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Using existing series for spin-s Ising models and for continuous-spin Ising models, we have verified, the
universality of the ratio of the amplitudes associated with the leading confluent corrections to the
susceptibility and to the correlation length. We have, thereby, tested the universality of the subcritical part
of the correlation function, of which the universality of the amplitude ratio in question is a direct
consequence.

p, =A, t ~(l+B,t~i), t=1 —T,/T,
lJ,,/P, =A„t '"(I+B„f~i).

(1)

(2)

p~ is the second correlation function moment. All
of the above investigators found values of the cor-
rection exponent 4, in the range 0.50 & 4, & 0.65,
and none claimed to present convincing evidence
that their "best value" was correct to within less
than 5% or 10%.' ' Renormalization group calcula-
tions corroborate both the approximate numerical
value for 4, and its approximate model indepen-
dence. 4 This work' 4 verified, to within rather
large confidence limits, the universality predic-
tions that the value of &, should be the same for
all correlation function moments and should be in-
dependent of all irrelevant parameters, e.g., spin
in the magnetic models and pressure for the 4He

superfluid transitions.
We extend this earlier work by investigating, for

perhaps the first time, ' the universality of the sub-
critical part of the correlation function, from
which the universality of B„/B, follows as a direct
consequence through use of the following scaling
and universality arguments. If we write the cor-
relation function as a.power series in the irrele-
vant field Q, we find

I'( r, f, &) = (I/r)' ""[D,((gt)" r/I )

+D,((gf)"r/I ) g(gf)~a+ ~ ~ ~ ]
where we assume the critical function D,(x) and
the subcritical function D, (x) are both universal,
with all the nonuniversal system-dependence con-

Several authors have shown that the small, ap-
- parent violations of universalj. ty found in naive
"one singularity" analysis of Ising and Heisenberg
series and of experiments on the critical behavior
of the 4He superfluid can be attributed to confluent
corrections to the leading singularity. ' ' Including
one confluent correction, the forms of the sus-
ceptibility, zeroth correlation function moment

p p and of the square of the correlation length be-
come

tained in the irrelevant field P and in the scale
factors l and g.' Integrating this expression with
an x" weight factor to determine the nth correla-
tion function moment, we find

@„=~""(gf) " ""f + [A(g)")t"+'
where ap „and ot, „are universal integrals de-
pending only on the label n and the form of the
functions D, (x) and D, (x). From this expression
we see that the noguniversal contribution to the
correction amplitude B„=Qg ~'u, „/n, „ is the
same for all n, so that any ratio B„/B will be
universal. Clearly, B, Bp' and B Bg Bp so
that B„/B,will also be universal. '

To investigate the universality of the amplitude
ratio B„/B, for various Ising models, we use the
twelfth-order high-temperature series for the
nearest-neighbor spin-s Ising model for the fcc
lattice from Ref. 1, and from Ref. 2, the tenth-
order high-temperature series for nearest-neigh-
bor continuous-spin Ising models having the single-
spin Hamiltoinan II, , —P II, = —X(p, ', —2 p. ',.), in which
X determines the sharpness of the peaking of the
spin distribution about p. =+ I, the two discrete
values of the projection for an s= 2 spin.

Previous experience testing the universality of
amplitude ratios has shown that, not unreasonably,
the values used for the indices in determining the
amplitudes should be constrained to universal
values, because usually a small change in the
value of the critical temperature or a critical in-
dex will effect a larger change in the value of a
resulting amplitude. ' Therefore, allowing non-
universal variations in the indices, which are used
as input in the amplitude determination, forces a
nonuniversal variation of the amplitudes. In this
investigation, the values of the indices y, v, and

&, are constrained to a set of universal values in
determining B„, B„and B„/B, for various values
of the spin-s and of the peaking parameter &. For
the Ising models, the values of y and v and there-
fore T, have quite small confidence limits; how-
ever, the value of 4, has large confidence limits,
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TABLE I. Values of the amplitudes B~ and B„and the ratio Bk/B~ for various Ising models. These values for the
amplitudes were determined by extrapolating Saul-Wortis sequences, which were constructed using the values y=1.25,
2v=1.275, the values of g~ shown, and the two values of E& shown. The ratio was determined by extrapolating the se-
quence formed by taking the ratio of corresponding terms in the amplitude sequences.

Model z-'
C

4) ——0.575
Bk B„/B, Bs

Ep ——0.600
Bk B„/'B,

s= 1

3S=p

s=2

jlL,
=—1

2

3
2

10.229

10.362

10.421

10.522

10.613

10.479

10.303

10.186

10.104

0.142 + 0.003

0.207 + 0.003

0.241 + 0.002

0.320 + 0.006

0.392 + 0.003

0.289 + 0.003

0.188 + 0.003

0.139+ 0.005

0.101+ 0.005

0.196 + 0.005

0.294 + 0.002

0.340 + 0.004

0.456 + 0.010

0.545+ 0.015

0.410 + 0.004

0.265 + 0.003

0.190+ 0.004

0.136+ 0.006

1.39 + 0.02 0.150 + 0.002 0.212 + 0.004

1.41 + 0.01

1.41 + 0.02

1.41 + 0.02 0.489 + 0.016

0.583 + 0.020

0.433 + 0.010

0.280 + 0.001

0.199 + 0.004

0.145 + 0.007

0.345 + 0.008

1.405 + 0.03 0.417 + 0,009

1.42+ 0.03

1.41 + 0.02

1.37 + 0.04

1.30 + 0.06

0.307 + 0.003

0.198+ 0,002

0.147 + 0.002

0.113+ 0.005

0.222 + 0.002 0.316+ 0.010

0.259 + 0.004 0.367 + 0.006

1.40 + 0.03

1.41+0.02

1.41+0.03

1.41 + 0.03

1.406 + 0.04

1.42 + 0,03

1.41 + 0.02

1.36+ 0.04

1.30+ 0.06

lying in the range 0.50& ~, & 0.65. Even though the
most reliable series evidence from the Ising mod-
els seems to narrow the range to 0.565 & 6, & 0.610,
this still represents a large uncertainty in ~, . For
this reason, we determine the amplitude ratios for
several values of 4, in the above range.

Using Saul-Wortis four-fit methods, modjf jed
to fix all parameters in Eqs. (1) and (2) excepting
the amplitudes, "and using y = 1.250, 2 v = 1.275,
and the best values of K,= J/kT, from Refs. 1 and
2 given in Table I, we have determined the values
of the amplitudes 8, and B„and their ratio 8„/8„
all of which are presented in Table I for two values
of 4, . The uneertairities quoted in Table I reflect
only the scatter in the Saul-mortis sequence, and
do not reflect uncertainties in y, v, 4„or E„. as
an example, consider the secluence for 8, /8, for
the X= —,

' continuous-spin model, using 4, =0.575,
which follows 1.292, 1.281, 1.304, 1.320, 1.330,
1.339, 1.347, 1.354, and 1.360, a Neville-table ex-
trapolation of which yields 1.405 +0.030.

This analysis shows that the amplitude ratio is
universal with the value 8„/8, = 1.41 +0.05. Note
that although the amplitudes B„and B, are quite
sensitive to changes in the value of 4„ the ratio
of these amplitudes is relatively insensitive to
such changes. Indeed, further testing the effect
of such changes in 4, on the value of the ratio
shows that a 1/0 change in the value of 2, effects
no more than a. 0.07%%up change in the value of 8„/8,
throughout the range 0.50& 4, & 0.65. Also, it can
be seen from Table I that the largest deviations
from the universal value quoted above, also the
largest uncertainties, occur for those models for
which the confluent singularity is least important,
small B„and B„ for s=1 and X=1.5, 2,0 making
the determination of the parameters characterizing
the confluent singularity more susceptible to ir-
regular scatter in the series.
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