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The surface impedance of the superconducting films comprising the electrodes of Josephson tunnel junctions
has been derived from the BCS theory in the extreme London limit. Expressions have been obtained for (i)
the dependence of the penetration depth A on frequency and temperature, and (ii) the quality factor Q of the
junction cavity, attributable to surface absorption in the electrodes. The effect of thin electrodes (1 S A) is
also included in the calculations. Comparison of the calculated frequency dependence of A with resonance
measurements on Pb-alloy and all-Nb tunnel junctions yields quite good agreement indicating that the
assumptions made in the theory are reasonable. Measurements of the (current) amplitude of the resonance
peaks of the junctions have been compared with the values obtained from inclusion of the calculated Q in the
theory by Kulik. In common with observations on microwave cavities by other workers, we find that a small
residual conductivity must be added to the real part of the BCS value. With its inclusion, good agreement is
found between calculation and experiment, within the range determined by the simplifying assumptions of
Kulik’s theory. From the results, we believe the calculation of Q to be reasonably accurate for the materials
investigated. It is shown that the resonance amplitude of Josephson junctions can be calculated direct from
the material constants and a knowledge of the residual conductivity.
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1. INTRODUCTION

Self-induced peaks in the dc current of Josephson
tunnel junctions, caused by coupling between the ac
Josephson current and the standing-wave electro-
magnetic field in the cavity formed by the elec-
trodes, are well known. These geometrical
resonances were first observed by Fiske' and have
since been studied both theoretically®*~" and experi-
mentally®=>:®° to yield a fairly complete descrip-
tion of the mechanism. This, in turn, has made it
possible to use the results obtained from resonance
measurements to deduce a number of basic prop-
erties of tunnel junctions and of the superconduc-
tors from which they are made. Two examples
are the determination of the capacitance of tunnel
junctions®*1° and the frequency and temperature
variation of the penetration depth in the super-
conducting electrodes.!’"’* These quantities are de-
termined by the frequency of the junction resonance,
namely, the dc junction voltage. Rather less well
documented, however, is the behavior of the
amplitude of resonances. The most general theory
of resonances is that by Kulik.” As in all theories,
the cavity quality factor @ enters as an important
parameter in determining the resonance amplitude.
This contains several components corresponding
to the various loss mechanisms in the cavity. Two
of the most dominant are the surface losses in the
electrodes, Q,, and the dielectric loss due to the
quasiparticle tunnel current, Q,.

Previous measurements have consisted in mea-
suring the resonance amplitude and then via the
theory’ estimating @.5° The results give evidence
that the theory is qualitatively correct, but since
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@ is considered as a variable parameter, quanti-
tative comparisons were not possible. We have
carried out the reverse procedure of first calcul-
ating @ and then making direct comparisons be-
tween theory and the results obtained from mea-
surements of the resonance amplitudes in Pb-alloy
and Nb junctions. For this approach, the prime
requirement was to calculate the surface impedance
of the electrodes in order to obtain @,. The theory
is based on the BCS description of electromagnetic
effects as given by Matthis and Bardeen,'* with the
restriction that the films satisfy the condition for
the local dirty limit, defined by a London penetra-
tion depth A> £ /(1 +£,/1,). This condition should
be quite well fulfilled by our Pb-alloy and Nb
junctions in which I, < 200 A.

The paper is divided into five sections. We sum-
marize first, in Sec. II, the main results related
to the surface impedance of the electrodes, in par-
ticular the cavity @ and the temperature and fre-
quency dependence of the penetration depth. The
latter is a useful check on the validity of the sur-
face-impedance theory, and for this reason, we
describe in Sec. III some experimental results on
the frequency dependence of X, obtained from
resonance voltages. Section IV describes the ex-
perimental results on resonance amplitudes and
their comparisons with the calculated @ values
substituted in Kulik’s theory.” The influence of
varying the Josephson-current density j, (and hence
the ratio L/, where L is the junction length and
A, the Josephson penetration depth) and the temper-
ature for the two junction metallurgies Pb alloy
and Nb is considered. Finally, inSec. Vwe discuss
the results and the range of validity of the theory.
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Il. THEORY

A. Thick electrodes, t >> A\

In view of the foregoing remarks concerning [,
it seems to be a reasonable approximation to use
a formula for the surface impedance Zg of the
electrodes, which has been derived for the extreme
London limit, I, =0, by Nam®5;

Z.=Z_(0,/0y+i0,/0,)/? (1)
s sn\¥1

in which Z_, is the surface impedance in the normal
state

Z,=(1+i)(wpy/20,)t /2. (2)

Combining Eqs. (1) and (2) and separating into real
and imaginary parts yields

. W\1/2 (T = T2 +i(D +D2)t/2
zs=Rs+sz=<L2‘%—> (2 - Za) = E+Z) 7 (3

n

where o, is the normal-state conductivity, =, =0,/
6,, Z,=0,/0,, and Z2=22+32. The quantities
0,/0, and 0,/0, are the real and imaginary parts of
the BCS normalized surface admittance. They
were calculated numerically from expressions
(3.9) and (3.10) of Ref. 14. Values appropriate

to Pb and Nb at 4.2°K are shown in Fig. 1. The
abscissa is in units of reduced frequency Q = w/w‘,
where w,=2A/1 with 2A/e the gap voltage of the

= T=42°K —
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FIG. 1. Calculated values of the real (¢,/0,) and
imaginary (0,/0,) components of the normalized surface
admittance for half-gap voltages A/e=1.25 and 1.4 mV,
appropriate to Pb and Nb at 4.2 °K.

superconductor. It is important to note that in the
case of the ac Josephson effect, the frequency
w=2eV/n, hence for resonances at voltages V, the
units are eV/A. At frequencies 2<1,0,/0, is de-
termined by the thermally excited quasiparticle
density and is therefore strongly temperature de-
pendent. At frequencies =1 photons are absorbed
by breaking of Cooper pairs, accounting for the
sharp increase in 0,/0, as Q increases. In con-
trast, the imaginary part of the surface admittance
0,/0, is nearly temperature independent over the
whole frequency range at reduced temperature
T/T, <0.5.

In the dirty limit at 7=0,w =0, the penetration
depth A is!®

A= (2/TW a0, 2, (4)

and since A=L/p, and X = wL we can combine
Eq. (4) with the imaginary part of Eq. (3) to yield

Mw,T) (T+Tp)t/? <nA(O)>”2
X(0,0) = 27w

(5a)

Inspection of the values in Fig. 1 shows that o,/a,
> g,/0, for R =1, so in this region Eq. (52) sim-
plifies to

Mw, T) _( TA0) \!/2
A(0,0) ~ ;zw(oz/on)> ’

(5b)

Thus the frequency and temperature variation can
be calculated from o,/¢,. The contribution of the
electrodes to the junction quality factor @, is given
simply by the ratio

Q=X /R =[(Z+2,)/(Z-Z)}2. (62)
Again, when ¢,/0,> ¢,/0,, this simplifies to
Q.= (20,/0,)/(0,/0,), (@,>5). (6b)

‘The full curves of Fig. 2 show @, calculated from
Eq. (6a) for Pb and Nb at 4.2°K. The dashed lines
will be referred to later in Sec. IV.

At least one further contribution to the cavity @
must be considered, it is that caused by the quasi-
particle tunnel current. The relation is

Q,=wCR(V)=(2e/K) VCR(V) (7)

in which R(V) is the voltage-dependent tunnel re-
sistance, and C the capacitance of the junction.

Other contributions to @ such as dielectric loss
and radiation from the junction we neglect on the
grounds that they are not significant in comparison
to @, and @,.'” The combined @ from surface re-
sistance and tunnel current is given by

1/Q,=1/Q,+1/Q,. (8)

It is relevant at this point to give a short summary
of Kulik’s results.” He finds that the ratio of the
maximum current at resonance i, to the dc Joseph-
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FIG. 2. Calculated @, as a function of normalized
frequency Q. The two upper curves are obtained from
the data of Fig. 1, and the lower two with the inclusion
of a residual conductivity ¢, described in Sec. IV.
son current 7, (¢, =j,A) is
i,/i,=d,(a)J,(a), (9)

where J, and J, are the first two integer Bessel
functions and a is given by the smallest root of the
equation
2a=2J%(a) (10)
with
z=(L/mX,)%Q,, (11a)

in which » is the mode number. When only the
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envelope of the resonant current maxima is re-
quired, it is convenient to rewrite Eq. (11a) as™®

L=l 1@ (V)

11b
2¢ CV? "’ (11b)

where C; is the junction capacitance per unit area.

The solution of Eq. (10) yields a maximum in
i,/i, =0.34 at z=4,'° and hence substituting the lat-
ter in Eq. (11b) yields a relation for the resonance
voltage at which the resonance current has its
maximum value, namely,

C o[ QM.
V(Z,—’L,mu) <'éz- C )

S

(12)

B. Thin electrodes

In the dirty limit the surface impedance of a film
of arbitrary thickness ¢ is found to be

Z,= (pow/k) coth(ikt) (13)
with the wave number &,
B=(3owo M 2[(Z -T2 =T+ 2], (14)

Within the limits used in the approximation for the
penetration depth A(w, T) in thick electrodes, Eq.
(5b), we find for the penetration depth in thin elec-
trodes Mw, T, 1),

Mw, T, t)=Mw, T)coth[t/Mw, T)]. (15)

With the same approximation, the following ex-
pression for @ (¢) is obtained:

= Qo sinh[2¢/Mw, T)] - sin[2¢/Qo\Mw, T)]
L2 sinh[2t/XMw, T)[+Q, sin[2t/Q X(w, T)] ’

(16)

in which @, is the value of @, for ¢t > X (w, T).
The variation of Q,()/Q, vs t/Mw,T) is plotted
in Fig. 3. It decreases smoothly to the value of

TABLE I. Basic properties of the junctions used for resonance measurements. The last
column indicates the figures in which data from the corresponding samples are given.

Sample T AT J1 iy Fig.
No. Material (°K) (meV) (A/cm?) (mA) L/\; No.
1 Pb alloy 4.16 1.25 1760 8.80 5.24 4
2 Pb alloy 5.34 1.09 535 2.675 2.85 7
3 Pb alloy 4.16 1.26 722 3.62 3.32 4, 7
4 Pb alloy 3.06 1.345 814 4.07 3.52 7
5 Pb alloy 1.90 1.36 840 4.20 3.58 7
6 Pb alloy 4.16 1.25 53 0.265 0.91 8
7 Pb alloy 4.16 1.25 1590 7.95 4.95 8
8 Nb-Nb 6.0 1.27 254 1.93 2.0 5
9 Nb-Nb 4.16 1.425 524 2.62 2.86 4, 5
10 Nb-Nb 3.14 1.44 558 2.79 2.95 5
11 Nb-Nb 1.95 1.45 578 2.89 3.01 5
12(2) Nb-Nb 4.16 1.40 178 0.89 1.64 6
13(2) Nb-Nb 4.16 1.40 1570 7.85 4.90 4, 6
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FIG. 3. The dependence of @, on normalized electrode
thickness t/A(w), obtained from Eq. (16).

3, independent of @,, as t/A(w, T) approaches zero.
The Josephson tunnel junctions used for the in-
vestigations were all of the simple cross-line type

of length L =50 um and W=10 um, deposited on
oxidized Si substrates. The Pb-alloy junctions,
containing In and Au,?® were fabricated by a process
similar to that first described by Greiner, Bas-
avaiah, and Ames.?* The tunnel barriers of the Nb
junctions were likewise grown in an rf plasma of
Ar and O, as described previously.?? Some of the
most important physical constants of the junctions
are listed in Table I.

III. FREQUENCY DEPENDENCE OF A

The resonance voltage V, for the nth mode is
given by?®

_nhc (€ \'/?
n 4oL <Csd> : an

where €, is the permittivity of free space and, for
thick electrodes (¢t>1),d=t  +A, +X,. Because A,
and A, are not independent of frequency, the vol-
tage steps V,- V,_, are not equally spaced, but vary
according to [d(w,)/d(w,)]'/? assuming that C is
independent of frequency. Given A, ,(0,0) and the
electrode thicknesses, the latter ratio can be
calculated from Egs. (5) and (15) and compared with
the experimental variation of V,...,V,. This

has been reported for Sn,''Pb,'? and Nb,!3 but, be-
cause it is important for the following section, we
include some additional results for Pb and Nb in
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FIG. 4. Comparison of the experimental and calculated
frequency dependence of the penetration depth of Nb and
Pb at 4.2°K. O@, Nb junctions; +x, Pb-alloy junctions.
Solid line calculated for Nb using the constants listed in
Table II.

Fig. 4. Here the crosses are the measured values
of (V,/nV,)? for two Pb junctions at 4.2°K, while the
circles are for two Nb junctions. The abscissa is
in units of the half-gap voltage A/e.

The continuous curve is the calculated ratio
D(0)/D(w), where

t;

2
D(w) Sl t Z )\i(w, T) COthm ,
3

i=1

(18)

based on the values of the parameters listed in
Table II, and assuming ¢, ~25 A. The values cal-
culated for Pb and Nb are coincident to within
=5% and so only a single curve is shown, that for
Nb. Pb is a strong coupling superconductor, and
Fulton and McCumber?® have shown that 0,/0, in
the limit w -0 is reduced by the factor 0.788 com-
pared to the BCS value. Nevertheless, Fig. 4
shows that the relative frequency dependence of
0,/ 0, is not greatly different from the BCS values,
although it is perhaps significant that the agree-
ment between the Nb results and BCS is somewhat
better.

IV. RESONANCE MEASUREMENTS

A. General considerations

The Josephson penetration depth A, appearing
in Eq. (11a) is frequency dependent because it is

TABLE II. Parameters of Pb and Nb junctions used in the calculation of D (w).

Material A (meV) A4(0) Ay(0) A) t ty &) V, (mV)
Pb alloy 1.25 1100 800 2000 3000 0.21 —0.24
Nb 1.40 880 880 1400 2500 0.125-0.13
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proportional to d"*/2, hence at high frequencies,
the right-hand side of Eq. (11a) must be multiplied
by the factor d(w)/d(0) which can in turn be obtained
from Eq. (5b). In comparing experiment with
theory, @, was evaluated from the measured quasi-
particle tunnel resistance at each resonant vol-
tage, Eq. (7), and @, was calculated for the same
voltages using the measured values of A and 7. No
correction was made either to @, or 4 for the in-
fluence of the finite electrode thickness. The
smallest ratio /A occurs in the base electrode of
the Nb junctions, leading to an overestimate in @,
of about 11%, which is comparable to the uncer-
tainties in other parameters, in particular d(0) and
i,. For small values of the ratio L/, =2, j, was
determined from the dc Josephson current ¢, set

to its maximum value 7, by application of an ex-
ternal magnetic field in the plane of the junction and
perpendicular to its length. For higher ratios,
L/\,;=2, a correction for self-field effects, based
on one-dimensional junction theory,?*2* was made
to obtain j,. In all cases, the value of 7, =j A was
used to determine the ratio ¢,/i,. The current i,
was obtained direct from the resonance current
maximized by adjustment of the external magnetic
field, less the corresponding quasiparticle tunnel
current.

Low-order resonances in junctions having L/AJ
>2 were difficult to measure; either they were
lower in amplitude than the dc Josephson current
at the appropriate magnetic field, or they were not
stable in the sense that the junction voltage would
only occasionally lock at the resonance voltage
during the saw-tooth current waveform at 120 Hz
used to display the I-V characteristics on an os-

(a)

T=60°K 0.4 Nb

cilloscope. Such cases were omitted from the data.
Also, in the region of small mode number and
L/X;>2, the resonant amplitude was influenced by
the direction of the external magnetic field. Higher
amplitudes were generally observed with the exter-
nal field in opposition to the self-field caused by the
junction current, namely, in the direction of in-
creasing dc Josephson current, rather than adding
to the self-field. This is to be expected, since par-
tial cancellation of the self-field leads to a more
uniform current distribution within the junction.
The former condition is indicated in the following
Figs. 5-8 by open circles or rectangles. At higher
mode numbers, the resonance amplitudes become
independent of the direction of the external field,
and results are indicated by closed symbols only.

At high voltages ¥,= A/e, the high damping
through pair breaking causes the resonant modes to
overlap and eventually merge into a continuum.
Hence, in this range, measurements are inaccurate
and tend to overestimate the amplitude of an in-
dividual resonance.

B. Niobium junctions

Figure 5 shows the measured values of i,/i;
versus normalized voltage eV/A for a Nb junction
at several temperatures between 1.95 and 6 °’K. The
two dashed curves in Figs. 5(a) and 5(d) are the
calculated envelopes of the resonance current, ob-
tained from Egs. (6a), (7), and (8) to yield @ ,%¢
and Egs.(11a) and (5a) to calculate z and hence
i,/i, at each resonance voltage. It is evident that
the agreement with experiment is quite good at 6 °K
but very poor at 1.95°K. In the latter case the value
of the calculated @, is apparently much too high

T=416°K

FIG. 5. Comparison of
measured and calculated
resonance current ratios

i,/i; for a Nb junction at
four different tempera-
tures: T=6, 4.16, 3.14,
and 1.95°K. O®@ experi-
mental points, --- calcul-
ated using the BCS values
of @,, — calculated with
inclusion of g, =0.05.
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T=446°K

(@)

ev, /0

FIG. 6. Experimental and calculated values of i,/7;
for four Nb junctions at 4.16°K. (a) L/A;=1.64, (b)
L/X ;=4.9. The calculated curves are obtained for
O reg =0.05.

in comparison with experiment. Similar effects
have been noted in most studies of superconducting
resonant cavities,?"?® where it is found that the
real part of the surface impedance R tends experi-
mentally to a constant value, the residual resist-
ance R, as the temperature is reduced. In the
BCS formulation, R ,—~0 as T—0. Several possible
mechanisms have been proposed for the origin of
R, They include surface imperfections® and
phonon generation effects.® Assuming that the in-
crease in the real part of the normalized conduc-
tivity is temperature and frequency independent,
the influence on R  and @, can be obtained by adding
a constant o, to ¢,/0,.

The full curves of Fig. 5 are obtained with a val-
ue of 0,,,=0.05, chosen to yield the best overall
agreement at all measured temperatures. This
value of o, is about 10 times higher than that es-
timated from the data of Halbritter® for pure Nb
cavities. Results for low and high current densities
at 4.16°K are shown in Fig. 6. As in Fig. 5 the
curves are calculated with o,,,=0.05. In the case
of low j,, (L/X;~1.64) there is good agreement be-
tween the results for the two samples and the cal-
culated curve over the whole range. However, for
the two high-current-density samples it was not
possible to measure the three lowest-order modes
and there is a considerable difference between the

points for the external field parallel and antiparal-
lel to the self-field. As noted previously, the latter
have greater amplitude than the former. Never-
theless, the maximum in the ration i /i,, as in the
other curves, does not deviate greatly from the
theoretical value of 0.34 and at high orders » the
agreement with calculated values is quite fair. In
all other Nb junctions studied, but not reported
here, the resonant amplitudes could be fitted with-
out changing o, from its value of 0.05. This is
consistent with the observation that the tunneling
characteristics were all very similar, showing
only small deviations from one another, apart
from the current scaling factor.

C. Pb-alloy junctions

In the case of Pb-alloy junctions, a higher value
of 0,,,=0.1-0.15 was required to obtain a fit be-
tween theory and experiment. Figures 7 and 8
show, respectively, the temperature variation of
i,/i1 and results for two junctions having widely
different current densities. The curves of Fig. 7
are calculated with o,,,=0.15, while those of Figs.
8(a) and 8(b) are with 0,_,,=0.12 and 0.10, re-
spectively. All results are qualitatively similar
to those for Nb, the principal differences being the
wider separation of the resonance modes (because

of the lower capacitance C,) and the larger o,,, of
the former.

To investigate whether the relatively high oresin
the Pb-alloy junctions could be caused by free Au
or AuPb,,*! in the counter-electrodes two sets of
junctions were prepared in which one set had no
Au in the top film and the other 4 wt.%. In both
cases, 0., was 0.11+0.01. In the latter case, o,
was also unchanged after annealing the junctions
for 1 h at 80°C. In view of this result, it is unlike-
ly that the Au in either electrode has much influ-
ence on o, leaving as remaining possibilities
either the approximate 10-wt.% In in solution with
the Pb of the base electrode, or the Pb itself.
Which of these is the major contribution is not
clear at present.

The calculated values of @, including o,,, are in-
dicated in Fig. 2 by the two lower curves. For Nb,
0,es=0.05 and for Pb, o,,,=0.15 were used in the
calculation. As noted in the previous section, the
low-frequency value of ¢,/0, for Pb is lower than
the BCS value, and the results of Fig. 4 suggest
that this factor is not reduced at frequences within
0=7w=A. Assuming that 0,/0, retains its BCS
value within this range, the greatest reduction in
@ which we can expect is by the strong coupling
factor 0.788. When this is applied to the calculated
Q,, 0., has to be correspondingly reduced by ap-
proximately the same factor, 21%, which does not
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greatly alter the situation.

However, it must be noted that the fitted values
of o, for both Nb and Pb are likely to be somewhat
high as they embody all losses not accounted for
separately, such as dielectric loss in the junction
oxide, coupling of radiation out of the cavity, and

04— Pb T=416°K

o
o
I
>
g

e

0.2 —

ev, /b

FIG. 8. Pb-alloy junctions at T=4.16°K. (@) L/A;
=0.91. (b) L/A;=4.95. The calculated curves are ob-
tained with ¢,=0.12 and 0.1 in (a) and (b), respectively.

especially the reduction in @ caused by the finite
electrode thickness.

V. SUMMARY

Studies of the temperature and frequency depend-
ence of the penetration depth in Nb,** together with
the results shown in Fig. 4, indicate fair agree-
ment with the BCS description, as applied in the
dirty limit. Although Pb and Pb-In alloys are
strong coupling superconductors to which the BCS
theory does not strictly apply, the data of Fig. 4
indicate that the variation of AM(w) follows the BCS
theory reasonably well. In addition, measurements
on a Nb-NbO,-Pb junction show that the tempera-
ture dependence of A(0, T), obtained from measure-
ments of the dc Josephson current minima with ap-
plied field, is also in good agreement with BCS.

In view of these results, it is reasonable to as-
sume that the calculation of the surface losses in
the electrodes (Q,) is fairly accurate. The necess-
ity of including a residual conductivity in the cal-
culations, although outside the realm of basic theo-
ry, is nevertheless in qualitative agreement with
nearly all previous findings in studies of super-
conducting microwave cavities. Accepting that the
calculated values of @ are not seriously in error,
we can now draw some conclusions regarding the
range of validity of Kulik’s theory,” based on the
results shown in Figs. 5-8:

(i) The maximum resonance current amplitude
i,/i, =0.34 predicted by theory appears to be true
in all cases within the limits of experimental
error, providing self-field effects are corrected
for in obtaining ¢,. This is in agreement with re-
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sults reported by Gou and Gayley.?

(ii) For L/, =2, theory and experiment are in
good agreeement for all resonance voltages. This
is consistent with the basic assumption of the
theory that the self-field caused by the junction
current has a negligible influence on the relative
phase distribution along the junction.

(iii) For L/x,>2, three voltage ranges can be
identified: (a) At low voltages, below that yielding
the maximum resonance amplitude V(i, ... as de-
fined by Eq. (12), theory and experiment do not
agree. (b) In the region of V(i, .,,) there is fair
agreement provided the external field is applied in
a direction antiparallel to the self-field of the junc-
tion. This yields higher resonance currents than
when the external field adds to the self-field of the
junction. (c) At higher voltages, up to and above
A/e, and correspondingly higher external fields
there are many flux quanta in the junction, result-
ing in a mean current distribution which is fairly

uniform. In this case, agreement is again quite
good for both directions of external field.

The calculated values of @,, shown in Fig. 2, de-
crease very abruptly when the resonance voltage
V,>A/e, (hw>24), due to pair breaking. Experi-
mentally, the abrupt change in slope is not ob-
served because the gap voltage is distributed over
50-100 pnV. Nevertheless, all samples show a
strong decrease in resonance amplitude and con-
siderable broadening of the linewidth as V, exceeds
A/e. Although quantitative measurements cannot
easily be made in this region owing to overlapping
of the modes, the results are qualitatively in
agreement with theory.
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