)

The value depends on m„of, and the final-state
hole band index b&. An analogous approximation
cannot be used for Uh. ~.„, in Si because it is zeroaha:I ~~~
at k„' = 0 and k, =k„. Since the spreading in g-space
of the holes in the BE is much greater than that for
the electron, we set k, =k„and expand in k ~ p per-
turbation theory for 4h' away from the zone center.
Using the k ~ p perturbation theory, the periodic
part of the hole Bloch function is

u, , (r) =u, . (r)+ u„, (r)
h 2 0™2 fPl Q fI tl

where

))(k,)= (2 ) 2& f d*).,d'):„'f„(k )f„(„k'),

xf,(k„+k„' —k~)

e'k'
&(k„—kf) ik„-kil

To obtain the transition rate, the matrix ele-
ment is squared, averaged over the initial BE
states and summed over final states. The most
important final hole states are in the two upper
valence bands; these two bands are degenerate in
the [IOOJ and [111]directions. We include only
these two bands in the summation and neglect the
fact that they are not degenerate in all directions. "
The remaining summations on discrete indices can
be performed in a straightforward but tedious way.
The result becomes

where 5 labels bands and 0' spins. Then we have

Ui k 'M
h&fft;h ae h Om&, & Oa

(18a.) B=
( ), d k~Pjk~)5(E~ —Er).

&u (o ~pluo 2)

The only band which makes a significant contribu-
tion to the sum in Eq. (13b) for Si is the I'» con-
duction band. If k„ is taken to define the Z direc-
tion, the Z component of M is zero.

In Ge, Uo,;a, ~, is not zero as it is in Si. How-

ever, the k ~ p calculations of Cardona and Pollak'
show that this overlap integral is small. We have
computed the Auger rates in Ge both approximating
U& .„by Uo„.h and using the k p expansion
similar to Si (that is, setting U, .„,equal to
zero). The second result gave almost an order of
magnitude larger Auger rates. It is the one we re-
port. " For Ge, the I", conduction band makes the
dominant contribution to the sum in Eq. (13b).

With these approximations, the transition-matrix
element becomes

'The factor of 2 in square brackets is to the in-
cluded for Ge but not for Si. In Eq. (15), I' refers
to the I'„conduction-band state for Si and the I",
conduction-band state for Ge; c refers to the con-
duction-band minimum (&, in Si and I, in Ge) and

p is the x component of the momentum operator.
(The minimum of the conduction band is taken to
define the Z axis; the x and y components which

appear in the product M P give equal contribu-
tions to the transition rate. )

To evaluate P(kz), it is necessary to obtain the
envelope functions f„(k~) and f,(k,). As a first ap-
proximation, we use effective-mass theory with a
simplified model for the band structure. The elec-
tron effective mass is taken to be spherical with
a value"

where rn, is the transverse electron effective mass
and I, is the longitudinal electron effective mass.
The interaction between the holes and the charged
acceptor is taken to be a Coulomb part, screened
by the static dielectric function, plus a short-
range square welt. The radius of the square well
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8
fjl 5 [@2 (l / )2]2 7f (u)= (17a)

The Bohr radii for the holes and electrons are
determined from a variational calculation.

There are corrections to the effective-mass ap-
proximation for wave vectors far from the band
extrema because the hole dispersion curves are
not parabolic at large k. We take these correc-
tions into account by substituting the hydrogenic
form into the Hartree equation for the holes in the
BE

is taken to be the covalent radius of the host. For
Si:Al and Ge:Ga (the impurity with the same core
structure as the host), the square well is taken
to be due only to the dielectric function. In Appen-
dix A, we obtain an expression for the depth of
square well for Si:Al and Ge: Ga based on this
assumption. The hole effective mass is taken to
be spherical. We chose a value for the hole ef-
fective mass by making a variational calculation
for the Si:Al and Ge: Ga acceptors, using a 18
hydrogenic wave function and fitting the measured
binding energy. For impurities other than Al in
Si and Ga in Ge, we determine the depth of the
square well by making a variational calculation
for the acceptor using a 1s hydrogenic wave func-
tion and fitting the measured binding energy. The
interaction between the electron and the charged
acceptor was taken to be the same as for holes
but with the sign changed.

As a first approximation, f„and f, are assumed
to have a 1s hydrogenic form

vectors of interest. ) Evaluating the integrals using
the hydrogenic functions and using the fact that
the hole Bohr radius is much smaller than the
electxon Bohr radius gives

V(r) = e "/' —+ — VJP5(r) . (a0)
-e 2„1 1 -4m
e(0) r a 3

Using this form for the potential, the iterated
wave function is

8 4v 1
c(0) (sa')'/' E(I/)+Es

a*+9/a* ~*(a*~ 9/s')* Ss*/@{0))'

Although this function appears to be quite different
than the hydrogenic form, they are numerically
rather close at small k. At large k, where both
functions are small, the iterated functions dies
off more slowly with increasing k than the hydro-
genic form. We compare the two functions for k
in the [111]direction for Si:Ga in Fig. 1." (Si:Ga
represents a case with in intermediate value for
the strength of the short range potential. The [111]
direction is the one of greatest interest because
the hole dispersion curves for Si and Ge drop off
most slowly in this direction so that the hole wave
function is spread most effectively in this direc-
tion. ) ln the calculations of Auger rates and no-
phonon oscillator strengths, we will only need the

Hole Envelope Function in

Acceptor BE Si Go

1
f„(k)= E(~) E Q V~s.f„(y') (18)

Here E(k) is the hole dispersion curve, Es is the
one hole Hartree energy, ff is the hydrogenic
form for the hole wave function [Eq. (1Va)] and V
is the Hartree potential seen by the hole computed
taking the hydrogenic forms for the envelope func-
tion

-e' e'
e(0)r c(0)

If,"(r') Iz „, , -e'
Ir -r'I c(0)

If (r ) P 3 4s
Ir -r' I 3

Here the short-range square well of radius R and
depth Vo has been replaced by a5 function for con-
venience. (The Fourier transform of the square
well is effectively constant for the range of wave

o~
lOI

U

10 I

6
)KI a

FIG. 1. Hole envelope function for the BE in Si:Ga vs
wave vector in units of the hole Bohr radius. The dashed
line is the hydrogenic form for the envelope function
fsee Eq. {17a)]and the solid line is the iterated form
[see Eq. (21)]. The wave vector is in the f111] direction;
IK la =la corresponds to the zone edge.
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TABLE I. No-phonon osciQator strengths for acceptor
BE in Si.

Measured Calculated

Si:B
Si:Al
Si:Ga
Sx.In

10&@ b

7 x10 ~~

1 x10-"
9 x10+I

8.7 x 10-'
3.5 x'10 6

9.0 x10 6

9.3 x10 5

Reference 10.
Estimated from the measured TO-phonon osciQator

strength of Ref. 10 and the ratio of TO to no-phonon
emission intensity given by R. Sauer and J. Weber
[Phys. Rev. Lett. 36, 48 (1976)].

iterated form of the hole wave function in the tail
region.

In order to test the validity of the BE wave func-
tion, we have used this function to compute no-
phonon oscillator strengths for acceptor BE in Si
and Ge. The details of this calculation are given
in Appendix B. In Ge, the acceptor BE no-phonon
optical transitions are too weak to observe. " Our
calculation produces very small oscillator
strengths"; this is consistent with experiment,
but not very helpful. In Si, the acceptor BE no-
phonon oscillator strengths have been measured. "
In Table I, we list the measured oscillator
strengths and the computed values for Si. For
Si: Al, Si:Ga and Si: In, the results are within
about a factor of 2 of-the measured values; for
Si:B, the calculated oscillator strength is about
a factor of, 4 too large. Si:B is different than the

other cases because the square-well potential is
repulsive for holes in this case. The binding ener-
gy for the acceptor is not very sensitive to the
strength of this potential; the no-phonon oscillator
strength is rather sensitive to it. In addition, the
no-phonon oscillator strength is sensitive to the
tail (in K space) of the hole wave function in much
the same way as the Auger transition rate. We
adjust the depth of the square-well potential to
produce the measured oscillator strength. This
adjustment is most significant for Si: B, if we had
not made the adjustment, the calculated Auger
rate for Si:B would be about a factor of 3 larger
than that which we report.

In 1able II, we list the square-well parameters
and resulting Bohr radii determined by the accep-
tor binding energy and by the no-phonon oscillator
strengths. We also list the acceptor binding ener-
gies produced by the square wells determined by
the no-phonon oscillator strengths. In Si:B, the
strength of the repulsive square well is reduced
to produce the measured oscillator strengths, and
as a result the corresponding acceptor binding
energy is greater than the measured value.

With the approximate expressions for the en-
velope functions, f„and f„we can perform the
integral in Eq. (14b). First, we note that the
function f, is much more sharply peaked than the
other function (the electron Bohr radius is large)
and replace it by a normalized 5 function,

f,(k,) = [(2w)'/(vb')' ~']g(k, —k~) . (22)

Then we have

(23)

'The calculation would still be very lengthy if it
was done without further simplicif ation because
both the integration in P(k&) and the final-state
integration k& involve evaluation of valence-band
energies at every point. We have examined the

integration in Eq. (23) numerically and found that
nearly all the contribution to the integral comes
from the region near k„=0. 1his occurs because
the function f„(k„)is peaked at k&

——0. There is no
corresponding contribution at (k~+kz= k„) because

TABLE II ~ Square-well parameters and Bohr radii for acceptor BE in Si. The diameter
of the square well is taken as the covalent radius of Si (1.11 A). The unprimed numbers are
determined by fitting acceptor binding energies and the primed numbers are determined by
fitting no-phonon oscillator strengths.

VpR3

(eve')
E~

(meV)

V'R3
p

(eV A.3)
E

(meV)

bl

(A)

Si:B
Si:Al"
Si:Ga
Si:In

-27.1
2.8
5.7

14.8

46
67
71

154

18.7
13.0
12.2
7.7

51.5
43.3
42.1
34.9

-12.0
4.9
6.2

14.8

53
70
72

I,54

16.4
12.4
12.0
7.7

48.2
42.5
41.9
34.9
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f„(k„)=[(2v)'/(va')' ')6(k„) . (24)

of the factor (k&+k~-k„) and because the demon-
inator ~k„-k&~' is large in this region. As long
as a ~k„+k&~ is much larger than unity, the in-
tegral in Eq. (23} is that of a sharply peaked func-
tion times a smoothly varying one in the region
which contributes. In this case, the sharply peaked
function can be reasonably approximated by a nor-
malized 5 function. Since we are only concerned
with the part of f„(k„)where the function is large
(i.e., near k„=0) we use the hydrogenic form to
determine the normalization.

To check the validity of this approximation, we
have used it for the integral with f„(k~+kz —k~)
being hydrogenic. For the hole Bohr radius pa-
rameters used here the approximate result was
within 50/p of the exact value determined by nu-
merical integration for all cases except Si: In.
For Si: In the approximate result was within a
factor of 2 of the exact result W. hen Eq. (21}is
used for f„(k~+k& —k„), the approximation should
be better than for the hydrogenic form because
f„(k~+k~ —k„) is more slowly varying near k„=0
in this case. With this approximation, we
have

a(0)
2~(0}a ak~ b E(k 0+ k~)+Es E(k„k~)

(I k„+k& I'a'+ 9 (i k„+k& I'a'+ 9)' 6[e'/2e(0)a]a' (25)

Here Es is negligible compared to E(k~+ k&); thus,
it plays no role in the calculation of Auger rates.

The final-state integral in Eq. (15c) is performed
numerically. The valence-band structure was ob-
tained from a tight-binding band-structure calcula-
tion using essentially the parameters of Chadi and
Cohen. " We have changed the second-nearest-
neighbor interaction parameter (u,„ in the notation
of Ref. 20}by 0.21 eV in Si and 0.16 eV in Ge in
order to produce the known energies at the L3 va-
lence-band points. " It is desirable to get this
point as accurately as possible because the largest
contribution to the density of final hole states for
the Auger transition in Si and Ge come with k in
the [111]directions. In Table III, we list param-
eters used in the calculation.

In Fig. 2 we show the result of the calculation
for Si along with experimental bound-exciton life-
times for the four common shallow acceptors. '"
The calculated lifetimes show the same dependence
on acceptor type as the observed lifetimes and
have numerical values that differ by about a factor
of 3 from the experimental lifetimes. Considering
the simplified BE wave functions used in the cal-
culation, we consider this agreement between the
calculated Auger rates and measured lifetimes to
be quite reasonable. The results indicate that the
BE lifetimes are limited by phononless Auger
transitions for acceptors in Si.

In Ge, it is difficult to determine the appropriate
square-well parameters because the no-phonon
acceptor BE oscillator strengths are so weak that
these optical transitions have not been observed.
In addition, the acceptor binding energies for the
different acceptors are nearly the same in Ge,

TABLE III. Parameters used in the calculation. All
symbols are defined in the text.

Si Ge

1.11 A.

0.26m
0.60m
0.8
0.53 a.u. ~

3.4 eV'
0.57 a.u.

1.22 A

0.12m
0.19m
0.6 ~

0.68 a.u.
1.0 eV~

0.65 a.u.

~Reference 13.

and they are not very sensitive to a short-range
potential (due to the large Bohr radii of the ac-
ceptors in Ge). In Fig. 3, we plot calculated Auger
rates for acceptor BE in Ge versus the square-
well parameter VQ'. In the lower panel of the
figure, we show the electron and hole Bohr radii.
The range of the square-well parameter shown in
the figure is over four times that used for Si: In.
(The binding energy of the Ge: In acceptor is pro-
duced by a well parameter of 3V eV A'. ) Over the
entire range of the square-well parameters, the
calculated Auger rate is almost two order of mag-
nitude (or more) slower than the measured FE
recombination rate in Ge. (The measured FE
lifetime in undoped Ge is about 8psec. ") Since it
seems unreasonable that the appropriate square-
well depth for the shallow acceptors in Ge should
be many times larger than that for Si: fn, the cal-
culation indicates that the phononless Auger rate
for acceptor BE in Ge is too slow to significantly
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influence the BE lifetime. " The slow Auger rates
in Ge follow from the large Bohr radii.

IV. SUMMARY AND CONCLUSION

We have presented a calculation of phononless
Auger transition rates for excitons bound to shal-
low acceptors in Si and Ge. We used a simplified
model for the BE wave function and did not expect
to produce numerically precise results (lt would
be a very formidable task to calculate a high-pre-
cision BE wave function. It would be necessary
to include the degenerate valence-band structure,
conduction-band anisotropies, and a realistic im-
purity-carrier potential in a three-body problem. )
The purpose of the calculation was to understand
the very large (almost three orders of magnitude)
dependence of acceptor BE lifetimes observed in
Si,' and the fact that shallow acceptors do not sig-
nificantly effect the lifetime of photoexcited car-
riers in Ge at low temperature' (qualitatively dif-
ferent behavior than in Si). These are large ef-
fects and qualitative differences which can be ac-
counted for in an approximate calculation.

The results of the calculation produced the strong
dependence of the Auger rate on acceptor type for
BE in Si. The calculated results deviated from
the measured BE lifetimes by about a factor of 3.
For Ge, the calculation gave Auger rates at least
two orders of magnitude slower than the observed
FE recombination rate in undoped Ge. We con-
clude that phononless Auger transitions limit the
acceptor BE lifetime in Si, but are ineffective

I I I I I I I I I I I I I

40 60 80 100 120 140 160
Acceptor Binding Energy (meV)

FIG. 2. Bound-exciton lifetimes vs impurity binding
energy for the four common acceptors in Si. The hollow
squares are our calculations of the Auger lifetime and
the solid circles are the measure values from Ref. 3.
Only an upper bound of 5 nsec (indicated by the top of
the arrow) was set on the BE lifetime for Si:In in Ref. 3.
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FIG. 3. Calculated Auger lifetimes for acceptor BE in
Ge vs the square-well parameter VOR . The range of
square-well parameter is over four times that appropri-
ate for Si:In. Even for this unrealistically large value,
the calculated no-phonon Auger lifetime is almost two
orders of magnitude greater than the measured FE life-
time in Ge indicating that the phononless Auger trans-
ition is not an important process for acceptor BE in Ge.
In the lower panel, the hole and electron Bohr radii are
shown.

in Ge. The principal difference between the two
materials is that the holes are much more tightly
bound to the charged acceptor in Si than in Ge. Be-
cause the holes are more tightly bound in the Si
BE, the hole wave function is more strongly spread
in K space and the Auger rates are faster. This
effect enters the calculation primarily through the
hole Bohr radii which are much smaller in Si than
in Ge. The increased spreading in K space for
more tightly bound acceptors also accounts for
the dependence of the Auger rate on acceptor type
observed in Si.

APPENDIX A: DIELECTRIC-FUNCTION CONTRIBUTION
TO SHORT-RANGE POTENTIAL

In this appendix, we estimate the contribution to
the short-range potential due to the frequency de-
pendence of the dielectric function. We set the in-
tegrated value of the short-range potential equal
to that for a square well,

4w VQ' = V, (r) d'r = V, (q = 0) . (26)
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For the short-rangy potential, we take

V, (q) = (4ve'/q') [1/c(q) —1/c(0)] . (27)

acceptor BE. 'The oscillator strength is defined

We use the form of e(q) suggested by Nara and
Morita" for Si; this gives 2.83 eV A for VP'.

For Ge, we use the same form for the dielec-
tric function as in Si, but replace e(0) with the
measured value for Ge, 15.36. This form is a
reasonable parametrization of the dielectric func-
tion calculation in Ge by Brust. " For Ge, we have
VQ' = 2.89 eV A'.

(28)f= (2/I~m)
I

&

Here IF) is the final-state acceptor BE, Il) is the
initial-state acceptor, I' is the momentum opera-
tor, and S&d is the photon energy required in the
optical transition; Eq. (28) is to be averaged over
the initial acceptor states and summed over the
final BE states. Using the BE wave function. in
Eq. (8) and an acceptor wave function of the form

APPENDIX B: NO-PHONON OSCILLATOR STRENGTHS

In this appendix, we use the BE wave function
to compute the no-phonon oscillator strengths for

If) = g F.(&)~(&m).

'The matrix element can be written

(29)

&f IP, IF) = g g f„(k„)f„(k„)f.(k„)F„,(k„')&a... IP„Ia,„.g(C'„"., C „',".).
kI,kh mlm2ge

(30)

Here u~, is the periodic part of the electron Bloch
function and u,„ is the periodic part of the hole
Bloch function. We assume that the acceptor en-
velope function F(k„') does not depend on the hole
spin state m, and that near k„=0 where F (k„) and

f„(k„)are large, they may be reasonably approxi-
mated by hydrogenic functions with Bohr radii a&
and a, respectively. In this case we have

8 3/2

Q f„(k„)F~ (k„)—
( / )3

Next we use the fact that the spread of the electron
envelope function in K space is very small com-
pared to that for holes and replace f,(k„) with the
normalized 5 function given in Eq. (22). The ma-
trix element becomes

The spin sums in Eq. (32), initial-state averages,
and final-state sum can be performed in a straight-
forward but tedious way. In Si, the result is

Here u~ is the periodic part of the hole Bloch
5

function in the &, valence band a'. k~ and u~y is
the periodic part of the electron Bloch function at
this point. The conduction-band minimum is in
the z direction (a [100]direction).

For Ge, the result is

1 8 a„PylF) =f„(kgQ)
( Q3)f/2 (1 / )3

3 (1+az/a)' a (nb')' ~' (34)

x g &a, .IP, I.. . )
hatt g m2fy

(32)x (g zz gJz)'
mym2 m2my

Here u&, and u~, are periodic parts of the hole and
electron Bloch functions at the conduction-band
minimum. The conduction-band minimum is in
the z direction (a [111]direction).
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