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The exchange-correlation enhanced spin susceptibilities of 32 metallic elements from Li through In have
been calculated using the spin-polarized exchange-correlation functional of von Barth and Hedin. Since these
32 elements include both the 3d and 4d transition series, the calculations clearly exhibit both the normal
trends with atomic number and the anomalies responsible for ferromagnetism. The susceptibilities were
obtained by evaluating the Vosko-Perdew approximate formal solution of the linear-response problem for
each element, using fully self-consistent nonmagnetic ground-state energy bands and wave functions. In
addition, the accuracy of the Vosko-Perdew approximation itself was tested for Cr by performing a separate
nonperturbative spin-polarized calculation of the response (for the same exchange-correlation functional) to an
external magnetic field for this metal (the two susceptibilities agree to within 10%).

I. INTRODUCTION

Quantitative calculation of the properties of
solids requires an adequate treatment of the elec-
tron-electron interaction, but this interaction is
so difficult to deal with that approximations for
the effects of exchange and correlation must be
introduced.'”® The accuracy of these approxima-
tions is still an unsettled question, and, while
they are simpler than the full interaction, they
are nevertheless often of such complexity that the
easiest way to test them is to see how well they
agree with experiment.

This paper is concerned with the efficacy of the
local-density theory of exchange and correlation
for predicting ferromagnetism. This is studied
by calculating the response of a number of metallic
elements to a spatially uniform external magnetic
field. I the exchange-correlation approximation
being tested is of value, its enhancement of the
response should be large enough to produce a fer-
romagnetic instability only in those metals which
are known to be ferromagnetic.

Naturally, this is a valid test of the exchange-
correlation approximation only if the procedure
used to calculate the response introduces negligibly
small errors. The main difficulty is the feedback
effect of exchange and correlation, the simplest
expression of which is the Stoner enhancement?,
the magnetization depends not only on the external
field, but also on the space-dependent internal ex-
change-correlation field, which in turn depends on
the magnetization. Using perturbation theory on
the ground state, this response problem can be
formulated as an integral equation, as was done by
Kohn and Sham?® and more recently by Vosko and
Perdew® (VP), but the quantities entering this in-
tegral equation are functionals of the ground-state
properties of the system. This functional depen-
dence is so complicated that VP further introduce
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a Stonerlike approximate formal solution of the
integral equation, giving the magnetization in
terms of much simpler ground-state quantities
(this is justified because, as VP show, there is a
variational principle for the susceptibility).

Vosko et al.® have calculated the susceptibilities
of the alkali metals, and Gunnarsson’ those of six
transition metals, in this way. Vosko et al. per-
formed self-consistent calculations, while Gun-
narsson used approximate wave functions. The
results presented in this paper for these and many
more metals are based on fully self-consistent
ground-state calculations.® The tendency toward
magnetism is one of the most delicate properties
of solids, because of the small energy changes in-
volved, and it is of obvious importance to have ac-
curate ground-state quantities. While satisfactory
approximations may exist for particular materials
(indeed, the present results are in excellent agree-
ment with those of Gunnarsson, and differ from
those of Vosko ef al. only because of the use of
different exchange-correlation approximations),
self-consistent calculations afford a viable means
of finding ground-state quantities for a wide class
of materials in a systematic way, and furthermore
eliminate one possible source of uncertainty in the
computational chain.

There still remains the questibn of the accuracy
of the approximate solution of the integral equation.
For a given approximation for exchange and cor-
relation, self-consistent spin-polarized energy-
band calculations provide a means for calculating
the exact response of a material to a uniform mag-
netic field. This procedure obviates the introduc-
tion of a linear integral equation for the response,
or of any approximations necessary for its solu-
tion. Poulsen et al.® have found the susceptibilities
of six transition metals with this procedure, using
the linear-muffin-tin-orbital (LMTO) method of
band calculation. However, a comparison of their
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results to, e.g., those of Gunnarsson” in order to
test the approximate solution of the integral equa-
tion would not be conclusive, because of the differ-
ent approximations these authors introduced. The
“exact” procedure is carried through here for
paramagnetic Cr [using the muffin-tin Korringa-
Kohn-Rostoker (KKR) method, and thus introducing
the same approximations as were used in the
ground-state calculations®], and a comparison to
the results obtained using self-consistent ground-
state quantities in the approximate formal solu-
tion of VP shows that the latter is accurate to about
10% for this material.

The approximate VP solution is evaluated in this
paper for 32 metallic elements ranging from Li to
In, using the local form of the exchange-correla-
tion functional E,, [ p;m] proposed by von Barth
and Hedin'® (but with slightly different values of
the constants). Application to such a wide class of
materials, including the first two transition series,
permits the study of trends, and provides an under-
standing of why, of all the elements considered,
only Fe, Co, and Ni are theoretically found to be
ferromagnetic.

In Secs. II and III, the approximate solution of
VP is discussed; the results of the present calcu-
lations for the elements are described in Sec. IV,
and the exact solution for Cr and its implications
are discussed in Sec. V.

II. INTEGRAL EQUATION FOR m

As discussed by VP,® the magnetization m(¥) (in
units of Bohr magnetons) of a paramagnet to low~
est order in the external field H, (%) is the solution
of the integral equation

m@ = [ a5 0,6 -KEmE)], (0

where y(f,T’) is the unenhanced real-space sus-
ceptibility [or equivalently the functional deriva-
tive 6m (T)/5H (¥'), evaluated at 7 =0]. The term
K(¥’) m(¥’) under the integral represents an ex-
change-correlation enhancement of the field, and
Eq. (1) thus expresses the response of the mag-
netization to the total effective field.

The form of x(¥,7’) is important in considering
approximate solutions of Eq. (1). To find it, one
examines the change in the magnetization

m(F) =py(E) = py(F)

=2 0E, - E) [4° - 2 0E - B, [4,/7,
i i
_ @)
due to a perturbing Hamiltonian_contéining a field

5H (¥'). Using first-order perturbation theory to
find the change in the E;’s and y,;’s, we find
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XE,F) =350, ~E) | 4@ 171 9 (F)I°

23 O, -E;)-OE,-E;)
i E;-E;

XPFE) §; (B FE ), (F) )

in the unpolarized limit. (The index i includes a
band index, a wave vector, and a spin index; the
spins of states 7 and j must be the same in the
second sum.) The first sum in Eq. (3) comes from
the change in the E;’s and the second from the
change in the ,’s. This equation is basically the
Lindhard expression, but the space dependence is
that of the true wave functions rather than (for
example) plane waves.!* The intraband term [first
sum in Eq. (3)] can be regarded as the limit as
i—j of the term excluded from the second sum, and
becomes N(E), the density of states at the Fermi
energy E, in the usual long-wavelength analysis
of the Lindhard susceptibility.'?

The quantity K(¥) in Eq. (1) is a kernel giving the
exchange-correlation enhancement of the field due
to the magnetization, and is defined by

[62E [ p3m]/om (F) sm @)}, = 2K(E) 6(F ~ ) ,
(@

where E,.[ p;m] is the exchange-correlation func-
tional.®!® In general, the functional derivative in
Eq. (4) has a complicated dependence on both T and
T/, It is proportional to a 6 function only in the
local approximation for E, , to which attention is
restricted exclusively in this paper.

For consistency, the Bloch functions y; and en-
ergies E; appearing in Eq. (3) should be the solu-
tions of the ground-state system of equations?®

[—vz'*'VH(f) +ch(f‘)]l/),'(_f') =Ei‘/)i(—f), (5

vy®) =-2Z > |FT-R|?
R

+2 fp(f')(f-ffl-ldf', (6)
o®) = 32005, ~E) |4, @)*, )

which constitute a nonmagnetic self-consistent en-
ergy-band problem. V, is the Hartree potential
(in Ry units), Z is the nuclear charge, and the R’s
are the nuclear coordinates. The exchange-cor-
relation potential used in Eq. (5) is

pxe(®@) ={8E xc[ p;m1/8p @)} e s (®)

where the functional E,. should be the same as the
one appearing in Eq. (4). Having solved this
ground-state problem, one can (in principle) use
the resulting eigenfunctions and eigenvalues to
evaluate the susceptibility y(¥,T’), and then try to
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solve Eq. (1). Given the complicated form of
x(T,T’), and the slow convergence of the interband
sum,™ it is unlikely that this procedure is tract-
able for any real material.

However, the presence of a magnetic instability
is presumably sensitive to the detailed form of the
wave functions and band structure, and it is of
great interest to have some way to obtain solutions
of Eq. (1) which retain all the complications of the
band structure inherent in y(¥,¥’). For example,
a nonzero solution, when H, is an infinitesimal
field varying as exp(i § - T), would correspond to a
spin-density-wave instability of wave vector §.°
The standard approach® to this problem consists
of searching for peaks in the Fourier transform
of y(¥,T’) (usually replacing the Bloch functions
by plane waves). This approach ignores the effects
of the Bloch functions and the T dependence of K (%)
on possible instabilities, about which very little is
known.,

A numerical method exists for constructing the
exact magnetization m () induced by a uniform
external field: for a given approximation for ex-
change and correlation, self-consistent spin-
polarized energy-band computer programs (i.e.,
those appropriate for itinerant ferromagnets) can
be used to find the response of a paramagnet to a
uniform field of any strength, if the appropriate
field term is added to the Hamiltonian, This is a
nonperturbative calculation, in the sense that the
wave functions and eigenvalues are found by self-
consistently solving Schrodinger’s equation in the
presence of the field, and the magnetization is
evaluated directly from the resulting charge den-
sities, as in Eq. (2). If such a calculation is car-
ried out for a sufficiently small external field (or
if the linear response is extracted from calcula-
tions for several field strengths), the resulting
magnetization m (f) will be identical to the exact
solution of Eq. (1) for the same field, and this can
be used to check approximate solutions of this
equation. A similar solution for fields with space
dependence commensurate with the lattice re-
quires a much more difficult supercell calculation
(unit cell determined by the periodicity of the field,
rather than that of the lattice), and the response to
incommensurate fields cannot be found in this way
at all. Thus it is presently relatively straight-
forward to find the response to external fields only
in the uniform case.

III. APPROXIMATE SOLUTION

Given the complexity of x(¥,%’), it would be use-
ful to have an approximate solution of Eq. (1). For
a uniform field, an approximate formal solution,
expressed in terms of the spin density y(¥) induced

by an infinitesimal Stoner splitting'” of the actual
bands, was suggested by VP,® and also concurrent-
ly by Gunnarsson.” Define

0(ER—E;) | v, @2

=T : ©)
where
N(Ep) =) 8(E ~E;) (10)

is the density of states at the Fermi energy. Be-
cause of the orthogonality of the Bloch functions,
one has

Jx@#aw = [ x@Hav -NE)y@

[the interband term in Eq. (3) does not contribute
to these integrals]. Thus, for a uniform field, Eq.
(1) becomes

m(F) =H,N(Ep)y () - de" xET)VKF)mFE).
(12)

Now try an approximation of the form m(¥) =Cy(¥).
Integrating Eq. (12) over T to determine C, and
noting that

fd?w(f)=1, (13)
one finds
m (F) =HeN(EF)7(f)/(1. +N(Ep) f d f'yZ(ff)~K(f')> .
(14)

Thus the uniform susceptibility is

X =N(EF)/ <1 +N(Ep) f d?‘yz(f)K(f')>. (15)

It happens that K(¥) is always negative,® so the con-
nection to the usual expression for the exchange-
enhanced susceptibility*

X =NER)/[1-NER)I] (16)
is made by defining the “exchange” integral as
1= [aFv’® | k@) . an

However, this integral also includes correlation
effects, because of the definition of K(¥) in Eq. (4).
VP have shown that there is a variational prin-

ciple for y~'. This justifies the ansatz used to
construct Eq. (14), and also shows that the quan-
tities in Eqs. (15) and (16) are lower bounds to the
correct results. VP give no estimates of the tight-
ness of the bounds [although they point out that the
variational principle implies that errors in y
should be second order in the error in m (¥)], and
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one contribution of the present paper is to establish
the accuracy of Eq. (15) by comparing to the exact
initial (H =0) susceptibility for Cr (calculated using
the same approximation for E,.).

Vosko et al.® and Gunnarsson’ have found the sus-
ceptibility enhancement obtained from Eq. (15) or
the exchange integral I from Eq. (17) for a few ele-
ments. Vosko et al.® performed calculations for
the alkali metals, using a spherical-cell method
to obtain the Fermi-surface wave functions and
thus y(¥). Gunnarsson’ has carried out calculations
of the integral I for several transition metals, us-
ing superposed atomic charge densities and renor-
malized-atom charge densities to form a crystal
potential, and solving the Schrddinger equation at
the Fermi energy to get an estimate of y(f). Poul-
sen et al.® used the LMTO method of band calcu-
lation, but carried out the solution in the presence
of an external field, to find the integral I in the
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metals at the ends of the three transition series.
In obtaining the results described below, the Bloch
functions appearing in y(¥), and the charge density
needed to determine K(¥), have been determined
from self-consistent band calculations.® Thus the
prescription [Egs. (4)—(9)] for evaluating the sus-
ceptibility from Eq. (15), given only an explicit
form for the exchange-correlation functional E,,
has been carried through with the introduction of
only one approximation (the muffin-tin approxima-
tion).

IV. RESULTS

The densities of states at the Fermi energy N(E,)
and the exchange-correlation integral I obtained
from the nonmagnetic ground-state calcula-
tions®:18-2! yia Eq. (17) are given in Table I and
plotted versus atomic number in Fig. 1. Also

TABLE 1. Calculated spin susceptibilities of metals. a is the lattice constant in atomic units
(bohr), N(Eg) is the density of states (both spins) at the Fermi energy in states/Ryatom, I is
the exchange-correlation integral defined in Eq. (17), ¥(0) is the value of the function defined
in Eq. (9) at the nucleus, and x/x, is the susceptibility enhancement, [1 —N(EI]", negative
values of which indicate a ferromagnetic instability. The molar susceptibility (emu/mole) is

2.376 X107 (x/x )N (E p).

Element Structure a (a.u.) NEg Ry™ I Ry) v(0) (bohr=3) X/Xo
Li bce 6.42 6.5 0.086 0.133 2.25
Be fee 5.96 0.73 0.078 0.350 1.06
Na bee 7.7 6.2 0.067 0.590 1.71
Mg fce 8.4 6.2 0.052 0.690 1.47
Al fee 7.6 5.6 0.045 1.09 1.34
K bee 9.45 9.9 0.049 0.877 1.95
Ca fee 10.0 21 0.037 0.160 4.49
Sc bce 6.74 33 0.025 0.0264 6.12
Sc f_cc 8.49 24 0.025 0.129 2.48
Ti fce 7.56 22 0.025 0.136 2.147
A% bee 5.54 22 0.026 0.186 2.34
Cr bee 5.30 9.5 0.028 0.084 1.36
Mn fce 6.543 21 0.030 0.106 2.74
Fe bce 5.15 42 0.034 0.0459 —2.34
Co fce 6.448 27 0.036 0.0646 38.2
Ni fee 6.55 55 0.037 0.0809 -0.98
Cu fce 6.76 3.9 0.027 1.60 1.12
Zn fce 7.25 4.1 0.038 3.83 1.18
Ga fce 7.83 5.5 0.037 3.55 1.26
Rb bce 10.21 12 0.043 1.58 2.12
Sr fce 10.88 4.2 0.031 0.357 1.15
Y fce 9.23 19 0.024 0.234 1.88
Zr bce 6.54 17 0.023 0.392 1.67
Nb bece 6.2 19 0.022 0.668 1.72
Mo bee 5.89 8.9 0.022 0.318 1.23
Te fce 7.28 17 0.022 0.341 1.57
Ru fce 7.2 15 0.022 0.296 1.52
Rh fce 7.24 18 0.024 0.247 1.79
Pd fce 7.42 31 0.025 0.252 4.46
Ag fee 7.79 3.7 0.030 3.31 1.12
cd fee 8.40 4.9 0.032 5.50 1.18
In fce 8.95 6.8 0.030 5.44 1.26
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FIG. 1. Exchange-correlation integral I in Ry (upper
curve; left scale) and density of states N(Ez), both
spins, in electrons/Ry atom (lower curve; right scale)
as functions of atomic number Z. The zero of the left
scale has been shifted, and dashed lines indicate ranges
of Z for which calculations were not performed.

given in Table I is the quantity y(0), the function

of Eq. (9) evaluated at the nucleus. This quantity,
in conjunction with the other information in Table
I, determines the magnetization m (r =0) from Eq.
(14), which in turn gives the conduction-electron
contribution to the Knight shift.??

In all these calculations, the muffin-tin approxi-
mation was used.?® The crystal structure was taken
to be either bcc or fcc, and materials with hexa-
gonal or more complicated structures were usually
treated as fce. For Sc, calculations were per-
formed for both structures, and a comparison of
the entries in Table I for this material shows that,
while 7 is relatively insensitive to the crystal
structure, the density of states is more sensitive.
This can lead to large changes in the susceptibility
enhancement with crystal structure.

For each material, the calculations were per-
formed for the lattice constant given in Table I.
This lattice constant is within 0.5% of the value
for which the computed pressure is zero, but,
for most of the materials in Table I, the predicted
atomic volumes are a little smaller than experi-
mental low-temperature values (the largest dis-
crepancies in the atomic volume, about 10%, occur
for the alkalis, but the agreement is much better
for most of the other materials; see Ref. 8 for a
detailed comparison).

Perhaps the most fundamental question about
these results is the occurrence of ferromagnetism.
Since, according to VP, Eq. (16) is a lower bound
to the susceptibility, any material for which

N(Ez)I>1 should be ferromagnetic. This definitely
happens in Fe and Ni, and fcc Co is almost ferro-
magnetic [N(E,)I=0.97]. Of the remaining ele-
ments considered, the largest susceptibility en-
hancements occur for (bee) Sc [N(E,)I=0.84],

Ca [N(E)I=0.78], and Pd [N(E,)I=0.76]; all the
others are only moderately paramagnetic. A spin-
polarized band calculation shows that fec Co is in
fact theoretically ferromagnetic at this lattice con-
stant® (we earlier performed similar calculations®s
for Fe and Ni; see also Ref. 9). Equation (16) is a
lower bound to y, and this shows that it is in error
by more than 3% for Co (a similar calculation for
Cr, described below, implies a 109, error). The
local-density theory (using the form of E,. dis-
cussed in Ref. 18) thus (except for Co) correctly
predicts the presence or absence of ferromagnet-
ism in the elements through In.

There are three interesting aspects of the depen-
dence of the exchange-correlation integral I on
atomic number Z which are evident in Fig. 1: (a)
the gradual overall decrease with increasing Z;

(b) the more-or-less parabolic behavior within
each transition series; and (c) the anomaly for Cu.
The gradual decrease with atomic number is a con-
sequence of the dependence of K(¥) on the total
charge density p(f): K varies roughly as p~2/% and,
as p(F) gradually increases with increasing 7,

| K(¥)| and I gradually decrease.

The two remaining aspects of I vs Z are due to
the same phenomenon. There are two characteris-
tic forms for y(f): free-electron-like [y(¥) roughly
constant| and d-like [y () relatively peaked and
localized within the unit cell]. Proceeding through
a transition series, say from K through Ni, y(f)
is initially free-electron-like for K, becomes a
sum of free-electron and 4 contributions toward
the middle of the transition series, and is primar-
ily d-like toward the end of the series (Fe-Ni).

We can model the effects of this behavior of y ()
on the integral / by considering the normalized
linear combination cos®0y (¥) +sin®0y,(F), where
both y, and y, are normalized according to Eq. (13).
If y, is free-electron-like, and y, is d-like, this
linear combination mimics the change of y ()
through a transition series, if we let 6 change
gradually from zero to 57 as the atomic number

is increased through the series. Because the coef-
ficients of both y,(F) and y,(T) are less than unity,
it is possible to use the Schwarz inequality to
show? that the weighted integral of v3(¥) [i.e., the
integral I of Eq. (17)] passes through a minimum
as 0 is increased from zero, and that the value of
I at this minimum is less than either of the values
of I which would have been obtained using y,(¥) or
v»(T) alone, Thus, in going through a transition
series, I is largest at either end [fully free-elec-
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tron-like or fully d-like v(¥)], and passes through
a minimum near the middle of the series, when
y(T) is a mixture of free-electron and d-like parts.

The anomaly for Cu is due to the same effect.
Even though the d bands in Cu are filled, they are
rather close to the Fermi level, and y(T) is still
more than half d-like, due to s-d mixing; in con-
sequence, its value of I is less than that for either
Ni (fully d-like) or Zn (free-electron-like). This
situation does not occur for Ag because its d bands
are considerably lower than in Cu; the d contribu-
tion is relatively small, and y(¥) is mostly free-
electron-like.

It is apparent from Fig. 1 that ferromagnetism
occurs basically because of the spatial localization
of the d orbitals near the top of a d band. This
localization produces both a large density of states
(when the band is nearly full) and a relative maxi-
mum in the exchange-correlation integral I. The
product N(E)I is large enough for ferromagnetism
at the end of the 3d series, but not the 4d series
because the 44 wave functions must extend further
out from the nucleus, which implies a larger in-
teraction between neighbors, a larger bandwidth,
and a smaller density of states. Even though the
exchange-correlation integral is considerably
larger in the light elements than in the 3d series,
there is no possibility of ferromagnetism because
of the much smaller densities of states. There is
not much chance that metallic hydrogen will be
ferromagnetic.

The values of I given in Table Ifor V, Fe, Co,
Ni, and Pd are in excellent agreement®” with those
obtained by Gunnarsson,” and those for Fe, Ni, Rh,
and Pd are in very good agreement with the results
of Poulsen et al.®. Values of I for the alkali metals
deduced from the results of Vosko et al.,® on the
other hand, are about 20% lower than those given
in Table I. This discrepancy is understandable in
terms of differences in the approximations used
for E,.. These authors also used the von Barth-
Hedin® functional form, but they used the random-
phase approximation (RPA) values of the constants
(as originally suggested by von Barth and Hedin'?),
whereas the results in Table I were obtained using
the values of the constants given in Ref, 18.2¢ (Cal-
culations were repeated for Li using the same E
as was used by Vosko et al., leading to a value of
I of 0.072 Ry, to be compared to the value of 0.086
Ry appearing in Table I, and the value of 0.070 Ry
deduced from their results. It is remarkable that
the exchange-correlation integral 7 is this sensi-
tive to the detailed form of E, ; this sensitivity
offers real possibilities for accurately determining
E,. by comparison to experimental susceptibility
enhancements. In this context, it should be pointed
out that the results of Vosko et ¢l.° are in better
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agreement with experimental [conduction-electron
spin resonance (CESR) or spin-wave excitation]
measurements of the spin susceptibilities of the
alkali metals than are the present calculations.

On the other hand, a recent measurement® in Al
gives a positive Fermi-liquid B parameter, which,
if interpreted directly in terms of a susceptibility
enhancement, corresponds to a negative value of I.
There is no reasonable local form for E,. which
gives a negative I, so that, unless for some reason
the CESR or spin-wave experiments do not direct-
ly measure the static susceptibility enhancements
discussed in this paper, this result indicates that
there may be important nonlocal exchange-corre-
lation effects on the susceptibility.

Because the calculated susceptibilities include
only the spin paramagnetism, and thus the con-
tributions from the cores and the orbital motion
have been ignored, a detailed comparison with ex-
perimental bulk susceptibilities will not be made.
It is of interest, however, that the calculated sus-
ceptibilities for the nonmagnetic members of both
transition series are considerably smaller than
the experimental values. This is understandable
in terms of an orbital (Van Vleck) paramagnetism
in non-s-band materials.*® The size of the dis-
crepancy between the present calculations and ex-
periment is consistent, except for Pd, with both
experimental®~33 and theoretical®-* estimates of
the orbital paramagnetism in various transition
metals (as an example, X, ,,~ Xgi, f0r V is +180
x10~¢ emu/mole, while estimates3*~% of its orbital
paramagnetism range from 75 to 200x107® emu/
mole). Also, the calculated spin susceptibility for
Al agrees with the experimental bulk value, which
might be taken as evidence for a small paramag-
netic orbital term (just enough to cancel the Landau
term) coming from p-like band states.

The calculated spin susceptibility enhancement
for Pd is too small. The most likely explanation
for this, aside from the fact that the calculations
give a lower bound to y, is that the density of states
value in Table I is too small; an increase of only
15% in N(E,) is required to double the calculated
susceptibility enhancement. The Fermi level in Pd,
nonmagnetic Ni, and Ca (but none of the other ele-
ments in Table I) happens to fall at a point where
the density of states is decreasing extremely rapid-
ly with energy, making its value exceptionally
sensitive to the Fermi-level position in these ma-
terials. It is thus quite possible for the density of
states to be sizably changed by non-muffin-tin or
relativistic effects (Mueller et al.* found a 10%
increase in Pd due to the latter). Naturally, N(E,)
for these materials will also be unusually sensitive
to numerical tolerances in the calculation; for ex-
ample, the estimated accuracy of the Fermi ener~
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gy, £5x107% Ry, is enough to account for a 5%
change in the density of states of Pd.

V. SOLUTION FOR Cr

Consider now an exact numerical calculation of
the magnetization, to be carried out by perform-
ing self-consistent spin-polarized calculations in
the presence of a magnetic field, as discussed
above, and to be used to check the accuracy of the
approximate solution given in Eq. (14). Note in
particular that this approximate solution contains
none of the interband part of the susceptibility
[second sum in Eq. (3)] because of the orthogonality
of the Bloch functions; y(¥) depends only on the
wave functions on the Fermi surface. Interband
contributions can occur only when one of the two
states (;,¢;) in the second sum in Eq. (3) is oc-
cupied and the other is empty. In a uniform field,
one would expect the interband term to be impor-
tant when the Fermi energy falls near the middle
of a d-band complex, since there can then be a
relatively large number of states satisfying these
occupancy conditions, for which in addition the en-
ergy denominator is small. Therefore, it seemed
that Cr would be an appropriate material on which
to test Eq. (14).

Accordingly, a self-consistent spin-polarized
calculation of the magnetization of Cr in a small
uniform external field (field splitting of 2 mRy)
was performed. The resulting susceptibility cor-
responded to an exchange integral [using Eq. (16)]
of 0.031 Ry, compared to the approximate value of
0.028 Ry obtained from Eq. (17). This 10% agree-
ment shows that the approximation to 7 given in Eq.
(17) is remarkably accurate, and provides justifi-
cation for asserting that the values of I in Table I
for the other elements (and also those obtained by
Vosko et al.® and Gunnarsson”) are probably within

about 109 of the correct values for the assumed
form for E,..'* This conclusion is also supported
by the results of Poulsen et al.®

The susceptibility enhancement of Cr is thus
relatively small at §=0. The situation at finite §
is much more complicated. If we think in terms of
a finite-q generalization of Eq. (16), of the form

x@ =x"@/[1-L x°@I, (18)

where x°(q) involves no matrix elements of Bloch
functions, then, for a spin-density-wave instabil-
ity to occur at finite q,' either I, or x°(§) must be
much larger than at §=0. A peak in x°(q) due to
(imperfect) Fermi-surface nesting is the standard
explanation of the antiferromagnetism of Cr (Ref.
16); it is often taken for granted in such investi-
gations that I, is large enough to produce the in-
stability. However, of three calculations®~* of
x°(@) for § at or near the nesting wavevector in
Cr, only one, that of Asano and Yamashita,*
gives a maximum value of y°(q) which is large
enough to produce an instability if I, is equal to
the value of I in Table I. The rather large differ-
ences between the results of these calculations
make it difficult to draw firm conclusions, but
this is at least an indication that I, at the nesting
wave vector is larger than its.value at 4 =0, or
possibly that Eq. (18) is a poor approximation to
x(Q). Another, more serious implication is that a
peak in x°(q) is not by itself sufficient evidence for
an antiferromagnetic instability.

ACKNOWLEDGMENTS

I am indebted to A. R. Williams for discussions
and a critical reading of the manuscript, and also
to V. L. Moruzzi for assistance with computer cal-
culations. Discussions with S. H. Vosko are also
gratefully acknowledged.

1. C. Slater, Phys. Rev. 81, 385 (1951); Int. J. Quan-
tum Chem. S 5, 403 (1971).

’p. Hohenberg and W. Kohn, Phys. Rev. 136, B864
(1964). '—

SW. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).

See C. Herring, Magnetism, edited by G. T. Rado and
H. Suhl (Academic, New York, 1966), Vol. IV, Chap.
XII.

5S. H. Vosko and J. P. Perdew, Can. J. Phys. 53, 1385
(1975), referred to in text as VP.

8S. H. Vosko, J. P. Perdew, and A. H. MacDonald,
Phys. Rev. Lett. 35, 1725 (1975); A. H. MacDonald,
J. P. Perdew, and S. H. Vosko, Solid State Comm. 18,
85 (1976); A. H. MacDonald and S. H. Vosko, J. Low.
Temp. Phys. 25, 27 (1976).

'O. Gunnarsson, J. Phys. F 6, 587 (1976).

8. L. Moruzzi, A. R. Williams, and J. F. Janak, Phys.
Rev. B 15, 2584 (1977).

%U. K. Poulsen, J. Kolldr, and O, K. Andersen, J. Phys.
F 6, L241 (1976).

0y. von Barth and L. Hedin, J. Phys. C 5, 1629 (1972).

Up, A, Wolff, Phys. Rev. 120, 814 (1960).

L2gee, e.g., L. Hedin and S. Lundqvist, Solid State Phys.
23, 1 (1969).

13As pointed out by VP (Ref. 5), it is correct to use the
ground-state eigenfunctions and eigenvalues to evaluate
x(f‘,f" ), even though these eigenfunctions and eigen-
values have no direct physical meaning (the eigenvalues,
for example, may not generate the correct Fermi
surface). This is in distinction to the calculation of
optical properties, where an excitation potential (see,
e.g., Ref. 12) should be used instead of the ground-
state potential.

“4For high energy, the %2 dependence of the energy
denominator will be cancelled by the volume element
in the k-space sum or integration. Thus the conver-



262 J.

gence of the interband sum in Eq. (3) is determined by

the wave functions rather than the energy denominator.

15A. W. Overhauser, Phys. Rev. 128, 1437 (1962). See
also C. Herring, Ref. 4, Chaps. III and XIII.

16w, M. Lomer, Proc. Phys. Soc. Lond. 80, 489 (1962).

g, C. stoner, Proc. R. Soc. Lond. A 169, 339 (1939).

8m carrying out the nonmagnetic ground-state calcula-
tions, the exchange-correlation functional found by
Hedin and Lundgvist (Ref. 19) from the electron-gas
results of Singwi et al. (Ref. 20) was used. The mag-
netization dependence of the spin-polarized exchange-
correlation functional is less well known, but should
be such that the functional reduces to the Hedin-Lund-
qvist form when m = 0; accordingly, the form pro-
posed by von Barth and Hedin (Egs. 5.3—5.6 of Ref. 10)
and Gunnarsson and Lundgvist (Eq. 54 of Ref. 21) was
used, but the constants were chosen as cp=0.045,
rp=21.0, cp=icp, rp=243%, (RPA scaling of the
spin dependence) to recover the Hedin-Lundqvist form
when m =0.

197, Hedin and B. I. Lundqvist, J. Phys. C 4, 2064
(1971).

20K, S. Singwi, A. Sjolander, M. P.Tosi, and R. H.
Land, Phys. Rev. B 1, 1044 (1970).

0. Gunnarsson and B. I. Lundqvist, Phys. Rev. B 13,
4274 (1976).

2Evaluation of m (0) from Eq. (14) ignores both core-
polarization and orbital-moment effects, both of which
can be significant [M. H. Cohen, D. A. Goodings, and
V. Heine, Proc. Phys. Soc. Lond. 73, 811 (1959);

R. Kubo and Y. Obata, J. Phys. Soc. Jpn. 11, 547
(1956)]; agreement with experiment using only the
conduction-electron part is mediocre. The values of
v(0) in Table I can be compared to the standard cal-
culations of 0.116 for Li [W. Kohn, Phys. Rev. 96,
590 (1954)], and 0.555 for Na [T. Kjeldaas, Jr. and
W. Kohn, Phys. Rev. 101, 66 (1956)].

Zsince y(?) is essentially the energy derivative of the
charge density p(T) [see Eq. (9)] and p is taken to be
independent of » outside the muffin tin, y(T) was also
taken to be constant in the interstitial region, with a

value determined from the normalization condition [ Eq.

(13)] and the known integral inside the muffin tin. All
calculations were performed using at least 1400 2
points in the irreducible wedge of the Brillouin zone.
% This calculation was not carried to full self-consis-
tency, but only far enough to verify that ferromagne-

F. JANAK 16

tism is present. The calculated moment of fcc Co at
this lattice constant is about 0.2 pugz. The presence of
ferromagnetism is fairly structure sensitive (see
entries in Table I for Sc; see also Ref. 9) and it may
be that hep Co will have a larger calculated moment at
this atomic volume.

%3, F. Janak and A. R. Williams, Phys. Rev. B 14, 4199
(1976). o

B1 1= [v 2K |dT, I= [ vl K |dY, and I,= [y K|dT
>0, the minimum value I, of I occurs at tan®6= (I;—1I,,)/
(Iy—1;5)>0, and is Iy= (Il —I1,%)/(I;+I,—2I;,). Then
one has Ij<Iy, I,, because (I;—I;5)%>0, (I,—1I;5)%>0.

%TA factor of 2 must be allowed because of the different

" difinitions used for the density of states.

#The constants originally suggested by von Barth and
Hedin (Ref. 10) were deduced from the RPA, and thus
tend to overestimate correlation effects. This natur-
ally leading to a smaller value of the exchange integral
I. The constants used in this paper, as given in Ref.
18, are closer to present estimates of the optimum
values [U. von Barth (private communication)].

3G, L. Dunifer, M. R. Pattison, and T. M. Hsu, Phys.
Rev. B 15, 315 (1977).

%R. Kubo and Y. Obata, J. Phys. Soc. Jpn. 11, 547
(1956); J. E. Hebborn and C. M. Place, Phys. Status
Solidi B 51, 359 (1972).

SIR. Kohlhaas and K. M. Wunsch, Z. Angew. Phys. 32,
158 (1971), and references therein; R. Kohlhaas and
W. D. Weiss, ibid. 28, 16 (1969).

382N, V. Volkenshtein, E. V. Galoshina, and N. I.
Shchegolikhina, Sov. Phys.-JETP 29, 79 (1969); N. V.
Volkenshtein, E. V. Galoshina, E. P. Romanov, and
N. I. Shchegolikhina, Sov. Phys.-JETP 34, 802 (1972).

%R. J. Noer and W. D. Knight, Rev. Mod. Phys. 36, 177
(1964); A. M. Clogston, A. C. Gossard, V. Jaccarino,
and Y. Yafet, Phys. Rev. Lett. 9, 262 (1962).

%M. Yasui and M. Shimizu, J. Phys. Soc. Jpn. 31, 378
(1971).

%C. M. Place and P. Rhodes, Phys. Status Solidi B 417,
475 (1971).

3F, M. Mueller, A. J. Freeman, J. O. Dimmock, and
A. M. Furdyna, Phys. Rev. B 1, 4617 (1970).

STR. P. Gupta and S. K. Sinha, Phys. Rev. B 3, 2401
1971).

%8C, G. Windsor, J. Phys. F 2, 742 (1972).

%9S. Asano and J. Yamashita, J. Phys. Soc. Jpn. 31,
1000 (1971); Prog. Theor. Phys. 49, 373 (1973).



