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The short-wavelength magnons which are observed by neutron scattering above as well as below the Curie
temperature Tc are studied by the methods of the local-band theory, described in the preceding paper. We
find a temperature shift of the spin-wave constant D, of a type previously proposed, but which we estimate
to be numerically small. A novel downward shift mechanism gives a lowering 2D ~g—~,'„, where (g~,'„ is
proportional to the magnetic energy. ~gI,„saturates shortly above Tc at about 5 X 10 ' A in both iron
and nickel. The form of this term is strictly correct only for q p~g],'„. However, it accounts for the
greater part of the observed magnon energy shift, both in temperature dependence and shape of the
dispersion curve. Finally, we find a new magnon-width mechanism I' proportional to ~gl,~ which seems
capable of accounting for the observed width.

I. INTRODUCTION

In this paper we treat the short-wavelength mag-
nons which are riding on the long-wavelength mag-
netization fluctuations which exist at and above the
Curie point T~."These are the famous spin
waves observed by neutron scattering above T~."

We find a broadening of the magnons and a down-
ward shift in their energy. This downward shift is
a new mechanism, never before proposed. The
broadening mechanism we find, which is also new,
apparently accounts for a substantial part of the
broadening seen above T~. It does not change sig-
nificantly with temperature above T~, in agreement
with experiment. We propose that the energy shift
coming from the nonlinearity accounts for most of
the observed softening of high-q magnons. Again,
this saturates shortly above T&, as is observed.
The remaining three- and four-magnon interaction
terms seem to have a smaller effect.

In the first paper' of this series, it was argued
that the collective magnetization fluctuations were
best treated as a classical variable, M(r). Quan-
tization of this variable may in some cases follow,
but only to determine the amplitude of the fluctua-
tion. In fact, the collective motion fluctuates,
either thermally or quantally, and the two types of
fluctuation have similar effects, for the most part.

In I, we pointed out that although the magnetiza-
tion fluctuations have a large effect on the original
single-particle states at zero temperature, the
great bulk of this effect is relatively trivial, name-
ly, the spin-quantization direction is twisted into
the direction M(r). The residual effect is propor-
tional to VM, and even in this case, the major
physical effect is proportional to that part of I
represented by a(r) —= —,(sin8VQ —iVB) where 8, di

are the polar directions of M. [I: Eq. (II. 11)] The
wave functions are modified in order a and the

energies in order a". A local spin rotation making
the local spin z axis parallel to M makes this re-
sult clear. Thus the smallness of a is crucial,
rather than the smallness of the deviation of M
from its mean direction.

It was noted in I that a can be small for two rea-
sons; the angle of tilt 8 can be small, or the
gradients can be small. In paper I we concentrated
on the novel case, never before treated, of small
gradients. In that case we could neglect the time
dependence of M (r), for the most part, as well as
making further approximations connected with the
smallness of the gradient. The case of small tilt
angle, if treated in band theory, is equivalent to the
random-phase approximation (RPA), which is be-
lieved to be numerically reasonable where it
applies.

In this paper we treat the compounded case, in-
which there is a short-wavelength ripple (to be
treated in RPA) superimposed on a long-wavelength
large-amplitude thermal spin fluctuation, treated
by the methods of I.

These shorter-wavelength excitations are ob-
served by neutron scattering as spin waves, even
above Tz.' That they exist is obvious from our
point of view. Any method which does not neglect
the local spin ordering will, if correctly applied,
gives such excitations, as is physically clear, but
it is not always easy to produce this result in a
given formalism. Indeed, the methods previously
applied are not very transparent, and in particular,
do not focus on the magnetization gradients or on
local spin order, but rely on Green's-function
truncations' (in the Heisenberg model)''s or dia-
gramatic approximations. ' In fact, only in Ref. 9
is any mention even made of "clusters of correla-
ted spins. "

Our method is straightforward, although the ac-
tual computations are tedious. We calculate the
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susceptibility in the RPA, and use as single-par-
ticle states those we found in I for the locally ro-
tated frame. (One could also have calculated a sus-
ceptibility in the rotated frame and then transform
it to the laboratory frame, if desired. ) In this
paper we concentrate on the predicted magnon
dispersion relation and find it correct to order
Q iai2 where Q is the magnon wave number. We
also assume Q» .

In fact it is, strictly speaking, numerically in-
consistent to assume Q small enough to justify a
small-Q expansion and at the same time to make it
larger than a, at least if we want the theory to
apply at or above Tc. We could, in principle, find
the dispersion numerically to order i a i' for large
Q in RPA. Our justification for the procedure we
use is that we wish to obtain results which are
simple enough that they can be understood and in-
terpreted. There is no fundamental reason why the
Q' term we find should not still be dominant for
Q) &. We have indeed made further important ap-
proximations which include the use of the short-
range one-band (SROB) model, and even, upon
occasion, parabolic bands. However, although the
final numerical results are hardly to be accorded
quantitative significance, we believe that they are
qualitatively indicative of the kind of result that
would be produced by a full-fledged RPA calcula-
tion, correct to order i a i'.

There are three terms in the result: a term
h'Q'

t'ai,

'», adampingterm, I'o, proportionalto
Q(ai„, andaterm-2D(ag, . Ofthese, onlythefirst
has been studied previously. "

The first term is expected on the basis of Fermi-
liquid theory. It was dropped in the development
of I, because there we kept the energy functional
to order iai' only. The Fermi-liquid theory al-
lows us to identify h' as (&D/& t'ai'), , where D is
the spin-wave constant. The only previous esti-
mate of this term was made by Izuyama. " We
estimate, like him, that h') 0, but think it is prob-
ably quite small. Strictly speaking, our estimates
are not comparable, as we have assumed Q» iai,
but for this term this restriction is probably not
too signif ica,nt.

The origin of the damping term is also clear.
The Hamiltonian in the locally rotated frame, ac-
cordingto I: Eq. (IL4) has in it terms propor-
tional to a which flip the spin of electrons. These
same terms, which act like a spatially random
spin-flipping potential will clearly allow magnons
to decay into quasiparticles. It is in a crude sense
equivalent to the finite-cluster-size effect of Liu.
We, however, have a rather different picture than
the "clusters" he proposes. The temperature de-
pendence in our picture is interpreted differently
also.

In our model, the temperature dependence of the
damping is that of i a@, which is proportional to
the magnetic energy. This quantity, therefore, on
experimental grounds, increases rather rapidly
somewhat below Tc and effectively saturates shortly
above. This is very close to the observed behavior.
A further discussion is to be found in I.

The origin of the final term, -2Diaia'v, is less
clear. It is of course no surprise that spin-depen-
dent terms which, at least locally, break the iso-
tropy of the original Hamiltonian Q, should give
rise to a shift of the spin wave energy, just as an
external field does. Clearly, since Q') iag, we
are dealing with a local property and there is no
question of a breakdown of overall spin rotational
invariance.

Nevertheless, since this term has never been
found before, and since it seems to be of substan-
tial numerical importance, we have investigated it
carefully. The most instructive analysis is that
carried out on the Landau-Lifshitz equation in
paper III (hereafter referred to as III)" of this ser-
ies. There it is seen to be a new, although in a
sense trivial, type of nonlinear spin-wave effect.

This term is, by our estimates, quite significant
numerically, and has qualitative features which
agree with observation. In addition to the satura-
tion of the observed shift above T~ mentioned earl-
ier, the shift is relatively constant in Q, for Q) (a, (, as we predict.

A major further problem is to extend this work to
the case Q- iai, and then to Q& iai. Some pro-
gress has already been made in this direction in
the framework of the nonlinear Landau-Lifshitz
equation. ~

Considerable information is already available in
the limit Q«+. Theresults depend on the temper-
ature region. Restricting our remarks to the case
T ) Tc, we know that at long enough wavelength,
the spin motion is diffusive. The criterion for the
boundary region between diffusion and propagation
is I' oQ ooor alternatively Q+-00+-2D(ag„=0.
Both criteria give the same result, in order of
magnitude, namely, Q-(iag„)' '-0.2 A ', for Fe
and ¹i.This is in agreement with experiment.
However, since both I'o and -2Diag must neces-
sarily be quite different for Q& i a i, we can expect
that the expressions we have found will be modified
appreciably as Q approaches this region from
above. " Some of the difficulties in doing a calcula-
tion in the region Q-

i a[ were discussed in I.
In Sec. II we write down the equation for the sus-

ceptibility, using the rotated-frame wave functions
of I. In Sec. III, we expand these equations to or-
der (ai', and to order Q', with Q'» isis. The
results are solved, after a number of further ap-
proximations, for the dispersion and damping. A
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numerical study of these results follows in Sec.
IV. We conclude in Sec. V with several remarks
about the calculation. Some of the more tedious
calculations are presented in the Appendix.

II. RPA EQUATION FOR SUSCEPTIBILITY

The susceptibility )t't(x, x') is the response of
the magnetization density (I'(x)} to a perturbing
magnetic field. It may be written in terms of the
single-particle Green's function as (x —= r, t)

)t'~(x, x') =Tro'5G(x, x)/5H~(x') .
Here 0' is the Pauli matrix and G is the matrix
Green's function, I: Eq. (II.18). Now because of
the thermal magnetization excitation, the Green s
function G is not diagonal, and the equation for p
will couple it to the excitations in charge density.

t

These however are suppressed, as discussed in I.
We accordingly project out these charge fluctua-
tions, and then write g in terms of a vertex func-
tion I'. Using a summation convention, we write

the given temperature. Putting Eqs. (5) and (6)
into Eq. (4), doing the sums over imaginary fre-
quency and continuing to the real axis, we find the
kernel

K(g( x) -i (ot t'-) fu fu2g' Eu +Ev+iq

x o,'u(x}8~u, (x'),

where

o'„„(x)= [)I)g(x}R '(x)o'R(x)it, (x)].
It is convenient now to define

u Q- Eu +E, +ig

where we have suppressed the dependence on j and
x'. In terms of A, the equation of motion (8) reads

(Q —E„+E,)A„„(Q)

= --,' e'~' 'o„(x')uv

X x(*, x') = -t' f K"(x, ) )'t(*, x') d'X,

where I satisfies (in the SROB model)

(2)

with

—U A„„-„-„(Q- Q)(f;—f-„)A-„„-(Q), (8)
dQ

I

r"(x, x) =--,'6"6(x-x')
1

+ — UK' '(x, x)I' t(X, x') d4x,

and the kernel K is

K"(x, x') =iTro'G(x-, x')o'G(x', x) . (4)

)t.„,x-;(u) -=—J t('*x'"'j „(x)t)x-';(x).

The susceptibility is then

X'~(x, x') = i (2v) ' dQ e '"'(f„-f„)

(9)

(It should be noted that ignoring the projection
above gives only a small change in the coefficients
of our final results. It corresponds to allowing
sums over o matrices to include o', the unit ma-
trix. )

The kernel contains all the information about the
dynamics and statistical state of the system. For a
state with a definite magnetization configuration,
we write G in terms of rotated-frame states as

t

G(x, x') =R(x)G(x, x')R '(x'), (6)

where R(x) is defined in [I: Eq. (II.2)].
The retarded function in the rotated frame is

x A„,(Q)o„'„(x).

Using the properties of o matrices, we rewrite
the time Fourier transform of Eq. (9) as

tt..—, ;(t) = f x'x((I)it;)(t' tt. ) —l((;( )(t (;)(.
and note that A(t) is Hermitian, A„„-„„-= A-„„-„
Finally, we return to the original momentum and
spin labels kn and write

[Q —E„(k)+E()(k')]Au()(kk', Q)

G(,)
du) y, (rt)(t,*(r't'),.~. ..)
2w u- Eu +zg (6) =I —UA„S 8(kk', kk', Q-'—Q)

Here gu is the single-particle state in the locally
rotated frame, E„ its energy given by [I: Eq. (111.6)]
and p is the pair kn. The implied summation over
p, means J(dk) Q . G is written out in I: Eq.
(IV.9).

We take, as discussed in I, the quasiparticle
occupations, fu, to be those appropriate to E„at

x[f~(k')-f.(k)]A.&(k, k', Q}-, (»-)

where integrations over k, k', and 0 are understood
and where we have written I for the inhomogenous
term. This last will be dropped in this paper since
we shall only be looking for the excitation energy,
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which is given by the solution of the homogeneous
equation. A further discussion of it will be given
in III.

In what follows we wilI define Q=k-k', Q=k-k',
and A(kk'0) =A(k, Q, 0). We shall also use k' =k
+&Q, where the Q involved will be clear from con-
text.

III. MAGNON DISPERSION

In this section we obtain the magnon dispersion
correct to order Q'

~
a ~'. The susceptibility equa-

tion (12) differs from its zero-temperature, ordin-
ary RPA counterpart in three ways: the eigenener-
gies E, depend on a,, the occupations f, may
therefore differ, and the kernel A will be modified.
The latter effect happens because the electron
spins in the local frame are tilted somewhat away
from the local direction of magnetization.

In the magnetic ground state, the single-particle
states are

( }
'f f I )[ yo ( )

'k (0]
(0& (1&

so that
E,(k) = e(k}+-,'a+-,'&(k) + ~ag, /2m, (15a}

with similar equations for the z and + components.
Now Eq. (14) is a familiar equation for the spin-
wave energy and wave function in the RPA. The in-
terpretation here is that it predicts an eigenexci-
tation which is a tipping of the magnetization vector
from its local mean direction. The value for 0
found from it differs from the RPA result DpQ'

only through the perturbed energies E(k) and the
resultant perturbed occupations f(E(k)). We shall
proceed by first solving Eq. (14) to order Q' and

The change in kernel &A =A —A' modifies
the character of the state by mixing in some exci-
tation of the 0, type, in the local frame. We shall
treat it as the perturbing potential in a Schrodinger
equation, and find the resulting shift in the energy
0 in second-order perturbation theory. The shift
will include an imaginary part, which will give the
magnon decay rate, coming from the continuum of
o,-type states with which the excitation is degener-
ate. The energies to be used in Eq. (14}are given
by [I: Eq. (III.6)]

A' s
—„8(kk', kk', t)

=(~ -~[]8-k6 8~-8)(») &(Q-Q'). (18)

Calling A' the solution of Eq. (12) with A', the
magnon creation part of AP satisfies

[0-E (k+) +E,(k )]AQ, (kQg)

and

L = U(N, —N ) = 6Q + ta',

~(k ) = 2( ( a, ~ V )a'v —() a ~ V [dv &)/A.

(15b)

(15c)

=+U k+ —,k AP, kQQ dk 14
Here 4' is the shift in b, due to repopulation, pro-
portional to ~a~aav . Using these, Eq. (14) is

1=U dk + k — k+ 6-Q+ ~ v+~+8 Q ~ V'~ '6 . (16)

(I'la)

(17b)

Expanding the denominator to include all terms of order Q' and Q'~a~av expanding f, in powers of Q and

occasionally integrating by parts we find Q = Qp+ Q, + Q2, with

0 =D Q2 =pUQ2/2m' —((Q v)'&/4,

Qa =((Q ' Va) (a ' v)av&/2b+4DQQ ((a. ' v(av)/A —2((a ' v)av&((Q va) &/A +[6(I&—2(I+ +I )]//n. ',

(), =(U/a) f (dk)[Q'(afar af ) am/-( v()f(,df, —llf )/a-[D Q' (Q v)')/a](a'/a). - (1Vc)

In Eq. (17a) m ' is the average inverse mass over
occupied states of both spins. We have identified
D„ the RPA ground-state magnon stiffness con-
stant, and defined the expressions

age over singly occupied states. In Eq. (1'lc) there
are no terms involving ~a~a'v explicitly, since &'

and ~f are already of this order. Now

0& =-(Q ~ v)'(a ~ v)'. &, (18a)
~f„= s" [~a~a. /2m —6g+-'(~'+5}], (19)

I —= -U dk Q ~ v'a ~ v (18b)

using the notation ( & of I: [Eq. (III.5)]fortheaver-

where &p. and 4' are found by self-consistently
solving Eqs. (19) and (15b) while conserving the
total particle number. Using Eq. (19), simplifying
0, by replacing V, v by a constant 1/m, and drop-
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ping the first term in 0, we find for Eq. (17)

0, +0, = (@ ~ a/Z /m'a+6D, Q'((a, ~ vJ.'v&

+ 3(2(I) —I+ —I )/bP

—(6q)Q'/ma —2n. 'D,Q'/I . (2o)

To treat the effect of &A, we concentrate on the
solution of Eq. (14}characterized by a definite
value of Q, and the eigenvalue A=GO+Op+02.
Then A+ =A++ =A =0 and

Ao, (k, Q')~6(Q-Q')[0-E (k')+E+(k )] ~. (21)

The simplifications introduced here are tantamount
to the parabolic band approximation. Here and be-
low they are introduced to allow economy of ex-
pression of results.

Now we will find that A, ,+ = &A, „is of order a
while 6A +, is of order ~a ~'. From the homo-
geneous part of Eq. (12), the first-order change of
the wave function is

A,', (k, Q, 0) = UA„,(k,'Q, k'Q'; 0- 0')[f (k ")—f,(k' )]A,(k', Q', 0')/[0-&, (& )+&,(k')], (22)

where integration over k', Q', Q' is understood. The term in A» „A» has no effect and has been dropped.
Putting Eq. (22) back into the homogeneous part of Eq. (12) we find

[0-E (k+) +E,(k )]A,(kQ0) +U[f, (k ) -f (k')]A, (kQ0)

U6+eff (kQ, k Q, 0- 0)[f,(k ) -f (k'}]A,(k Q0), (23)

where

6Aeff(kQ, k Q, 0 —0) =6&, ,(kQ, k Q, 0- 0) —U(A, „(kQ, k'Q', 0- 0')[f,(k' ) -f+(k")]
xA, + +(k'Q', k Q, 0'-0) [O'-E+(k")+E+(k' )) '

+ term with (++)-(- -)j
again with integrations over k', Q', and 0' understood. This yields an energy shift to order ~a ~'

U f (dk) (dk')A', (kQ)[f, (k ) -f (k')]6A,s(kQ, kQ, 0)[f~(k )-f (k )]A', (kQ)

f (dk)AO+(kQ)[f (k ) —f (k+)]AD (kQ)

(24}

(25)

This is just the expectation value of the perturbing potential in the unperturbed state. The denominator
normalizes the unperturbed wave function, and shows the form of the scalar product needed to make the
original Schrodinger equation Hermitian. Similar arguments have been used'by Korenman and prange. '~

The remainder of the calculation is relatively straightforward, though tedious. We therefore give at once
the resultant contribution to the dispersion, Q„and relegate the actual calculation to the Appendix. This
0, is to be added to 0,+ 0, of Eq. (20} to obtain the total excitation energy correct to order Q'

~

a ~'. We find

0, =-2D(a]gv +2D]a)av((Q v) )/b, +2DQ ((a vg, )/can+2[I- 2(I +I }]/n. +D Q (a(avU(%++X )/6

+ )@~ a(„[1-2m D2 —U(X„+X )(~+D m ))/6m —fsDU(&, v, +& v )(Q (a(g„- (@ ~ a(g, )/4Qb, . (26)

Although these expressions are still far from
transparent, the general form of the excitation en-
ergy is clear. The terms in Q'~a~~' represent a
change in stiffness constant D due to thermal mag-
netization fluctuations. In the presence of these
fluctuations the excitation, dominantly of spin-flip
type in the locally rotated frame, mixes with the
continuum of particle-hole states with the same
spin. The imaginary part of Eq (26} is the. resul-
tant damping. Finally, there is the term -2@a',
which is a Q-independent softening of the magnetic
excitation. This term is surprising, as it seems
to violate rotation invariance. However, this ano-
malous term is not an error. It appears already in
the classical Landau-Lifshitz equation when non-

linear effects are included to lowest order. There
is no violation of rotational invariance since the
limit Q-0 cannot be taken, because Q has to be
large compared to ) a

~
for our analysis to be cor-

rect. We believe the softening found in Eq. (26)
to be a real effect, and will return to discuss it
below.

IV. NUMERICAL ESTIMATES

To allow crude numerical estimates, we express
our perturbed energy directly in terms of the para-
meters of a parabolic band model. It is simplest
to take the "strong" limit, appropriate for nickel,
where the minority spin subband lies entirely above
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the Fermi energy and is empty.
In terms of the "majority" (i.e., minority hole)

spin Fermi momentum P, some of the quantities
we have defined are:

~=UP'/6a', ~'=0,

Do =(1 —2p /5mB)/2m,

6i = -2jall. p'/»m'A,

[(I&--,'(I, +I )] =-A(-,'p' —', p'/m~)

x[lal' Q'+21(a Q)I']/sm',
(27)

giving

0, +02 =(1-6p /5mE+12p /35m A2)

x f(Q ~ a) lv2v /m'a

+ (2P'/15m 6 —12P'/175m'A')

xQ'lail /m'd. .
Here it is convenient to define a parameter

y-=p'/2mb, ,

where y &1 defines the strong limit.
In terms of y we write

(28)

(29)

0, +II, +0, +2Dla ]2,

=(--.'+—", y- —",,'y'+ —"„,'y')'l(Q a) I' / p'

with

I &= «.Ial' /2pQ. (32)

-(-.'is)D. Q'[I- l(Q '-) I: /Q'l.-l:.] la l: /pQ.

(30)

Although the parabolic band model is an extreme-
ly crude representation of a real transition metal,
lacking a better calculation we use it for estimates
of the temperature dependence of magnon proper-
ties.

The model we use for nickel puts 0.56 spin-down
holes per atom into six spherical pockets, at X,
giving P =0.8 A '. (Band calculations" give six
pockets although only three have been observed. )
Using m *-5.5 m„" and 6 -0.8 eV,"makes y =0.55,
v~ =1.6x 10' cm/sec.

To extract a temperature dependence from Eq.
(30) we must perform a thermodynamic average
over configurations of a. In any such average
IQ alav will be replaced by —,'Q'lalvv. Combining
terms yields

II, + Q 2 + Q ~ + 2D I a lvv

=(4+ ~y+ vs y'-,»y )Q' Ia I,', /mP -ii'o (31)

The term in parentheses, =B, is easily shown to
be positive for y (1. It ranges from 0.14 for y =1
to a broad maximum of 0.32 at y=0.48, and falls
to 0.25 at y=0.

As discussed in I, for low temperatures ialv2v can
be approximated as g p'N, /2M. This gives rise
to a positive T' ' term in the effective stiffness con-
stant D. Using the values D, =0.56 eV A', 2MO =0.05
spina/A', we find

I a I v -4.5 x 10 '0T5~2 A 2 (33)

Letting m =5m„we find the relative energy shift

6D/D = B Ija
I /m p D =3 x 10 "T'~' (34)

(T in degrees K). At T =To =627 K, 6D/D =0.003, a
very small effect.

Now this expression for
I aivv is clearly not good

near T~, since the spin-wave approximation does
not reproduce the critical energetics. We use the
approximation discussed in I, expressing lal2v in
terms of the total magnetic energy above T&,
Ial.', =5x 10 ' A '. This is a factor of 10 larger

than the estimate of Eq. (33). We conclude that
these terms give a change of D, which is probably
small and positive, but hard to predict in detail.

The only previous determination of this quantity
of which we are aware, that of Izuyama, " is also
positive, though somewhat different than ours.
[Corresponding to Eq. (31), he has the square
bracket as —„y $75y', which is 0.7 at y =1 and
0.22 at y =0.5]. The only available experimental
data also suggest a positive sign for this term,
but they are not very reliable.

For the magnon damping, we have I'o/II, = v(6
x 10 ' A ')/2Q which is unity for Q-0. 1 A ' for
T) Tc. This is about half the observed value of
the magnon width. However, there are sources of
damping we have not considered, as well as inho-
mogeneous broadening~ which also depends on
(Ial,„). In addition, we will argue that the ob-
served magnon energy is smaller than DQ'. Both
these effects suggest that the damping mechanism
we have found is a major damping effect, and ex-
plains the value of the lower magnon cutoff and its
insensitivity to temperature above Tc, as well as
the general temperature dependence of the magnon
damping for all wave vectors above this lower cut-
off.

The term -2Dla I,'„ is discussed in detail in the
accompanying paper, "which is an analysis of the
nonlinear Landau-Lifshitz equation. We here dis-
cuss the numerical importance of this term.

The form -2Dlal2 represents a limit when Q
» Ial. It is expected to become smaller for Q
near lal. Using the preceding estimate for lajvv
of 5x 10 A and using D =0.5 eV A gives a low-
ering of 50 meV in nickel. As this is in accord
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with observation, ' it suggests that the apparent
lowering of the short-wavelength magnon energies
with temperature as observed by neutron scatter-
ing is largely due to this effect, and that the value
of the short-wavelength D is relatively constant
with temperature as we found above.

The data for iron and Fe(Si) appear to confirm
this result quite well. ' Taking ~a ~a' to have the
sam'e value, 4 and estimating the zero-temperature
D~,+,&

to be about 270 rneV A' we predict the shift
to be about 27 meV. The room-temperature shift
is estimated to be 6 meV, leaving a shift between
room temperature and high temperature of 21 meV.
This can be compared with the data of Fig. 1. The
good agreement implies that the temperature de-
pendence of D is weak. Since iron is a weak ferro-
magnet for which a parabolic band approximation
is not even remotely appropriate, -, me can not easi-
ly calculate how big the possibly positive term in
9' ~a~av is. There will also be a T' term from
single-particle excitations, which in principle can
be estimated from the Fermi-liquid consideration
of I. However, the above analysis would suggest
that these shifts in D are small.

We stress that D is a quantity appearing in .our
formulas, nearly equal to the low-temperature
spin-wave constant for short-wavelength magnons.
It is not equal to the finite-temperature, long-wave-

length-limit spin-wave constant, which is propor-
tional to the total, not local, magnetization, nor is
it the coefficient of a parabolic fit to the observed
high-temperature short-wavelength spectrum, a
number which is sometimes quoted.

V. DISCUSSION

We have, up to now, glossed over several inter-
esting points. These points are most clearly illu-
strated in our study of the Landau-Lifshitz equation
in III.

We recall that in the method developed in I, the
Hamiltonian was simplified by going to the locally
rotated frame. In this frame, in addition to the
correction terms proportional to a, there are
terms in the form of a vector and scalar potential,
i.e., v - v +tv, g, 8/8 t -8/8 t +io, g Her. e 2g = vb

+cos8 VQ and 2g=6 +cos8 $. The arbitrariness of
the third Euler angle, &, is the expression of gauge
invariance for these fields.

In the rotated frame, the only physical effects
are those proportional to the fields. The magnetic
"field" is

h=-o,Px g=-,'V8x sin8VQv, = . a.*x ao, .
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FIG. 1. Spin-wave dispersion in Fe(Si). From Ref.

The electric field is e = 2sin8(V/8 —QV8)o„ it can
also be written in terms of a if use is made of the
Landau-Lifshitz equation to express the time de-
rivatives of the angles. The result is P =-V' (II)0,

with the dyadic $ given by P = a a*+a*a - 1 a a, *.
Clearly, both e and h are of order ~a~'. Being

vectors with random directions, they cannot corn, e
into the quasiparticle energies in first-order (if
they do not split a degeneracy). There will be some
scattering effects, corresponding to absorption and
remission of magnons without spin flip. However,
as the V and h fields are slowly varying this scat-
tering will be nearly forward.

The effect of all this on the susceptibility can be
taken into account by quasiclassi. cal methods made
familiar to condensed-matter physicists by Gor'kov
in his derivation of the Ginzburg-Landau theory of
superconductivity. ' The same kind of development
can and has been followed through in the calculation
of p. We have, in order to simplify ah already
cumbersome calculation, totally ignored these ef-
fects in writing out the preceding calculation, how-
ever.

The results of including the potentials is most
easily stated in terms of the equation of motion for
)( in the locally rotated frame. ~ One simply re-
places 8/et by 9/at+2i g and V by V +2ig. The dou-
bling of the field is familiar from the superconduc-
tivity case, were the pair susceptibility depends on
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the propagation of a pair with charge 2e. Here,
the propagation is of a particle and hole, but as
they are of opposite spin and the fields change
sign with spin, the fields again add constructively.

At this stage, it may be argued that if the electric
and magnetic fields are small enough to be neglig-
ible in the single-electron problem, twice these
fields will still be negligible in the susceptibility.
Remarkably, this is not always true, and even
more remarkable, it is not true that the potentials
can be neglected even in the case that the fields
vanish identically.

As this point is illustrated in III, we do no more
than state the result here. Although in most cases
the spectrum of the susceptibility in the rotated
frame is negligibly affected by the existence of the
potentials, just because the fields are small, the
susceptibility Z(rt, r't') in the lab frame acquires
additional phase factors, linearly dependent on the
potentials. These phase factors are written down
in III. They are of course gauge invariant. Since
the phase factors are space and time dependent,
they affect the relationship between energy and
wave number in the lab and the locally rotated
frame. (Actually, even in I we have seen an ex-
ample of this. )

The shift -2D ~a ~,'» is in the locally rotated
frame. At least for the case near and above T~,
we show in IG that the transcription back to the
lab frame preserves this shift. It introduces a
Doppler or inhomogeneous broadening of the same
order of magnitude as the shift, which along with
the direct decay term I' would seem to account
for most of the observed short-wavelength magnon
broadening.

We do not yet know the effects of the transcrip-
tion from locally rotated frame to lab frame at in-
termediate temperatures. There is some indica-
tion that this transcription will introduce shifts in
addition to inhomogeneous broadening. In fact the
shift, 2D(a g, -is somewhat smaller than that ob-
served at temperatures of the order of &T~.

The numerical results of this paper are there-
fore restricted in their validity to the temperature
region near and above T~. Accordingly, following
the discussion of I, we have used the single-par-
ticle energies E~ to determine the quasiparticle
populations. However, the repopulation effect is
small in any case and it is not numerically signifi-
cant to distinguish between the energies E, and

E, defined in I.
A final point is that the susceptibility, at very

long wavelength involves zero-order frequencies
'~& D~a~'. In t is regime, the magnetic field 2k
is not a small perturbation. This long-wavelength
case can be studied by renormalization-group tech-
niques, but the transition region (()-D~a~' remains
a difficult case to study.
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APPENDIX

We here finish the calculation of the contribution
of &A to the dispersion. We first evaluate &A, us-
ing Eq. (11) and the wave functions found in I: Eq.
III.1) rewritten

i(I+n (k)
i

k p, (k) &

where

P, (k) =-v(k) a(r)/S,

P (k) =+v(k) ~ i*(r)/~,
and fdr(1+ o. + o.*+(P~') = V.

(A1)

Noting that only the real part of &A „+is impor-
tant we find

VI. CONCLUSION

We have estimated the shift of the short-wave-
length magnon energy in the local-band model. One
term, k'Q' ~a),'», representing a shift of the spin-
wave constant, is likely to be small and positive.
A damping term I'o, proportional to ~i~»» Q may
account for a substantial part of the observed line-
width. A novel $erm -2D]a ~am» seems capable of
accounting for the bulk of the observed shift.

This term is probably not band-structure sensi-
tive as are the other two, as it appears in the non-
linear Landau Lifshitz equation. It will be inter-
esting to see if such a term can be identified in the
case of Heisenberg ferromagnets as well as the
itinerant ones.

5A „,(&Q)Q) =--,' J &r(l() (k')- (k*)Pl'+ I()~ (k )-()(k )I' ()) (k')+ll (k ))(l)(k )+() ()))).
For simplicity, we again effectively assume parabolic bands by writing

P (k') —P (k') =i*(r) ~ [v(k+) —v(k')]/6-a*(r) [v(k) —v(k)]/E
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P*(~')+P,(~ ) =a(~) - [v(~') -v(~ )]/&-a. 0/mA,

to find

5A, ,(kg, kQ) =- dr ( ([v(&) -v(k)] ~ a(r)('+-,'(g a('/m'}/a'. (A2)

Similarly

A ...(AQ, AQ, QO=f dvdaaxo[ [(aQ-Q) v+Qo]]a(v) [v(a')+v(a )-a ()v)]t/a , a

which we rewrite, doing the Fourier transform, as

A, +, (uq, u q, ng =a (q - g, 0') ~ [v(u) -v($+-,'q}]/A,

(&0, ~0, 0') =a(Q- 0, 0') fv (&--'0) —v(&)l/&,

A„,(k ()), O'Q, -0'}=a*(Q- Q, 0') ~ [v(k'}-v(k+-,' Q)]/6,

A (kg O'9 -0') =aQ(Q-9 0') [v(k- —, 9)-v(k')]/h.

(A3)

We next find &A'" by using Eqs. (A2) and (A3) in Eq. (24). Here we may use the a =0 values for E(k} and
s(k) since [~A'" is already explicitly of order (a ('. We also note that (fa ((f, 0') and 0'a ((f, 0') involve sec-
ond and higher gradients of the magnetization distribution, and so are of order a and higher. %e drop
these terms for consistency. Grouping together the terms of various types we find

oA'"(AQ A Q 0)=-a-' f (dv)ov(A) a['v]O(A') a('-[o-o/(A, +A )]v(A) O'U(A') a

—U[(v(k) ~ a)(a* ~ Q/m) +(v(k') .a*)(a- Q/m)][C, + C +-,'(A, -A )]
)

+U(jy, +~ )+[1+2U(C —C )+—'U(A, +A )](Q aj /2m j,
where s, means a(q) and we have defined the Fermi-surface integrals

(d~) [f4~ ) -f.(~')]
[n-z.p')+s„(n-}]

(d&)[f (& )-f (&')]l» a(4)l'
[0-E„(k+)+E (k-)]

(] a(v)C.(Q, ())/m -=f (d&) [f~(~ ) -fj&')l(v a)
[0-z„(k')+z„(u-)] (A5)

Finally, we put [}A'" into Eq. (25). We note that the k and f integrals separate. Using Eq. (20) for
A', me find

0, =(U/a')(2F, F, —F,r,*[2-U(A, +A )]-2F F,(a* Q/m)U[C +C + —'(A -A )]+ F [U(B +B )

+[1+2U(C, —C )+-,' U(A, +A )](Q a('/2m']}/r, (A6}

where me have defined new integrals UFA =-D(Q. a), (A11)

f+(& )-f (&')
Q Q @+

vea
0-E (k') +E (k )

These may be evaluated as

Uy =[1+((Q ~ v)'&/~2]/n, ,

(A8)

(A9)

(A10)

A =-x +(0+x/T}1, ,
C„=m(0+i/T)A /Q', (A14)

UF =-(jv ~ a j'&(1+&0'/n)

[&I&--,'(I, +I )]/s'- (Q. a('/4m . (A12)

For the integrals defined in Eq. (A5) we write

(v ' Q)(sf/ ~)
(A13)0-v Q+i/r'
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a.=-J (da)

+ — Q+— a 2v'I — Q+ —a

level, v the 0.th Fermi velocity, and

(-en /&s)I c + (dk)
( ~ / )

(A16)

Q+ g, a 2 ~2y
For definiteness (considering the rather large Q
values of interest) we evaluate Io in the limit
QT« ]« QVT,

-3 Q+ — a~y A Ic = X (0/Q'v„' —is/2Qvg, (An)

(A15)

where X is the density of states at the e Fermi
and, inserting Eqs. (AQ) through (AlV) into Eq.
(A6), find Eq. (26) of the text.
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