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The cyclotron resonance of conduction electrons in a semiconducting silicon (100) surface inversion layer is

studied by using the memory-function approach. The effects due to electron-impurity and electron-electron

interactions are included. The cyclotron-resonance mass shift and the transport lifetime are calculated as

functions of temperature, electron concentration, and frequency in the absence of a magnetic field. The

obtained mass shift as a function of temperature is compared with the measurement of Kennedy et al. , and

the agreement is only qualitative.

I. INTRODUCTION

The cyclotron-resonance experiments of several
groups' ' have shown'that the efft, ctive mass of the
electrons on the silicon (100) surface inversion
layer depends on a number of experimental param-
eters. The variation of the cyclotron mass with

frequency and carrier concentration was observed

by Kennedy et al. ' 'The frequency and tempera-
ture dependence of the cyclotron mass has been
experimentally studied by Kuhlbeck and Kotthaus4

and also by Kennedy et al. ' The theoretical aspect
of this problem was investigated independently by

Ting et al .,
' Tzoar et al. ,' and Ando. ' The authors

of Ref. 7 have calculated the zero-temperature ac
conductivity for a two-dimensional interacting
electron gas in the absence of a magnetic field and

they also discussed the effects at high tempera-
tures where the dielectric function is classical.
However the thickness of the surface inversion
layer and the valley degeneracy have not been con-
sidered in their work. 'Ting et al. have numeri-
cally calculated the ac conductivity for a silicon-
surface inversion layer in the presence of a strong
magnetic field. They find that the line shape of
the resonance is sensitive to the single-particle
lifetime v. Since ~ is affected not only by the elec-
tron-impurity interaction but also by electron-
electron scattering, 7' was not evaluated from first
principles but chosen empirically by fitting one of
the cyclotron resonance line shapes at each con-
centration. Although the calculated lirie shapes
agree reasonably well with experiment, the results
for cyclotron mass shift are too small to account
for the measurements of Ref. 3. Moreover, the
electron concentration and the temperature de-
pendence of ~ are not known. It is therefore in-
convenient to use the method outlined in Ref. 9 to
calculate the variation of the cyclotron mass shift

with electron concentration and temperature.
In the present paper, we calculate the ac con-

ductivity of surface inversion layers by using the
memory function M(&o) of Gdtme and Wolfle, "and

taking into account the thickness of the surface
inversion layer and the valley degeneracy. In this
approach, the single-particle lifetime ~ need not

be introduced. Therefore the cyclotron mass shift
n m/m and the transport lifetime 7 „can be nu-

merically calculated as functions of concentration,
frequency, and temperatures. We neglect the
magnetic-field dependence of M(~). The effect of
the magnetic field H might cause &m/m and r„
to oscillate as the frequency (or H) or the carrier
concentration varies. ' Since the amplitudes of the
oscillations in &m/m and r„are expected to be
small, the results with H = 0 should still yield
valuable information about the understanding of
the cyclotron resonance in the silicon-surface
inversion layer.

In Sec. II, we evaluate the memory function

M(&o), including the electron-electron and electron-
impurity interaction. The impurity potential is
obtained by solving Poisson s equation in the semi-
conductor, insulator, and metal with appropriate
boundary conditions at the interfaces. " 4m/m and

~„are expressed in terms of M(&o) and the varia-
tions of these quantities with temperature, elec-
tron concentration, and frequency are obtained.
In Sec. III, the numerical results are presented
and compared with experimental data. The final
section contains a summary and discussion of our
results.

II. FORMULATION AND CALCULATION

Using the holomorphic memory function ap-
proach of Gotze and Wolf le,"we can express the
dynamic conductivity in the presence of a mag-

16 3541



3542 A. K. GANGUL Y AND C. S. TING 16

netic field as'

inc'/m
0'd ((tl

(d +(d, +M((d} '

whey. e g is the total number of carriers per unit
area with charge e and bare band mass m, and

co, is the frequency of the cyclotron resonance.
The memory function M(&o} as a function of the far-
infrared electric field frequency ~ has the form'

statics by solving Poisson s equation in the semi-
conductor, the insulator, Md the metal, and im-
posing the appropriate boundary conditions at the
interfaces. The effective unscreened interaction
n(q) between an electron and an impurity is taken
to be

«(q) = e f—'dz f dz '
~~
q,(z)

~~

'

M((d) = — "' Q ~u(q} ~'q,'[s(q, (d) -s(q, 0)]
a

e(q, e)=-if die' qe(t)([p', (t), IL,(0)]) t

(2)

x(},(z') ~'g(q, z, z'). (6)

$,(z} is the wave function of the electron associ-
ated with lowest subband of the inversion layer
potential well, and it is given by"

0( )=(-' ')"' (7)

where u(q) is the electron-impurity interaction in

q Space and n, is the number of impurities per
unit area. e(t) =1 if t&0 and e(t) =0 if i&0. p &

is
the density operator and s(q, a&} is the density-
density Correlation function. The conductivitg can
be 0+ressed in a more familiar form by i5tro-
duciag a frequency-dependent mass and relaxation
time defined by

m*(~) = m[1+ M, (co)/&o],

r„((d)= M, '((u}[1+M, ((d)/(d] .
Here M, ((d) and M, ((d) are, respectively, the real
and imaginary parts of M(&o). From Eqs. (1) and

(3) &r, (&o) may be written in the Drude form

(3)

ine'm*((o)
c,((d}=

[(d v eH/m*((d)c]+ 8,',((o)
' (4)

The fundamental resonance occurs at the frequency
&o = eH/m~((d)c. This is renormalized from the
bare resonance by a factor [I+M, (&o)/&o]. Ip gen-
eral, the memory function M((d) depends on (d and
H. As explained in the introduction, we ignore the
dependence of M((d) on the magnetic field H and
evaluate M(~) for H = 0. Before calculating M(&o),
let us discuss briefly the form of the electroh-
impurity interaction potential u(q) to be used. If
one of the charged impurities is located at the
point (r', z') in the semiconductor arid sets up a
potential qd(r —r', z, z') at the point (r, z) in the
semiconductor, then the courier transform of qb,

with respect to r —r' is given by~~(, qze ...,., t, -e ccttt(qD), &,... .
)e,+ co coth(qD}

(5)

Here we have assumed that the charge carried by
the impurity is + e. e, and z, are, respectively,
the dielectric constant of the semiconductor and the
insulator (oxide). D is the oxide layer thickness.
Equation (5) is obtained from classical electro-

Here n(k) is the finite-temperature Fernii furiction

n(k}= (exp{[a(k) -E~]/kzT j+ 1}',
ks is the Boltzmann constant, z(k}=k'/2m and E~
is the Fermi energy. The factor 4 in front of the
summation sign in Eq. (11) is due to spin and
valley degeneracies. The pffective electron-elec-
tron interaction v(q) can be obtained from Eq. (6)
by replacing P, (z'} with g,(z'); the result is"

v(q) = (2we/~A) I,(q/b), (12)

with

Id(z) = (1+z) 6 [8 x(33+ 54@+44z2+ 18z + 3x )

+ 2ed(cd+ eocothqD} ] .
The final expression for M(~)/(t) can be shown to

where b = 3/(z), and (z) measures the thickness of
the inversion layer. g, (z) is the wave function de-
scribing the motion of )he impurity. If wp assume
that the impurities @re located at the interface be-
tween the insulator and the semiconductor, i.e.,
at z'=0, then we have

(8)

Substituting Eqs. (7) and (8) into Eq. (6), we get

u(q) = ( 2ze'/e, -q)I, (q/b), (9)

where

Iq(z) = 2(1+z) fd(f d+ fo cothDq) ' .
The density-density correlation function s(q, &o},

in the absence of a magnetic field is given by

s(q, (o) = II(q, (d)/[I-v(q)II(q, (o)],

where II(q, v) is the density-density correlation
function without the contribution from electron-
electron interaction v(q). II(q, &o) is the form

n(k) —n(k+ q)~ (d —c(k+ q)+ &(k)+ i6
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have the form

M(v) &me zz n, , k~&&'~')

M
=

f2 ~MN "nf b0

x[@(q,a) Q(q, 0)],
where

'g = q /kg and a = 'td/E y &

Q(n, ~)

(13)
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1+4me'/(e, q'~'k~)I, (kzq'~2/b) [F,(q, a) +E,(q, a)] '

(14}

F =
j.

dg 1

(1 ()i&2 gq
[&( & n} - 4 (A, $, n)], (15)

1
2 2( ( )I/2

with

d$
( 1„(),1, [0( &h&n) -0( &(&n}]&

(16)

g $
&t&(x, (,g)=x exp —1 $r +1

4g
(17)

g(x, $, q)= exp —1 $r + g (18)

d 0
}2 n(k) = n (19)

where n is the number of electrons per unit area.
Performing the integration in Eq. (19) it is found
that

EJ, = ksT in[exp(nw/2mkzT) —1] . (20)

III. RESULTS

Here $=k'/kzr, $~= $r/ksT, A= aq, danB= ay+. The
Fermi energy E~ is a temperature-dependent quan-
tity and has to be determined self-consistently from
the equation of charge conservation

FIG. 1. Cyclotron resonance mass shift (Dm) as a
function of temperature for three different electron con-
centrations (n): (a) g=3.2x10 cm, (b) @=6.4
x10 cm, and (c) n=7.7x10 cm . Other parameters
used are g&= 7.5x10 cm 2 and co=25.4 cm

Py knowing the mobility p at a particular carrier
density n, one is able to obtain n, from Eqs. (21)
and (22)." For' p = 13 000 cm'/V s and n= 7.7
x10"/cm' it is found that n; = 7.5 x10"/cm' We
use &, = 11.8 and q, = 3.8 for the dielectric con-
stants of silicon, and oxide layer thickness D is
taken to be 1000 A. The thickness of the inver-
sion layer is take as (z)=20 [3x10"/n]' ' A.

The results of numerical calculation are shown
in Figs. 1-4 for frequency 25.4 cm '. nm/m and

&„are plotted in Figs. 1 and 2, respectively, as
functions of temperature for three different elec-
tron concentrations. 4m/m and r„(&o) decrease
with temperature. While nm/m decreases with
electron concentration, v„(&o) increases with n.
In Fig. 3, theoretical and experimental' values of
I*are compared as functions of temperature for
three different electron concentrations. 'The band
mass is taken to be 0.195m,. The experimental
values of m* at g = 3.2 x 10 ' cm and g = 6.4 x10"
cm ' for T ~ 30 K are in general decreasing much
faster than the calculated values. The experi-
mental value of m*, at m=3. 2&10" cm ' and T
=35'K indicates that the electron-yhonon inter-
action might play an important role at higher tem-
peratures. Within the experimental uncertainties,
the measured values of m* at n=1.6x 10" cm '

M(&u) is obtained numerically from Eqs. (13)-(18).
hm/m = (m* —m)/m and r „(&o) may then be calcu-
lated from Eq. (3) as functions of temperature and
electron concentration. The impurity concentra-
tion n, is calculated from

I6-

l2

(1 —cosQ) dQ,
1 mn, 2 u(q)

2w, e(q& 0)
(21)

CJ
8

Ol

'O
a 4
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n=7.7I X IO„cm
n = 6&37XIO cm~

n*3.2 X IO

where q = 2k+(1 —cosQ)'~', and &(q, 0) = 1-v(q)w(q, 0}.
c(q, 0) can be obtained from Eq. (11). The static
transport lifetime v„ is realted to the mobility by

p = (e/m)v„. (22)
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FIG. 2. Transport lifetime y& vs temperature for
the 'same parameters as in Fig. 1.
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are almost independent of temperature, and this
is in agreement with our calculation. Figure 4
shows the variation of 4m/m with electron con-
centration at two different temperatures. Initially,
~m/m decreases rapidly with electron concentra-
tion and then tails off. This feature agrees quali-
tatively with the measurements of Kuhbeck and
Kotthaus. ' In Fig. 5, ~m/m at T= 0 is plotted as
a function of frequency v for two different sam-
ples. One of them with g = 6500 cm'/V s at n=1.5
x10"/cm' has been studied by Kennedy et al. '; the
other with g=7000 cm'/Vs at n=2. 6x 10"/cm'
has been studied by Abstreiter et al. ' Our results
which have shown a 3% effect are within the ex-
perimental error bars of Abstreiter et al. Al-
though the calcuiated nm/m as function of &u qual-
itatively agrees with the measurements of Kennedy
et aL.,' it is still not big enough to account for the
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FIG. 4. rhm/m as a function of electron concentra-
tion for three different values of temperature T= 0 ~

10, and 25 K at a=25.4 cm and n&=7.5xl0~ cm

.la a I ~ ~ a

0 IQ 20 50 40 50
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FIG. 3. Comparisonbetween theoretical and experimen-
tal values (see Ref. 5}of Dion as function of temperature for
three different values of electron concentration (n):
(a) n=3.2x10" cm ~, (b) n = 6.7x10"cm, and (c) n
=1.6x10 cm . The solid and the dashed lines denote
theoretical and experimental values, respectively. n

&

= 7.5 x 1010 cm- 2
ta) = 25.4 cm and m = 0.195 m 0.
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FIG. 5. hm/m 'as a function of frequency at T = 0.
Curves (a) and (b) are for the sample of Ref. 3 with
@=6500 cm /Ps at n=1.5x10 cm and curve (c) is for
the sample of Ref. 4 with p= 7000 cm /P s at n = 2.6
x10~2 cm- 2

experimental 10% effect on ~m/m at ~ = 10 cm '
for n= 1.5 x 10" cm '. In the last two figures, we
have not attempted to make a quantitative compari-
son with experimental measurements.

IV. DISCUSSION

In this paper, we have studied the dependence
of the cyclotron resonance mass on temperature,
frequency, and density from the memory-function
approach. The effects of electron-impurity and
electron-electron interactions are included and the
contribution from electron-phonon interaction is
neglected. 4 The frequency-dependent effective
mass and the transport lifetime are related to the
memory function M(v) through Eq. (3). M(v) is
calculated only in the absence of a magnetic field.
'The theoretically obtained cyclotron resonance
mass shift &rn as functions of electron density and
frequency agrees qualitatively with experimental
results, "4 but not quantitatively. 'The tempera-
ture dependence of 4m was measured by Kuhlbeck
and Kotthaus' from n = 2 x 10" cm ' to n= 1.5
&10" cm '. They observed that the effective cyclo-
tron mass m* always increases arith temperature
T; our calculated result for m* however shows that
m* decreases with temperature. A most recent
experiment by Kennedy et al. ,' who have used a
high mobility sample (p, = 13000 cm'/Vs at n=7. 7
x10" cm '), shows that m* is almost independent
of T at n = 1.6 && 10" cm ' and rn~ decreases with
T at n= 6.37 & 10» cm ' and n = 3.2 x 10'~ cm '.
Their measurements' agree qualitatively with our
calculation. The discrepancy between the results
of these two experiments" at low density (n& 10"
cm ') is not clear to us at this moment One pos.-
sible explanation is that the electrons in the sam-
le of Ref. 4, in which n~ = 2. 1 x 10" cm ',"see

more scattering centers and then form Mott-An-
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derson" localized states more easily than the elec-
trons in the sample of Ref. 5, in which g, =0.75
X10" cm '. It is possible that the conductivity of
the first sample' becomes thermally activated for
g~ 1.0 x10" cm ' while the conductivity of the
second sample' remains metallic until n ~ 3 x 10"
cm '. Since our calculation is valid only in the
metallic-region, the qualitative agreement with the
measurements of Ref. 5. is not unexpected. Our
calculated values of am/m as functions of electron
concentration and frequency agree qualitatively,
but not quantitatively, with the results in Refs. 2,
3, and 4. Finally, we wish to compare our cal-
culations with the results of 'Tzoar eg cl.' Our
calculated values of am/m as functions of fre-
quency and concentration are larger but behave
very similarly to theirs. For example, our am/m
for n= 1.0 x 10' cm ' and co = 20 cm ' at T =O'K is

almost one-third larger than the value obtained' by
them. This discrepancy is primarily due to the
fact that the valley degeneracy has not been con-
sidered in their work. "They also discussed very
qualitatively the effects at high temperatures
where the dielectric functions is classicaL, ' and
found that am/m becomes very small, and that
the resistivity (or 1/v„) is roughly a factor of 2
smaller than at zero temperature. Our numerical
results for the temperature dependence of &m/m
agree qualitatively with their prediction. However,
our calculation shows that 1/~„(or the resistiv-
ity") increases and then seems to level off as the
temperature is raised. This is completely con-
tradictory to their prediction. ' We have checked
our calculation very carefully and we are not able
to x eproduce their high-temperatux e resistivity
result. '

*Research supported partly by Research Initial Qrant,
Office of Research at the University of Houston.

Q. Abstreiter, P. Kneschanrek, J. P. Kothaus, and
F. J. Koch, Phys. Bev. Lett. 32, 104 (1974}; J. S.
Allen, D. C. Tsui, and J. V. Dalton, ibid. 32, 107
0.974).

(a) J. P. Kotthaus, Q. Abstreiter, and J. F. Koch,
Solid State Commun. 15, 517 (1974); (b) Q. Abstreiter,
J. F. Koch, P. Goy, and Y. Goulder, Phys. Bev. B 14,
2494 (1976).

3T. A. Kennedy, R. J. %'agner, B. D. McCombe, and
D. G. Tsui, Phys. Rev. Lett. 35, 1031 (1975).

4H. Kuhlbeck and J. P. Kotthaus, Phys. Bev. Lett. 35,
1019 (1975).

~T. A. Kennedy, B.J. %'agner, B. D. McComb, and
D. C. Tsui (unpublished); T. A. Kennedy, Bull. Am.
Phys. Soc. 22, 304 (1977).

C. S. Ting, S. C. Ying, and J.J. Quinn, Phys. Rev. Lett.
37, 215 (1976).

~N. Tzoar, D.M. Platzman, and A. Simons, Phys. Bev.
Lett. 26, 1200 (1976).

8T. Ando, Phys. Bev. Lett. 36, 1383 (1976). There is
no cyclotron mass shift from Ando's approach.
C. S. Ting, S. C. Ying, and J. J. Quinn, Phys. Bev. B

(to be published).
'OW. Qotze and P. ~olfle, Phys. Rev. B 6, 1226 (1972).

A. V. Chaplik, Zh. Eksp. Teor. Fiz. 62, 746 (1972)
tSov. Phys. -JETP 35, 395 (1972}.

' F. Stern and %. E. Howard, Phys. Rev. 163, 816 (1967).
3T. Ando and Y. Uemura, J. Phys. Soc. Jpn. 37, 1044
(1974); F. Stern, J.Appl. Phys. Jpn. Suppl. 2, 323
(1974).

'4We have assumed here that the impurities are located
at the interface between the oxide and the semiconduc-
tor, and they are charged. The effects due to the sur-
face roughness have not been considered. Therefore,
Eq. (21) is only an approximation.

' Sample used in Ref. 4 has p= 7000 cm2/V s at n =2.6
x10~2 cm 2. Using Eq. (21) and (22) we obtain the num-
ber of impurities per unit area as n&= 2.1 x10' cm
N. F. Mott, Philos. Nag. 13, 689 (1966); P. %. Ander-
son, Phys. Bev. 109, 1492 (1958).

~The resistivity is given by p= (1/Ne )m*/vt . Here
yt~ and m* is obtained from Eq. (3) by letting u 0.
For samples with n = 1.0 x 10'~ cm to g =2.0
xl0~2cm 2 and g&-0.3lxl0~2 cm 2, m* is weakly tem-
perature dependent. The dominant temperature-depen-
dent quantity comes from z tr.


