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Drift velocity for holes in high-purity Ge (~ No-N„t & 10" cm ') has been analyzed for a wide range of
temperatures 8 & T & 220 K and fields 1 & E & 10' V/cm applied parallel to (100), (110), and (111)
crystallographic directions. Experiments are carried out with the time-of-flight technique and theory uses a

Monte Carlo method. The physical model includes warping and nonparabolic effect of the heavy-hole band, as

well as acoustic and non-polar optical scattering mechanisms. In the case of the acoustic scattering

mechanism, energy dissipation and the correct phonon population have been included.

I. INTRODUCTION

This work presents experimental and theoretical
investigations of the hole-drift velocity v„ in high-
purity Ge, as a function of temperature and elec-
tric field applied parallel to different crystal-
lographic directions. '

Although several papers exist in the literature,
they generally concentrate on particular aspects
of the subject, and no exhaustive paper exists.
For instance, Ohmic mobility is dealt with in
Refs. 2-7, while the non-Ohmic region, with par-
ticular emphasis on the hot-carrier distribution
function, is investigated in Refs. 8-10. Mobility,
noise temperature, and diffusivity of hot holes
are reported in Ref. 11 and, recently, the aniso-
tropy of v, at high fields has been measured and
interpreted at 77 'K on the basis of the warping
of the heavy-hole band. "

The aim of this paper is to demonstrate that a
wide range of experimental data can be interpreted
within the framework of a well-accepted theoreti-
cal model. New measurements of v„are per-
formed in the temperature range 8 ( T ~ 220 'K,
and for electric fields between 1 and 104 V/cm
applied parallel to the crystallographic directions
(ill) and (110); these results complete a pre-
vious experimental investigation. " The theoretical
analysis makes use of the Monte Carlo technique
in solving the Boltzmann equation. Its main ob-
jectives are (i) to interpret anisotropic effects
over the whole temperature range; (ii) to analyze
nonparabolicity effects, with particular reference
to the highest fields and the saturation region of
v~; and (iii) to introduce acoustic dissipation into
the theory.

Section II describes the experimental technique
and reports the data. The theoretical approach
is given in Sec. III. In Sec. IV the comparison
between theory and experiments is reported and
discussed.

II. EXPERIiVIENTAL TECHNIQUE AND RESULTS

The experimental procedure makes use of the
time-of-flight technique. This technique has been
extensively used and is discussed in other pa-
pers. "'"

The samples used in this experiment were
n' —& —P' diodes made of high-purity germanium
supplied by General Electric and Lawrence
Berkeley Laboratory. The»' and p' contacts
were formed by solid-phase epitaxy at 350 C,
using Al and Sb, respectively. The low tempera-
ture involved in such a process prevents contami-
nations of the material. "

Several samples were obtained from the same
ingot, being cut perpendicular to the crystallo-
graphic axes (ill), (110),(100) with an ac-
curacy of +1'.

The samples varied in thickness from 220 to
790 p.m and had a useful area of about 10 mm'

approximately at the center of 1-cm' disks. Their
characteristics are reported in Table I.

A detailed analysis of the experimental errors
has been reported in Ref. 17. In the present case,
the total experimental error of g., „ is +5% and
derives from the measurements of sample thick-
ness and charge-carrier transit time.

The samples were mounted in such a way as to
minimize thermal gradients. To avoid heating
effects, we used a pulsed-bias voltage at low
repetition rate (100 Hz). The temperature was
measured with a germanium resistor in the range
8-77 K, and with a thermocouple in the range
77-220 'K.

The error in evaluating the temperature of the
samples was 0.3 'K in the former case and 1 "K
in the latter.

The effects of the thermalization process of the
highly excited carriers produced by the 30-keV
primary electrons was checked using samples of
different thicknesses. The same drift velocity
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TABLE I. Characteristics of the samples used in drift velocity measurements. The mate-
rial has been supplied by General Electric and Lawrence Berkley Laboratory.

Sample

5
6
7
8

9
10
11

12
13

14
15
16
17
18
19
20
21

22
23

24
25
26

Ingot No.

B
B

C
C
C
C
C
C
C

D
D

E
E
E
E
E

E
E

F
F

G
G
G

Thickness
(in pm)

220
420

280
530

260
340
470
220
420
480
520

300
715

270
315
470
640
775
255
460
735

295
790

285
370
630

Crystal
axis

(111)
(111)

(111)
&111&

&111)
&100&

(100)
&100&

&100&

(111)
(111)

(111&

(110)
&110&

(110)
(100)
&100&

(100)

(111)
(111)

&100&

(100)
(100)

Net -impurity
conc.

(in cm )

7.8 x10
7.8 x10«

2 x10&o

2x10«

1xlp«
1x10 0

1X10&o

1x10 0

1x10~0

x]pio

1x]P«

&1010

& 1010

gx10~
gx]p~
gx] 08

9 x109
g x10&
gx]09
gx]p&
9 x10

1.1xlpto

1.1xlp

(1—2)x1P'0
(] 2) x1p'0

(1—2) x10~0

p/x
P/7t

Mixed
Vixed

p
p
p
p
p
p
p
P

Mixed
Mixed

Mixed
Mixed
Mixed

Dis loca tion
density

(in cm )

1000
1000

1500
1500

1500
1500
1500
1500
1500
1500
1500

10'-104
10'-104

1000
1000
1000
1000
1000
1000
1000
1000

5x]03
5 x103

1500
1500
1500

versus electric field obtained in all the samples
over the whole temperature range examined en-
sures that the thermalization time is much less
than the minimum measured transit time.

These experimental results also support the
view that the transit time is much greater than
the time necessary for the carriers to reach a
steady-state condition.

On changing the density of the carrier crossing
the sample from 10" to 10"cm ', no effect on the
transit time was observed. Such a result seems
to indicate that, at our concentration, the effect
of hole-hole scattering on drift velocity is neg-
ligible.

Experimental results relating to hole-drift
velocity for temperatures between 8 and 220 K,
and electric fields ranging between 1 and 10' V/
cm applied in the (111) direction are shown in
Fig. 1. For clarity, the data are reported as a
solid line, each line representing the average
value of several determinations of drift velocity
performed in different samples.

In order to display the anisotropy effect, the

I I I | I I Ill I I I
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FIG. 1. Experimental hole-drift velocity as a function
of electric field applied parallel to a (111) direction at
different temperatures.

drift velocities obtained at the same temperatures
as in Fig. 1, with the electric field applied parallel
to the (111) and (100) axes, are shown in Fig. 2
together with theoretical results. The data ob-
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FIG. 2. Hole-drift velocity e& as a function of electric field E at the different temperatures indicated. Open and
closed circles refer to experimental data obtained with the field parallel to (100) and (111) directions, respectively.
Continuous and dashed lines indicate the theoretical results obtained for the (100) and (111) directions, respectively.

tained by applying the field parallel to the three
high-symmetry directions (111), (110), and (100)
at T=77 K are given in Fig. 3, together with theo-
retical results.

The main features of the present data can be
summarized as follows: (i) At the lowest electric
field applied, the experimental values reach the
Ohmic region only at T~ 77 K, while at lower
temperatures they approach the Ohmic region
without actually reaching it. (ii) In the non-Ohmic
region the hole-drift velocity exhibits an anisotrop-
ic behavior, with higher values for vd in the (100)
direction than in the (111) direction. Anisotropy
increases as the field increases until, at the
highest field values (E = 10' V/cm), it remains
nearly constant. Anisotropy is best demonstrated
by lowering the temperature, its maximum effect,
with a v„~/v, », —1 = 34%, being observed at 8 'K
for E =300 V/cm. At 77 'K measurements, made
with & parallel to the (110) direction, showed that

10--

10 I—

...... . ~ .).~~J.
10 10 10

E(V cm ')

w~ J~ J&l

10

FIG. 3. Hole-drift velocity vz as a function of electric
field E at 77 K. 0 refers to E ~( (100), V' refers to
E (t (110), +refers to E ~) (111). Continuous, dot-
dashed, and dashed lines refer to theoretical results for
E (( (100), E )( (110), and E )) (111), respectively.
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vg 1 00 is consistently slightly higher than v, »„with
a maximum effect v, », /v~», —1=&/0 at the highest
fields. (iii) At the highest fields a net defined
saturation value of v, in the (100) direction shows

up at temperatures of 8, 20, and 40'K. In the
(111) direction at the same temperatures, this
effect does not appear so evidently.

A. Ohmic mobility and comparison with other data

In Fig. 4, the experimental data of Ohmic
mobility, obtained by several authors with ionized
impurity concentr ations ranging between about
10" and 10" cm ', are reported as a. function of
temperature, together with present mobility values
obtained for the v, /E ratio calculated at the lowest
applied fields. The different data agree well down
to temperatures of about 20 K. Below this tem-
perature, the present data and those of De Laet
et al."give higher mobility values than those of
Brown and Bray.4 A slight effect of ionized im-
purity scattering in the data of Brown and Bray~
seems to account for this discrepancy.

Our data on the field dependence of v„agree with
the results of Ref. 19 at Vv 'K and for E parallel
to the (111) direction; however, the scarcity of
available data in literature prevents more detailed
comparison.

III. THEORETICAL APPROACH

A. Band model

The band model used consists of a warped heavy
band as defined in Eq. (8) of Ref. 1 which permits
us to include the nonparabolic effect through the
numerical parameter P.

The nonparabolicity of the Ge heavy-mass band
is illustrated in Fig. 5(a), where the equilibrium
density-of-states effective mass m„/in, calculated
in Ref. 20 is reported as a function of thermal
energy. The values of P that, according to Eq.
(8) of Ref. 1, fit the energy dependence of n~„/m,
are reported in Fig. 5(b).

The omission of the split-off band is amply
justified owing to the large spin-orbit energy 6
and the neglect of the light band, more justified
under non-Ohmic conditions, " should introduce
errors of about 18% to mobility. '

O

(h

E
O

10—

0.50
I

I
I I I

0.46

B. Scattering mechanisms

Owing to the high purity of the material here
used (see Table I), acoustic scattering and non-
polar optical scattering mechanisms have been
assumed to be the only effective ones.

The scattering probabilities per unit time have
been taken, following Eqs. (2)-(4) of Ref. 12, with
the parameters reported in Table II. In evaluating
the differential and the integrated-scattering prob-

410— 0.42

0, 38

0 34

0.30 I '
I

'
I

10
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T ('K)

0.20

0 . 10
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FIG. 4. Mobility IL( of holes in Ge as a function of
temperature. The dashed and continuous lines show the
respective Monte Carlo theoretical results in the para-
bolic case and in the case where nonparabolic effect are
taken into account. +, Brown and Bray (Ref. 4); 0,
Ottaviani etal. (Ref. 13);0, De Laet etal, . (Ref. 18).

THERMAL ENERGY t rneV j

FIG. 5. (a) Equilibrium density-of-states effective
mass for the heavy band of Ge as a function of thermal
energy;(b) Parameter P as a function of thermal energy
(see text).
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TABLE II. Constants for Ge.

Quantity Value Unit Reference

Icl

s

Ep

-13.38

-8.48

13.14

0.295

5.32

430

5.4 x105

3.2 x105

4.6

9.0 x10~

eV

g/cm3

'K

cm/sec

cm/sec

eV/cm

21

21

21

22

12

12

C. Monte Carlo procedure

The transport approach follows a Monte Carlo
procedure and, according to the experimental
situation, will consider carrier concentration far
below degeneracy in the condition where carrier-

TABLE III. Deformation-potential parameters in the
formalism of Ref. 7.

dp (eV) Reference

41.59
40.25

9.24
8.85+ 0.4

pw
7

~ pw is present work.

ability per unit time for acoustic modes, acoustic
energy dissipation has been taken to first order in

e and & being the acoustic phonon and the hole
energy, respectively, and the Bose-Einstein dis-
tribution function has been included in a closely
approximated form which avoids the usual energy
equipartition and zero-point approximation (see
Appendix).

For the sake of completeness, the present de-
formation potential notation is related to that re-
ported in Ref. 7. Accordingly, the Eo and (D,K)
parameters used here are related to the =,«and
d, parameters by

2 2

1 2 002

where C, =1.52 x 10" dyn/cm' is a spherically-
averaged elastic coefficient and a, = 5.66 X10 ' cm
is the lattice parameter of Ge. The values in this
notation agree well with the values of Ref. 7 as
reported in Table III. This strongly supports the
reliability of the deformation-potential parameters
used.

carrier scattering can be neglected. This tech-
nique has already been described in Refs. 24-26.

To account for the nonparabolicity of the band,
a first approximation was arrived at using the fol-
lowing iterative procedure. First, the different
averaged quantities (e.g. , v„, (e)) were calculated
using the valence-band edge spectrum, i.e., P =0.
Then, the value -', ( e) so obtained was used to
evaluate the corresponding value of P from the
plot of Fig. 5(b). With this new value of P, a
second run was carried out and the new value of
—,(e) so obtained was used to correct the previous
value of P. The process was continued until, still
with reference to Fig. 5(b) and within the same
simulation, the values of -', (e) and P were within
10%%up of each other in energy. Except where other-
wise specified, this procedure was used for fields
above 10' V/cm and/or temperatures above 200 K.
The degree of uncertainty in the computed values
is estimated to be at most" 5 j() i. e., at the lowest
fields).

IV. THEORETICAL RESULTS AND DISCUSSION

A. Ohmic mobility

The theoretical values of mobility where extra-
polated from the v, /E ratio at the lowest field, and
within the limitations of computational uncertainty,
had to satisfy the two following conditions: (a) the
symmetric condition v~, « ——v„„„and (b) the ther-
mal equilibrium condition ( e) = ,KsT. —

Figure 4 compares the theoretical results ob-
tained here with those of previous experiments.
The agreement found between theory and experi-
ments is good despite the approximate nature of
the model used which, as discussed in the previous
section, neglects the light-hold band. It is inter-
esting to note that parabolicity above 200 K
(dashed line of Fig. 4) increases mobility by about
20%%uo at 300 K.

B. Drift velocity versus field

The experimental and theoretical drift velocities
as a function of temperature and electric field are
reported in Fig. 2. The drift velocities obtained in
both the (111)and (100) directions of the applied
field are shown together at a given temperature.
Closed and open circles refer to experimental
results, continuous and dashed lines to theoretical
results. It can be seen that, for fields above about
20 V/cm over the whole temperature range, agree-
ment with experiment is satisfactory. At T = 8 and
20 'K for fields in the range 1-20V/cm, however, a
discrepancy occurs for theoretical calculations do
not reproduce anisotropy, and give a lower value
for v„ than is found by experiment. In this field
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range, calculations afford no evidence of an optical
scattering mechanism. Therefore, to clarify the-
oretical predictions, we performed calculations at
8 K taking into account acoustic modes only. The
results reported in Fig. 6 show that v, is syste-
matically lower than when both scattering mecha-
nisms (i.e., acoustic and optical) are active. In
other words, when an optical scattering mecha-
nism is active in the non-Ohmic region it tends to
enhance drift velocity. This effect may be attri-
buted to the strong streaming motion associated
with optical phonon emission which causes the dis-
tribution function to "peak" in the field direction.
These arguments enable one to understand theo-
retical results, but do not resolve the above dis-
crepancy.

Figure 3 reports the case of T =77 K for the
three directions (111), (110), and (100). As is
seen, experiment and theory agree in giving a
vd ll0 ve y close to but greater than vd ill'

C. Nonparabolic effects

r r r
I

r TTt W~"T ~T

t
" "

I

D

10—6

I I I

10 10

E (Vcm')

,J
10 10

FIG. 7. Hole-drift velocity vd as a function of electric
field at T =77 K. Open and closed circles refer to
experimental data obtained with the field parallel to the

(100) and (111) directions, respectively. Continuous
lines indicate the theoretical results obtained for the
(111) and (100) directions with the inclusion of non-
parabolicity effects. Dashed lines refer to the parabolic
case with P =0.

The net effect of nonparabolicity, tending as it
does to decrease both drift velocity and mean en-
ergy, "improves the agreement between theory
and experiment for E &103 V/cm over the whole
temperature range. As an example, the calcula-
tions on v„performed at T =77 K are compared
in Fig. 7 with experimental values, and it is seen
that for field strengths above 10' V/cm, nonpara-
bolic effects (continuous lines) consistently make
for a better fit than the parabolic model (dashed
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FIG. 6. Hole-drift velocity vd as a function of electric
field at T =8'K. The continuous and dashed curves refer
to (100) and (111) directions for the case where both
optical and acoustic scattering are considered, the
dot-dashed curve refers to the case where acoustic
scattering only is considered (in this case the values of
the (111) and (100) directions coincide).

T('K )

FIG. 8. (a) Drift velocity vd fff as a function of temper-
ature for an electric field E=104 V/cm. O, present
data. Dashed and continuous lines refer to the respective
theoretical calculations in the parabolic case and in the
case where nonparabolic effects are taken into account;
(b) the same as in (a) for vd fpp.
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lines). In order to clarify this effect, Figs. 8(a)
and 8(b) compare the experimental data of v„»,
and v„~ as a function of temperature for E = 10
V/cm with theoretical calculations. Here, keep-
ing the same constants as in Table II, the dashed
line refers to the parabolic model with P=O, and

the continuous line includes nonparabolic effects.
The improved agreement found over the whole
temperature range when nonparabolicity is ac-
counted for confirms the importance of this effect
at the higher fields, with particular reference to
the interpretation of the saturation region of drift
velocity.

D. Energy-distribution function

The energy-distribution function f(e) calculated
by Monte Carlo is reported in Figs. &(a) and 8(b)
for different field values at the temperatures in-
dicated. The strong non-Maxwellian shape of the
distribution, due to the strong optical-mode scat-

jl

j
j
t
I

1 I

10 1

I

10

10

tering, is best observed in the intermediate field
range. Since, in these figures, two definite slopes
clearly appear both before and after the optical
phonon energy, it is argued that the two-tempera-
ture Maxwellian approximation" may be a satis-
factory approximation at intermediate and high
fields. However, at very low temperatures (e.g. ,
at T=8'K), and for fields where acoustic dissi-
pation plays the more important role (i.e., E &20

V/cm), this approximation becomes inadequate,
since a well-defined distribution slope cannot be
assumed.

In Fig. 10 the experimental distribution obtained
by Pinson and Bray' is compared with the present
theoretical results. In view of the experimental
uncertainty, agreement is reasonable. In particu-
lar, the theory, which qualitatively reproduces
previous results of Budd' and Kurosawa, " affords
evidence of the anisotropy of the energy-distribu-
tion function.

E. Mean-hole energy

The mean-hole energy versus field for E pa, rallel
to the (111)direction, calculated from Monte Car-
lo, is reported at the indicated temperatures in
Fig. 11. At T =8 'K it is seen that the mean ener-
gy suddenly increases as field strength increases,
as long as the energy balance is governed only by
acoustic dissipation (i.e., for 1-E& 20 V/cm).
Then, in the region of intermediate fields (i.e.,
20 &E &103 V/cm), the efficiency of optical phonon
emission, in fully dissipating the energy gained
by the field, gives rise to a plateau where the mean
energy is nearly independent of the field.

10
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bI
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1 x10
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Ge —holes
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Nl
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G
CL

ENERGY ( e V j 20 40 60 80

FIG. 9. (a) Energy-distribution functions of holes f(c)
have been obtained at 8 'K with the Monte Carlo calculation
(see text). The dashed line refers to zero-field condition
and the continuous lines from left to right, to field
strengths of 1,5, 10, 50, 10, 5x10, 10, 5x 10, ~d
104 V/cm, respectively. (b) The same as in (a) at 300'K.
The dashed line refers to zero-field condition and the
continuous lines from left to right, to field strengths of
5x10, 10, 5x10, and 10 V/cm, respectively.

ENERGY (meV )

FIG. 10. Comparison between experimental and
theoretical energy-distribution function of holes at 77'K
for an electric field E= 8x10 V/cm. x, c dat6 obtained
from Fig. 13 of Pinson and Bray (Ref. 8) corresponding
to E ~( (100) and E )~ (111), respectively. Continuous and
dashed lines refer to theoretical results obtained for
E (t(100) and E )) (111), respectively.
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At the highest fields, the mean energy increases
again, as optical phonon emission processes are
no longer able to fully dissipate the energy gained
by the field. It should be noted that for tempera-
tures above about 77 'K the energy dissipation in
the nonlinear response region is always governed
by optical-phonon emission.

In the highest-field region the nonparabolic effect
is seen to be of great importance in determining
mean hole energy; as shown in the insert of Fig.
11, at E=10' V/cm, when nonparabolicity is in-
cluded, mean-hole energy is reduced by about
50% with respect to the parabolic case with P =0.

At this field strength, the effective mass used in
calculations is about 30% larger than the band-edge
value; consequently, it is argued that mean hole
energy at high fields is quite sensitive to nonpara-
bolic effects.

Finally, we would point out that the anisotropy of
v~ is also reflected in the mean energy. Theoreti-
cally, calculations give a consistently higher mean
energy for the (100) than for the (111)direction.
This difference, which increases systematically
as field strength increases, is of the order of 10/p

at the highest field applied.

F. Comparison between Si and Ge data

The similarities of Si and Ge as semiconductors
of the same group IV of elements with analogous

100

valence-band structure makes interesting a brief
comment on the main qualitative differences in
the behavior of their hole-drift velocity. By com-
paring results of Ref. 1 with present ones, it ap-
pears that the sharp increases of mobility below
about 40 K and the flattening out of the v„versus
field curve observed in Si at low temperatures and

moderate fields does not show up in Ge.
The origin of these differences can be naturally

attributed to the larger (about one order of magni-
tude) spin-orbit energy of Ge than of Si. In fact,
it is known"'" that the spin-orbit band is respon-
sible of a strong swelling of the heavy-mass band
in the (110) direction which in turn gives rise to
strong nonparabolicity of this band.

In Si, the value of 6=0.044eV causes strong
nonparabolic effects at low energies and in a nar-
row range of them. " Consequently, an anomalous
behavior of mobility at low temperatures and a
flattening of the e, curve at low temperatures and
moderate fields is expected to appear (the concom-
itance of the band swelling and the lowest v„ in the
(110) direction strongly confirms this correlation).

In Ge, the value of 6=0.295 eV introduces weak
nonparabolic effects at high energies and in an ex-
tended range of them. " Consequently, it is ex-
pected a broader correlation between band struc-
ture peculiarities and &, „behavior. Accordingly,
present results indicate that mobility at room tem-
perature and the saturation drift velocity are af-
fected for about 20% by nonparabolicity.

V. CONCLUSIONS

80

t0

E

i

T=8
0

10 10 10

E(Vcm )

10

FIG. 11. Mean-hole energy as a function of electric
field at different indicated temperatures, obtained with
Monte Carlo calculations for the case E j~(111). The in-
set shows the difference between the case for which non-
parabolicity effects are accounted (continuous line) and
for the parabolic model with P =0 (dashed line) in the
region of field strength E 10 V/cm at the tempera-
tures indicated.

The hole-drift velocity in Ge has been measured
with the time-of-flight technique for a wide range
of temperatures 8 ~ T ~220'K and of fields
1 &E &104 V/cm applied parallel to the (100),
(110), and (ill) directions, and theoretically
interpreted following a well-established physical
model which accounts for the warping and non-
parabolicity effects of the heavy-hole band.

The good agreement found between theory and
experiment fully supports the reliability of the
model used. In particular, anisotropic effects
over the whole range of temperatures and fields
have been interpreted as the net effect of band
warping.

Nonparabolicity of the heavy-hole band has been
found to introduce corrections of the order of 20%
on mobility at 300 'K. Furthermore, at the highest
fields (E ~ 10' V/cm), inclusion of nonparabolicity
has been found necessary for the interpretation of
the saturation region of p~. A sensitive micro-
scopic parameter of this effect is the mean hole
energy, which at the highest fields is half what it
is in the parabolic model.
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Finally, a theoretical approach which avoids the
usual approximation for acoustic scattering (e.g. ,
energy equipartition, zero point, elasticity) and

consistently agrees with the classical method
(such as the relaxation-time approximation) in the
linear-response region, will surely be an effective
instrument in dealing with any future problem in
this connection.
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The usual approximations in treating acoustic
scattering mechanisms" are (i) elastic approxi-
mation, justified for c/e«1; (ii) energy equipar-
tition aPProxirnation, justified for c/KsT«1. At
very low temperatures (T &77 'K) and/or high ap-
plied fields both approximations become inade-
quate. Thus, the hole acoustic scattering in dif-
ferential as well as in integrated form (as needed
in Monte Carlo calculation) is assessed, taking
into account the acoustic energy dissipation up to
a first order in s/e, and for the Bose-Einstein
distribution function in a closely approximated
form. Taking the acoustic phonon in the linear
region, the phonon energy involved in carrier
scattering between initial k and final k' states
c=lfs!k —k'!, is well approximated by
c =W2hslz(1 —coszr)'z', cz being the scattering
angle.

In order to obtain the integrated scattering prob-
abilities, the integration over the solid angle dQ'
has been carried out in the "nearly elastic approx-
imation" [i.e., (e + c)' ' = e' ~'(1 + c /2&) ] and in the
"small warping approximation", that is

(1 —p)a[1 —g (8', y')] = fr '/2n~„;-

since it substitutes the density-of-states effective
mass for a warping-dependent effective mass.

By approximating the Bose-Einstein function for
absorption and emission processes with

1/x ——'+ -'x x~ 32

e" —1 e" x&3,

1/x+ + —x, x 3, -
x&3;

FIG. 12. (a) Integrated acoustic scattering probability
as a function of energy for holes in Ge at 7' =77'K.
Curve 1 refers to absorption processes calculated ex-
actly (dashed line) and in the approximated form ( con-
tinuous line) given in Eqs. (A1), (A3}, (A4). Curve 2
refers to emission processes calculated exactly (dashed
line) and in the approximated form given in Eqs. (A2),
(A5), (A6). Curve 3 refers to elastic plus energy equ-
ipartition approximation. Curve 4 refers to elastic
plus zero-point approximation. (b) The same as (a) at
T=8 K.

dQ'-2
0 0

sincy dc' .
The former approximation, which is equivalent
to the condition e/e«1, is well satisfied over
the whole range of fields and temperatures in
question. The latter approximation is reasonable,

the integrated scattering rates for acoustic ab-
sorption and emission processes P„,„and P„,
result to be

(A1)
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ac, em

8e '~2[F3(x,) -KsT/eF, (x,)] for &&2m„s2,
(A2)

0 for( + 25') s

with

Q —Eo ypg 1/2(K T)3/2s/2xps I, x = 2m '~ sf'~ /K T

2xs(1 ——32 W2xs+, X2) for xs ~ 3/v 2,
1017 2358 41931 3 ~„~ 72vY 252 270' 2 270 3

+ + 3 + „ox

(A3)

13&/2 44/2 3
105 315 v 2

E ( 801 3 13248 300078 ~~ "2 8~2~+ 'l2~+ 288~2X + 1824+ 4320W2
(A4)

14400 15120&2 15120 3

0 xp 0

34/2 9 3
2xo 1+ x, + — for xo0 q2

5913 136 M2 1 62 729 3
+

105 Ho 2 + 7Q 0 xo

(A5)

13&/2 44& 2 3
x +x+ x forx

6371 4 729 19683 3
140

+ 2xo —81 + ~ —
8~ or x(

(A6)

The integrated-acoustic scattering probability
calculated exactly and with the approximations
above introduced, are reported in Fig. 12 together
with the usual approximations used in the literature
(i.e., energy equipartition and zero point) at T
=77 K and T=8 K.

At both temperatures, calculations have shown

that acoustic dissipation introduces negligible ef-
fects on the integrated acoustic scattering prob-
ability. At 77 K energy equipartition affords a
good approximation of the total acoustic scattering
probability, (i.e., absorption plus emission) over

the whole range of carrier energy, even if the
importance of absorption process exceeds that of
the emission processes for && &E~T, while the
contrary is true for && —,'K~T.

At T=8'K, and for carrier energy above 10
meV, zero point, instead of energy equipartition,
Oest approximates the physical situation. At this
temperature the Ohmic region can still be de-
scribed by the usual energy equipartition approxi-
mation, while the non-Ohmic region needs the
more-exact approach.
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